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INTEGRAL CANONICAL MODELS OF
SHIMURA VARIETIES OF PREABELIAN TYPE*

ADRIAN VASIUT

Abstract. We prove the existence of integral canonical models of Shimura varieties of pre-
abelian type with respect to primes of characteristic at least 5.

1. Introduction.

1.0. Let the pair (G, X) define an arbitrary Shimura variety (cf. 2.3) and let
Sh(G, X) be the canonical model of this Shimura variety defined over the reflex field
E(G,X) (cf. 2.6-8). Let p be a rational prime such that G is unramified over Q,.
Let v be a prime of E(G, X) dividing p and let O, be the localization of the ring of
integers of E(G, X) with respect to it. Let H be a hyperspecial subgroup of G(Q,).
Let AI; be the ring of finite adeles with the p-component omitted. A smooth integral
model of Sh(G, X)/H over Oy, is a faithfully flat O(,)-scheme N together with a
continuous right action (in the sense of [De2, 2.7.1]) of G(A%) on it such that:

— its generic fibre N (g x) with its induced G(A%})-action is Sh(G, X)/H with its
canonical G(A;)-action;

— there is a compact open subgroup Hy of G(A?) with the property that for any
inclusion H; C Hj of open subgroups of Hy, the canonical morphism N/H; — N/Ho,
induced by the action of G (Afp) on N, is an étale morphism between smooth schemes
of finite type over O).

In what follows it is irrelevant which hyperspecial subgroup H of G(Q,,) we choose
(cf. 3.2.7 2)), and so we often do not mention it.

Langlands [La, p. 411] expected the existence of a good smooth integral model
of Sh(G, X)/H over O, without expressing what “good” should mean. Milne (see
[Mi4, p. 169] and [Mi3, footnote of p. 513]) conjectured the existence of a smooth
integral model of Sh(G, X')/H over O, having an extension property similar to the
extension property enjoyed by the Néron model (over a discrete valuation ring O) of
an abelian variety (over the field of fractions of O). Such a smooth integral model, if
exists, is called the integral canonical model with respect to v (and H) (or simply an
integral canonical model, as the prime v is determined by it) of our Shimura variety
Sh(G, X). For p > 2, if it exists, it is unique due to the extension property it enjoys
(cf. 3.2.4). If p > 2 and if Sh(G, X)/H does have an integral canonical model, then
this model, as an object of the category of all smooth integral models of Sh(G, X)/H
over O(y), plays the same role (i.e. it is a final object) played by the Néron model
(over a discrete valuation ring O) of an abelian variety A (over the field of fractions
of O), viewed as an object of the category of all smooth models of A (over O) (i.e. of
the category of all commutative smooth groups over O having A as its generic fibre).
Paragraphs 3.2-5 present the general definitions and properties pertaining to integral
models of Shimura varieties. Some important features are gathered in 3.2.3.2 and
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3.2.12; while the descent of such integral models (based on 3.1.3.1) is explained in
3.2.13.

The extension property mentioned above is with respect to healthy regular schemes
over O(,). We call a regular scheme Y flat over a discrete valuation ring of mixed char-
acteristic healthy if for any closed subscheme Z of the special fibre of Y of codimension
(in Y)) at least 2, any abelian scheme over the open suscheme of Y defined by Y \ Z
extends to an abelian scheme over Y. We were forced to introduce the notion of a
healthy regular scheme due to the fact that the statement 6.8 of [FC, p. 185] is not
true in general (cf. [dJO]). However a regular scheme formally smooth over a discrete
valuation ring of mixed characteristic, having a residue field of characteristic greater
than one plus its ramification index, is healthy [Fad]; see also 3.2.2 1). A complete
proof of this fact is included in 3.2.17. The general theory of healthy normal schemes
as well as different extension properties (like the extended extension property) defined
with their help are presented in 3.2. As an independent result we get (cf. 3.2.2.1 and
3.2.3.32)):

PrROPOSITION. If O — O; is a formally étale homomorphism between two dis-
crete valuation rings, with O a henselian ring of mized characteristic, then:

1) A regular scheme Y over O is healthy iff Yo, is healthy.

2) An O-scheme Y has the extension property iff Yo, has the extension property.

For the case when the inclusion O < O; is of index of ramification 1 see part 2)
of 3.2.2.3 A) and 3.2.2.4 a).

Integral canonical models of Shimura varieties of PEL type (these varieties are
forming a subclass of the class -to be briefly reviewed in 1.2- of Shimura varieties
of Hodge type) were constructed in [LR] (cf. also the correction in [Ko]). To our
knowledge no concrete integral canonical model of a Shimura variety which is not
related to one of PEL type (in the sense that their adjoint varieties are isomorphic)
was previously constructed.

This paper is the first among a sequence of five papers devoted to the existence,
the compactification, and the understanding of points with values in perfect fields and
in (regular formally smooth rings over) Witt rings over perfect fields of the integral
canonical models of Shimura varieties of preabelian type; examples will be provided.
The other four papers will be [Va2-5].

In this paper we are concerned with the existence of integral canonical models
of Shimura varieties of preabelian type. A Shimura variety Sh(Gi, X7) is said to
be of preabelian type if there is a Shimura variety Sh(Gs, X3) of Hodge type such
that their adjoint Shimura varieties are isomorphic: Sh(G39, X24) = Sh(Ggd, X39).
Along our work we will give a strong support to the general point of view that all
properties enjoyed by the integral canonical models of Siegel modular varieties and by
the universal abelian schemes over them are also enjoyed (under proper formulation)
by the integral canonical models of Shimura varieties of Hodge type (even of preabelian
type) with respect to primes having a residue field of characteristic bigger than 2 and
by the special abelian schemes over them (see 1.2.2 for the meaning of special used
here).

1.1. Our basic result (see 5.1) is:

THEOREM 0. With the above notations, if the Shimura variety Sh(G, X) is of
Hodge type and if the pair (G, X) satisfies a slight condition (x) with respect to the
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prime p (assumed to be greater than 2) (cf. 5.1), then Sh(G, X) has an integral canon-
ical model with respect to any prime v of E(G,X) dividing p (and any hyperspecial

subgroup H of G(Q,)).

Fixing the pair (G, X) (of Hodge type), the condition (%) is satisfied with respect
to any prime p big enough (see 1.2.6). For the proof of our basic result we rely heavily
on the crystalline machinery developed in [Fal-3].

1.2. To explain 1.1, we start with an injective map f: (G, X) — (GSp(W, ), S)
(cf. 2.4). Here the pair (GSp(W, ), S) defines a Siegel modular variety (cf. Example
2 of 2.5). The existence of such an injective map is what defines the class of pairs
(G, X) (defining a Shimura variety) of Hodge type. Let Z,) be the localization of
Z with respect to p. We assume the existence of a Z-lattice L of W such that
the alternating form : W ® W — Q induces a perfect form ¢: L ® L — Z, (i.e.
the induced Zy)-linear map from L into its dual L* is an isomorphism) and there is
a family of tensors (va)aeg, in Zgp-modules of the form (L ® L*)®™, n € N, fixed
by G and of degree at most 2(p — 2) (if v, € (L ® L*)®" then the degree of v,
is 2n), which is Z,-well positioned with respect to 1 for the group G (see 4.3.4
for a precise definition of the notion of a well positioned family of tensors). Let
K :={g€ GSp(W,¢)(Qp) | (L®Z,) = LR®Zy,}. The hypotheses on L imply that K
is a hyperspecial subgroup of GSp(W,¢)(Q,) and the closure Gz, of G in GSp(L, )
is a reductive group over Z,). So the intersection H := G(Q,) N K is a hyperspecial
subgroup of G(Q,,). We choose a Z-lattice Lz of W such that ¢ induces a perfect form
Y: Lz ® Lz — Z and L = Lz, ® Zy. Let (va)aeg (With do C J) be an enlarged family
of tensors in the tensor algebra of W @ W* (W* being the dual Q—vector space of W)
such that G is the subgroup of GSp(W,¢) fixing the tensors of this family. The choice
of the lattice Lz and of the family (v, )acg allows the interpretation of Sh(G, X)(C)
as the set of isomorphism classes of principally polarized abelian varieties over C of
dimension g (with 2¢g = dimg(W)), having some level structures, carrying a family of
Hodge cycles (wq)aeg and satisfying some additional conditions (cf. 4.1).

1.2.1. Tt is well known that the Z,)-scheme M parameterizing isomorphism
classes of principally polarized abelian schemes of dimension g over Z,)-schemes,
having level-IV symplectic similitude structure for any N € N relatively prime to p,
together with the canonical action of GSp(W,%)(A%}) on it, is an integral canonical
model of Sh(GSp(W, ), S)/K over Z,) (see 3.2.9).

1.2.2. The normalization N of the closure of Sh(G, X)/H in Mo,,, is a normal
integral model of Sh(G, X)/H having the (extended) extension property (cf. 3.4.1;
see def. 2) and 3) of 3.2.3). This integral model is an integral canonical model of
Sh(G, X)/H iff N is formally smooth over O, (cf. 3.4.4). The universal principally
polarized abelian scheme over M, gives birth to a principally polarized abelian scheme
(A,P4) over N, which we call special. Let F be the algebraic closure of the residue
field k(v) of v.

The Hodge cycles are (presently) defined only in characteristic zero. But the
Hodge cycles (of degree not bigger than 2(p —2)) of an abelian scheme over a discrete
valuation ring which is finite flat over a ring W (k) of Witt vectors of a perfect field k of
characteristic p are well behaved (cf. [Fa3, cor. 9]) with respect to the integral version
of Fontaine’s comparison map (see [Fa3, th. 7]). Using the above hypotheses on the
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Zp)-lattice L, we first exploit (cf. 5.2.12) the good behaviour of Hodge cycles under
the integral version of Fontaine’s comparison map (i.e. we can pass from a reductive
group in the étale Z,-context to a reductive group in the integral crystalline, de Rham
context). Then we use (cf. 5.2.10) de Rham conjecture [Fal-2] to construct (cf. 5.3-4)
local deformations of (principally polarized) abelian schemes of dimension g (having
some level structures) over W(F), carrying a family of Hodge cycles and satisfying
the required additional conditions. With these deformations we prove the formal
smoothness of N. The main new idea besides the ones of [Fa3] is the use of the ring
Re, introduced in 5.2.1 (here e € N). It is a projective limit of artinian W (F)-algebras;
this fact plays a key role in 5.3.2.

We detail the above two steps. Let y: Spec(F) — Nw ) be a closed point, and
let V be a discrete valuation ring which is a finite flat extension of W(F) such that
y can be lifted to a point zy: Spec(V) — Ny (). Let e := [V : W(F)] and let R"e
be the normalization of Re in its field of fractions. First we show, starting from
zy, the existence of a morphism Spec(ﬁ"e) — Nw ) lifting y (5.3.1.1). Using the

natural epimorphism R"e — W(F) (cf. 5.3.4), we deduce the existence of a good
lift 2y (m): Spec(W (F)) — Ny ) of y. Second we use directly [Fa3, th. 10 and the
remarks after] in the context provided by zw @) (see 5.4-5).

1.2.3. On the way of proving the formal smoothness of N we obtain (cf. 5.2.16)
an improvement in the Principle B of [Bl, 3.1].

1.2.4. §5 is entirely devoted to the construction of such local deformations and
to the prove of the formal smoothness of N, while the general (needed) theory of well
positioned families of tensors for a reductive group is presented in 4.3. The most useful
well positioned families of tensors (of a general nature) are presented in 4.3.10 b) (see
also 4.3.10.1) for the case of a semisimple group, and in 4.3.13 for the case of a torus.
For the case of a reductive group we use families of tensors formed by putting together
well positioned families of tensors for its derived group and well positioned families
of tensors for its toric part (i.e. for the connected component of its center): lemma
3.1.6 allows us to do this (cf. 4.3.6 2)). The behaviour of hyperspecial subgroups
with respect to homomorphisms of reductive groups needed for this general theory is
described in 3.1.2.

The proof of 4.3.10 b) is in two parts. The first part is a criterion of when a Lie
algebra over a reduced ring R comes from a semisimple group G g over R. The second
part is a criterion of when a representation of Lie(G ) comes from a representation of
Gr.

1.2.5. In 5.7.5 we illustrate our ideas in the case of classical Spin modular va-
rieties of odd dimension (and rank two), while in 4.3.1 we show how, the previously
known case of Shimura varieties of PEL type, is a particular case of our approach via
well positioned families of tensors.

1.2.6. The condition (*) means: there is an injective map
f:(G, X) = (GSp(W, ¢), 5)

for which there is a Z,)-lattice L of W satisfying the conditions mentioned in the
first paragraph of 1.2. Fixing an injective map f: (G, X) — (GSp(W, ), S), for any
rational prime p big enough (with an effectively computable bound, just in terms of
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the representation G — GL(W)), we can find a Z,)-lattice L of W satisfying these
conditions (cf. 5.8.7 and 5.8.1).

We make use only of Z,)-well positioned families of tensors having only tensors
of degrees 2 and 4, and the condition p>5 (cf. the inequality 4 <2(p — 2)) is needed
just for being allowed to use tensors of degree 4. The most useful tensors of degree 4
are presented in 4.3.2. In essence we are using only three tensors of degree 4. Fixing
the injective map f, these tensors are endomorphisms of End(WW) (we are identifying
End(End(W)) with (W @ W*)®? and End(W) with End(W*)):

— the first one (cf. 4.2.1) is the projection 7(Lie(G9°"), W) of End(W) on Lie(G4¢¥)
along the orthogonal complement of Lie(G4°") with respect to the trace bilinear form
on End(W);

— the other two tensors B and B* are elements of End(End(W)) expressing that
the Killing form on Lie(G4¢") is perfect.

4.3.10 b) together with a well known fact on Shimura varieties of Hodge type
(expressed in the proof of 5.7.1 by s(Lie(G4*), W) = 2) imply:

FACT. The family of tensors formed by m(Lie(G),W), B and B* is Zy,-well
positioned for G,

The role of v is irrelevant; so we do not need to mention with respect to .

1.2.6.1. The condition () is satisfied if there is a Z,)-lattice L of W such that
V1 Lipy ® L(py — Zpy is perfect, the closure of G in GSp(L(y), 1) is a reductive group
over Z,) and the above three tensors are integral with respect to it (cf. 5.7.1). This
forms a simple criterion for a practical form of Theorem 0.

1.2.6.2. The use of tensors (Hodge cycles) of degree 4 allows us to have a uniform
treatment of all Shimura varieties of Hodge type, with no preference for Shimura
varieties of PEL type. But we would like to remark that, as it will be seen along our
work (cf. [Va2]), the study of Shimura varieties of Hodge type of A4;, B; or DF type
(see [De2] for the possible types of a Shimura variety) is (somehow) easier than the
study of Shimura varieties of Hodge type of C; or D} type.

1.3. We prove (6.5.1.1) the Z,)-version of the main result of [De2]. In its sim-
plified form (6.4.2):

THEOREM 1. For any adjoint Shimura variety Sh(Go, Xo) of abelian type and
for any prime p>5 such that Gy is unramified over Qp, there is a Shimura variety of
Hodge type Sh(G, X) having Sh(Gg, Xo) as its adjoint variety, with G unramified over
Qyp, and such that the pair (G, X) satisfies the condition (%) (of 5.1) with respect to
p. Moreover, for any Shimura variety Sh(G1,X1) of abelian type having Sh(Go, Xo)
as its adjoint variety, there is an isogeny G4 — G{er.

1.3.1. There are three main tools needed for the proof of Theorem 1. The first
two are provided by [De2, 2.3.10] and by the above Fact, via 1.2.6.1. But they are
not enough: it is not always possible to find a Z,)-lattice L of W as in 1.2.6.1. For
instance the Killing form of the Lie algebra of a simple split adjoint group of B; Lie
type over W (IF) is not perfect if p divides 21 — 1, [ € N. The third tool (cf. 6.5-6) is
the construction of injective maps f: (G, X) — (GSp(W, ), S) such that there is a
reductive subgroup G of GL(W) (we are not bothered if it is or it is not contained in
GSp(W,1); however see 6.6.2) containing G, unramified over Q,,, and such that:
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— a variant of 1.2.6.1 (for instance cf. 5.7.4 and the proof of 6.5.1.1) can be applied
to Gder;

— we can “regain” G out of G by using endomorphisms of W fixed by G (i.e. we
have a relative PEL situation, see 4.3.16).

The construction of such injective maps is carried out in 6.5-6. It relies heavily
on the classification [De2] of the types of adjoint Shimura varieties of abelian type:
for each type we have to proceed differently (but similarly).

1.4. Theorem 1 implies a positive answer to Milne’s conjecture in the case of
Shimura varieties of preabelian type for primes p>5 (6.4.1):

THEOREM 2.* If (G, X) defines a Shimura variety of preabelian type and if p>5
is a rational prime such that G is unramified over Qy, then Sh(G, X) has an integral
canonical model with respect to any prime v of E(G,X) dividing p.

As a scheme this model is a pro-étale cover of a quasi-projective smooth scheme
over O(,). §6 is devoted to the proof of Theorem 2 (via Theorem 1). The passage
from the existence of integral canonical models of Shimura varieties of Hodge type to
the existence of integral canonical models of Shimura varieties of preabelian type is
explained in 6.1-2.

The passage from the Hodge type case to the abelian type case is achieved by
taking quotients through group actions (cf. 6.2.2). The groups involved are M-torsion
groups for some M € N (cf. the proof of 6.2.2). In all cases, except the case when we
deal with Shimura varieties of whose adjoint varieties have a simple factor of A4; type,
and with a prime p dividing [ + 1, this is straightforward, as M is relatively prime
to p (cf. 3.4.5.1 and 6.2.2). When p divides M we have to express more concretely
these group actions and to prove that they are free actions. This is achieved in 6.2.2.1,
based on a simple lemma on semisimple adjoint groups to which a particular study
of adjoint filtered Lie o-crystals attached (see 5.4.6) to maps zy () as in 1.2.2 gets
reduced (here o is the Frobenius automorphism of W (IF)). Regardless of how are M
and p we need the fact (again cf. the proof of 6.2.2) that the integral canonical models
obtained through Theorem 0 are moduli schemes (of abelian schemes). This passage
is supported by simple variants (cf. 3.2.14 and 6.2.3) of [Del, 1.15].

The passage from the abelian type case to the preabelian type case is achieved
by the normalization procedure (cf. 6.1).

The paper contains a complete proof of Theorem 2 for the abelian case, while the
last step (6.1.2) needed for the proof in the case of Shimura varieties of preabelian type
which are not of abelian type will be presented in [Va3], as it requires the formalism of
smooth toroidal compactifications of integral canonical models of Shimura varieties (of
preabelian type). For a discussion, and another approach, see 6.8. In 6.8 a complete
proof of 6.1.2 is included for the compact case as well as for the generic situation (i.e.
when p is big enough) of the general case. It is based on 3.2.11 and [De2, 2.3.8]. For the
sake of convenience, the results depending on the proof of 6.1.2 in the remaining cases
(they are described in 6.8.6), are labelled (cf. 6.1.2.1) with a star. So also Theorems
2 and 3 are labelled. Warning: the labelled results are proved here entirely for the
abelian type, for the compact type and for the generic situation. The independent
result 5.6.5 h) is not proved here: so it is labelled with two stars.

1.4.1. For making some of the main results easy accessible to a larger mathemat-
ical community, we state in a 4.6.10 a simple criterion of how to recognize an integral
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canonical model whose existence is provided by Theorem 2.

1.5. Different quotients of integral canonical models of a Shimura variety Sh(G, X)
of preabelian type with respect to primes v of E(G,X) having a residue field of
characteristic at least 5, can be glued together (6.4.3-4). To see this let § be the set of
primes whose elements are 2, 3 and the primes p > 5 for which G is ramified over Q. It
is a finite set. We write the ring of finite adeles as a product Ay = ([],cs Qq) X A}Sc. Let
H?® be a compact open subgroup of G(A?) of maximal volume (with respect to a Haar
measure on the locally compact group G(AJSC)) It is a product of its g-components
(for primes ¢ € 8), and every such g-component of it is a hyperspecial subgroup H4Y
of G(Qg) (regardless of the chosen Haar measure). We have:

THEOREM 3.*% For any compact open subgroup Hg of G(qus Qp) such that
Sh(G, X) is a pro-étale cover of Sh(G, X)/Hg x H®, there is a quasi-projective smooth
scheme M(Hs) over the normalization Os) on[%] in E(G,X), uniquely deter-

qe

mined by the fact that its generic fibre is Sh(G, X)/Hgs x H® and that, for any prime
v of E(G,X) dividing a rational prime q & 8, the normalization of M(Hs)o,,, in
the ring of fractions of Sh(G, X)/H? is the integral canonical model of Sh(G, X) with
respect to v (and H?).

These smooth schemes are the analogue of the schemes (attached to Siegel modu-
lar varieties) parameterizing principally polarized abelian schemes (of a given dimen-
sion) having a finite symplectic similitude level-structure. They enjoy a very important
extension type property (cf. rm. 1) of 6.4.6). They are models over “punctured” ring
of integers (of number fields) of quotients of (some) finite disjoint unions of Hermitian
symmetric domains by (some) arithmetic subgroups. In rm. 3) of 6.4.6 we explain
why the notation M(Hsg) is j ustified. For the compact case (i.e. when Sh(G, X) is
a pro-étale cover of a projective smooth F(G, X)-scheme) see 6.4.11. The proof of
Theorem 3 is based on 6.2.4.1, which is a natural consequence of the ideas presented
in 6.2.3 and in the proof of 6.2.2.

1.6. We present now the part of [Va2] which brings more light to some parts of
the present paper. All that follows in 1.6-8 could have been equally well presented as
remarks at different places of §5-6; but for the sake of convenience, we gathered all
these results (referred to in §5-6) here.

We extend the well known results (for Siegel modular varieties) concerning the
existence of an ordinary type and the existence of the canonical lift of an abelian
variety of ordinary type, to any special principally polarized abelian scheme (A, P4)
over an arbitrary integral canonical model N of a Shimura variety Sh(G, X) of Hodge
type with respect to a prime v of E(G, X) dividing a rational prime p>5 (cf. also
[Val]). Let Ny, be the special fibre of N. Using the notations of 1.2 we obtain:

— a G-ordinary type (with respect to the prime v and the injective map
f:1(G,X) — (GSp(W, ), S)), which is the formal isogeny type associated to abelian
varieties (obtained from A by pull back) over the geometric points of a Zariski dense
open subscheme of Ny (,);

— G-ordinary points of Ny, (these are the points of Ny, with values in a field,
with the property that the abelian varieties over them obtained from A by pull back,
have as a formal isogeny type, the G-ordinary type);

— G-canonical lifts of G-ordinary points with values in perfect fields (these G-
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canonical lifts are points of N with values in rings of Witt vectors of perfect fields).

The G-ordinary type we obtain is a usual ordinary type iff the field k(v) has p
elements. If this is so then the abelian variety over W (k) obtained from A by pull
back through a G-canonical lift of a G-ordinary point (with values in the perfect field
k) of Ny (), is the canonical lift of an abelian variety of ordinary type.

1.6.1. The point defined by the generic fibre of the G-canonical lift of a G-
ordinary point of Nj(,) with values in the algebraic closure of k(v) is a special point
of Ng(a,x) (see 2.10 for the definition of special points).

We also prove another conjecture of Milne [Mi5, 0.1] (cf. 5.6.5-6, 5.8.8 and [Va2]).

1.6.2. To any point y: Spec(k) — Ny(y) (with k a perfect field) we attach (see
5.4.6) a Lie o-crystal (g, ): g is the Lie algebra of a reductive group over W (k) whose
fibre over Ky := W (k) [%] is Gk, , while ¢ is a o-linear automorphism of g& Ky (o being
the Frobenius automorphism of K) such that ¢(pg) C g. Any lift z: Spec(W (k)) — N
of y produces naturally a filtration 0 = F?(g) C F'(g) C F°(g) C F~!(g) = g such
that cp(%Fl(g) + F%(g) + pg) = g. So (g,¢, F°(g), F'(g)) is a p-divisible object of the
category MF(_y 1j(W (k)) (defined in [Fal]). F°(g) is a parabolic Lie subalgebra of g
and F*(g) is the Lie algebra of its unipotent radical. The point y is a G-ordinary point
iff there is a lift z of it to W (k) which makes the Lie o-subcrystal of (g, ¢) corresponding
to non-negative slopes to be a p-divisible object of the category MJ j(W (k)) (of
[Fal]). Such a lift z, if exists (i.e. if y is a G-ordinary point), is unique and defines
the G-canonical lift of y.

These Lie o-crystals allows us to achieve a stratification of Ny (,) in G(AI})—
invariant locally closed subschemes indexed by the Newton polygons of the attached
o-crystals g(1) (we tensor g with W (k)(1) to get only non-negative slopes) similar to
the one enjoyed by the special fibres of the integral canonical models of Siegel modular
varieties. The G-ordinary points of Ny, are the points of the (generic) Zariski dense
open stratum.

1.7. We also show how the results mentioned in 1.6.1, together with their proves,
can be used for handling the Langlands-Rapoport conjecture ([LR]; see [Mi5] and [Pf]
for the correct formulation) for an arbitrary integral canonical model N of a Shimura
variety Sh(G, X) of preabelian type with respect to a prime v of E(G, X) having a
residue field k(v) of characteristic p > 5.

Let F be the algebraic closure of k(v) and let ® be the Frobenius automorphism of
it having k(v) as its fixed field. To the triple (G, X, v) it is attached a set M (G, X, v)
on which G(A%) and @ act (cf. [Mi5] and [Pf]). The Langlands-Rapoport conjec-
ture for N (or for the triple (G, X,v)) asserts the existence of a bijection of sets
S M(G, X,v) = N(F), preserving the actions of G(A%}) and ® on them. The ex-
istence of the canonical Lie stratification of the special fibre Ny(,) of N allows a
formulation of the Langlands-Rapoport conjecture for any individual stratum of this
stratification. To prove the Langlands-Rapoport conjecture for N is the same as prov-
ing the Langlands-Rapoport conjecture for each individual stratum. We do prove this
for the open stratum.

1.7.1. The proof of [Mi5, 0.1] together with [Mi5, 6.4] imply (cf. also [Mi5, 6.12];
[Mi5, 6.12] is worked out under the hypothesis of [Mi5, p. 24]: it can be removed, cf.
5.6.4) that the Langlands-Rapoport conjecture is true for N if Sh(G, X)) is a Shimura
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variety (whose adjoint factors are) of A;, B, C; or Dl]R type, modulo a sufficiently good
theory of reduction of Hodge cycles mod p (very important progress was made in this
direction by Milne, conform the presentation in [Mi5]). We explain why the use of
such a theory of reduction of Hodge cycles can be avoided for all Shimura varieties of
preabelian type. We first prove that the integral canonical models of Shimura varieties
of D}H type can be treated entirely as the other Shimura varieties: if there is a special
principally polarized abelian scheme (A, P4) over N (this implies that Sh(G, X) is a
Shimura variety of Hodge type; so Ng(q, x) is a moduli space of principally polarized
abelian schemes of a given dimension, having a family of Hodge cycles and some level
structures, and satisfying some extra conditions; Ag(g,x) is the universal abelian
scheme over Ng(¢ x)), then for any point y: Spec(k) — N, with & an algebraically
closed field of characteristic p, any principally polarized abelian variety over k which
is G-isogeneous to (Ay,pa,) (ie. it is isogeneous in a sense involving the cycles) is
G-isomorphic (i.e. it is isomorphic in a sense involving the cycles) with (A,,pa_) for
some k-valued point z of N (in other words the G-isogeny classes are as expected
to be). Here the principally polarized abelian varieties (A,,pa,) and (A.,pa.) are
obtained from (A, P4) by pull back through y and respectively z.

As an application of this we show the existence in the general case of 1.10 of an
injective map fx: M (G, X, v) < N(F) preserving the actions of G(A%) and ® on them
(the F-valued points of the open stratum of Ny, are in the image of fy). Moreover
we prove that fy is a bijection (and so that the Langlands-Rapoport conjecture for
N is true) if the residue field k(v®?) of the prime v* of E(G24, X3d) divided by v has
precisely p elements, or if (G®4, X#) has all the simple factors of A,,, B, or DX type,
with n € N.

1.8. In [Va3] we introduce the notion of an integral canonical model of a Kuga
variety of Hodge type. Their existence is implied by the existence of integral canonical
models of Shimura varieties of Hodge type. These models allows us to prove the
existence of smooth toroidal compactifications of the integral canonical models of
Shimura varieties of preabelian type (this has been cojectured by Milne [Mi4, 2.18]):
Any integral canonical model N of a Shimura variety Sh(G, X) of preabelian type
with respect to a prime v of E(G, X) dividing a rational prime p > 5, admits plenty of
smooth toroidal compactifications and has a minimal (normal) compactification N™¢.
The smooth toroidal compactifications of N are obtained from N™¢ through blowings
up. In particular, if Ng (g x) is a pro-étale cover of a projective scheme over E(G, X),
then N is a pro-étale cover of a projective smooth scheme over O, (cf. also 6.4.1.1
2)).

The toroidal compactifications of Shimura varieties of Hodge type are obtained
by the same procedure (as the integral canonical models are obtained) of taking the
normalization of the closure of smooth toroidal compactifications (over number fields)
of quotients of Shimura varieties of Hodge type in (extensions to étale Z,)-algebras
of) smooth toroidal compactifications of quotients of integral canonical models of
Siegel modular varieties constructed in [FC] (cf. [Har] for the non-integral part over
number fields). So we get special semi-abelian schemes over the smooth toroidal
compactifications of the integral canonical models of Shimura varieties of Hodge type.

See [Va3] for definitions and for the proves of the results mentioned in 1.8.

1.9. A part of the results presented in this paper, is a completely revised and
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improved version of the first part of our thesis [Val]. For the sake of not making this
paper too long, in 4.3.11, 6.3, 6.5.1.1 and 6.6 we use also the notations of other papers.

The reader who is interested just to have a pretty good idea about what is going
on in this article can follow the route: 3.2 (to pick up whatever the reader is not
familiar with), 4.1, 5.1, 5.6-8 and 6.4.

We would like to thank Prof. Gerd Faltings for his encouragements to approach
gradually the topics mentioned above, for numerous discussions we had about his
recent results [Fa3-4] (results without which this work would have had fewer fruits),
for his advices and correction of the proof of 5.1 and 3.4.5.1. We would like to express
our gratitude to Prof. James Milne, whose very beautiful and deep work [Mil-6] is
highly inspiring to us and whose conjectures (see [Mi3-5]) were the starting point of our
work. We are also very much obliged to [De2]. We would like to thank Ben Moonen
for asking us how healthy schemes behave with respect to the pull back operation
through morphisms attached to maps of index of ramification 1 between two discrete
valuation rings of mixed characteristic (this was the starting point for a great part of
3.2.1-3), and for the request of enlarging the presentations of 4.3.10 b) and 6.2.2. We
would like to thank Prof. Pierre Deligne for pointing out a mistake in a preliminary
version of 3.2.2 4).

I would like to thank Princeton University, Max-Planck Institute from Bonn,
FIM, ETH-Ziirich and UC at Berkeley for providing us with excellent conditions for
the writing of this paper. This work was partially supported by the NSF grant DMF
97-05376.

2. Preliminaries. We fix our notations by mostly reviewing some well known
facts (cf. [Del], [De2] and [Mi4]).

2.1. Notations and conventions. Reductive groups over fields are always
assumed connected. Reductive group schemes are understood to have connected fibres.
For a reductive group G over a scheme we denote by G, Z(G), G* and G,
respectively, the derived group of G, the center of GG, the maximal abelian quotient of
G and the adjoint group of G. We say that a reductive group G over Q is unramified
over Q, (p being a rational prime) if G, is unramified over Q,. For G an affine group
scheme over a scheme S we often denote by Lie(G) its Lie algebra, and in the case
when G is a reductive group scheme we denote by Aut(G) the group scheme over S
defined by the automorphisms of G.

If X is a set endowed with an equivalence relation R C X x X, we denote by
[x] € X/R the equivalence class of x € X. For a map f: A — B and for a subset
A; of A, we denote by f|A; the restriction of f to A;. If f:A — B and ¢:B — C
are morphisms in some category we refer to g o f as the composition of f with g.
All the projective limits of schemes are assumed to be filtered, with affine transition
morphisms.

The expression (G, X) always denotes a pair defining a Shimura variety, while
E(G, X) denotes its attached reflex field. Sh(G, X) denotes the Shimura variety de-
fined by it, identified in 2.3-8 (resp. in the rest of the paper) with the complex variety
(resp. with the canonical model of the complex variety). For an arbitrary compact
subgroup K of G(Ay), we denote by Shi (G, X) the quotient of Sh(G, X) by K. Any
z € X and any a € G(Ay) define a complex point [z, a] of Shi (G, X).

If k is a field we denote by k its algebraic closure. For a perfect field k, W (k) is
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the ring of Witt vectors of k. Always Vj denotes such a Witt ring over an algebraically
closed field and then K, automatically denotes its field of fractions. If v is a prime
of a global field E, we denote by k(v) its residue field and by O, the localization
of the ring of integers of E with respect to it. The maximal abelian extension of E
is denoted by E*. For a local ring R we denote by R", R*" and R respectively its
henselization, its strict henselization and its completion with respect to its maximal
ideal.

Let p be a rational prime. We usually write Z,) instead of O,). The ring of finite

adeles Z ®z Q is denoted by A and the ring of finite adeles with the p-component
omitted is denoted by A%. We use freely different Tate-twists: Q(1), Qp(1), Zy(1),
Af(1) etc. For G a linear group over Q, G(A) is endowed with the coarser topology
which makes all the maps G(A) — A}@(A) = A, induced by morphisms G — A}Q,
continuous (A, being the affine line over Q). Similarly for G(Ay). If G is a linear
group over the field K of fractions of a discrete valuation ring (abbreviated DVR),
then G(K) is endowed in the same manner with a topology. We denote by F,, the field
with p elements and by F its algebraic closure.

A continuous action of a totally discontinuous locally compact group on a scheme
S is always in the sense of [De2, 2.7.1] and is a right action. The purity therorem stated
in [SGA1, p. 275] will be referred to as the classical purity theorem. A quasi-projective
or projective morphism is always understood in the sense of [Hart).

For every free module M of finite rank over a commutative ring R we denote by
M* its dual. For any non-negative integer n, we denote by M®" the tensor product
of n-copies of M. By the tensor algebra of M we mean @neNu{o}M®n~ If v, €
M®™ @ M*®™ with n and m non-negative integers, we denote by deg(v,) :=n +m
its degree. A family of tensors of the tensor algebra of M is usually denoted in the
form (vy)acg, with J a set. A bilinear form on M is called perfect if it induces an
isomorphism from M into its dual M*. Occasionally we also denote by K* the group
of invertible elements of a field K. A pair (M,v) with M as above and with ¢ a
perfect alternating form on it, is called a symplectic space over R. We use the same
notation for two perfect alternating forms if they are obtained one from another by
extension of scalars.

For a finite surjective étale morphism Spec(R;) — Spec(Rp) and for a reductive
group G over Rj, Resg, /gr,G denotes the reductive group over Ry obtained from G
by restriction of scalars.

For an abelian variety A over a field k of characteristic zero we denote by Vi (A)
the free Ay-module (lim ker(n: Ay — Az)) ®z Q. We use freely the terminology of
Hodge cycles of A used in [De3]. A polarization of an abelian scheme A over a scheme
Y is usually denoted by pa (or py), and by abuse of notation we still denote by pa
(resp. py) the different maps on the cohomologies (homologies) of A induced by it. A
pair of the form (A, pa) (or (A, py)) always denotes a polarized abelian scheme over Y.
For an abelian scheme A over Y, A* denotes the dual abelian scheme of A, while for any
N € N, we denote by A[N] the finite flat group scheme over Y defined by the N-torsion
points of A. By a level-N structure of an abelian scheme A (over Y') of dimension d, we
mean an isomorphism k: L(N)y = A[N] of finite group schemes over Y; if moreover
A has a principal polarization p4, then by a level-N symplectic similitude structure
of (A,pa), we mean a similitude (symplectic) isomorphism (L(N)y, 1) = (A[N],pa).
Here (L(N),) is a symplectic space over Z/NZ of dimension 2d; L(N) is viewed as a
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finite flat group scheme over Spec(Z). If A is an abelian variety over C then H*(A, Q),
H;(A,Z), etc., i € NU {0}, refer to groups of the Betti cohomology and homology of
A.

We will have four more sections of notations at the appropriate moments: 3.2.6,
4.3.3,5.7.2 and 6.6.1.

2.2. The torus S. Let S be Resc/rG,,. We have: S(R) = C* and S(C) =
C* x C*. The last identification is made in such a way that the inclusion R «— C
induces z — (z,Z). To H an algebraic group over R and to a homomorphism x:S —
H, we associate two homomorphisms of algebraic groups: u,:G,, — Hc, given on
complex points by z — z¢(z,1), z € G,,,(C) = C*, and (the weight homomorphism)
wy: Gy, — H, given on real points by r — z(r)~1, r € G,,(R) = R* C C* = S(R).

2.3. Definition of a (complex) Shimura variety. A Shimura variety is
defined by a pair (G, X), called a Shimura pair, comprising from a reductive group G
over Q and from a G(R)-conjugacy class X of homomorphisms S — Gy satisfying the
following axioms:

(SV1) for each = € X, the Hodge structure on the Lie algebra g of G defined by
Adox:S — GL(gr) is of type {(1,-1),(0,0),(-1,1)};

(SV2) for each z € X, adz(i) is a Cartan involution of G&4;
(SV3) G4 has no factor defined over Q whose real points form a compact group.

Let © € X. Let Ko be the subgroup of G(R) fixing x. It is a maximal compact
subgroup of G(R) iff G**(R) is compact (cf. SV2). We have X = G(R)/K ., with
corresponding to the equivalence class of the identity element.

Axiom SV1 implies that the homomorphism w, is independent of z € X. We
write it wx. It is called the weight of the Shimura variety defined by (G, X). SV1 also
implies (cf. [De2, 1.1.14]) that X has one and only one complex structure such that,
for all representations p: Gg — GL(Wg), with Wx a finite dimensional real vector
space, the Hodge filtration F'(p o z) of W ® C depends holomorphically on = € X.
This complex structure is G(R)-invariant and the connected components of X are
Hermitian symmetric domains (cf. [De2, 1.1.17]).

For each compact open subgroup K of G(Ay)

Shi (G, X) == G(Q)\ X x G(A;)/K

is a finite disjoint union of quotients of X by arithmetic subgroups. This complex
space has a natural structure of a quasi-projective (algebraic) variety over C [BB],
which is smooth if K is small enough. In what follows Shx (G, X) is identified with
this quasi-projective variety.

For K C L compact open subgroups of G(Ay), we get a finite surjective mor-
phism (of schemes) f(L,K):Shx(G,X) — Shr(G,X) defined by [z,a] — [z,d]
(x € X, a € G(Ay). If K1 = gKg~ ! with g € G(Ay) we get an isomorphism
f(K,g):Shk (G, X) = Shy, (G, X) defined by [z,a] — [z,ag™!]. The isomorphisms
f(K,g) with g € K are the identity isomorphisms.

The (complex) Shimura variety Sh(G, X) is the projective limit of the compatible
system of morphisms f(L, K) together with the (right) continuous action of G(A) on
it defined by the rule [x,a]g = [z, ag]. The continuity property of this action implies
that if K is a normal subgroup of L, then f(L,K) identifies Shy (G, X) with the
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quotient of Shx (G, X) by L/K (this group acts on it through the morphisms f(K,g),
with g € L). The dimension of Sh(G, X) is the dimension of X as a complex manifold.
We have
Sh(G, X)(C) = G(Q) \ X x G(Ay)/Z(Q),

where Z = Z(G) and Z(Q) is the closure of Z(Q) in Z(Ay) ([De2, 2.1]).

2.4. Definition of maps between Shimura varieties. The maps from a
Shimura pair (G, X) into another Shimura pair (Gy, X1) are group homomorphisms
f:G — G; taking X into X;. We denote such a map by f:(G,X) — (Gy,X3).
The maps from the Shimura variety defined by (G, X) into Shimura variety de-
fined by (G1,X;) are in one to one correspondence with the maps f:(G,X) —
(G1,X1). The induced map X — X; is holomorphic. If K is a compact open
subgroup of G(Ay) and if K; is a compact open subgroup of Gi(Af) such that
f(K) C Ki, then the map f induces a morphism of schemes (cf. [BB]) f(K7, K):
Shi (G, X) — Shg, (G1,X1) by the rule [z,a] — [f(x), f(a)]. Passing to the limit
we get the (map or) morphism between Shimura varieties (associated to f and still
denoted by f) f:Sh(G, X) — Sh(G1,X1). Sometimes we work with a map between
Shimura pairs f: (G, X) — (G1, X1) and sometimes we work with the (map or) mor-
phism between Shimura varieties associated to it f: Sh(G, X) — Sh(G1, X1). The map
f is called injective (or an embedding) if it is injective as a group homomorphism; is
called finite if the induced homomorphism at the level of derived groups is an isogeny;
is called a cover if it is finite and as a group homomorphism is surjective, having as
kernel a torus T satisfying H'(Gal(k/k), T(k)) = 0, for any field k of characteristic
zero. If f: (G, X) — (G1,X1) is a finite map, then we identify X with a disjoint union
of connected components of X;.

Warning: If f:(G,X) — (G1,X1) is a finite map, then we sometimes refer to
f:Sh(G, X) — Sh(G1, X1) as a morphism (of schemes), and sometimes as a finite map
(of Shimura varieties), though as a morphism it is not finite, being just pro-finite.

2.4.0. Products. The category Sh whose objects are Shimura varieties and
whose morphisms are the morphisms between them has finite products: If Sh(G;, X;),
i = 1,2, are two Shimura varieties, then their product Sh(Gy, X1) x Sh(Gs, X») is
the Shimura variety defined by G = G; x G2 and X = X; x X5 (with the logical
projections defineed by the projections of G onto its factors G; and Ga).

Let f;: (Gi, X;) — (G, X) be finite maps, i = 1,2. So X; and X5 are disjoint union
of connected components of X. Let X3 be their intersection. It can happen that X3 is
empty (for an example see 2.5.1). We assume now that X3 is not empty. Let G3 be the
connected component of the origin of G1 XgG2. X3 is a set of homomorphism S — G
satisfying the axioms SV1-2. G3(R) acts on X3 by conjugation. Let X3 = U;er X3
be the disjoint union decomposition of X3 into G3(R)-orbits. For any j € I we get a
Shimura variety Sh(Gs, X3) and a commutative diagram

Sh(Gay XI) —P2s Sh(Ga, Xa)
p{l lfz
Sh(G1, X1) —L— SK(G, X).

The morphisms p/, j € I, are defined by the natural projections of G on Gy, i = 1, 2.
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We have a universal type property: for any pair (p1, p2) of finite maps p;: (Go, Xo)
— (G4, X;) such that fo o po = f1 o p1, there is a unique j € I for which there is a
map po: (Go, Xo) — (Gs, X;) such that p; = pg o pp; moreover the map pg is uniquely
determined. We express this property by: the category f-Sh whose objects are Shimura
varieties (or pairs) and whose morphisms are the finite maps between them, has quasi
fibre products. Any commutative diagram as above (formed by finite maps) is called
a quasi fibre product of the finite maps f; and fs.

So if X3 is empty then I is the empty set. There are examples (cf. 2.5.1) when
I has more than one element. However if f; or fo is a cover, then I has precisely one
element: if this is the case we speak about the fibre product of f; and fs.

2.4.1. The adjoint and toric part variety of a Shimura variety. Let (G, X)
define an arbitrary Shimura variety. Then Sh(G®d, X2d) (X?d being the G?d(R)-
conjugacy class of homomorphisms S — Gﬁd containing the ones induced by X) is
called the adjoint variety of Sh(G, X), and Sh(G#P, X2P) (X 2P being the set with just
one element defined by the homomorphism S — G induced by X) is called the toric
part variety of Sh(G, X). We have canonical maps from every Shimura variety into
its adjoint variety and into its toric part variety.

2.4.2. Special pairs. An injective map (T, {h}) — (G, X) with T a torus is
called a special pair in (G, X).

2.4.3. Automorphisms. The group Aut(Sh(G, X)) (of automorphisms of the
Shimura variety Sh(G, X)) is the subgroup of Aut(G)(Q) (of finite index) leaving X
invariant. If (G, X) is of adjoint type then we have Aut(Sh(G, X)) = Aut(G)(Q).

2.5. Examples of types of Shimura varieties.

ExAMPLE 1. Let T be a torus over Q. For any homomorphism h:S — Tg, the
pair (T, {h}) satisfies the axioms SV1-3, and so defines a Shimura variety of dimension
zero. We have Sh(T, {h})(C) = T(Ay)/T(Q). Any Shimura variety of dimension zero
is obtained in this way.

EXAMPLE 2. Let (W, ) be a symplectic space over Q. Let GSp := G Sp(W, 1)
be the group of its symplectic similitudes. The Siegel double space S consists of
all rational Hodge structure on W of type {(—1,0),(0,—1)} for which either 2mit
or —2mit is a polarization. It is a GSp(R)-conjugacy class of homomorphism S —
GSpgr. The pair (GSp, S) defines a Shimura variety. The Shimura varieties of the
form Sh(GSp, S) are called Siegel modular varieties.

DEFINITION 1. A Shimura variety Sh(G, X) is said to be of Hodge type if there
is an injective map from it into a Siegel modular variety. We have Sh(G, X)(C) =
G(Q)\ X x G(Ay) [De2, 2.1.1].

The extra conditions needed to be satisfied by a Shimura variety for being of
Hodge type are:

(SVH4) the weight is defined over Q;
(SVH5) wx (G,,) is the only split subtorus of Z(G)g;

(SVH6) there is a faithful representation p: G < GL(W) such that the Hodge Q-
structure on W defined by p o z is of type {(—1,0), (0,—1)}, Vz € X.
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This is just a reformulation of [De2, 2.3.2]: obviously SVH4-6 are satisfied by
a Shimura variety of Hodge type, while SV2 and SVH5 put together imply that for
any ¢ € X, the interior automorphism of Gr/wx (G,,) defined by () is a Cartan
involution.

EXAMPLE 3. The product of two Shimura varieties Sh(G1, X;) and Sh(Gs, X2) of
Hodge type is not of Hodge type. But the Shimura variety Sh(G35, X3) defined by the
subgroup G5 of G1 x G generated by GY x G (with G? the connected subgroup of G
having the property that the canonical quotient homomorphism GY — G;/wx,(G,,)
is an isogeny; i = 1,2) and wx, xx,(Gm), and by an adequate union X3 of some
of the connected components of X; x X, is a Shimura variety of Hodge type: it is
enough to see this for the case when (G1,X1) = (GSp(Wh1,41),51) and (Ga, X2) =
(GSp(Wa,1)9), S2); but then we have an injective map

i3: (G3aX3) — (GSp(Wl @D W2a¢1 @ ¢2)> SO)

defined by the natural inclusions of Sp(W1, 11) and Sp(Wa, 1) in Sp(W1 B Wa, 11 B1)s)
(X3 in this case has two connected components, while X; x X5 has four).

We refer to the map i3 as a Segre embedding, and to any pair (G3, X3) as above
(we do not have a unique choice for X3; this is the same as the case of quasi fibre
products discussed in 2.4.0 -see also 2.5.1 below-) as the Hodge quasi product of the
two pairs (G1,X;) and (Ga, X2) of Hodge type. Similarly we speak about a Hodge
quasi product of n Shimura varieties of Hodge type and the Segre embedding defined
by the product of n Siegel modular varieties, n € N.

DEFINITIONS 2. A Shimura variety defined by a pair (G, X) with G an adjoint
group is said to be an adjoint Shimura variety or of adjoint type. If G is a simple
Q-group, then (G, X) is of one of the types: A;, B;, Cj, D]ZR, D%HI, Dl’”i”, FEg or Er
(cf. the classification [De2] of Shimura varieties of adjoint type). Then Sh(G, X) is
called a simple adjoint Shimura variety (of type A;, or By, etc.). Any adjoint Shimura
variety is a product of a finite number of simple adjoint Shimura varieties. A Shimura
variety is said to be of special type if its adjoint Shimura variety is a product of simple
adjoint Shimura varieties of Eg, E7 or D™ type.

DEFINITIONS 3. A Shimura variety Sh(G, X) is called of preabelian type if there
is a Shimura variety Sh(G1, X1) of Hodge type such that their adjoint varieties are
isomorphic. If we can choose Sh(Gy, X;) such that G is a cover of G, then
Sh(G, X) is called of abelian type. The simple adjoint Shimura varieties of abelian
type are those of A;, By, C;, Dt or DY type [De2, 2.3.8]. The product of two Shimura
varieties of abelian (preabelian) type is of abelian (resp. of preabelian) type. For the
preabelian type this is obvious, while for the abelian type conform Example 3 (and
2.12 1)).

So for any pair (G, X) which is neither of preabelian nor of special type, there
is a finite map (G, X) — (G1,X1), with Sh(G1, X1) an adjoint variety which is the
product of a Shimura variety of preabelian type and of a Shimura variety of special
type. The category f-Sh is a disjoint sum of categories indexed by isomorphism classes
of Shimura varieties of adjoint type.

ExXAMPLE 4. A Shimura variety of dimension 1 is called a Shimura curve and a
Shimura variety of dimension 2 is called a Shimura surface. For instance the Example
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2, gives birth to a Shimura curve if W is a vector space over Q of dimension 2, called
the elliptic modular curve.

DEFINITION 4. A Shimura pair (G, X)) (resp. variety Sh(G, X)) is said to be of
compact type if Sh(G, X) is a pro-étale cover of a smooth projective E(G, X )-scheme.

In [BHC] it is proved: (G, X) is of compact type iff the Q-rank of G4 is zero.

EXAMPLE 5. (G, X) is of compact type if G*? is a simple Q-group such that G&!
has compact factors.

2.5.1. Extra example. Let (G,X) be such that the semisimple group G4
is simply connected, G®® = G,,, and X has precisely two connected components
(for instance if Sh(G, X) is a Siegel modular variety; see also 5.7.5). Let (G1,X1)
be the product of three copies of (G, X). So G$¢' is simply connected, and G5> =
G, X Gy, X Gy, We consider reductive subgroups G; of G1, i = 2,4, containing
G, So to give such a G; is the same as to give a subtorus of G5. We choose
G2P C G%Y, i = 2,4, to be the diagonal embedding of G,,, the subtorus generated by
G&P and the embeding G, — G4® corresponding to the triple of characters (1,1,0) of
Gy, and respectively the subtorus generated by G3P and the embedding G,, — G5P
corresponding to the triple of characters (1,3,0).

We get injective finite maps f;: (G;, X;) — (G1, X1), i = 2,4. Here X; has eight
connected components, X, has two, while X3 and X4 have four. Moreover we can
assume that Xy C X3 = X4. So the maps f3 and f; do not have a fibre product: they
have two quasi fibre products.

Moreover, as G*4(Q) is dense in G*4(R) (cf. [Del, 0.4]), composing the natural
map po: (Ga, Xo) — (G54, X39) with an automorphism of (G54, X39), we get a map
p3: (G2, X2) — (G54, X39) such that the images of X5 in X3¢ = X through the maps
p2 and p3 have an empty intersection.

2.6. The reflex field. Let (G, X) be an arbitrary Shimura pair. For any field
k of characteristic zero we have a right action of G(k) on the set Hom(G,,,, Gi). Let
C(k) := Hom(G,,,G%)/G (k). An inclusion Q — C induces a bijection C(Q) = C(C).
So the element [ux] € C(C), corresponding to p, for any = € X, defines an element
¢(X) of C(Q). The group Gal(Q/Q) acts on C(Q). The reflex field E(G, X) of the
Shimura variety Sh(G, X) is the subfield of Q corresponding to the stabilizer of c¢(X)
in Gal(Q/Q). Tt is a finite extension of Q.

2.7. The reciprocity map. Let (T,{h}) be as in the Example 1 of 2.5. Its
reflex field E := E(T,{h}) is the field of definition of the cocharacter pp, of T. From
the homomorphism pp: Gy, — T we get a new one

Resp/q(1n) Norm E/Q
A AN -5

Np: ReSE/@GmE ReSE/QTE T.

So, for any Q-algebra A we get a homomorphism Ny (A): G, (E ® A) — T(A).
The reciprocity map

r(T, {h}): Gal(E™ /E) — T(As)/T(Q)

is defined as follows: let 7 € Gal(E*P/E), and let s € Jg be an idele (of E) such that
recg(s) = 7; then r(T,{h})(7) = Nn(Ay)(ss), where sy is the finite part of s. Here
the Artin reciprocity map recg is such that a uniformizing parameter is mapped into
the geometric Frobenius element.
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2.8. The canonical model of Sh(G, X) over E(G, X). By amodel of Sh(G, X)
over a subfield k£ of C, we mean a scheme S over k endowed with a continuous action
of G(Ay) (defined over k), such that there is a G(Ay)-equivariant isomorphism

Sh(G, X) = Sc.

The canonical model of Sh(G, X) is the model 8 of Sh(G, X) over E(G, X) which
satisfies the following property: if (T, {h}) is a special pair in (G, X) then for any
a € G(Ay), the point [h,a] of §(C) = Sh(G, X)(C) is rational over E(T, {h})2?, and
every element 7 of Gal(E(T, {h})**/E(T, {h})) acts on [h,a] according to the rule

7lh,a] = [h,ar(7)],

where r = (T, {h}). Tt exists and is uniquely determined by the above property up
to a unique isomorphism (see [Del], [De2] and [Mi2]).
Warning: from now on by Sh(G, X) we mean 8.

2.9. If f: (G, X) — (G1, X;) is a map between two Shimura pairs, then E(G1, X;)
is a subfield of F(G,X), and there is a unique G(Ay)-equivariant morphism (still
denoted by f) f:Sh(G,X) — Sh(G1, X1)p(q,x) which at the level of complex points
is the map [z,a] — [f(z), f(a)] ([Del, 5.4]). We get a G(Af)-equivariant morphism
(still denoted by f)

f: Sh(G, X) — Sh(Gl, Xl)

of E(Gy, X1)-schemes.

2.10. Definition of special points. Let Sh(G, X) be an arbitrary Shimura
variety and let H be a compact subgroup of G(A¢). A point w of Shy (G, X) with
values in a field k of characteristic zero is called special if there is a special pair (T, {h})
in (G, X), such that the intersection of the G(Ay)-orbit of w in Shy (G, X)(k) with
the image of Sh(T, {h})(k) in Shy (G, X)(k) is non-empty.

2.11. Definition of smooth subgroups. Let (G, X) be a Shimura pair. A
subgroup H of G(Ay) is called smooth for (G, X) if it is compact and if Sh(G, X) is
a pro-étale cover of Shy(G,X). A subgroup of a conjugate of a subgroup of G(Ay)
smooth for (G, X), is itself smooth for (G, X). For instance any neat compact subgroup
of G(Ay) is smooth for (G, X). We do not know if (or when) the converse is true.

2.12. REMARKS.

1) For any Shimura pair (G, X) there are finite maps f: (G1, X1) — (G, X) and
f1:(G1,X1) — (G2, X3) such that:

— Sh(G2, X32) is a product of Shimura varieties Sh(G;, X;), ¢ running through the
elements of a finite set I, such that G2 is a simple Q-group, Vi € I;

— they define a quasi fibre product of the natural maps fo: (G, X) — (G*4, X24)
and fo: (Ga, X2) — (G54, X34) = (G4, X2d);

— there are injective maps (G;, X;) — (G, X), i € I, producing (naturally) an
isogeny [],c; G — G9er.

To see this let G*! = [,.; G2 be the factorization of G*! in Q-simple factors.
Let G$°* be the semisimple subgroup of G isogeneous to G2 and contained in the
kernel of the canonical quotient homomorphism G — [] Jen{i} G?d. As G; we take

the subgroup of G generated by G¢° and by a maximal torus of the centralizer of
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G9°* in G having the property that there is a homomorphism S — G, corresponding
to a point x € X, factoring through G;g. As X; we take the G;(R)-conjugacy class
of homomorphisms S — G;r generated by such a factorization. Now we can take the
maps f and f to define a quasi fibre product of the maps fo and fa (cf. 2.4.0).

2) There are Shimura varieties Sh(G, X) with G a semisimple group which is not
of adjoint type (plenty of examples can be constructed starting from [De2, 2.3.12]).

3) Let (A,pa) be a polarized abelian scheme defined over an integral ring R of
characteristic zero. It is defined over a subring R; of R admitting an embedding in
C. We get an abelian variety over C. Passing to an isogeny we can assume that
we have a principally polarized abelian variety (A’,pas) over C. Let (W) be the
symplectic space over Q defined by it, with W := H;(A’,Q). Let G be the Mumford-
Tate group of A’. We get an injective map (G, X) — (GSp(W, ), S) of Shimura pairs,
with X the Hermitian symmetric domain defined by the G(R)-conjugacy class of the
homomorphism S — Gg defining the Hodge Q-structure on W. Up to isomorphism it
is independent of all choices (cf. [De3]) and so we call it the injective map defined by
the polarized abelian scheme (A,pa). If A does not have a priori a polarization then
we can pick one for its model we got over C. In this case the injective map depends
on the picked up polarization.

If moreover A has a family (v,)aecg of Hodge cycles which is reductive with
respect to the polarization ps (to be explained below), then we can choose R; such
that these Hodge cycles are defined over R; (cf. [De3]). So we get a family of tensors
(ta)acg of the tensor algebra of W (we can assume that no Tate-twist shows up; for
instance cf. 4.1). By reductive family with respect to p4 we mean: the connected
component of the origin of the subgroup of GSp(W, ¢) fixing t,,, Vo € J, is a reductive
group Gy over Q. G; together with the G;(R)-conjugacy class of homomorphism
S — Gir defined by X might not define a Shimura variety: axiom SV'3 might not be
satisfied. However, discarding from G4¢ the factors which over R are compact, we get
a reductive subgroup Gy of Gp, which together with the Ga(R)-conjugacy class Xo
of homomorphisms S — Gor defined by X, define a Shimura variety. The resulting
injective map (G, X2) — (GSp(W,4)) is again independent of all choices. We call it
the injective map defined by (A, p4) and the reductive family of tensors (v4)aeg with
respect to pa.

3. A general view of the integral models of Shimura varieties. We
start by presenting (3.1) some elements of the theory of reductive groups (and of
hyperspecial subgroups) needed for applications to Shimura varieties. Then (3.2)
we introduce generalities of the theory of healthy normal schemes and of the theory
of integral models of Shimura varieties. Some special features of these theories are
presented in 3.3-5.

3.1. Hyperspecial subgroups. We restrict ourselves to what we need. Let V'
be a complete DVR with a perfect residue field k and let K be its field of fractions.
Let 7 be a uniformizer of V. Let G be a reductive group over K. A subgroup H
of Gk (K) is called hyperspecial if there is a reductive group scheme G over V', whose
generic fibre is G and whose group of V-valued points is H. It is a maximal bounded
(compact if the residue field of V is finite) subgroup of Gk (K) [Ti, 3.2]. Let B be the
building of Gk over K (cf. [Ti, 2.1-2]). Gk (K) acts on B. A subgroup H of Gk (K)
is hyperspecial iff there is a hyperspecial point zy; € B (see [Ti, 1.10.2 and 2.4] for
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the definition of such a point) such that H = {h € Gg(K)|h(xg) = xg} (cf. [Ti,
3.8.1]). Hyperspecial subgroups of Gk (K) do exist if Gi is unramified over K, i.e.
if Gk is quasi-split and splits over an unramified extension of K ([Ti, 1.10.2]). The
converse of this last statement is true if k has the property that every reductive group
over k is quasi-split (for instance if k is an algebraic extension of a finite field or if k
is algebraically closed).

3.1.1. REMARK. Let Gxg — Gig be an inclusion of reductive groups over
K with G}i(er = Glc}fr. We assume that Gip is unramified over K. Then G is
unramified over K and for any hyperspecial subgroup H; of Gy i (K), the intersection
H := H; N G(K) is a hyperspecial subgroup of Gk (K) (if Gy is a reductive group
scheme over V', whose generic fibre is G i and whose group of V-valued points is Hy,
then the closure of Gi in G; is a reductive group scheme over V', whose group of
V-valued points is H; the ideas needed for proving this are presented in 4.3.9).

3.1.2. The behaviour of hyperspecial subgroups with respect to homo-
morphisms of groups. We digress a little bit on this subject as it is not covered in
[Ti] or [Ja]. In this section we consider only affine group schemes of finite type over
V or K having connected fibres over K.

3.1.2.1. PROPOSITION. a) Let G1 and Ga be two smooth affine groups over
V. Let fk:Gig — Gag be a homomorphism such that it takes G1(V') into Go(V).
If the field k is infinite, then the homomorphism fx extends to a homomorphism
fZ G1 — GQ.

b) The point a) is not true if the field k is finite.

¢) Let f:G1 — Ga be a homomorphism of smooth affine group schemes over V.
If Gy is a reductive group and if fx:Gix — Gag is a closed embedding then f is a
closed embedding.

d) Let G1 i and Gag be two reductive groups over K such that G1 g is a subgroup
of Gax and such that they are unramified over K. We assume that G1x is a torus
which splits over an unramified extension of K of odd degree, and that Go is a group
of symplectic similitudes. Then there is a hyperspecial subgroup of G (K) included
in a hyperspecial subgroup of Gy (K).

e) We consider the point a) in the case when k is finite, when Gy and Go are
reductive groups over V, and when fi is a closed embedding. Then a) remains true
if any one of the following two conditions is satisfied:

(i) fx is an isomorphism;
(i) G is a split group with a maximal split torus Ty which is a closed subgroup of Ga,
and there is a faithful representation p: Go — GL(M) with M a free V-module of

dimension not bigger than the characteristic of k.

Proof. a) Let G be the subgroup of G; x G5 obtained by taking the closure of
the graph of fx. We get a homomorphism h:G — (G inducing an epimorphism
G(V) - G1(V), and a homomorphism G — G5. They are defined by the projections
of G x G5 on its factors. Let G = Spec(R) and G; = Spec(R;). To h corresponds an
inclusion R; C R which becomes an isomorphism by inverting .

So a) is equivalent to Ry = R. If R # R; then there is y € R\ R; such that
7wy € Ry \mR;y. For any x € Ry \mR; there is a ring homomorphism R; — V such that
x goes to an invertible element of V' (G is smooth over V' and the k-valued points of
G are Zariski dense in the special fibre of it, as k is an infinite field [Bo, p. 218]).
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So, such a homomorphism R; — V, corresponding to x = 7y, does not come from the
restriction to R; of a ring homomorphism R — V. This contradicts the surjectivity
property of the homomorphism G(V) — G1(V). We get R = R;.

b) Example: Let p be a rational prime and let ¢ € N\ {1} be congruent to 1
mod p — 1. Let M be a free module of dimension 2 over Z,, and let {v1,v2} be a
basis of it over Z,. Let G,, be the subgroup of GL(M ® Q,) such that a € G,,(Q,)
acts by multiplication with a? on v; and by multiplication with a on v,. We have
Gm(Z,) C GL(M1)(Z,), with M; the Z,-lattice of M ®Q,, generated by v1 and 1’1?#.
But there is no homomorphism G,, — GL(M;) extending the above inclusion over
Qp-

c) We can assume that the field k is algebraically closed. Let G be the closure
of G1x in G3. It is a group scheme over V. Let f1: Gy — G be the homomorphism
induced by f. Then the homomorphism G1(V) — G(V) is an isomorphism, as it is
a monomorphism and as G1(V) is a maximal bounded subgroup of G1(K) = G(K).
The dilatation procedure [BLR, prop. 2, p. 64] allows us to write f; as a composition
G1 — G, — G, with n>3 an integer, and with G,, a smooth (affine) group scheme
over V obtained from G through a finite sequence of dilatations. We have G1x =
Gng = Gk and G, (V) = G(V). For instance, in the first step we replace G by the
dilatation G3 of f1(G1y) (the reduced group subscheme of Gy defined by the image
through f; of the special fibre of G1) on G (part d) of loc. cit. shows that G3 is an
affine group scheme). Using [BLR, prop. 1, p. 63], we get group homomorphisms
G1 — G3 — G. Repeating the process, we reach the case of group homomorphisms
G1 — G, — G, with G,, a smooth scheme obtained from G through a sequence of
n — 2 dilatations. This results from the general theory [BLR, section 3.3] of the defect
of smoothness p of V-valued points of G,,. More precisely, there is a positive integer
¢, such that p(z) < c for any point € G(V) (cf. [BLR, prop. 3, p. 66]). From [BLR,
lemma 4, p. 174] we get that we can take n = ¢+ 3.

Coming back to the situation G; — G,, — G, we get (cf. part a) above) G = G,,.
But this implies that f; is an isomorphism as any dilatation of our sequence produces
a commutative unipotent kernel of the special fibre. From [BLR, prop. 2, p. 64] we see
easily that it is enough to check this for the dilatation of a general linear group over
V' with respect to the trivial subgroup of the special fibre. But this case is obvious.

We invite the reader to give another (simpler) proof of c¢), by just copying the
proof of a) above and making use of the fact that for any finite field extension K; of
K, G1(V1) is a maximal bounded subgroup of G(K) (with V5 the normalization of
V in Kl)

d) Let Tk := Gk and let Goxg = GSp(Wg, 1), with (Wk, ) a symplectic space
over K. Let Ky be an unramified extension of K over which Tk splits. Let Vi be
its ring of integers. We can assume that K; is the smallest extension over which Tk
splits. So K is a Galois extension of K. Let Cr be the subset of the (additive) group
of characters of Tk, through which Tk, acts on Wg ® K1, i.e. W @ K1 = ©yecp Wy,
with ¢ € Tk (K1) acting as multiplication with ~(¢) on the non-zero K;j-vector space
W,. We can assume that Tk is a subgroup of Sp(Wg,) (as GSp(Wk, ) is the
extension of Sp(Wi, 1) through a one-dimensional split torus).

As the alternating form 1) is Tk-invariant, we deduce that if « € Cp then —a €
Cr, and that ¢(z,y) = 0 for any z € W, and any y € ©,ccoW,, where CF :=
Cr \ {a}. Moreover Gal(K;/K) acts on Cr as Tk and Gaok are defined over K. For
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any a € Cr, let o(a) be its orbit under the action of Gal(K;/K) on Cr.
The key fact is the following assumption (which is always satisfied if [K; : K] is
an odd number):

Vae Cr\{0},—a ¢ o(a).

We can assume that 0 ¢ Cpr: we have a direct sum decomposition of symplectic
spaces over K

(WK7w> = (Wo’wo) & (Wlﬂﬁl),

with W9 the maximal subspace of Wx on which Tk acts trivially, with W' the
subspace of Wy such that W! @ K; = Dyecr\{0y W5, and with 1 the restriction
of 9 to W' i=T1,2. So if needed, we can replace (Wg, 1) by (W1, 4!).

Let @ € Cp. Obviously o(—a) = {—v|y € o(a)}. Let M, be a Vj-lattice of
W, left invariant by the subgroup of Gal(K;/K) fixing «. For any v € o(«a) let
M, = p(M,), with p € Gal(K;/K) such that p(a) = v, and let M_., be a V;-lattice
of W_, such that ¢¥: N, ® N, — Vj is a perfect form. Here N, := M, ® M_,.
Let Mo(a) = @yco(a)uo(—a)My. For any other pair o(a;) and o(—a1) of orbits of
the action of Gal(K1/K) on Cr, we define similarly a free Vi-submodule Mo (q,) of
Wk ® Kq. Let My, be the V;-lattice of Wi @ K; defined by the direct sum of these
Mo(ay; so

My, = EB’YECTM"/'

We get that My, is stable under the action of Gal(K;/K) and ¢: My, @ My, — V; is a
perfect form. So Tk, extends to a subtorus Ty, of Sp(My,, ). Let My be the V-lattice
of Wi formed by elements of My, fixed by Gal(K;/K). We have My, = My ®@V;. We
deduce that Tk extends to a subtorus T of Sp(My,1). So the (unique) hyperspecial
subgroup T'(V) of Tk (K) is included in the hyperspecial subgroup Sp(My,)(V) of
Sp(Wic, ) (K).

e) To see the first part of g), it is enough to work separately the case of a torus
(which is obvious) and the case of a semisimple group. For this last case, it is enough to
work with an inner automorphism and then everything results from [Ti, first paragraph
of 2.5] applied to the adjoint group. The proof of the second part of g) is similar to
the proof of 4.3.10 b) (which can be used to obtain a refinement of this part of g)),
and so it is left as an exercise.

3.1.2.2. REMARKS. 1) Let G and Gy be two reductive groups over K such
that G g is a subgroup of Gs g and such that they are unramified over K. It is not all-
ways true that there is a hyperspecial subgroup of G i (K) included in a hyperspecial
subgroup of Go i (K).

We leave to the reader to find examples for this, with G a torus spliting over
an unramified extension of K of degree 2, for which the key fact of the proof of
3.1.2.1 d) is not true, and with Gox = GSp(Wk,9) a group of symplectic simili-
tudes, starting from the fact that any hyperspecial subgroup of Gs i (K) is of the form
GSp(My,¥)(V), with My a V-lattice of Wi for which there is € € G,,(K) such that
e: My @ My — V is a perfect form. We get such examples even for dimy (Wk) = 4.

2) 1) above is true if Gog is a general or special linear group over K. In fact in
this case any bounded subgroup H; of G (K) is included in a hyperspecial subgroup
of Gai(K). To see this we can assume that H; is a maximal bounded subgroup of
G1x(K). Now everything results from [Ja, 10.4] and [Ti, 3.4].
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3) A third proof of 3.1.2.1 ¢) can be obtained using maximal tori. Its advantage:
it remains valid for an arbitrary DVR.

3.1.3. LEMMA. Every reductive group G over Q unramified over Q, extends to
a reductive group over Z).

Proof. Tt is enough to treat separately the case when G is a torus and the case
when G is semisimple. If G is a torus, then it splits over a Galois extension of Q which
is unramified above p, and so it extends to a torus over Z).

Let now G be a semisimple group, and let Gz, be a semisimple group over Z,
having as generic fibre Gg,. Let gz, := Lie(Gz,) and let 9z,,, be its intersection with
Lie(G). This intersection is taken inside Lie(Gg,). So gz, = gz, ® Z,. We get that
the closure of G*! in Aut(gz,,,) is a semisimple adjoint group G%‘(ip) over Z (this is

so due to the fact that we get this over Z,). As G is a cover of G*, we conclude that
G extends to a semisimple group over Z,), obtained by taking the normalization of
G%‘?p) in the field of fractions of G. This ends the proof of the lemma.

Another proof can be obtained using the following general result of descent:

3.1.3.1. CLAIM. Let O be a DVR of mized characteristic and let L be its field of
fractions. Let Yr, be a scheme of finite type over L. Let Y be a faithfully flat scheme
of finite type over the completion 9) of O, and such that its generic fibre is isomorphic
to the extension of Yy, to the field of fractions of O. We assume that either Y is an
affine scheme or that O is a henselian ring. Then there is a unique scheme Y owver
O, having Yy, as its generic fibre, and such that its extension to OisY (so the special
fibres of Y and Y are the same).

This is not necessarily true if we do not assume that Y is an affine scheme, or that
O is a henselian ring: [BLR, 6.7] can be adapted to the mixed characteristic situation.
A similar thing can be stated for morphisms (and so in terms of equivalence of some
categories). We include a proof of the above claim which we think is useful in the
study of different integral models of (quotients of) Shimura varieties.

STEP -1. We can assume that the special fibre Yg of Y is non-empty. It is well
known that the claim is true if Y is affine (simple argument at the level of lattices).
So we can assume that Y is reduced.

First we point out how the local rings of points of the special fibre of ¥ (assumed
to exist) can be recovered: for any closed point y: Spec(k) — Y (with k a field),
the local ring of y in Y is the intersection of the local ring of y in Y with the ring
of fractions of Y7. Secondly we point out that the topological space underlying any
scheme Z over O is fully determined once we know Zj, and Zy. These two remarks
take care of the uniqueness part.

STEP 0. We can work around a point y as above. In particular we can assume
that Ys is affine, and so separated. Further on we can remove from Y7, a closed
subscheme whose closure in Y does not contain the point y, in such a way that its
complement in Y7, and respectively the complement of this closure in Y are separated
schemes. This is possible due to the fact that Y and Y;, are noetherian schemes and
due to the fact that Yg is separated.

Conclusion: we can assume that ¥ (and so also that Y7) is a separated scheme.
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Now, in essence, everything results from the ideas presented in [BLR, 6.5]. We present
the details.

STEP 1. We can assume that Y7, and Y are normal schemes (as O is an excellent
ring, the argument is the same as the one needed to assume that Y is reduced).

STEP 2. A. From now on we assume that O is a henselian ring.

B. Even better we can assume that O is a strictly henselian ring.

This admits an argument using Galois-descent (cf. [BLR, 6.2]). In other words,
if Spec(O?) is a finite Galois cover of Spec(O), with O' a DVR, and if we know that
there is a scheme Y over O! whose extension to O1 is the extension of ¥ to 6\1, then
the fact that the special fibre of Y is definable over the residue field of O is the extra
ingredient needed to make the Galois-descent (defined by the natural action, due to
the uniqueness property mentioned in Step -1, of the Galois group Gal(O'/O) on Y1)
effective.

C. We can assume that the residue field of O is an algebraically closed field (i.e.
we can replace the strictly henselian ring O by a pro-finite flat DVR extension of it
having the same index of ramification).

D. We can replace O by any finite flat DVR extension of it; so we can assume
that the strictly henselian DVR O is as ramified as desired.

E. We can replace the strictly henselian DVR O by the local ring of a generic
point of the special fibre of a smooth scheme Z over O.

The parts C and D admit the same argument involving descent as in part B.

The part E is trivial (we can assume that we have a scheme Y, over Z whose
extension to Zy is the extension of Y to Zg; now we can take O-sections of Z to get
Y).

Replacing O by another DVR O; which is obtained from O by the rules described
in B-E above, the nilpotent elements of Ys can be “absorbed”: the normalization Y7"
of ?01 has a reduced special fibre. Moreover Y{" is a projective scheme if Vis. Asa
conclusion we can assume that Ys is a reduced scheme and that O is strictly henselian
(cf. E for this last part).

STEP 3. We can assume that there is a scheme U over O such that its generic
fibre is Y7, and its extension to O is an open subscheme of Y having a complement in
Y of codimension at least 2.

For this we can assume that Y}, is affine (even smooth over L). But this is the
context in which [BLR, lemma 6, p. 161] works (if Y is an affine scheme then the
claim is trivial). The arguments presented in loc. cit. work in the case when Yisa
normal scheme having a a non-empty reduced special fibre.

STEP 4. From the Artin’s approximation theorem (this is standard -see [BLR,
th. 12, p. 83]-: O is an excellent ring, as L has characteristic zero) we deduce easily
that there is a normal scheme Y of finite type over O (we recall that O is a strictly
henselian ring) having U as an open subscheme containing the generic fibre and all
the points of codimension 1, and having Yg as its special fibre.

STEP 5. Morally Yd/9 should be Y. The failure of being so might happen if the

topology on the underlying set of Y(é is not the expected one. If YJ_ID is not Y we have
to proceed as follows.
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We can assume that Y7, and Y are normal complete schemes (cf. Nagata’s embed-
ding theorem; see [Na] and [Vo]), and that Ys is reduced (cf. Step 2). Now we consider
the normalization g of the closure of the diagonal embedding of Uy in Y x Yd’;. We
also consider the natural projections of it on the two factors.

We first assume the existence of a scheme Y5 over O whose extension to O is 17'2
This is the extra ingredient needed to be able to repeat the above arguments on the
application of Artin’s approximation theorem to get similarly (to Y’) a scheme Y’
over O whose topology of its underlying set is as expected to be (the topology of the
underlying set of Yisa quotient topology of the topology underlying the set, of Yg)
We deduce that the extension of Y to Ois Y. So we can take YV = Y

In fact we can replace Ys by any other proper bcheme Y3 over O whose generic
fibre is defined over L, and which admits a surjection onto YQ. Even more, it is enough
to get such a good scheme 57'3 only after we replace O by an arbitrary DVR O; which
is a faithfully flat O-algebra of the type allowed in Step 2.

STEP 6. To end the proof we are left with the proof of the existence of Y3 for a
suitable choice of ¥3. A well known application of Chow’s lemma (cf. also [Vo, 2.5])
shows that we can assume that we are dealing with an Yg which is a normal falthfully
ﬂat projective O-scheme. In other words there is a surjective proper morphism Y3 —
Yg, with Yg a normal projective scheme over O whose generic fibre is defined over L.

We can assume (cf. Step 2 and the last part of Step 5) that }/}2 has a reduced
special fibre. From Step 3 we deduce easily the existence of a normal projective scheme
YJ over O such that there are open subschemes U} and Us of YJ and respectively of Ya,
containing the generic fibres and the points of codimension 1, and satisfying U. é b= U,.

We can view this last identity as a rational map from YQ’ b to 372. But this rational map

extends to a surjective morphism Y, — )A/Q, where Y3 is a projective scheme over O
obtained from Yy through a blowing up centered on the special fibre (cf. [Hart, 7.17.3,
p. 169]; we can view ?2 as embedded in a projective space P’é, for some n € N). Y-
is the searched for scheme over O. This ends the proof of the claim.

3.1.3.1.1. REMARKS. 1) We preferred to include the above proof of 3.1.3 (it also
works when Z,) is replaced by an arbitrary DVR O) as it illustrates how descent can
be performed also at the level of Lie algebras. Moreover it is constructive.

2) The above proof can be modified so that it works for an arbitrary henselian
DVR O: the use of Artin’s approximation theorem has to be replaced (in the case
when O is of equal positive characteristic) by the use of C-D of Step 2 (for Step 1 cf.
[Ma, cor. 2 of p. 234, and 31.H]).

3) We do expect that in the above claim we can replace finite type by locally of
finite type.

3.1.3.2. REMARK. Let now O be an arbitrary DVR having a perfect residue
field. Let G be a reductive group over the field L of fractions of O, such that its
extension to the field of fractions K of the completion V of O is unramified over K.
Let H be a hyperspecial subgroup of G(K). Then any automorphism of Gy, taking
H onto itself, extends to an automorphism of Go, with Go a reductive group over O
such that Go(0) = H (such a Go does exist cf. 3.1.3.1): from 3.1.2.1 a) and e) we
get an automorphism of Gy ; obviously it comes from an automorphism of Go.
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3.1.4. REMARK. Let (G,X) — (G1,X1) be an injective map of Shimura pairs
and let p be a rational prime. If GI°" and its centralizer C' in G are unramified
over Q,, then there is an injective map (Go, Xo) < (G1, X1) such that Gge* = Gder,
(Gad, X3d) = (G4, X2) and Gy is unramified over Q,. To see this it is enough to
remark that there is (cf. [Ha, 5.5.3]) a maximal torus T of C such that:

— a conjugate of some x € X by an element of C(R) factors through Gog, where
G|y is the subgroup of G generated by G and T}

~Tq, is C(Qp)-conjugate with a maximal torus of Cg, unramified over Q, (there
is such a maximal torus as Cgq, is quasi-split, cf. [Ti, 1.10]).

3.1.5. REMARK. Let G = G1x X Gox be a product of reductive groups over
K. Then Gk is unramified over K iff G and Goi are unramified over K, and then
any hyperspecial subgroup H of Gi (K) is a direct product H = Hy x Hy, with H; a
hyperspecial subgroups of G (K), i =1, 2.

3.1.6. LEMMA. Let R be an integral domain, faithfully flat over Z). Let M be
a free R-module of finite rank. Let GO be a reductive subgroup of the generic fibre of
GL(M) such that the closures of G and of the connected component T of the origin
of Z(G°) in GL(M), are both reductive group schemes over R. Then its closure in
GL(M) is a reductive group scheme over R.

Proof. Let G%, G%°" and Tg be respectively the closures of G°, G and T in
GL(M). Let C := G N T. C is a finite flat group scheme over the generic fibre of
R.

We claim that its closure Cr in GL(M) is a finite flat subgroup of Tg and of
GYer. This is a local statement in the étale topology of Spec(R). Of course, if
Spec(R;) — Spec(R) is an étale map, R; might not be an integral ring, and so we
need to take the closure of C' x p Spec(R1) in GL(M)g,. So we can assume that Tg is
split and that G%ﬁier has a maximal split torus T}i, but we no longer assume that R is
integral: just that it is reduced. Moreover we can assume that R is a local ring. It is
enough to show that the intersection Tr N1}k defines a finite flat scheme over R. We
consider the torus T12?, := Trx T4, and its representation p on M defined by the product
of the inclusion Tr — GL(M) with the inverse of the inclusion T} — GL(M). This
is well defined as T and T}, as subtori of GL(M), commute. As R is local and T3 is
split we deduce that p is a direct sum of one-dimensional representations (asociated
to characters of T%). So its kernel is a finite flat group scheme over R, as this is so
over the points of Spec(R) of codimension zero. But this kernel is Tr N Th. So Cg is
a finite flat group scheme over R.

We come back to our situation: R isintegral. Let G}% be the quotient of T x G%der
by Cg, where Cr acts as inclusion on Tk and as the inverse of the inclusion on
G¥er. Gk, is a reductive group scheme over R. We have a canonical homomorphism
¢: G}, — G%, which is an isomorphism over the generic fibre of R. 3.1.2.1 ¢) and
3.1.2.2 3) guarantee that each fibre of ¢ is a closed embedding, and that ¢ is a proper
morphism. This implies that ¢ is a closed embedding: we can assume that R is finitely
generated over Z,), and so that it is noetherian; first we deduce that ¢ is a finite
morphism, and then everything results from Nakayama’s lemma. From the definition
of G% we deduce that ¢ is an isomorphism. This implies that G% is a reductive group
scheme over R, ending the proof of the lemma.



426 A. VASIU

3.1.6.1. REMARK. The above lemma remains true if Z,) is replaced by an
arbitrary DVR. Even more generally, it remains true if R is an integral scheme, and
instead of its generic fibre (over some integral scheme), we work with its generic point,
cf. 3.1.2.2 3).

3.2. Healthy normal schemes and integral models of Shimura vari-
eties. In 3.2.1-2 we introduce the general theory of healthy normal schemes. The
need of such a theory was felt when it has been discovered that the statement 6.8 of
[FC, p. 185] is not true in general (for details see [dJO]). Then in 3.2.3-16 we present
the general theory of integral models of Shimura varieties. For this theory, in essence
(i.e. except [Fad]), we need from the theory of healthy normal schemes only some
definitions and remarks. However we felt that it is important to include in 3.2.1-2
more then just definitions (cf. the philosophy of 3.2.7 6) and rm. 3) of 3.2.3.2.1; they
nourish our expectation that the theory of healthy normal schemes will blossom very
much in the near future). In 3.2.17 we single aside the proof of a result of Faltings
[Fa4] which plays an essential role in the theory of integral models of Shimura varieties.
It introduces some of the main tools used in the study of healthy normal schemes. As
these tools are referred to in 3.2.1-2 we suggest that after 1-2) and 8) of 3.2.1 and 1)
and 3) of 3.2.2, 3.2.17 should be studied, before the rest of 3.2.1-2.

Let p be a rational prime.

3.2.1. DEFINITIONS. 1) A pair (Y,U), with Y a flat scheme over Spec(Z) and
with U an open subscheme of Y containing the generic fibre Yg of Y and such that
the complement of U in Y is of codimension in Y at least 2, is called an extensible
pair. A pair (Y, Uy), with Y as before and with Uy a subset of the underlying set of
Y which is an intersection of the underlying sets of open subschemes U; of Y, i € I,
such that (Y, U;), i € I, are extensible pairs, is called a quasi-extensible pair. Here I
is an arbitrary set, often infinite.

A normal scheme Y flat over Spec(Z) is called:

2) healthy if for any extensible pair (Y, U), every abelian scheme over U extends
to an abelian scheme over Y;

3) quasi healthy if for any extensible pair (Y,U), every abelian scheme over U
extends to an abelian scheme over the normalization of Y -not assumed to be finite
over Y- in a finite étale extension of the ring of fractions of Y;

4) almost healthy if any abelian scheme Ag over Y having level-[" structures for
any N € N, with [ a rational prime which is invertible in any point of Y, extends to
an abelian scheme over the normalization of Y -not assumed to be finite over Y- in a
finite étale extension of the ring of fractions of Y7

5) n healthy if for any extensible pair (Y,U), every abelian scheme over U of
dimension at most n extends to an abelian scheme over Y (here n € N);

6) locally healthy if any open subscheme of it is healthy.

7) Similarly we define the following types of normal schemes (flat over Spec(Z)):
n quasi healthy, n almost healthy, locally quasi healthy, locally almost healthy, and
locally n (quasi or almost) healthy.

8) Let D be a Dedekind ring which is flat over Spec(Z[3]). A regular scheme Y
flat over D is called very healthy if:

i) for any prime w of D having a residue field k(w) of positive characteristic p,
the only open subscheme of the fiber Y,, of Y over w, containing all the points of Y,
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having as a residue field an algebraic extension of k(w), is Y,, itself;

i) for any geometric point y : Spec(k(w)) — Yp, (with D, a complete DVR
faithfully flat over the localization D(,, of D with respect to w, having k(w) as its
residue field and having the same ramification index as D)), the completion of the
local ring of y is of the form R, = V{z1,22,...,2s]], with V a DVR containing

W (k(w)), and such that the degree [V : W (k(w))] is less than p — 1.

A normal scheme Y flat over Z,) is called:

9) p-healthy if for any extensible pair (Y, U), every p-divisible group over U ex-
tends uniquely to a p-divisible group over Y. Warning: here we use a hyphen (p-
healthy), while in 5) above we do not;

10) p-f-healthy if for any extensible pair (Y,U), every finite flat group scheme
over U of p-power order extends uniquely to a finite flat group scheme over Y;

11) strongly p-healthy if any p-divisible group over Yy extends uniquely to a
p-divisible group over Y;

12) strongly p-f-healthy if it is p-f-healthy, and if any finite flat group scheme over
Yg of p-power order extends in at most one way to a finite flat group scheme over Y.

13) As in 6-7) above we speak about locally p-healthy, locally p-f-healthy, locally
strongly p-healthy and locally strongly p-f-healthy normal schemes (flat over Z) ).

Let now O be a DVR which is a faithfully flat Z,)-algebra, and let e be its index
of ramification. Let mo be a uniformizer of O.

3.2.1.1. REMARKS. 1) If D is a DVR faithfully flat over Z,, in order that
there are very healthy regular schemes over D with a non-empty special fibre, the
ramification index of D has to be smaller than p — 1. If this is so, then any projective
limit of smooth schemes over D with étale transition morphisms, for which i) of 3.2.1
8) is true, (in particular any smooth scheme over D) is a very healthy regular scheme
over D.

2) According to a theorem of Raynaud (cf. [Ra, 3.3.3]), if e < p—1, then Spec(O)
is a strongly p-f-healthy regular scheme.

3) In 3.2.1 3), actually Ag does extend to an abelian scheme over Y. This can be
seen using the ideas of the Step A of 3.2.17.

4) From the Néron-Ogg-Shafarevich criterion we get directly that any locally
noetherian healthy normal scheme (and so any healthy regular scheme) is an almost
healthy normal schemes.

5) The quotients (assumed to exist) of healthy normal schemes through finite
group actions are quasi healthy normal schemes. This motivates the def. 3) of 3.2.1.

6) The regular quotients of healthy normal schemes through finite flat group
actions are healthy regular schemes. This can be checked starting from Step A of
3.2.17. Similarly, the regular quotients of locally healthy normal schemes through
finite flat group actions are locally healthy regular schemes.

7) The quotiens of almost healthy normal schemes through finite group actions
are almost healthy normal schemes.

8) There are plenty of examples of noetherian almost normal schemes which are
not regular (this results from 4) and 7) above and from 3.2.2 1)), and there are plenty
of examples of healthy regular schemes which are not very healthy (cf. 3.2.2 5)).

9) Any regular scheme Y of dimension 2 flat over Z,) is p-f-healthy (this is a
consequence of [FC, 6.2, p. 181)).
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10) There are plenty of p-f-healthy regular schemes which are not strongly p-f-
healthy (like affine lines over the spectrum of a DVR of index of ramification at least
p—1).

11) Any p-healthy regular scheme flat over Z,y is healthy. The proof of this is
similar to the Step D of 3.2.17.

12) Any smooth scheme over a local henselian p-healthy regular scheme Spec(R) of
dimension at least two, having the property that the only open subscheme of its special
fibre (defined by mo = 0) containing its fiber over the maximal point of Spec(R), is
the special fibre itself, is p-healthy. The proof of this is entirely the same as the Steps
B, C and D of 3.2.17 (to be compared with 3.2.2.2; an argument similar to the one of
3.2.2 4), involving Weil restriction of p-divisible groups, allows us to replace R by a
finite étale R-algebra).

13) The class of very healthy regular schemes over a Dedekind ring D flat over Z [ﬂ
is stable under localizations, completions (of local schemes) and passages to smooth
schemes for which condition i) of 3.2.1 8) is still satisfied.

14) We could have worked out 3.2.1 for locally integral schemes instead of normal
schemes. But in such a generality we have basically no results. To study any type of
healthy normal schemes we can restrict our attention to integral normal schemes.

15) We consider a projective limit Z of quasi-compact healthy normal schemes
with transition morphisms such that their fibres over any point of Spec(Z) are domi-
nant morphisms. We assume that one of the following two conditions is satisfied:

— every fibre of Z over a finite prime of Spec(Z) has a finite number of points of
codimension (in this fibre) zero;

— the transition morphisms are pro-étale morphisms between schemes regular in
points of positive characteristic of codimension 1.

Then Z is a healthy normal scheme (if the first condition is satisfied, the argument
is standard; if the second condition is satisfied, we have to use as well [BLR, cor. 2,
p. 177]). The similar statement for almost healthy normal schemes is not true.

16) Step A of 3.2.17 explains why for checking that a normal scheme Y is (quasi
or almost or locally) healthy it is enough to deal with principally polarized abelian
schemes. This is very useful as the moduli stack over Spec(Z) parameterizing prin-
cipally polarized abelian schemes of a given dimension is algebraic (and so quasi-
compact) [FC, 4.11, p. 23]. This means that in many situations (like in the last
part of the proof of 3.2.2.1) we can work out things as in the case when we have a
quasi-compactness situation.

3.2.1.2. QUESTIONS. 1) Is it true that any local healthy regular scheme over
Zp), of dimension at least 2, is p-healthy?

2) Is the completion of a local healthy regular scheme, a healthy regular scheme
itself?

We expect a positive answer to these questions. In many cases it is known that
the answer to 2) is yes (cf. 3.2.2.3 B)).

3.2.1.3. PROBLEM. Characterize the healthy regular schemes independently of
the use of abelian schemes or of p-divisible groups.

3.2.1.4. Expectations. 1) If Y is a local healthy normal scheme, then we do
expect that its (strict) henselization is also a healthy normal scheme (to be compared
with rm. 4) of 3.2.2). Similarly for other types of healthy local schemes.
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2) We do expect the existence of noetherian almost healthy and of quasi healthy
normal schemes which are not healthy. It should be possible to construct such exam-
ples starting from the fact that the classical purity theorem for regular rings is not
true for normal noetherian rings.

3) We do expect that for any N € N there are N healthy normal schemes which
are not N 4 1 healthy normal schemes.

4) In 2-3), 5) and 9-10) of 3.2.1 we could have worked with quasi-extensible pairs
instead of extensible pairs. This would have made no difference for 2-3), 5) and 10)
of 3.2.1, but we do think (we do not have an example to prove this) it would have
made a difference for 3.2.1 9). The advantage of working with quasi-extensible pairs
(instead of extensible pairs) consists in the fact that given a flat Spec(Z)-scheme Y
it is enough to work with only one quasi-extensible pair (Y, Uy ), with Uy the subset
of Y defined as the intersection of the underlying sets of all open subschemes U of Y
such that (Y,U) is an extensible pair.

5) Though we defined 2-7) of 3.2.1 for schemes over Spec(Z), we have no under-
standing of the types of healthy schemes (defined there) over Z ). In particular we do
not know if Spec(Z2[[T]) is a healthy scheme; however we do expect this to be true
(cf. [Va2]).

6) We do not know even one example of a healthy normal scheme over Spec(Z[3])
which is not locally healthy. We do expect that (at least under some mild conditions)
any healthy regular scheme over Spec(Z [%]) is locally healthy. It is a nice problem
to check that all the healthy regular schemes to be introduced in 3.2.2 5) are locally
healthy.

3.2.2. REMARKS. 1) According to [Fad], if e < p — 1, then any regular formally
smooth scheme over O is a healthy regular scheme. As a direct consequence of this we
get that any very healthy regular scheme over a Dedekind ring D (flat over Spec(Z E] )
is a healthy regular scheme, and, if D is a Z,)-algebra, then it is also a p-healthy
regular scheme (see 3.2.17 for a proof of these statements).

2) Any healthy regular scheme is an almost healthy regular scheme. But we do
not know if (or when) an almost healthy normal (regular) scheme is healthy. However
an integral almost healthy regular scheme whose first fundamental group is trivial is
a healthy scheme (cf. the classical purity theorem).

3) The role of the Dedekind ring D in the definition of a very healthy regular
scheme (over D) is essentially just to fix the notations. We can define an abstract
very healthy regular scheme to be a flat scheme Y over Spec(Z) with the property
that for any local ring O, of a point y of Y of positive characteristic p, there is a
faithfully flat O,-algebra R,, with R, of the same form as the one in 3.2.1 8). As in
1) above, any abstract very healthy regular scheme is a healthy regular scheme, and
any abstract very healthy regular Z,)-scheme is p-healthy (cf. 3.2.17).

The class of abstract very healthy regular schemes is stable under localization,
completion, passage to regular formally smooth schemes, and under pull backs through
morphisms defined by ring homomorphisms between discrete valuation rings of mixed
characteristic having the same index of ramification.

4) Let ¢: Y7 — Y be an étale morphism of flat Z-schemes. We assume that there
is an extensible pair (Y, U) such that (Y7,¢ 1(U)) is an extensible pair and ¢~ (U) is
an étale cover of U (this is equivalent to the fact that g defines an étale cover over Yg
and over local rings of Y which are discrete valuations rings of mixed characteristic).
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We have:
A) If Y is a healthy normal scheme, then Y7 is a healthy normal scheme.

To see this let (Y1,U7) be an extensible pair, and let Ay, be an abelian scheme
over U;. We can assume that Y7 and Y are integral. We can assume that there is an
open subscheme U of U such that (Y,U) is an extensible pair and ¢~*(U) = Uj.

We consider the abelian scheme over U obtained from the abelian scheme Ag;,
through the Weil restriction (the morphism U; — U is étale and finite). It extends to
an abelian scheme over Y (as Y is a healthy normal scheme). From this by standard
arguments we deduce that Ay, extends to an abelian scheme over Y;.

As a consequence we get:

B) If ¢ is an étale cover then Y is a healthy normal scheme iff Y is so.

This remains true if we replace healthy schemes by any other type of healthy
schemes defined in 2-3), 5-6) and 8-12) of 3.2.1, but we do not know if (or when) this
remains true if the word healthy is replaced by almost healthy.

Even better:

C) If ¢ is a pro-étale cover then Y7 is a healthy normal scheme iff Y is so.

To see this we can assume that Y7 and Y are both integral schemes. Let now
Ay, be an abelian scheme over an open subscheme U; of Y7 with the property that
(Y1,U1) is an extensible pair. There is an étale cover ¢o: Yo — Y, with Y5 an integral
scheme, such that ¢ factors through g2 and the abelian variety over the generic point
of Y7 obtained from Ay,, is defined over the generic point v of Y2. Now the theory
of descent implies that this abelian variety over v extends to an abelian scheme over
an open subscheme U of Y3 with the property that (Y2,Us) is an extensible pair.
Moreover its extension to Uy is Ay, (we can assume that U; factors through Us). Now
everything results from B) above.

A similar C) can be stated for the type of healthy schemes introduced in 6), 8)
and 10) of 3.2.1.

5) There are plenty of healthy regular schemes which are not very healthy. 3.2.17
is the source of inspiration for such examples. For instance, if 1 and p are two primes
such that [ > p > 3, then the local schemes of whose completion is of the form

Y = Spec(W (k)[lz, y, 2] /(2" +y* + 2° +p)),

with k a perfect field of characteristic p, is a healthy regular scheme. This can be
easily seen by making use of Steps A-D of 3.2.17. (Hint: Using Step A we can assume
that our local scheme is Y itself. Then we can assume that k¥ = k and so that
Y is a strictly henselian local scheme. Next we check that the closed subscheme
Spec(W (k)[[y, 2]]/(y® + 2% + p)) of Y is a healthy regular scheme.) But obviously Y
is not a very healthy regular scheme over W (k). It can be checked that Y is also not
an abstract healthy regular scheme.

6) The following definition is not mathematically acceptable, and so it is not
used outside this remark; however we do expect the possibility of defining the class of
regular O-schemes it introduces, in terms of different indices of ramifications of differ-
ent regular closed subschemes of it. So we do see the possibility of a mathematically
acceptable definition of this class, which would lead to a deep understanding of the
healthy regular O-schemes.

DEFINITION (TENTATIVE). We call a regular O-scheme S-healthy (the letter S
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stands for the word strongly) if the completion of the henselization of an arbitrary
local ring of it of mixed characteristic can be proved to be healthy by making use of
the Steps A-D of 3.2.17 (as in the hint of 5) above).

Any very healthy regular O-scheme is S-healthy, any S-healthy regular O-scheme
is locally healthy. We do not know what is the relation between R-healthy regular
schemes (to be defined in 3.2.2.3.1) and S-healthy regular schemes over O. In our
opinion the most important subclasses of healthy regular schemes over O are: of S-
healthy, of locally healthy, and of quasi-compact healthy schemes over O (to which we
have to add, in the case when e < p—1, the subclasses of abstract very healthy schemes
over O, of R-healthy schemes over O, and of regular formally smooth schemes over
some DVR O; which is a faithfully flat O-algebra having e as its index of ramification).

3.2.2.1. PROPOSITION. We assume that O is a henselian DVR. Let Y be a
reqular scheme over O and let O — O1 be a formally étale inclusion, with O1 a DVR.
Then Yo, is a healthy regular scheme iff Y is a healthy regular scheme.

Proof. Obviously Yo, is a regular scheme. If YGi is a healthy regular scheme, then
from the theory of descent, we deduce that Y and Y, are healthy regular schemes. So
we can assume that O; is complete. Using B) of 3.2.2 4) we can assume that O; = 0.
Let Y71 := Yo, .

We assume now that Y is a healthy regular scheme. We can assume that Y is an
integral O-scheme, with a non-empty special fibre. Let (Y7, U;) be an extensible pair,
and let Ay, be an abelian scheme over U;. There is an extensible pair (Y,U) such
that Uy = U Xy Y7 (as the special fibers of Y and Y; are the same).

We treat first the case when Y is an affine (integral) scheme. Then Ay, is defined
over a scheme Ugp;, with O] a finitely generated O-subalgebra of O. As O is an
excellent ring (as its field of fractions has characteristic zero), we deduce from [BLR,
th. 12, p. 83] the existence of an O}-algebra Os, smooth over O, and such that we
have a homomorphism Oy — O of Oj-algebras. Let O3z be the localization of Oy with
respect to the prime dominated by the maximal ideal of 0.

3.2.2 4) gives us the right to assume that the first fundamental group of Y is
trivial (and so that Y is an almost healthy regular scheme), and that O is a strictly
henselian DVR. From the smoothness of Oy (over O) we deduce the existence of an
epimorphism s3: O3 — O of O-algebras. Now it is easy to check that the resulting
(abelian scheme) model of Ay, over Up, extends to an abelian scheme over Yp,: using
the fact that Yo, is a regular scheme (being the localization of a smooth Y-scheme),
we can follow entirely the independent part 3.2.17 (the role of V' being replaced by Y;
the existence of s3 guarantees that everything is the same). We deduce that Ay, does
extend to an abelian scheme over Y7.

The same argument works for the case when Y is quasi-compact (i.e. an O-
subalgebra O} of O as above does exist in this case also). The general case is treated
similarly: we can assume that Ay, (cf. 3.2.1.1 16)) is principally polarized; as the
moduli stack of principally polarized abelian schemes of a given dimension over O-
schemes is algebraic over O (and so it is quasi-compact) we deduce (see also below)
the existence of an O-subalgebra O} of 19) having the same properties as above. The
rest of the argument is the same.

In fact we can avoid using stacks. Let V' be the normalization of O in the field of
fractions of Y. It is a strictly henselian DVR (as O is so, and as the special fibre of the
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regular scheme Y is non-empty). The generic fibre of Y is geometrically connected
over the field of fractions K (V) of V. As V; := V ®c Os is still a DVR, this implies
that Y7 is an integral scheme. Moreover its generic fibre is geometrically connected
over the field of factions of V;. Now it is an easy exercise to see (starting from the
fundamental exact sequence of [SGAIL, p. 253], applied to the generic fibre of Y,
viewed as a K (V)-scheme) that the first fundamental group of Y; is trivial (we view
Y as a V-scheme and Y7 as a Vj-scheme). From this and the classical purity theorem
we deduce that Ay, has level-N structures, for any N € N satisfying (N,p) = 1. So
we can replace the referred stack, by a Mumford scheme Ad( Ap,y), 1N (we view it as
a quasi-projective smooth scheme over Z[+]) (cf. [Mu]). Here d(Ay,) is the relative
dimension of Ay, , while N > 2 is an integer satisfying (N, p) = 1. Now the existence
of O] is obvious, as it can be seen starting from [Hart, ex. 2.4, p. 79]. This ends the
proof of the proposition.

3.2.2.2. LEMMA. Let Spec(R) be a local henselian healthy regular scheme over
O of dimension at least 2. Let Z be a normal R-scheme which is a projective limit of
smooth schemes of finite type over Spec(R) such that:

— each member of the limit has the property that the only open subscheme of its
special fibre (defined by mo = 0) containing its fibre over the maximal point of Spec(R)
1s the special fibre itself;

— the transition morphisms are dominant modulo o ;

— either the transition morphisms are étale or each connected component of Zpsn
is such that its special fibre has a finite number of points of codimension (in this special
fibre) zero.

Then Z is a healthy normal scheme.

Proof. 3.2.2 4) gives us the right to assume that Spec(R) is a strictly henselian
local scheme, and so that it is an almost healthy scheme, cf. 3.2.2 2). So we can
assume that O = O*® and that Z is connected. It is enough (cf. 3.2.1.1 15)) to prove
this lemma for the case of a smooth scheme Y over Spec(R) satisfying the required
condition that the only open subscheme of its special fibre containing its fibre over
the maximal point of Spec(R) is the special fibre itself. This condition implies the
existence of a Zariski dense set of good sections Spec(R) — Y'; here by good we mean
that, fixing an open subscheme U of Y such that (Y,U) is an extensible pair, we
take only sections s: Spec(R) — Y such that the pair (Spec(R),s~1(U)) is also an
extensible pair. Now everything is entirely similar to the proof of Steps C and D of
3.2.17 (cf. also the proof of 3.2.2.1).

Let now O — O; be an inclusion between two discrete valuation rings which are
faithfully flat over Z,). We assume that it is of index of ramification 1 and that O
is a henselian DVR. We recall that a faithfully flat inclusion O3 — Oy between two
discrete valuation rings is said to be of index of ramification 1, if a uniformizer of O3
is a uniformizer of Os, and if at the level of residue fields we get a separable field
extension.

3.2.2.3. COROLLARY. A) LetY be a healthy regular O-scheme such that one of
the following two conditions is satisfied:

a) any mazximal point of Y of positive characteristic has a local ring whose henseli-
zation is a healthy regular scheme of dimension at least two;
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b) any smooth scheme over a DVR of mized characteristic which is a local ring
of Y is a healthy regular scheme.

We have:

1) For any projective limit Z of smooth schemes of finite type over O having étale
transition O-morphisms whose fibres are dominant morphisms, Yz is a healthy normal
scheme.

2) Yo, is a healthy reqular scheme.

B) If the completion Y of a local henselian healthy reqular scheme Y is a projective
limit of smooth affine schemes overY , then this completion is a healthy reqular scheme.

Proof. Y, is a normal scheme: it is a projective limit of normal schemes with
dominant transition morphisms. To check 1) let (Yz,U) be an extensible pair, and let
A be an abelian scheme over U. The conditions a) and b) imply that we can assume
that there is an extensible pair (Y,U(Y)) with U = U(Y)z (in case a) cf. 3.2.2.2). As
in the proof of 3.2.2.1 we can assume that Z is a smooth scheme of finite type over
O. So the part of the proof of 3.2.2.1 involving passage to O%" and taking sections
applies: we get that A extends to an abelian scheme over Y.

To see 2), we can assume (cf. 3.2.2.1) that both O and O; are complete DVR's.
Now everything results by using in this order part 1), 3.2.2.1 and 3.2.2 4), once we
remark that Spec(O;) is a pro-étale cover of the spectrum of a DVR O, which is
the completion of a henselian DVR of whose spectrum is a projective limit of smooth
affine O-schemes whose transition O-morphisms are étale and have fibres which are
dominant morphisms between integral schemes (as the inclusion O < O; has index
of ramification 1).

Part B) results from 3.2.2.2 if Y is of dimension at least 2 (the case when Y is of
dimemsion 1, i.e. when Y is the spectrum of a DVR, is trivial). The only extra thing
we need to add: as Y has a finite number of points of the special fibre of codimension
zero in it, any abelian scheme over U, with (37, U) an extensible pair, is defined over
an open subscheme Uz of a smooth scheme Z of finite type over Y, with (Z,Uz) an
extensible pair, and with the natural morphism Y -YandU — Y factoring through
Z and respectively through Uz. This ends the proof of the corollary.

3.2.2.3.1. DEFINITION. A healthy regular scheme over Z,) is called R-healthy
(R stands to honor the theorem of Raynaud mentioned in 3.2.1.1 2)) if the local rings
of the generic points of its special fibre have index of ramification smaller than p — 1.

3.2.2.4. REMARKS. a) 2) of 3.2.2.3 A) is in essence the maximum it can be said
in full generality for the case of a ring homomorphism O — O; of index of ramification
1, as the spectrum of any DVR of mixed characteristic is a healthy regular scheme,
and as the condition b) of 3.2.2.3 A) is a natural one (in this context). Of course there
are variants of 3.2.2.3 A) when we intermingle the conditions a) and b).

b) Using def. 3.2.3.2.1, from 3.2.2.3 we get (cf. 3.2.2 1)): a regular scheme Y over
O is R-healthy iff Yo, is an R-healthy regular scheme.

c) There are R-healthy regular schemes which are not abstract healthy regular
schemes (see 3.2.2 5)).

We start now by clarifying and restating the definitions introduced in [Mi4, ch.
2], and commented in the footnote of [Mi3, p. 513]. So the conjecture [Mi4, 2.7] also
gets restated (see 3.2.5).



434 A. VASIU

Let (G, X) define a Shimura variety and let v be a prime of E(G, X) dividing
the rational prime p. Let H be a compact open subgroup of G(Q,). We assume
now that O is a faithfully flat O(,-algebra. Let L be its field of fractions. We have
L > E(G,X). Let f:(G,X) — (G1,X1) be a map and let H; be a compact open
subgroup of G1(Q,) such that f takes H into Hy. Let vy be the prime of E(G1,X1)
divided by v. Let O; be a DVR which is a faithfully flat O,,)-subalgebra of O. Let
L1 be its field of fractions.

3.2.3. DEFINITIONS. 1) An integral model of Shy (G, X)) over O is a faithfully flat
scheme M over O together with a G(A’)-continuous action and a G(A%)-equivariant
isomorphism

My, = Shy (G, X)L

When the G(A’})—action on M is obvious, by abuse of language, we say that M is an
integral model.

1) By a (map or) morphism from an integral model M of Shy (G, X) over O
to an integral model M; of Shy, (G1, X1) over O we mean a G(A?)-equivariant O1-
morphism

MHMM

whose restriction to generic fibres is the natural L;-morphism Shy(G,X); —
Shm, (G1,X1)r, defined by f (to be compared with 2.9).

In particular if f is the identity map of (G, X) we get the definition of morphisms
between two integral models of Shy (G, X) over O.

2) The integral model M is said to be smooth (resp. normal) if there is a compact
open subgroup Hy of G(A’}) such that for any inclusion Hy C H; of compact open
subgroups of Hp, the natural morphism M/Hy; — M/H; is a finite étale morphism
between smooth schemes (resp. between normal schemes) of finite type over O. In
other words, there is a compact open subgroup Hy of G (A?) such that M is a pro-étale
cover of the smooth scheme (resp. of the normal scheme) M/Hj of finite type over
O(v)-

2') The integral model M is said to be quasi-projective, projective or proper if
for any (it is enough just for one) compact open subgroup Hy of G(AI}) the scheme
M/ Hy is respectively quasi-projective, projective or proper.

3) A scheme T over O is said to have the extension property, abbreviated EP
(resp. the extended extension property, abbreviated EEP), if, for any healthy regular
scheme (resp. for any almost healthy normal scheme) Y over O, every L-morphism
Y., — Tp extends uniquely to an O-morphism Y — T. Similarly, using R-healthy
regular schemes instead of healthy regular schemes, we speak about a scheme having
the R-extension property (abbreviated REP).

4) A scheme T over O is said to have the weak extension property, abbreviated
WEP (resp. the smooth extension property, abbreviated SEP), if, for any abstract
very healthy regular scheme Y over O (resp. for any regular formally smooth scheme
Y over a DVR which is a faithfully flat O-algebra and has the same ramification index
as O), every L-morphism Y;, — T, extends uniquely to an O-morphism Y — T

5) A scheme T over O is said to have the quasi extension property, abbreviated
QEP (resp. the local extension property, abbreviated LEP), if, for any quasi-compact
healthy regular scheme (resp. for any locally healthy regular scheme) Y over O, every
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L-morphism Y, — T, extends uniquely to an O-morphism Y — 7. Similarly we
define the quasi extended extension property (abbreviated QEEP).
6) A smooth integral model of Shy (G, X) over O,y (resp. over its completion

O/(\U)) having the EP is called an integral canonical model (resp. a local integral
canonical model) of our Shimura variety Sh(G, X) with respect to v and H (or simply
with respect to H as the prime v is determined by the integral model).

3.2.3.0. REMARK. Other extension properties can be defined starting from quasi
healthy schemes, or from locally healthy schemes. Not to be to long, this is not going
to be done here.

3.2.3.1. REMARKS. 0) Allowing (G, X) and v to vary we get that def. 3-5) above
make sense for any DVR which is a faithfully flat Z,-algebra. Moreover 1) and 1')
above make sense for any compact subgroup H of G (A’}) not necessarily open, but for
2) and 2’) we do need to assume that H is also open.

1) Any scheme over O having the EEP, has the EP (cf. 3.2.2 2)), and any scheme
over O having the EP, has the WEP (cf. 3.2.2 1)). If e < p — 1 than any scheme
over O having the WEP has the SEP. We do not know when the converses of these
statements are true.

2) Any quotient M/Hy (with Hy a compact open subgroup of G(A%)) of a normal
integral model M of Shy (G, X) over O having the EP, is separated.

To see this we first remark that any DVR of mixed characteristic is a healthy
regular scheme. We use the valuative criterion of separatedness. We need to check it
just for a DVR of mixed characteristic: M is a pro-étale cover of the normal scheme
M/ Hy of finite type over O, having a separated generic fibre. Now everything results
from the EP.

3) A scheme Y over O has any of the extension properties we defined iff the
reduced scheme Y,.q attached to it has it. A reduced scheme Y over O has any of
the extension properties we defined iff any connected component of its normalization
in its ring of fractions has it. This reduces the study of schemes over O having an
extension property to the case of integral normal schemes over O. All these results
from the fact that we defined the different extension properties in terms of normal
schemes.

4) Any scheme over O having the EP (resp. EEP) has the LEP and the QEP
(resp. has the QEEP). We do not know if (or when) the converse is true.

5) If Y is a scheme over O having any type of extension property, and if Y7,
is a closed reduced subscheme of Y7, then the closure Y; of Yi; in Y also has the
same type of extension property. Moreover: the normalization of Y7 in any pro-étale
scheme over the spectrum of the ring of fractions of Y7 has the same type of extension
property. We will use this trivial fact without any further comment.

5) If Y is an O-scheme having the EP, and if ¢: Y — Y} is a morphism which is
an isomorphism on generic fibres, then Y; has the EP. This remains true for any of
the extension type properties we defined above.

6) If Y1 — Y is a pro-étale cover of O-schemes then Y; has the EP (or QEP, or
WEP, or SEP) iff Y has it (for the EP and QEP this is a consequence of C) of 3.2.2
4); for the WEP and SEP cf. def. 4) of 3.2.3).

7) A regular formally smooth scheme over O having the SEP is uniquely deter-
mined by its special fibre.
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3.2.3.2. Let M be a smooth integral model of Shy (G, X) over O. Let Hy be a
compact open subgroups of G(A’}) such that the quotient morphism M — M/Hj is a
pro-étale cover.

PROPOSITION. @) If M has the SEP (resp. WEP or EP) then M/Hy has the
following extension type property: If (Y,U) is an extensible pair with Y a regular
formally smooth scheme over a DVR Oy which is a faithfuly flat O-algebra having the
same index of ramification as O (resp. with Y an abstract very healthy regular scheme,
or resp. with Y a healthy reqular scheme) then any morphism U — M/Hy extends
uniquely to a morphism'Y — M/ Hy;

b) We assume that M has the SEP and satisfies the valuative criterion of proper-
ness with respect to discrete valuation rings of mized characteristic (for instance if M
has the EP and e < p—1). We have:

i) Let M°/Hy be an open closed subscheme of M/Hy, and let ¢°: M°/Hy — Z be
a morphism, with Z a faithfully flat separated scheme of finite type over O, which is
an isomorphism on generic fibres. We assume that there is an open subscheme U of
M/ Hy containing at least one generic point of the special fibre, such that ¢° identifies
it with an open subscheme of Z. Then the natural map M°/Hy(O%") — Z(O%") is a
bijection. Moreover if Z is normal, then it is smooth in codimension 1;

ii) If a morphism q° as in i) above is proper, then it is finite;

Proof. The proof of a) is a consequence of the classical purity theorem and of the
fact that the class of schemes Y mentioned in a) are stable under pro-étale covers (cf.
rm. 4) of 3.2.2). We prove now b).

i) We can assume that O = O*" and that M°/Hj is connected. So let € be a
connected component of M/Hy. We first remark that € is a separated scheme (the
argument is the same as for 2) above) of finite type over O (cf. def. 2) of 3.2.3), having
a smooth quasi-projective generic fibre (the generic fibre is a model of the quotient of
a Hermitian symmetric domain by an arithmetic subgroup).

We consider a morphism ¢: C — Z, with Z a faithfully flat separated scheme of
finite type over O, having the properties mentioned in i) of b). We can assume that
Z is a normal scheme. From the smoothening process (cf. [BLR, th. 3, p. 61]) we
deduce the existence of a Z-scheme Z;, smooth over O, quasi-projective over Z, and
having the property that the induced map Z;(0) — Z(O) is a bijection. Moreover
the generic fibre of Z; is the same as the generic fibre of Z (or of C).

i4) The first key fact we need is: any two discrete valuation rings defined by
local rings of generic points of the special fibre of Z; have normalizations (in a finite
field extension X; of the field of fractions X of €) of whose local rings (in maximal
points) are conjugate by automorphisms (of X;), fixing a subfield X’ of X such that
[X : X'] < oo. This is an immediate consequence of [BLR, lemma 4, p. 155], based on
standard arguments involving DVR’s.

ip) Using this we deduce that the normalization of any such DVR in the field
of fractions of a connected component C' of M which is a pro-étale cover of €, is
a regular ring of dimension 1. This implies the existence of a morphism from the
spectrum of any such normalization into C! (as M satisfies the valuative criterion of
properness with respect to discrete valuation rings of mixed characteristic). So there
is a rational map ¢; from Z; to C defined on points of codimension 1, and inducing
an isomorphism on generic fibres. From the mentioned extension type property of
M/H, (cf. a)), which is also enjoyed by its connected component €, we deduce that
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¢1 is in fact a morphism. Moreover the induced maps Z;(0O) — €(O) — Z(O) are
bijections. This implies that ¢; is a surjective morphism (as € is a smooth scheme and
as O = O%h).

The same arguments as above can be used to get that Z is smooth in codimension
1, provided Z is normal. This takes care of i) of b)

ii) We assume now that ¢ is a proper morphism. We can assume that Z is
normal. We need to show that ¢ is an isomorphism. We just need to show that g is an
isomorphism in codimension 1. If this is not so, then there is a connected component
C, of the special fibre of € dominating a reduced closed subscheme Z, of the special
fibre of Z of dimension d < dim(C,). So Z, is a closed subscheme of the non-smooth
locus of Z. Let € be the open subscheme of € defined by C, and the generic fibre of
C.

From [BLR, p. 72] we deduce that the morphism € — Z lifts to a morphism
p: € — Z, where Z is obtained from Z through the first blowing up needed to get Z:
we always blow up a reduced connected component of the maximal reduced closed
subscheme Sz of the special fibre of Z having the property that it is included in the
non-smooth locus of Z and the points of it with values in the residue field of O!
admiting lifts (in Z) to O are Zariski dense in it. As € is smooth and its fibres
over Z are proper schemes (over residue fields of points of Z), we deduce that g,
dominates a closed subscheme Z, of the special fibre of Z of the same dimension d:
the morphism € — Z factors through an open subscheme of Z which is affine over Z,
cf. the properties of dilatations [BLR, p. 62]. So Zp is included in the non-smooth
locus of Z. We can apply induction to get that ¢; has a section above @ such that Cp
dominates a closed subscheme of the special fibre of Z; of dimension d. Contradiction.
We conclude that ¢ is an isomorphism in codimension 1, and so an isomorphism. This
ends the proof of the proposition.

EXPECTATIONS. Under the hypotheses of b) above we expect that the following
statements can be proved without assuming that M is a quasi-projective integral
model:

iii) If Spec(O) — Spec(O1) is a finite Galois cover, with O; an O(,)-subalgebra
of O, then M is the extension to O of a smooth integral model M; of Shy (G, X) over
O1. M inherits the properties of M we started with;

iv) The quotient of M/Hj through a finite free action exists as a scheme (not
only as an algebraic space).

We present the reasons for these expectations.

ili) To see iii) of part b) we can assume that both O and O; are complete (for
instance cf. Raynaud’s result mentioned in [BLR, p. 166])). Let C' := Gal(O/0;) =
Gal(k/k1), with k and k; the residue field of O and respectively of O;. We view
C as a finite étale group scheme over O. Due to the fact that M has the SEP and
that its generic fibre is definable over the field of fractions of O; (being definable over
E(G, X)) we deduce the existence of a natural action of C' on M, compatible with the
action of G(A%) on M. It provides us with a Galois-descent datum (see [BLR, 6.2]).
We just have to show that it is effective. It is enough to work with M/ Hj instead of
M.

i7i4) From [BLR, lemma 4, p. 155] and [Mul, p. 112] we deduce the existence of
a quasi-projective smooth scheme U! of finite type over O; such that U}, is an open
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subscheme of M/H, containing the generic fibre and all the points of codimension 1.
Let Z be a faithfully flat projective scheme over O; having U! as an open subscheme.
We can assume that its generic fibre is smooth (cf. the resolution of singularities in
characteristic zero). We can assume that the generic fibre of U! is dense in the generic
fibre of Z. We get a rational map from M/Hy to Zo defined on the generic fibre and
in points of codimension 1.

iiig) Let y: Spec(ka) «— M/Hjy be an arbitrary maximal point of positive char-
acteristic. Here ks is a finite field extension of k1. Let Spec(O3) be the étale cover of
Spec(O) having Spec(ks) as its special fibre. Let z: Spec(Oz) — M/Hj be an arbi-
trary lift of y. Let Z; be obtained from Z as above, using the smoothening process.
So Z; is the smooth locus of a scheme Zj obtained from Z through a sequence of
blowings up centered on special fibres. We get a natural bijection Z;(0%") — Z(O%h).
As Z is a projective O-scheme, we can view z as an Oz-valued point zo of Z;. Let
y2: Spec(k}) — Z; be the maximal point of the special fibre of Z; through which
the ko-valued point of Z;, defined by za, factors. Let Spec(O}) be the étale cover of
O; having k| as its residue field. Let Spec(O}]) — Z; be a lift of yo. Let Spec(O’)
be the Galois cover of Spec(O]) generated by O. Let W; be the closed subscheme
of Zy which is the closure of the closed subscheme of its generic fibre defined by the
complement of the generic fibre of U'. Let Z, be the open subscheme of Z; defined
by the complement of Wi. As in ig) we get a morphism ¢: Zoo — M/Hy, which at
the level of generic fibres is an isomorphism.

iiic) We can assume that zo factors through Zs. To see this we have to use
blowings up centered on non-smooth loci. First we blow up y2 on Z;. We get similarly
a point y4 on the resulting scheme Z5. Now we blow up ¢} on Z5. After a finite number
of operation we achieve the separation of the point z; from Wj. This is possible due
to the fact that in characteristic zero we do have such a separation: let O,, be the
local ring of yo in Z5, and let n € N be the valuation (with respect to the normalized
valuation of O3) of the image in Oy (through the epimorphism O,, — Os defined by
z9) of an element of Oy, defining W; in Spec(O,,); after at most n blowings up we
achieve the desired separation.

We got a C-equivariant morphism Spec(O,, ®o, O) — M/Hy. Its image contains
the C-orbit of y in M/Hy. The same is true for any other maximal point of Zy whose
inverse image to Zyp dominates the C-orbit of y. So this orbit should be contained in
an affine open scheme of M/Hy. If O] = Oy, this is obvious. The general case should
be handlabled by standard arguments on local rings: we just need to show that the
intersection of the local rings of the points of the C-orbit of y is a semi-local ring
whose localizations with respect to the maximal ideals are the local rings of the points
of the C-orbit of y; this should be provable using the fact that ¢ is an isomorphism
above points of M/Hj of codimension 1, starting from [Ma, th. 38].

We assume now that we were able to get that the C-orbit of y is contained in an
affine open subscheme of M/Hy. As y was an arbitrary maximal point of the special
fibre of M/Hy, from [Mul, p. 112] we deduce that the quotient of M/Hy through the
action of C exists as a scheme. This scheme is My /Hy. Taking its normalization in
the ring of fractions of the extension of Shy (G, X) to the field of fractions of Oy, we
get the desired integral model M; of Shy (G, X) over Oy (obviously Mo = M). The
last part of iii) involving the inheritance property is trivial.

iv) The above ideas of iii) can be entirely adapted for the case of quotients. The
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easy details are left as an exercise. We just need to replace the operation of extension
of scalars (from O; to O) used above, by the operation of taking normalization (of
a reduced scheme whose ring of fractions is the subring of the ring of fractions F of
M/ Hy fixed by the action) in F.

3.2.3.2.1. REMARKS. 1) We call the part of i) of 3.2.3.2 b) involving O%"-valued
points as the maximality property.

2) We think it is possible to prove that M/Hj is a quasi-projective scheme over
O by just refining 3.2.3.2. In the case when (G, X) is of preabelian type and (v,6) =1
we prove this (cf. 3.2.4 and 6.4.1) using the extra fact that different schemes related
to M are moduli schemes of abelian varieties (subject to some conditions).

3) In [Va6] we will develop the general theory of integral canonical models of
smooth schemes of finite type over the field of fractions of a Dedekind domain (of
mixed characteristic), starting from 3.2.3.2 and rm. 1) of 6.4.6.

3’) The ideas and results of 3.2.3.2 can be used in a much larger context (not
involving Shimura varieties). For instance for a) we just used the fact that M/Hp
has a pro-étale cover having some extension type property, while for expectation iii)
(resp. iv)) we used (besides the mentioned fact) the fact that the descent (resp. the
quotient) we are dealing with is known to be effective at the level of generic fibres.

4) Expectation iii) is not true in the larger context if the finite morphism
Spec(O) — Spec(01), with O; a DVR, is not an étale cover, as it can be easily seen
through examples using Néron models of abelian varieties.

3.2.3.3. PROPOSITION. Let ip: O — O1 be a faithfully flat inclusion of discrete
valuation rings, with Oy having also e as its index of ramification. We have:

1) A scheme Y over O has the WEP or the SEP iff Yo, has it.

2) If moreover O is a henselian local ring and if io is formally étale, then a
scheme Y over O has the EP (or QEP) iff Yo, has it.

3) If io has index of ramification 1, then a schemeY over O has the REP iff Yo,
has the REP.

Proof. We just need to check that the class of schemes involved in the definition
of these extension properties is stable under pull backs through o and that any O;-
scheme belonging to such given class, as an O-scheme also belongs to the given class.
This last part is trivial, while the first part is a direct consequence of def. 4) of 3.2.3
for 1), of 3.2.2.1 for 2), and of 3.2.2.4 b) for 3).

3.2.3.4. REMARK. We do expect that the condition on O of being a henselian
DVR used in 3.2.3.3 2) is not needed. For this we need to prove that for any étale
morphism Spec(O;) — Spec(O), with O; a DVR, a scheme Y over O is a healthy
regular scheme iff Yo, is so.

3.2.4. REMARK. We assume that G is unramified over Q, and that H is a
hyperspecial subgroup of G(Qy). Then, if p > 2, any (local) integral canonical model
N of Shy (G, X) is uniquely determined up to a unique isomorphism (cf. 3.2.3.1 7); i.e
N has the SEP as it has the EP: this results from 3.2.2 1) and from [Mi3, 4.7] which
shows that v is unramified over p). If p = 2 then we know the unicity of an integral
canonical model of Shy (G, X) only when G is a torus (cf. 3.2.8).

3.2.5. MILNE’S CONJECTURE [M14]. If G is unramified over Q, and if H is a
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hyperspecial subgroup of G(Qp), then Shu (G, X) has an integral canonical model with
respect to v and H.

3.2.6. Notations and Definitions. By (G, X, H,v) we always denote a quadru-
ple where: (G, X) defines a Shimura variety, v is a prime of E(G,X) dividing a
rational prime p such that G is unramified over Q,, and H is a hyperspecial sub-
group of G(Qp). The maps from a quadruple (G, X, H,v) into another quadruple
(G1, X1, Hy,v1) are defined by maps f:(G,X) — (G1,X1) taking H into H; and
inducing an inclusion F(G,X) D E(G1,X1) with v dividing v;. We denote it by
f:(G,X,H,v) — (G1,X1,Hy,v1). A map between quadruples is called injective, or
finite, or a cover if as a map f:(G,X) — (G1,X1) of Shimura pairs it is so. If
(G, X, H,v) is a quadruple then (G2, X34 H2d 42d) (with H2! as in the part b)
of 3.2.7 2) and with v®? the prime of E(G®!, X*d) divided by v) is called its ad-
joint quadruple and (G2P, X2P, H*P ¢2P) (with H®P the only hyperspecial subgroup
of G**(Q,) and with v®" the prime of E(G*P, X2P) divided by v) is called its toric
part quadruple. We have maps from any quadruple into its adjoint and toric part
quadruple.

By (G, X, H) we always denote triples which can be completed to a quadruple
(G, X, H,v). The definitions of maps between quadruples extend to triples. We also
speak about the adjoint and toric part triple of a triple (G, X, H).

By an integral canonical model of a quadruple (G, X, H,v) we mean an integral
canonical model of Shy (G, X) over O,). We denote it by Sh,(G, X, H). It is clear
what we mean by Sh, (G, X, H) having the EEP. Similarly, we speak about integral
smooth (or normal) models of a quadruple over O, or about a local integral canonical
model of a quadruple.

If all the quadruples (G, X, H,v) of a triple (G, X, H) have uniquely determined
integral canonical models, then we denote by Sh,(G, X, H) the model of Shy (G, X)
over the normalization of Z,) in E(G,X), obtained by gluing along their generic
fibres the integral canonical models of all quadruples (G, X, H,v) extending the triple
(G, X, H). We call it the integral canonical model of the triple (G, X, H). Similarly
we define a (smooth or normal) integral model over O of a triple. The rm. 2) of 3.2.7
shows that if Sh,(G, X, H) exists, then for any other hyperspecial subgroups H;y of
G(Qp), Shy,(G, X, Hq) exists and as a scheme it is isomorphic to Sh,(G, X, H). This
means that it is irrelevant with which hyperspecial subgroup H of G(Q,) we work and
so we sometimes write Sh,(G, X)) instead of Sh,(G, X, H) and Sh, (G, X) instead of
Sh, (G, X, H). We say that Sh,(G, X) exists if for a (any) hyperspecial subgroup H of
G(Qp), Shy(G, X, H) exists. We call Sh,(G, X) the Z,)-model or the Z,-canonical
model of our Shimura variety Sh(G, X). We say that Sh,(G, X, H) has the EP (or
the EEP) if as a Z;,)-scheme it has it.

3.2.7. REMARKS. 1) Milne’s conjecture can be reformulated: any quadruple has
an integral canonical model.

2) If a quadruple (G, X, H,v) has an integral canonical model M, then any other
quadruple of the form (G, X, Hy,v) has also an integral canonical model, which is
isomorphic to M as an O(,)-scheme. This results from the following fact:

3.2.7.1. Under the canonical action of Aut(Sh(G, X)) on G (cf. 2.4.3) and so
on G(Q,), the hyperspecial subgroups of G(Q,) are permuted transitively.

So actually (G, X, H,v) 5 (G, X, Hy,v). To see this we first remark that:



INTEGRAL CANONICAL MODELS OF SHIMURA VARIETIES 441

a) Any two hyperspecial subgroups of G(Q,) are conjugate by an element of G*4(Q,)

[Ti, p. 47].

b) There is a hyperspecial subgroup H*d of G*4(Q,) normalizing H (H?! is the group
of Zy-valued points of the quotient G%‘Zr /Z, where G%ﬁr is the derived subgroup

of the reductive group Gz, over Z, having Gq, as its generic fibre and having H

as its group of Z,-valued points, and where Z is the center of G%‘Zr).

¢) G*(Q,) = G*(Q)H*! [Mi3, 4.9].

d) If g € G*4(Q) takes X onto X, then (G, X, Hy,v) has an integral canonical model
if and only if (G, X, gH19~ ', v) has an integral canonical model.

e) G*(Zy) == G*(Q) N H*! permutes transitively the connected components of

X2d (where (G24, X) defines the adjoint variety of Sh(G, X)) (cf. 3.3.3).

f) If an element of G*4(R) leaves invariant a connected component of X, it leaves

invariant X.

So a), b) and c¢) imply that there is g € G*4(Q) such that H; = gHg~'. From
e) we get that we can replace g with gh, with h € Gad(Z(p)), in such a way that gh
takes a (fixed) component X of X into itself. f) implies that gh € G*(Q) produces
by conjugation (of G) an isomorphism (G, X, H,v) = (G, X, Hy,v).

The integral canonical model M of our Shimura variety Sh(G, X) with respect to
v and H, is often referred to as an integral canonical model of Sh(G, X), as the prime
v is determined by it and as it is irrelevant with which hyperspecial subgroup we work.
Similarly, we often speak about a local integral canonical model of a Shimura variety,
without mentioning the hyperspecial subgroup and the prime with respect to which
it is defined.

3) The category qf — Sh (tr — Sh) whose objects are quadruples (respectively
triples) and whose morphisms are finite maps between them has quasi fibre products
(as in 2.4.0). If f;: (G;, X;, Hy,v;) — (Go, Xo, Ho,v9), i = 1,2, are finite maps such
that the intersection X7 N Xs is not empty (see 2.4.0), then a quasi fibre product of
f1 and fs is described by maps pg: (G3,X§,H3,v3) — (G, X;, H;,v;), i = 1,2, where
(G3,X§) is as in 2.4.0, H3 := (Hy x H2) N G3(Q,), and vs is uniquely determined as
E(Gs, X}) is the composite field of E(Gy, X;) and E(Gy, X3).

If f1 or fo is a cover then the set I introduced in 2.4.0 has precisely one element
(cf. 2.4.0 and [Mi4, 4.11]); so we can speak about the fibre product of f; and f.

This allows us to define the standard quadruple situation of Shimura varieties
of preabelian type (abbreviated SQSPT). For a given quadruple (G, X, H,v) of pre-
abelian type, this is a commutative diagram

(G4,X4,H4,U4) L’ (G37X33H37U3) L} (GlaXlaHlavl)

lpz ers lfl
(G, Xo, Hyv) —2 (G, X, H,v) —1o (Gad, xad fad yad)
such that:
a) all its maps are finite;
b) the two squares are quasi fibre products;
c) f2 is a cover with E(G, X) = E(G2, X2) (see 10) below);
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d) G9er is either a simply connected semisimple group, or is isomorphic to G{¢*
(as we need); in both situations we have G$¢* = G$°r;

e) there is an injective map f: (G1, X1, Hi,v1) — (GSp(W, ), S, K, p).

To show its existence once we assume the existence of f and f; (cf. 6.4.2), we
just need to modify the map f; in such a way that the intersection of X and X;
(inside X?%) is non-empty. As G*(Z(,)) :== G*(Q) N H*! permutes transitively the
connected components of X4 (cf. 3.3.3), by composing an arbitrary map f; with an
automorphism (cf. 9) below) of (G#4, X2, H2d)| we can always achieve a non-empty
intersection X7 N X5.

When G = G$°*, all the quadruples of the above diagram are of abelian type,
and then we refer to it as the standard quadruple situation of Shimura varieties of
abelian type (abbreviated SQSAT).

4) Let ICM-Sh (ICM-tr-Sh) be the category whose objects are quadruples
(G, X, H,v) (resp. triples (G, X, H)) having an integral canonical model and satisfying
(v,2) =1 (resp. satisfying (p,2) = 1, where p is the prime such that H C G(Q,)), and
whose morphisms are the maps between quadruples (resp. triples). Any such integral
canonical model is formally smooth over the localization of Z with respect to some
prime p > 2 and has the SEP (cf. 3.2.4). So we have a functor F from ICM-Sh (ICM-
tr-Sh) to the category of schemes: it associates to a quadruple (G, X, H,v) (resp. to
a triple (G, X, H)) its integral canonical model Sh,(G, X, H) (resp. Sh,(G,X, H),
with p as before), and to a map (G, X, H,v) — (Gy, X1, H1,v1) (resp. (G, X,H) —
(G1, X1, Hy)) the morphism

ShU(G, X, H) - Shvl (GlaXl,Hl)

(vesp. Sh,(G,X,H) — Sh,(G1, X1, H1)) whose generic fibre is the natural morphism
ShH(G, X) — S]'LH1 (G17 Xl).

4") With the notations and definitions of 1) and 1’) of 3.2.3, we get the category
SIM(Shy (G, X),0) of smooth integral models of Shy (G, X) over O. If there is such
an integral model having the SEP, then as an object of this category, it is a final
object.

5) The definition of a healthy or of an almost healthy normal scheme appeals
to abelian schemes, while the definition of an abstract very healthy regular scheme is
intrinsic. We could have defined the notion of an integral canonical model of a Shimura
variety using the WEP (or SEP) instead of the EP. Defining it using the WEP instead
of EP or even instead of SEP would have been definitely more convenient (and then
we would have been speaking about integral canonical models having the EP). We
preferred to work out def. 6) of 3.2.3 using the EP due to the following reasons:

— it is closer to the spirit of Milne’s original (though inadequate, cf. footnote of
[Mi3, p. 513]) definition in [Mi4, ch. 2J;

— the philosophy of 6) below;

— it makes sense and works also for p = 2: the WEP is enjoyed by any scheme
over Zy, and we just hope that the SEP works for p = 2 (cf. 3.2.1.4 5) and 3.2.9);

— all integral canonical models of Shimura varieties (of preabelian type) whose
existence we are able to prove in this paper (or in [Va2-3] and [Va5]) have the EP (and
so they have the WEP and the SEP);

— the worries that 3.2.3 6) might not work for Shimura varieties which are not of
preabelian type are not so justified (cf. 8) below);



INTEGRAL CANONICAL MODELS OF SHIMURA VARIETIES 443

— the greatest advantage of using the EP instead of the SEP (and even instead
of the WEP) consists in the fact that in this way we can get (the simplest way is by
extension of scalars; but there are other ways like dealing with cases of bad reduction
or like taking quotients of extended integral canonical models to be introduced in 3.5.1)
(very often uniquely determined) (smooth or normal) integral models, having the EP,
of some quotients of Shimura varieties (of preabelian type) over discrete valuation
rings which do not have the index of ramification 1 (or some e € N, e < p — 1) (cf.
also rm. 3) of 3.2.3.2.1);

— it it easy to see, using Néron models and the fact that any DVR of mixed
characteristic defines a healthy scheme, that the EP is a stronger property than the
WEP or than the SEP (cf. also 3.2.3.1 1)).

6) In our philosophy (cf. [Va6]), the healthy regular schemes over Spec(Z) are
forming the largest class R of regular schemes over Spec(Z) which contains all the
smooth schemes over Spec(Z [%]) and it is such that for any extensible pair (Y,U),
with Y a regular scheme (belonging to R) over a Dedekind ring D faithfully flat over
a localization of Z, every morphism from U to a familiar smooth moduli scheme over
D (such as moduli of semistable curves, of semistable vector bundles of a projective
smooth curve, of polarized abelian schemes satisfying some extra conditions, etc.)
extends uniquely to a morphism from Y into that moduli scheme over D.

7) In 3.2.3 1) we could have defined an integral model M (of Shy (G, X)) without
requiring that M is faithfully flat over O. But we can not see any use of such integral
models M which are not faithfully flat: the closure My of My in M is “the only part of
M influenced (controlled) by Mp”. So it makes no sense to say that M is an integral
model of My = Shy(G, X).

8) It is well known (cf. §4) that Shimura varieties of Hodge type are moduli
schemes of principally polarized abelian schemes of a given dimension, endowed with
a family of Hodge cycles and some level structures, and satisfying some additional
conditions. So it looks reasonable to define an integral canonical model of a Shimura
variety of preabelian type (cf. Definitions 3 of 2.5) in the way we did. As in this
paper we are dealing only with Shimura varieties of preabelian type, we would like to
indicate briefly why the def. 6) of 3.2.3 of an integral canonical model of a Shimura
variety should work also for Shimura varieties which are not of preabelian type. We
have four reasons for this:

a) We expect the possibility of interpreting a large class of quotients of Shimura
varieties of special type over the completion of their reflex field in a prime of
it, as moduli schemes of p-divisible groups endowed with tensors (a notion with
which we will be dealing extensively in [Va2]; here, for a glimpse of what we have
in mind see 5.6.5). 1) and 3) of 3.2.2, together with the expectations of 3.2.1.4 6),
of 3.2.3.4 and of 3.2.1.2, do motivate why we dared to work with the EP instead
of the WEP (for a scheme which is a moduli of p-divisible groups).

b) There are generalized Shimura filtered o-crystals of special type (cf. [Va2] for the
meaning of this). Here we just give an idea: for instance, there are quadruples
(M, F, ¢, (ua)aecg, Gw(r)) as in 5.6.5 satisfying d), f) and g) of 5.6.5, and such
that G%S(k) is a simple adjoint group of Er-type, etc. The local deformation
theory of 5.4 remains true for Shimura filtered o-crystals (cf. [Va2]).

¢) The philosophy of 6) above.

d) The philosophy of [Mil, paragraph 9, p. 343-345].
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Moreover once we know the existence of local integral canonical models of Shimura
varieties of special type, we should be able to get, using the above four reasons (and
6.4.1), the existence of integral canonical models of Shimura varieties of special type.

9) The group Aut((G, X, H)) of automorphisms of a triple (G, X, H) (or of a
quadruple (G, X, H,v)) is the subgroup of Aut(Gz,,,)(Z,)) (of finite index) leaving
X invariant (cf. 3.1.3.2) (here Gz, is a reductive group over Z,) having G as its
generic fibre, and such that Gz, (Z,) = H; cf. 3.1.3). If Sh(G, X) is of adjoint type,
then we have Aut((G, X, H)) = Aut(Gz,, )(Zp))-

10) For any quadruple (G, X, H,v) and for any isogeny (of connected groups)
Gy — G there is a cover (G, Xo, Ho,vo) — (G, X, H,v) with G3® = G; (and if
needed also with F(G°, X°) = E(G, X)). This is a direct consequence of the proof of
[MS, 3.4] (i.e. we can take G unramified over Q,, if G is unramified over Q,).

11) For any quadruple (G, X, H,v) there are finite maps f: (Gy, X1, Hi,v1) —
(G,X,H,v) and fi1:(G1,X1, Hi,v1) — (Ga, Xa, Ha,v3) such that:

— (Ga, X3, Ha,v2) is a product of quadruples (G;, X;, H;, v;), ¢ running through
the elements of a finite set, with G2¢ a simple adjoint Q-group;

— they define a quasi fibre product of the natural maps fo: (G,X, H, v) —
(Gad, xad gad padyand  fy 0 (G, Xo, Ha, vo) —  (G34, X34, H3d v3d) =
(Gad, Xad, Had’ Uad);

— there are injective maps (G;, X;, H;,v;) — (G, X, H,v), i € I, producing an
isogeny [],c; G — Gaer.

This results from 2.12 1) using an argument similar to the one used in 3.1.4.

12) The advantage of working with triples instead of quadruples consists in the
fact that if (G, X, H) — (G1, X1, Hy) is a finite map between two triples having inte-
gral canonical models, with H C G(Q,,) for a prime p > 2, then the natural morphism
(cf. 4) above) Sh,(G, X, H) — Sh,(G1,X1,Hi) is (at least in the majority of cases)
the composite of a pro-étale cover with an open closed embedding (cf. 6.4.5). But
the natural morphism Sh, (G, X, H) — Sh,, (G1, X1, H1), with v a prime of E(G, X)
dividing p and the prime v; of E(G1,X1), is not if there are other primes (besides
v) of E(G, X) dividing v1. This together with C) of 3.2.2 4) makes the triples more
suitable for passing the EP enjoyed by an integral canonical model of a triple to a
smooth integral model of another triple having the same adjoint triple (for instance
of. 6.2.3).

3.2.8. ExaMPLE. We consider a Shimura pair (7, {h}) with T" a torus. Let p
be a rational prime. Then 7' is unramified over Q, iff 1" splits over an unramified
cover of Q. If this is so then T(Q,) has a unique hyperspecial subgroup Hr. For any
compact open subgroup HY. of T(A?), Shir, x e (T, {h}) is the scheme associated to a
finite product of finite field extensions of F (T, {h}), which are unramified over p (this
results from the reciprocity map 2.6 and from the fact that T(Q)Hr = T(Q,) [Mi4,
4.11]). So, for every prime vy of E(T,{h}) dividing p, (T, {h}, Hr, vr) has an integral
canonical model, obtained by taking the normalization of O(,,) in Shy,. (T, {h}). This
integral canonical model is uniquely determined even for p = 2.

3.2.9. EXAMPLE. We consider a Siegel modular variety Sh(GSp(W, ), .S). Let
g € N be defined by dimg(W) = 2¢. Then any quadruple of it (GSp(W, ), S, K,,p)
has an integral canonical model M over Z,): as a scheme it parameterizes isomorphism
classes of principally polarized abelian schemes of dimension g (over Z,)-schemes)
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having (compatibly) level-N symplectic similitude structure for any N € N relatively
prime to p; we have a natural continuous action of GSp(W, z/;)(A’}) on this scheme.

This can be seen as follows: [Del, 4.21] takes care of the generic fibre of M. The
results of [Mu] implies the existence and the smoothness of the integral model M. The
fact that it has the EP is explained in [Mi4, p. 170-1].

The definition of an integral canonical model of a quadruple (G, X, H,v) was
inspired by the desire that this example works.

3.2.10. DEFINITION. We call an injective map (T,{h}, Hr,vr) — (G, X, H,v)
with 7" a maximal torus of G, a special quadruple of (G, X, H,v).

3.2.11. LEMMA. Fwvery quadruple has special quadruples.

Proof. This results easily from an argument similar to the one in 3.1.4. Let Gz,
be a reductive group having G as its generic fibre. For any maximal torus Tz, — Gz,
there is a special quadruple (T, {h}, Hr,vr) of (G, X, H,v) such that Ty, is Gz, (Z,)-
conjugate to Tiz,.

Similarly, we can impose different conditions on the G(Q;)-conjugacy class of Ty,,
for [ belonging to a finite set of rational primes (cf. the argument in 3.1.4). We express
this property by: every quadruple has plenty of special quadruples.

3.2.12. The relation between different types of models. Let (G, X, H,v)
be an arb/i‘gary quadruple. It can have more than one smooth integral model over
O(v) (or O(y)). Starting with such a smooth integral model, we can cook from it new
smooth integral models of it by using blowings up (dilatations) and by removing a
G(A?)—invariant closed subscheme of its special fibre, which is not the whole special
fibre. If dim(X) > 1 it should be always possible to construct a smooth integral model
of our quadruple whose special fibre does have a G(A’})—invariant closed subscheme,
strictly included in the special fibre of it (cf. [Va2], where this is proved for the case
when (G, X) is of preabelian type with v not dividing 2).

Facrt. We assume that (G, X, H,v) has an integral canonical model M and that
v does not divide 2. If e < p — 1 then any normal integral model My of it over O
having the SEP is isomorphic to Mo .

Proof. Let Hy be a compact open subgroup of G (A?) such that for any inclusion
H; C H; of open subgroups of Hy, the morphisms M/Hy — M/H; and M;/Hs —
M, /H; are étale covers. We have a natural G(A’;)-equivariant morphism Mo — M,
as M has the SEP. It is enough to show that the induced morphism ¢: Mo/Hy —
M, /Hy is an isomorphism. Due to the EP of M, ¢ satisfies the valuative criterion of
properness with respect to discrete valuation rings of mixed characteristic. From this
and Nagata’s embedding theorem ([Na], [Vo]) we deduce that g is proper. Ase < p—1
ii) of 3.2.3.2 b) applies: we do not need to assume that My /Hy is a separated scheme.
In the referred place we needed this just to get that ¢" is an isomorphism above points
of My /Hy of codimension 1, but for our ¢ this is obvious. We get: ¢ is an isomorphism.
This ends the proof of the fact.

3.2.12.1. REMARK. If e>p — 1 and dim(X) > 0 we do not know if (or when)
Mo has the SEP.
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3.2.13. Fact. Let (G,X) be an arbitrary Shimura pair and let v be an arbitrary
prime of E(G,X) dividing p. Any integral model My of Shz(G, X) over W(k(v))
(with H a compact open subgroup of G(Qp)) which as a scheme is normal and has

a quotient My /Hy (with Hy a compact open subgroup of G(A%)) of finite type over

W (k(v)), descends to an integral model over an étale DVR extension O,y of O(y).

Proof. 3.1.3.1 allows us to descend M/Hj to a scheme M3"/ Hy of finite type over
Ofg). So Msh /Hy descends to a scheme JV[”// Hy over an étale DVR extension O(v/)

of O(y). Now the normalization of M”//HO in the ring of fractions of the extension of
Shz(G, X) to the field of fractions L' of O(,s (there is a natural G(A’)-continuous
action on this normalization) is an integral model of Sh; (G, X) over O(,). Obviously

its extension to W (k(v)) is M. This ends the proof of the fact.

3.2.13.1. There are variants of descent when we work with an arbitrary DVR O
faithfully flat over O(,y, instead of O(,y. The expectation of 3.2.3.2 iii), if true, implies
that in many cases we can assume that k(v') = k(v). But we do not know (cf. 3.1.3.1)
when we can take O,y = O(,). This motivates why we also introduced the notion of
local integral canonical models: if a quadruple (G, X, H,v) has an integral canonical
model then it has a local integral model, but we do not know (even if (v,2) = 1) if
the converse is true.

3.2.14. REMARK. Let f:Sh(G,X) — Sh(Gp,X1) be an injective map and let
p be a rational prime such that G and G; are unramified over Q,. We assume the
existence of a hyperspecial subgroup H of G(Q,) included in a hyperspecial subgroup
Hy of G1(Qp). Then for any compact open subgroup H? of G(A’;), the natural
morphism

Shprxu(G, X) — Shyrxm, (G1, X1) XpG,,x,) E(G,X)

is a closed embedding.

The proof of this is entirely similar to the proof of [Del, 1.15] (being just the
Zp)-version of it), starting from 3.3.1. In particular Shy (G, X) is a closed subscheme
of ShH1 (Gl, Xl) XE(G'l,Xl) E(G, X)

3.2.15. REMARK. Let f:(G,X,H,v) — (Gy,X1, Hy,v1) be an injective map
between two quadruples having integral canonical models M and respectively M;.
We assume that v does not divide 2. Then M is the normalization of the closure of
Shp (G, X) in Mio,,, (due to 3.2.14 this makes sense).

This results by putting together 3.2.12 and 3.4.1. If we also have G4°* = G{er,
then M is an open closed subscheme of M; and for every compact open subgroup Hy of
G(A%}), M/ Hy is an open closed subscheme of M, /Hy (we have E(G, X) = E(G1, X1),
cf. [Del, 3.8], and so O,y = O(,,)). In this case we do not need to refer to 3.2.12 or
3.4.1: 3.2.14 is sufficient.

3.2.16. REMARK. Let (G,X) = (G x G3, X1 X X3) define a Shimura variety
which is a product of two Shimura varieties defined by (G;, X;), i = 1,2. Let p be
a prime such that G is unramified over Q, and let H = H; x Hy (cf. 3.1.5) be a
hyperspecial subgroup of G(Q,). Here H; C G;(Q,), i = 1,2. Let v be a prime of
E(G, X) dividing p and let v; be the prime of E(G;, X;) divided by v. If (G;, X;, H;, v;)
has an integral canonical model M;, ¢ = 1,2, then (G, X, H,v) has an integral canonical
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model M defined by the product over O(,) of the extensions to O, of the two integral
canonical models M; and Ms.

3.2.17. The proof of 3.2.2 1) and 3). Let D be a Dedekind ring flat over
Z[%] Let (Y,U) be an extensible pair, with Y a very healthy regular scheme over
D. Let Ay be an abelian scheme over U. We have to prove that Ay extends to an
abelian scheme over Y. For this we can assume that D is a DVR faithfully flat over
Zpy (for some prime p>3), that Y = Spec(R) is a local regular scheme of dimension
d+ 1 (with d € N), that U = Spec(R) \ Spec(R/I) with I an ideal of R of height at
least 2, and that the residue field of R is an algebraic extension of the residue field of

D.

STEP A. It is enough to show that By = (Ay x AL)? extends to an abelian
scheme over Y (we can apply [FC, 2.7] to the projectors of By on its factors). Ay is
a projective scheme over U (cf. [FC, 1.10 a)]) and so it is polarizable. The Zarhin’s
trick [Za] implies that By has a principal polarization py. Let N >4 be an integer
relatively prime to p. Let Uy := By[N]. It is an étale cover of U. Let Y; be the
normalization of Y in the ring of fractions of U;. From the classical purity theorem
we get that Y7 is an étale cover of Y. Using descent (based on [FC, 2.7]), it is
enough to show that By, := By Xy U; extends to an abelian scheme over Y;. So we
can assume that U; = U; so the principally polarized abelian scheme (By,py) has
a level-N structure. Let Agp,),1,nv be the moduli scheme over Z,) parameterizing
principally polarized abelian schemes (over Z,)-schemes) (of dimension d(By) equal
to the relative dimension of Byy) endowed with a level-N structure. We get a morphism
qu:U — AgBy)a,n corresponding to (By,py) and its level-N structure. We need to
show that gy extends to a morphism qy:Y — Agp,),1,n- Let Dy, have the same
meaning as in 3.2.1 8).

We can replace R by Ry := R®pD,, and then we can replace Ry by the completion
Ry of a localization of Ry in a point of it having k(w) as its residue field. This admits
an argument at the level of extensions of morphisms: to show that gy extends, it
is enough to show that for any Ry as above, the morphism qy,: Uy — Aq(py)1,n,
with Yy := Spec(Ry) and Uy := Yy \ Spec(Ro/IRy), extends to a morphism gy,: Yy —
Ada(Byy,a,n- From the very definition of a very healthy regular scheme, we get that
Ry = V][[z1, ..., x4]], with V a finite flat DVR extension of W (k(w)) of degree e < p—1.
We get an abelian scheme By, over Uy.

In the case of an abstract very healthy regular scheme, the same argument at the
level of extensions of morphisms, allows us to reduce the proof of 3.2.2 3) involving
healthy schemes to the case of an abelian scheme By, over a scheme Uy as above.

Now we forget how By, has been obtained, and we just make use of the fact that
it is an abelian scheme over Uy. From now on we follow [Fa4]. Let K := V[%].

STEP B. We assume first that d = 1. Let n,m € N. Then By, [p"] extends to
a finite flat group scheme G,, = Spec(O,,) (with O,, the ring of global sections of the
ring sheaf of the ringed space By, [p"]) over Yy (cf. 3.2.1.1 9)).

The natural homomorphisms G,, — G4, are closed immersions. To see this let
G, i be the generic fibre of the restriction G,y of G, to Ro/x1Rg = V. Gk extends
uniquely to a finite flat group scheme G,y over V', and so G,y is the closure of G,,
in Gpymy, cf. [Ra, 3.3.6]; hence the corresponding ring homomorphisms Oy, 4, — Oy,
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become surjective by tensoring with V', and thereby, cf. Nakayama’s lemma, they are
epimorphisms.

Due to the uniqueness of an extension of a flat finite group scheme over Uy (to a
flat finite group scheme over Yp) (cf. 3.2.1.1 9)) we get that G4 /Grn = G- So the
p-divisible group of By, extends to a p-divisible group Gy, over Y.

But then By, itself extends to an abelian scheme over Yy. To see this we first
remark that the abelian variety By (obtained from By, by pull back through the
K-valued point of Uy defined by taking z; = 0 and inverting p) extends to an abelian
scheme By over V (as the p-divisible group of By extends to a p-divisible group over
V, or cf. the Néron-Ogg-Shafarevich criterion: By, has level-Ny structure for any
Ny € N relatively prime to p, due to the classical purity theorem and the fact that Ry
is a strictly henselian local ring). We consider now liftings of By to abelian schemes
over Ry/x} Ry (such liftings do exist). These liftings are in 1-1 correspondence with
liftings of the p-divisible group of By,. Thus there is a unique lift By, of By having
Gy, as its p-divisible group. Obviously By, Xy, Uy = By,.

STEP C. We now treat the general case by induction on d € N. Let now d > 2.
First we apply the inductive assumption to R, := Ry %} (with y an arbitrary regular
parameter of Ry): R, is a regular scheme of dimension d (the local rings of the maximal
points of R, are very healthy regular schemes over different DVR’s, so the inductive
assumption can be applied). So we can assume that Uy = Spec(Ry) \ Spec(Ro/mo)

with mg the maximal ideal of Ry.

STEP D. Then By, xU, (with 2 =27 and with U, =Spec(Ry/xRg)\Spec(Ro/myg))
extends to an abelian scheme By over Spec(Ro/xRo). Let Tp, (resp. Tp:) be the
tangent space of By (resp. of B}). Both are free module over R, := Ry/xRy of
dimension d(By). The liftings of an abelian scheme over Ry/z™ Ry which is a lift of
B, to an abelian scheme over Ry /2" ! Ry, are parameterized by sections of a principal
homogeneous space of Tp, ® Jp:. But this free R,-module has the same sections over
Spec(R,) as over U,. So there is a unique way of lifting (compatibly) B to an abelian
scheme By, over Yy which over Uy is By,. This completes the induction, and ends the
proof of the part of 3.2.2 1) and 3) involving healthy regular schemes.

The above Seps B to D can be easily adapted to get the part of 3.2.2 3) pertaining
to p-healthy regular schemes. This ends the proof of 3.2.2 1) and 3).

3.3. The complex points of an integral canonical model. Let p be a
rational prime and let (G, X, H) be an arbitrary triple, with H a hyperspecial subgroup

of G(Q,).

3.3.1. We have Shy (G, X)(C) = G(Z,))\(X x G(A}))/Z(G)P where G(Zy)) ==
G(Q) N H and Z(G)? is the closure of Z(G)(Q) N H in G(A%) [Mid4, 4.11].

3.3.2. LEMMA. G(A?) permutes transitively the connected components of
Shy (G, X)c.

Proof. If G4°" is simply connected, this results from 3.3.1 and from [Del, 2.5] (by
passage to limit). For an arbitrary G, we have to use the well known trick [MS, 3.4]

(cf. 3.2.7 9)) for reducing the problem to the case when G4 is simply connected (as
described in [Mi4, 4.19]).
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3.3.3. COROLLARY. G(Z,)) permutes transitively the connected components of
X.

3.4. Methods of constructing integral models. Let Sh(G, X) be an arbi-
trary Shimura variety. In essence there are four methods of constructing good integral
models of quotients of Sh(G, X):

1) By proving first that a suitable quotient of Sh(G, X) is the moduli scheme para-
metrizing some objects which make sense over O,)-schemes (with v a prime of
E(G,X)), and that in fact we have a moduli scheme over O(,y. Such a moduli
scheme over O(,), in a suitable context, is (expected to be) an integral canonical
model of Sh(G, X) (cf. 3.2.8-9).

2) By taking the normalization of the closure of a quotient of Sh(G, X) into a good
integral model of a quotient of another Shimura variety Sh(G1, X1) (here we need
an injective map (G, X) — (G1,X1)) (cf. what follows below).

3) By taking the normalization of a good integral model of a quotient of Sh(G, X)
into the ring of fractions of a quotient of another Shimura variety Sh(Gi, X1)
(here we need a finite map (G1, X1) — (G, X)) (cf. 6.1.2).

4) By taking the quotient through a (torsion) group action on a connected compo-
nent of a good integral model of a quotient of Sh(G, X) (here the group action is
related to a finite map (G, X) — (G1, X1)) (cf. 6.2.2).

These methods are supported by well known ideas pertaining to Shimura varieties
(like 3.2.14 and 3.2.7 9)). Variants for 1) are obtained by working over a DVR faithfully
flat over O(,) (instead of O(,)). The method 2) is used for constructing integral
canonical models of a Shimura variety Sh(G, X) of abelian type for which there is
a Shimura variety Sh(Gy, X;) of Hodge type with G9* = G{e' and (G2d, X2d) =
(G3d, X324y (cf. 3.2.15, 5.1 and 6.2.3). The method 4) is used for passing from the
existence of integral canonical models of these Shimura varieties to the existence of
integral canonical models of all Shimura varieties of abelian type (cf. [Mi4, 4.11 and
4.13]; see also 3.4.5 and 6.2.2). The method 3) is used for the passage from the abelian
type case to the preabelian type case (cf. 6.1).

We start with an injective map f: (G, X, H,v) — (G1, X1, H1,v1). We assume
that (G1, Xy, H1,v1) has a normal integral model M; over O(v). Let M be the nor-
malization of the closure of Sh(G, X)/H in M; (cf. 3.2.14). It has an obvious G(A%)-
continuous action (p being the rational prime divided by v). Let E := E(G, X).

3.4.1. PROPOSITION. M is a normal integral model of (G, X, H,v). It has the
EP (or EEP, or WEP, or SEP) if My has it.

Proof. Obviously M has the EP (or EEP, etc.) if My has it. Let Hy be a compact
open subgroup of G (A?) such that:

i) the subgroup Hy x H of G(Ay) is smooth for (G, X);

ii) there is a compact open subgroup K of Gy (A’}) including Hy, and such that for
any compact open subgroup K of Ky, M;/K; is a normal scheme of finite type
over O(,y and étale over M;/Kp.

The existence of such a subgroup Hj is implied by the fact that M; is a normal
integral model and by 2.11.

Let Hy C Hs be two open subgroups of Hy. Let P; be the normalization of
the closure of the generic fibre of M/H; in My/H;, for i = 1,2 ( Mg/H; is a closed
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subscheme of M;g/H;, cf. 3.2.14). We get the following diagram:

M —M — M

| | |
M/H, —2— P, My /Hy

I | I
M/Hy —2— P,y M, /Ho.

The conditions i) and ii) and the fact that M is H;-invariant imply that the two
right squares are Cartesian. So M is a pro-étale cover of P; and P,. The generic fibre
of M/H; is a scheme of finite type over E. M;/H; is a projective limit of schemes of
the form M; /T with T an open subgroup of Ky including H;. So there is an open
subgroup K; of Ky, with H; C K;, such that the morphism Mg/H; — Myg/K; is
a closed immersion. As the morphism M/H; — M;/K; is integral, we deduce that
P; is integral over the closure 8; of P;p in Myg/K;, and has the same generic fibre
as 8;. As §; is an excellent scheme (it is of finite type over Oy,)), we get that P; is
finite over §;, and so of finite type over O(,). P1 and Py are faithfully flat over O(,).
g1 and go are integral morphisms between flat schemes over O(,) having the same
generic fibre. The normality of P, and Py implies that g; and go are isomorphisms;
so M/H; — M/Hy is an étale morphism between schemes of finite type over O(,) (as
the morphism Py — Ps is so). We conclude that M is a normal integral model. This
ends the proof of the proposition.

3.4.1.1. REMARK. The above proposition as well as 3.4.2-3 below remain true
if H and H; are just compact open subgroups of G(Q,) and respectively of G1(Q,)
satisfying f(H) C Hy, or if O(,) is replaced by an arbitrary DVR O faithfully flat over
O(v)-

3.4.2. REMARK. The above proof shows that M is a pro-étale cover of a normal
scheme P of finite type over O,). As O(, is a universally catenary ring, all the
maximal points of M have dimension d + 1, where d = dim X (as the dimension
formula holds between O,y and any connected component of P [Ma, p. 85]).

3.4.3. REMARK. For any compact open subgroup Hgy of G(AIJZ) small enough,
M/ Hj is the normalization of a closed subscheme of M;/Hy. If M is a subscheme of
My, then we do not need to take any normalization.

3.4.4. COROLLARY. We assume that My has the EP. Then M is an integral
canonical model iff M (as a scheme) is formally smooth over O(y).

3.4.5. EXPECTATION. Let M be a smooth integral model of a quadruple
(G, X, H,v) over a DVR O. Let p be the rational prime divided by v. Let Hy be a
subgroup of G(A%}) such that the subgroup Ho x H of G(Ay) is smooth for (G, X).
We do expect that under some mild conditions (like the index of ramification e of O
satisfying: e < p — 1) M is a pro-étale cover of M/ Hj.

This expectation is based on two facts. First we can prove it (under the restriction
e < p—1) for the case of a quadruple of preabelian type (for p>5 cf. 6.4.2.1; for p =3
cf. [Va2]). Second we have the following considerations.
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Let I:TO be an open subgroup of Hy such that M is a pro-étale cover of M/I?O
(cf. the definition of a smooth integral model). We can assume that Hy is a normal
subgroup of Hy. Let Cy := Ho/ﬁo. It is a finite group. Then M/ Hj is the quotient of
M/ Hy by Cq (cf. the definition of a continuous action). The action of Cy on the generic
fibre of M/Hy is free (as Sh(G, X)/H x Hy is an étale cover of Sh(G, X)/H x Hy).

But then it is expected (cf. 3.4.5.1 below) that the action of Cy on M/Hy is free. If
this is so then M/ Hj is an étale cover of M/Hy (so M is a pro-étale cover of M/Hy).

3.4.5.1. PROPOSITION. Let p be a rational prime. Let V be a complete DVR
which is a faithfully flat Zy,)-algebra, and has an index of ramification e < p — 1. Let
C be a finite (abstract) group acting on a regular formally smooth V-algebra R in such
a way that it acts freely on R[%]. Let Vi be the DVR obtained by adjoining to V a
primitive p-th root of unity. We assume that either the order of C is relatively prime
to p, or it is p and the subring R® of R formed by elements fized by C is such that
the affine scheme Spec(RC @y V1) is locally factorial. Then C acts freely on R.

Proof. We assume that we do have a situation with a non-free action. We can
assume that C is a finite cyclic group of prime order [. Let my be a uniformizer of V'
and let ky be its residue field. We can also assume that R is a local ring.

If [ is different from p this is well known. We can assume further on that V is a
complete DVR of index of ramification e < p — 1, that ky is an algebraically closed
field, and that R = V[[z1,...z4]] is the ring of formal power series in d variables with
coefficients in V. We can write R = @WEQRW, with C the dual group of C (i.e. the

group of characters of C'), and with C acting on R” through the character v € C. Now
it is trivial to see that if for a non-trivial character v of C, R is different from zero,
then the action of C' on R[ﬂ is not free (i.e. there is an element y of the maximal ideal
mp of R, whose image in mp/m?% is not zero and is different from the image of 7y in
mpg/m%, and which belongs to an R?, for a non-trivial character ~; this disturbs the
free action of C' on R[}%] ). Contradiction. For this part we do not need that e < p—1.

Let now [ = p. We abbreviate the notion of unique factorization domain by UFD.
From the theory of tamely totally ramified extensions of W (ky ), and from the fact
that e is smaller than p — 1, we deduce that the index of ramification of V; is ey, a
multiple of p — 1 relatively prime to p. In fact e; = l.c.m.(p — 1,e).

Let us first recall the well known fact:

3.4.5.2. Let M be a torsion free V-module separated with respect to the my -
topology, and let 15y be its identity automorphism. Then any V -automorphism aps of
M such that af; = 1pr and apr modulo Ty is the identity, is the identity automor-
phism.

Proof. Writing apr = 1y + my by with by € End(M), by induction on n € N,
we can check that by is of the form w@‘ch with ¢pr € End(M). As M is separated
with respect to the my-topology, we deduce that End(M) is separated with respect to
this topology. So by = 0. This is the only place where we need that e < p—1 (3.4.5.2
is not true if e>p — 1). This proves 3.4.5.2.

So the case [ = p results once we show that the action of C on R/my R is trivial.
As V' is complete we deduce that the completion of R is of the form V'[[zy, ..., z4]],
with V' a finite étale DVR extension of V. V' is a subring of R (R is normal). C acts
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on it trivially (we assumed that the action is non-free). So V/ C RC. This allows us to
replace V by V/ and Vi by V{, where Spec(V]) is a connected open-closed subscheme
of Spec(V; ®y V'). Not to complicate the notations, we assume that V = V’. So
Ry := R®y V; is an integral domain.

Let m; be a uniformizer of V3. Let O; be the local ring of the generic point of
the special fibre of Spec(R;). C acts on it. Let R{ and Oy := O be the subrings of
R, and respectively of O, formed by elements fixed by C. We have R{ = R® @y V.
w1 R, and 7T1Rlc are prime ideals of R; and respectively of Rlc.

0Q;, i = 1,2, are discrete valuation rings having the same index of ramification
equal to e; (both being Vi-algebras). Let XK; be the field of fractions of O;, i =1, 2.

As Vi contains the p-th roots of unity, and as the action of C' on R is non-trivial,
there is y € X such that C acts on it through a non-trivial character v of C. So
yP € Ko, but y ¢ Ko. By reasons of dimension, we deduce that X; is a Kummer
extension of Xy. We get the situation:

(3.4.5.3) X; is a Galois extension of Ky of degree p, obtained by adjoininig a
p-th root of an element of Ks.

In all that follows y denotes an element of X; \ K2 such that y? € Ky. We
repeatedly replace it by y; = yy©, with y© € Ks.

If the action of C on the residue field of Oy is non-trivial (i.e. if the action of C'
on R/my R is non-trivial), then we deduce easily that the residue field k; of O; is a
Galois extension of the residue field ko of Oy (ko C klo, where klc is the subfield of kq
formed by elements fixed by C; but k; is a Galois extension of k§ of degree p, and so
by reasons of dimension we must have k{' = ko). We deduce that Spec(0;) is a Galois
cover of Spec(03).

The morphism Spec(R;) — Spec(RY{) is étale above points of Spec(R{’) of char-
acteristic zero or of codimension 1. So Spec(R{) is regular in all these points (and so
is regular in codimension at most 1).

STEP A). From the fact that R is a local UFD, we deduce that the Picard group
of Spec(RY) is trivial and isomorphic to its divisor class group. This implies that we
can assume that y is an invertible element of R;. In other words we can replace y by
y1 := yy©, with y© € Ky such that, in any point of Spec(R;) of codimension 1, y; is
an invertible element; so % is an invertible element of R (this can be deduced from
[M, th. 38], as RY is a normal ring). In detail: For any prime p of R{ of codimension
1, as the ring extension RY — R, is étale above it, we deduce the existence of an
element y, € K such that y?y; is an invertible element of the localization of RY with
respect to the prime p. The elements y,, with p running through all the primes of R
of codimension 1 are defining a Weil divisor. As this Weil divisor is linearly equivalent
to the zero divisor, we deduce the existence of an element y© € K, producing this
Weil divisor. We can take now y; = yy©.

As a conclusion: the extension X; of Ky is obtained by adjoining a p-th root (still
denoted by ¥) of an invertible element of R{.

We can assume that ky is separably closed and that R; is a complete local ring.
So the first fundamental group of Spec(R; ) is trivial. Moreover R{ is a complete local
ring (as R is so, and as the inclusion RY — R, is finite). We deduce that the first
fundamental group 7 (R{) of Spec(RY) is trivial (71 (RY) is a subgroup of C; but it
is not C' as the inclusion R{ < R; of complete local rings having the same residue
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field, is not étale).
We assume now that e divides p— 1. Soe; =p — 1.

STEP B). If the image of y in ki is not in ko, then we deduce by reasons of
dimension that k; is obtained from ko by adjoining a p-th root of an element of ks.
We get a contradiction with the fact that k; is a Galois extension of ks. So the image
of y in ky is in k. Replacing y with y; = yy©, with y¢ € R, we can assume that
y is congruent to 1 modulo the ideal of R{ generated by m;. We can assume that
™t =p.

STEP C). Let now y = 1+ 1o, with yg € Ry. So y? is congruent to 1+ pmy(yo +
y?) modulo 7?*' RS (or modulo 7' Ry as 7P Ry N RS = 7T RY). Let 2o € RS
which modulo 71 R{ is yo +yb. The equation zP +x = 2 defines an étale R{-algebra.
As m(R§) = 0, we deduce that there is y© € R{ such that y© is congruent to yo
modulo 71 Ry. Replacing y with y; = y(1 — m19y°), we can assume that y is congruent
to 1 modulo 7 R; (we have p >2 ase <p—1).

STEP D). Now by trivial induction on n € N, we can assume that y is congruent
to 1 modulo W?HRl (if y = 1 + 7}'yo, with n € N greater than 1, and with yo € Ry,
then y? is congruent to 1+ 77"~ ys modulo 7P R{, or modulo 7P R;).

STEP E). This implies, as R{ and R; are complete with respect to the -
topology, that we can assume that y? = 1. As V; contains the p-th roots of unity, this
contradicts the fact that X is a field.

The case when e; is not p — 1 is entirely similar. The only difference is that the
above Steps c¢)-d) have to be applied intermingled. The trivial details are left to the
reader.

The contradiction of the Step e) ends the proof of 3.4.5.1.

3.4.5.4. REMARKS. 1) It is an easy exercise now to see that once we assume in
3.4.5.1 that Spec(R® ®y V1) is a locally factorial scheme, the condition on the order of
C (of being p) can be weaken: it is enough to assume that C' is a p-elementary finite
group. From the fact that Spec(RC @y V1) is a locally factorial scheme we deduce
easily that Spec(R®) is locally factorial, but we do not know if (or when) the converse
to this is true.

2) 3.4.5.1 can be formulated for regular formally smooth schemes instead of affine
such schemes as the condition of having a free action is local. We have inserted 3.4.5.1
for the case I = p mainly to give an idea how bad the singularities can be for a non-
free action (cf. 1) above). We hope to use it later on to the study of singularities
of different quotiens of different extended integral canonical models (to be defined in
3.5.1) (cf. 3.5.3).

3) For the order of C equal to p, the lemma 3.4.5.1 is not true if we do not assume
that Spec(R® ®y V1) is a locally factorial scheme, as it can be seen through examples
involving smooth schemes X over a DVR O faithfully flat over Z,) and of index of
ramification 1, whose relative dimension is greater than p — 2. But if the relative
dimension of X over such a DVR O is less than p — 1, then any finite group acting on
it in such a way that it acts freely on its generic fibre, acts freely on X. This can be
checked starting from 3.4.5.2 and the fact that any representation of a cyclic group of
order p of degree less than p — 1 over such a DVR O is trivial.
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3.4.6. REMARK. We come back to 3.4.1-3. In practice p is different from 2 and
then we can take Hy to be a product of its g-components H? (¢ being an arbitrary
prime different from p), with H? a compact open subgroup of G(Qz) small enough,
and with any other component H? of it a maximal compact subgroup of G(Q,) (which
can be chosen to be a hyperspecial subgroup of G(Qy) if G is unramified over Q).

3.4.7. COROLLARY. We assume that My has the EP. If Sh(G1, X1) is a Siegel
modular variety and if p is big enough (without an effectively computable lower bound)
then M is a closed subscheme of M.

Proof. From 3.2.12 we deduce that M; is the extension to O, of the integral
canonical model of (G1, X1, H1,v1) (see 3.2.9). Let H be a compact open subgroup of
G(Ay) which is a product of its g-components HY (so HYis a hyperspecial subgroup
of G(Qy), for any big enough prime ¢). We assume that it is smooth for (G, X) and
that Shg (G, X) is a closed subscheme of the extension to E of Shg(G1, X1), with K
a compact open subgroup of G1(Ay) which is a product of its g-components, contains
H, and is small enough (cf. 3.2.9 and 4.1) so that Shg(G1, X1)E extends to a smooth
moduli scheme M (K) over Op [+7] (with N € N big enough and with O the ring of
integers of F).

Taking N big enough we can assume that the closure M(ﬁ) of Shg(G,X) in
My (I?) is a smooth scheme over Of [ﬁ] , that HYis a hyperspecial subgroup of G(Q,)
for any prime ¢> N, and that (cf. the proof of 3.4.1) for any such prime ¢, the nor-
malization of JV[(I—NI)Z((I) in the ring of fractions of Shg, (G, X) is the integral canonical

model of the triple (G, X, ﬁq). We can take now p> N. This ends the proof of the
corollary.

3.4.8. DEFINITION. With the notations of 3.2.3 1-2), a smooth (resp. normal)
integral model M (of Sh(G, X)/H over O) is said to be strongly smooth (resp. strongly
normal) if for any compact open subgroup Hy of G (A’;) such that the subgroup Hy x H
of G(Ay) is smooth for (G, X), M is a pro-étale cover of M/Hy.

3.4.8.1. REMARK. If M is a strongly normal integral model of Shy (G, X) over
O having the SEP, then any smooth integral model of Shy (G, X) over O is strongly
smooth (cf. rm. 4’) of 3.2.7). In particular, if there is a strongly normal integral model
of Shy (G, X) over O, having the EP and if e < p — 1, then any smooth integral
model of Shy (G, X) over O is strongly smooth. We do not know if (or when) the
condition e < p — 1 is needed.

3.5. Extended integral canonical models. Let (G, X, H,v) be an arbitrary
quadruple and let p be the rational prime divided by v.

3.5.1. DEFINITION. A normal scheme M over O(v) together with a G(A%) x H-
continuous action is called an extended integral canonical model of (G, X, H,v) if:
a) There is a G(A?) x H-equivariant isomorphism J\~/EE(G7X) = Sh(G, X);
b) M/H is an integral canonical model of (G, X, H,v).

Similarly, we speak about an extended local integral canonical model of a quadru-
ple or about the extended integral canonical model of a triple.
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3.5.2. REMARK. M is determined by the integral canonical model M/H, be-
ing the normalization of M/H in the ring of fractions of Sh(G, X). So it exists iff
(G, X, H,v) has an integral canonical model. If v is relatively prime to 2, then any
extended integral integral model of (G, X, H,v) is uniquely determined up to unique
isomorphism.

3.5.3. PROBLEM. For H a compact open subgroup of G(A’;) x H determine the
type of singularities of M / H.

4. Shimura varieties of Hodge type and special families of tensors. Let
(G, X) be a Shimura pair defining a Shimura variety of Hodge type. Let f: (G, X) —
(GSp(W,4),S) be an injection of it into a Shimura pair defining a Siegel modular
variety. We fix a family (s4)acg of tensors in spaces of the form W™ @ W*®n
m,n € N, such that G is the subgroup of GSp(W,v) fixing its tensors. As G is
reductive we do get the existence of finite such families [De3, 3.1]. We do allow the
above family of tensors to be infinite. Let L be a Z-lattice of W such that we have a
perfect form ¢: L ® L — Z.

We start by reviewing the interpretation of the complex Shimura variety
Sh(G, X)¢ as a moduli space with respect to the Z-lattice L of W and the above
family of tensors. Then in 4.2-3 we treat the problem: for a rational prime p for which
G is unramified over Q,, find a Z-lattice L and a family of tensors (sq)aecg (subject to
the above conditions) which are Z,-well adapted for using successfully the integral
version of Fontaine’s comparison theory [Fa3], and so for proving (cf. §5) the existence

of Sh, (G, X).

4.1. Shimura varieties of Hodge type as moduli schemes. As G contains
the group of multiplications by scalars (cf. Definition 1 of 2.5), our tensors are in spaces
of the form (W @ W*)®™ m € N. If 5, € (W @ W*)®™) then deg(s,) = 2m(a).
The form 2miv is a bilinear map W @ W — Q(1) := 2miQ, inducing an isomorphism
W — W*(1). Any z € X defines a Hodge Q-structure on W and on W*, and the
above isomorphism W -~ W*(1) is an isomorphism of Hodge Q-structures. This
gives us the right to think of the tensors s, as being in spaces of the form W*®2™ ().
Let L* C W* be the dual Z-lattice of L. What follows is very close to [MS, ch. 2]
except that we do not work in a rational context: we work with principally polarized
abelian varieties and not with their isogeny classes.

We consider quadruples of the form [A,pa, (Va)acg, k] where:

a) (A,pa) is a principally polarized abelian variety over C;

b) (va)acg is a family of Hodge cycles of A;
k
¢) k is an isomorphism H;(A,Z) ® Ay = Vi(4) > W ® Aj taking the Betti
realization w, of v, into s,,Va € J, mapping Hl(A Z) ® 7 onto L ® 7 and
inducing a symplectic similitude between (H;(A,Z) ® Z ,pa) and (L ® Z , ).
We define A(G, X, W, 1)) to be the set of isomorphism classes of quadruples of the
above form satisfying the following conditions:

(i) there exists a similitude isomorphism (H;(A,Q),pa) = (W,4) taking the Betti
realization w, of v, into s, Va € J;

(ii) composing the homomorphism h:S — GSp(H1(A,R), pa), defined by the Hodge
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structure on H;(A,R), with an isomorphism GSp(H;(A,R),pa) > GSp(W ®
R, %), induced by an isomorphism as in (i), we get an element of X.

We have a right action of G(Ay) on A(G, X, W, ) defined by:

[A;pA, (Ua)o&H, k] g = [A/7pA’7 (’Uoz)ozeav gilk}'

A’ is the abelian variety, from the same isogeny class as A, defined by the Z-lattice
of H1(A,Q) induced from L ® 7 through the isomorphism ¢g~' o k of H;(A, Q) ® Ay,
while p 4+ is the only rational multiple of p4 which produces a principal polarization of
A’ (see [Del, 4.7] for the theorem of Riemann used here). Here as well as in e) below
we identify a polarization with its Betti realization.

There is a G(Ay)-equivariant bijection

fa.x,w):Sh(G, X)(C) = A(G, X, W, v)

defined as follows. To [h,g] € Sh(G, X)(C) = G(Q) \ X x G(Ay) we associate the
quadruple [A4, p4, (Va)acy, k] where:

d) A is associated to the Hodge structure (W, h) and the Z-lattice Hy(A,Z) of

—1

g
W induced from the Z-lattice L of W through k: V3(A) = W @ Ay — W ® Ay (i.e.
k(H\(A,Z)®Z) = LR Z);
e) pa is the only (rational) multiple of 1) which gives birth to a principal polar-
ization of A;
f) Va € J, the Betti realization of v, is $4.

The inverse g, x,w,y) of f(a,x,w,y) is defined as follows. Let [A,pa, (Va)acg, k] €
A(G, X, W,1p). We choose a similitude isomorphism ia: (H1(A,Q),pa) = (W,7)) as
in (i). It produces an isomorphism is: GSp(Hi(A4,Q),pa) = GSp(W,¢). We define
h € X tobe iag o ha (ha being the homomorphism S — GSp(H1(A,R),pa) defining

g1
the Hodge structure of A) and g € G(Ay) to be the composite map W ® Ay —
ia®1

g(G,X,W,d))([A7pA7 (Uoz)aeav kD = [hvg]'

Taking (G,X) = (GSp(W,%),S) and J§ = ¢, we get a bijection between
Sh(GSp(W, 1), S)(C) and the isomorphism classes of principally polarized abelian
varieties over C of dimension gy (with 2gw = dimg(W)) having (compatibly) level-
N symplectic similitude structure for any N € N. So to give a C-valued point of
Sh(GSp(W, ), S) is the same as to give a triple [A,pa, (IN)nven], where (A,pa) is
a principally polarized abelian variety over C of dimension gy, for which we have
a compatible system of similitude isomorphism Iy: (L/NL,v) > (H1(A,Z/NZ),pa)
(N € N). The compatibility means that if N, M € N are such that N|M, then Iy is
obtained from /s by tensoring with Z/NZ.

4.1.0. For Ne Nlet K(N) := {g € GSp(W, ¢)(L®Z) | g mod N is the identity}.
Then the set Shy(n)(GSp(W,v), S)(C) is in one to one correspondence with the set of
isomorphism classes of principally polarized abelian varieties over C having a level-N
symplectic similitude structure. This implies (cf. [Del, 4.21]) that Sh(GSp(W, ), S)
is the Q-scheme representing the functor that sends a Q-scheme T to the set of
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isomorphism classes of principally polarized abelian schemes (of dimension gy ) over
T, having (compatibly) level-N symplectic similitude structure for any N € N (see
[Mu] why this functor is representable). So Sh(G, X) is the closed subscheme (cf.
[Del, 1.15 and 5.9]) of Sh(G'Sp(W, %), S) g(a,x) whose complex points are those triples
[A,pa, (In) nen] for which:

(4.1.1) the isomorphism k~1: L ® 7> H(A,Z)® Z defined by the fact that mod N
it is Iy, VN € N, when tensored with Q, takes s, to the Betti realization w,
of a Hodge cycle v, of A (Va € J);

(4.1.2) H1(A,Q) together with p4 and the family of tensors (wq)aecy satisfies the
above two conditions (i) and (ii).

4.1.3. LEMMA. Let Z = Spec(R) be an integral affine scheme over C and let
(A, pa) be a principally polarized abelian scheme over Z, having (compatibly) level-N
symplectic similitude structure (defined by an isomorphism In: LQZ/NZ = A[N]) for
any N € N . Let gz: Z — Sh(GSp(W,v),S) be the morphism induced by the above
data. For every o € J, we assume the existence of a cycle to, € FO(HIp(A/Z) @
Hp(A)Z)*)™) (we recall that 2m(a) = deg(sy)), annihilated by the Gauss-Manin
connection V (of A). Let f1, fo:Spec(C) — Z be two complex points. If the quadru-
ple [A,pa, (ta)acy, k] (with k: H{(A,Z) L ® Z such that its inverse mod N is Iy ;
here we identify a Hodge cycle with its de Rham component) becomes a quadruple of
A(G, X, W,1) in the point fi, then it becomes a quadruple of A(G,X,W,v) in the
point fo also (i.e. the morphism gz o fo: Spec(C) — Sh(GSp(W, ), S) factors through
Sh(G, X)).

Proof. There is an integral affine scheme Y = Spec(T') of finite type over C, with
T a subring of R, such that (A, p4) and its cycles (to)acg descend to (B, ¢) and cycles
(Ua)aes-

We have Vu, =0, Va € J. Let T <— Tj be an injective ring homomorphism, with
T, a smooth integral C-algebra, such that Spec(T7)(C) — Y (C) is surjective (cf. the
resolution of singularities; we can pass from Y to an open affine subscheme containing
f1 and fy to get the surjectivity part). Let hy, ho: Spec(C) — Y7 = Spec(Ty) be two
points such that the diagram

Spec(C) ::; Y
f1 li f2 lj
A — Y

is commutative (the morphisms j and Z — Y are associated to the inclusions 7" < T
and respectively T <— R).

We denote by (Bi, q1) and (ul)aeg the pullback through j of (B, q) and (ua)aey-
Let h: By — Y7 be the morphism defining the abelian scheme B;. We get that
Vul = 0, and so ul, € (R'h.(C) @ (R*h.(C))*)®™) Vo € J. As ul is rational
in hy, we deduce that u} € (R'1.(Q) ® R'h,(Q)*)®™(), Va € J. So ul, is rational in
ha, Vo € J. From [De3, p. 36] we deduce that the tensors (hjul)aecg are de Rham com-
ponents of Hodge cycles (vq)aeg of A2 := A Xz 7,Spec(C) (their étale components are
automatically determined). As Y;(C) is connected, we easily deduce that Ay together



458 A. VASIU

with (va)acg satisfy the condition 4.1.2. The isomorphisms (In)nen are producing
an isomorphism ko: Hy (A2, Z) ® 7.~ L ® 7. The fact that kz_l carries s, to the Betti
realization of v,, (condition 4.1.1) can be seen working mod N (for any N € N). Multi-
plying by a natural number big enough all v, and s, we can work with families (va)ae g
and (84 )aeg assumed to be integral with respect to H1(4,Z) ® Z and V(Z)® Z. The
fact that ko (va) = Sq, Va € J, results from the analogue property of the isomorphism
ky: H1(A1,Z)® ®Z LRZ (with A; := Ax 7 Spec(C)) and from the fact that a level-N
symplectic similitude structure on Z can be descended to an integral affine Y-scheme
Yn of finite type over C (i.e. for any given N € N we can assume that the isomorphism
Iy is defined over Y, and so over Y7). From the characterization of Sh(G, X)(C) (cf.
4.1.0), we deduce that the morphism gz o fa: Spec(C) — Sh(GSp(W, ), S) factors
through Sh(G, X) (with [As, pa,, (Va)acy, k2] € A(G, X, W, 4)).

4.1.4. REMARK. A similar result can be proved if, instead of Sh(GSp(W, ), S)

and Sh(G, X), we work with M := Shg, (GSp(W, ), S) and N := Shy, (G, X), where
p = {9 € GSPW,¥)(Qy) | 9(L ®Zy) = L ® Zp} and H, := K, N G(Q) (p
being a fixed rational prime). This follows from the fact that a situation of the form

f
Spec(C) —li Z — M, with f; factoring through N, can be lifted to a situation
f2

f1o
Spec(C) = 23— Sh(GSp(W. 4).5),

with fi1¢ factoring through Sh(G, X), and with Z; an integral affine Z-scheme.

4.1.5. REMARK. Later on we need a formal version of 4.1.3-4. We work under
the hypotheses of 4.1.3 with R = C[[z1, ..., 2,]] a ring of formal power series over C,
and with f; the complex point of Z associated to the surjective ring homomorphism
R — C taking z; to zero. But instead of assuming that ¢, are parallel with respect
to V, we assume just that ¢, are annihilated by 5%1. Then the generic point w (this
replaces the point fo of 4.1.3) of Z is mapped through gz into Sh(G, X), i.e. the cycles
to, become (in w) de Rham components of Hodge cycles of A,, (the fibre of A over
w), and the étale components of these Hodge cycles are related to v, (through the
family of isomorphisms (I5)nen) as expected.

It is enough to see the first part, i.e. that ¢, becomes in w the de Rham component
of a Hodge cycle of A,,, Va € J (the second part involving the expected relation is
entirely the same as in the above proof of 4.1.3). This is a result of Faltings. The
proof of this is entirely analogous to the proof of its integral version [Fa3, rm iii) after
th. 10]. The only difference is that now we have to use the strictness property of maps
between Hodge structures, instead of the strictness property of maps between objects
of MF(Vp) (cf. [Fal] for the definition of MF(Vp); here Vp is a Witt ring over a perfect
field).

4.1.6. REMARK. Sometimes it is more convenient to work with families (s4)acy
such that G is the subgroup of GL(W) (and not of GSp(W,v)) fixing its tensors.
This has the advantage that we can be loose about mentioning alternating forms
(like v) or different Tate-twists (to be compared with 5.2.9). In particular, in such a
situation, the form 1t is uniquely determined by an isomorphism as in (i) of 4.1, up to
scalar multiplication with a rational number: so it is more natural to denote the set
A(G, X, W,4) just by A(G, X, W).
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4.2. Digression on reductive Lie algebras. Till the end of §4 the notations
to be introduced are independent of the ones in 4.1. Let W be a finite vector space over
an arbitrary field of characteristic zero. All the reductive Lie subalgebras of gl(W)
considered in 4.2 are assumed to satisfy the following condition: the elements of their
centers are semisimple endomorphism of W.

Let g C gl(W) be (such) a reductive Lie subalgebra. It is known (cf. [Boul, chl.
1, th. 4]) that the above assumption implies that the restriction to g of the trace form
Tr on gl(W) is perfect (for a,b € gl(W), Tr(a, b) is the trace of the endomorphism ab
of W). For any vector subspace m of gl(IW) let

mt = {z € gl(W) | Tr(zy) =0, Vy € m}.
In particular we get a direct sum decomposition gl(W) =g @ g*.

4.2.1. Convention. Any time we have a situation as above, we denote by 7(g)
(or by mw (g)) the projector of gl(W) defined by m(g)(x) =z if 2 € g and 7(g)(z) =0
if v €gt.

The Lie subalgebra of gl(W) centralizing 7(g) under the adjoint representation is
of the form g & u, where

ui={yeg-|lgylCa [oy]Co}={yeca"|[g,y =0}

The last equality is due to the fact that [g,gt] C g+ and Tr([a,b],¢) = Tr(a, [b, ),
Ya,b,ce gl(W).

4.2.2. PROPOSITION. Let g C h C gl(W) be inclusions of reductive Lie algebras.
We consider reductive Lie algebras g1 satisfying : a) g C g1 Ch, b)[g,8] = [g1,901]
They form a set §. Then an element g1 of 8 is maximal under the relation of inclusion
if and only if g1 = b N {the Lie subalgebra of gl(W) centralizing w(g1)}-

Proof. Tf g1 = h N {the Lie subalgebra of gl(W) centralizing m(g;)} then
b N gi N {centralizer of g; in gl(W)} = 0.

This implies that there is no reductive Lie subalgebra of § strictly containing g; and
having the same semisimple part as g;. So g1 is a maximal element of §.

Let now g1 be a maximal element of §. We deduce that the centralizer ¢ of g; in
b has no semisimple element included in gi-. But ¢ is a reductive Lie subalgebra of
gl(W): the centralizer of g1 in gl(W) is the Lie algebra of a reductive group (this can
be seen moving to an algebraically closed field and using irreducible representations),
and it is of the form ¢ & ¢ with ¢ and ¢ perpendicular with respect to the trace form
on gl(W), ¢ being a subspace of h*; so the trace form on ¢ is perfect. This implies
that ¢ N gi is zero, and so g is the subalgebra of h centralizing 7(g;). Thie ends the
proof of the proposition.

4.2.3. REMARK. Let f:(G,X) — (GSp(W,v),S) be an injective map. If in
4.2.2 we take g = Lie(G) and b = gsp(W, 1), then for any elemeny g; of 8§ there is a
uniquely determined (up to isomorphism) Shimura variety Sh(G1, X1) for which there
are injective maps fo: (G, X) — (G1,X;) and fi: (G1,X:1) — (GSp(W, %), S) such
that f = fi o fo and df1(Lie(G1)) = g1.

4.3. Special families of tensors.
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4.3.1. DEFINITIONS. Let (G, X) define an arbitrary Shimura variety. A pair
(G1,X1) is called an enlargement of (G, X) if there is an injective map f: (G, X) —
(G1,X1) such that f(G9") = G and f(G) # Gy. If i: (G, X) — (G2, X3) is an
injective map, by an enlargement of (G, X) in (G2, X5) we mean a pair (G1, X1), with
GS Gy CGy, G =G and X C X; C X,. If f: (G, X) — (G, X1) is an injective
map, then (G, X) is called saturated in (G1, X7) if it has no enlargement in (G, X1).

4.3.1.1. Let now (G, X) be of Hodge type and let f:(G,X) — (GSp(W, ), S)
be an injective map. From 4.2.2-3 we deduce that either (G,X) is saturated in
(GSp(W, ), S) or there is an enlargement of (G, X) in (GSp(W, ), S) which is satu-
rated in (GSp(W, ¢), S).

The advantage of having injective maps (G, X) — (GSp(W, ), S) with (G, X)
saturated in (GSp(W, ), S) is: Lie(G) is the Lie subalgebra of gsp(W, ) centralizing
(just one tensor of degree 4 which is a projector of gl(W)) mw (g).

4.3.2. We consider now the following situation. Let (W, ) be a symplectic space
over a field of characteristic zero. Let Gy be a semisimple subgroup of GSp(W, ) and
let go := Lie(Gp). Let G be a reductive subgroup of GSp(W, ) having Gy as its
derived subgroup and such that its Lie algebra g is the Lie subalgebra of gsp(W, 1)
centralizing m(g) (cf. 4.2.2). We now list some useful tensors fixed by the group G.

We have gsp(W,v) = g @ b, with h := gsp(W,¥) Ngt. Let h = @ h; be a

1€

direct sum decomposition of § in irreducible g-modules. Let m; be the kernel of the

representation g — gl(h;). We deduce the existence of a reductive Lie subalgebra

g; of g such that g is the direct sum of Lie algebras g = g; ® m; [Boul, p. 57].

We have faithful irreducible representations g; < gl(h;). Associated to the direct sum

decomposition gl(W) = g® ?] b © gsp(W, 1)+ we consider the projectors p;: gl(W) —
7

gl(W), the image of p; being h;, Vi € I. For every i € I, let r; be the projection of
gl(W) on g, associated to the direct sum decomposition gl(W) = g, ®m; & h &
gsp(W, ).

For i € I, let k; be the Casimir element of the representation g; — gl(h;) (we
have g, # 0, as g is the subalgebra of gsp(W,¢) centralizing 7(g)).

k; induces a linear map g;: gl(W) — gl(W) such that ¢;|h;: h; — b; is an isomor-
phism. We choose a linear combination of (g;);c; with coefficients in Z such that the
resulting linear map ¢: gl(W) — gl(W) has the property that ¢|h: h — b is an isomor-
phism (using induction, it is enough to handle the case when I has two elements; but
this case is obvious, as Z is infinite). Let §: gl(W) — gl(W) be the linear map such
that g is zero on g @ gsp(W, )+ and g|h:h — b is (q|b) L.

For ¢ € I, let t;: gl(W) — gl(W)* be the linear map such that ¢; is zero on
m; Ghdgsp(W, )L and ¢;]g;: g; — g is the isomorphism induced by the restriction to
g; of the trace form Try, on gl(h;). Explicitly: if x € g;, then ¢;(z)(y) = Try, (z,y). For
i € I,1let s;: gl(W)* — gl(W) be the linear map which is zero on (m; @@ gsp(W, 1)+ )*
and s;|g; g; — i is (ti]g) L

Let t: gl(W) — gl(W)* and s: gl(W)* — gl(W) be linear maps defined in the
same manner as t; and s;, but for the representation g < gl(W).

Let

B:gl(W) — gl(W)*

be the linear map which is zero on gg- and B|go: go — g{ is the isomorphism induced
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by the Killing form on gg. Let
B*:gl(W)* — gl(W)

be the linear map obtained from B in the same manner as the tensors s; were obtained
from t;.

The tensors 7(go), 7(g), B, B*, q, t and s, as well as the tensors p;, r;, s; and t;,
i € I, are centralized by g, and so fixed by the group G.

4.3.3. Notation. Let W be a finite vector space over a field k of characteristic
zero and let g be the Lie algebra of a semisimple subgroup G of GL(W). We call an sly
Lie subalgebra of g ® k standard if with respect to a Weyl direct sum decomposition

g0k =t @ go, with ® a system of roots associated to a maximal torus 7 of é,;
acd

(here t = Lie(T)), is generated by g, and g_, for some o € ®. We denote by s(g, W)
the maximum dimension which appears among the irreducible subrepresentations of
W ® k of any standard sl, Lie subalgebra of g ® k.

4.3.4. DEFINITIONS. Let O be a discrete valuation ring, let m be a uniformizer
of it, and let K be its field of fractions. Let (W,1)) be a symplectic space over K.
Let (8q)acg be a family of tensors in spaces of the form W®™ @ W*®"_ The family
of tensors (s4)acy is called essentially finite, if the O-submodule of the tensor algebra
of W @ W* generated by its tensors, is a free O-module of finite rank. Let R be a
faithfully flat integral ring over O. A free R-module M satisfying M [ﬂ =We® KR[%],
is said to envelop the above family of tensors with respect to v, if ¢ induces a perfect
form ¢: M ® M — R, and if all the tensors of the family (s4)acg are in spaces of the
form M®™ @ M*®". Let H be a reductive subgroup of GSp(W, 1) fixing the tensors
of the above family. The family of tensors (s, )acg is said to be O-well positioned with
respect to ¢ for the group H if the following condition is satisfied:

(4.3.5) For any faithfully flat integral ring R over O and for any free R-module
M, satisfying M [ﬂ =Wk R[%], and enveloping the family of tensors (s, )acg with
respect to 1, the closure of H R[] in GSp(M, ) is a reductive group scheme Hp over
R.

In addition, if there is an O-lattice Mo of W enveloping the family of tensors
(5a)qeg With respect to ¢, then we say that our family of tensors is O-very well
positioned with respect to 1 for the group H.

We have variants, depending on the class of O-algebras we use in 4.3.5. If we use
the class of normal integral faithfully flat O-algebras (resp. of reduced faithfully flat
O-algebras) we obtain the notion of weakly (resp. strongly) O-well (or O-very well)
positioned families of tensors with respect to ¥ for the group H.

4.3.6. REMARKS. 0) Warning: if H extends to a reductive group over O, we do
not require that the extension of it to R is Hpg.

1) If the family of tensors (s )acg is O-well positioned (resp. O-very well po-
sitioned) with repsect to % for the group H, then the family (sa)acg is O-well po-
sitioned (resp. O-very well positioned) with respect to 1/; for the group H , where
1/;: W*®@ W* — K is the perfect alternating form on W* obtained from  through the
isomorphism f: W = W* canonically induced by v, (f(x)(y) = v(x,)), and where H
is the subgroup of GSp(W*, 1/;) corresponding to H under the canonical identification
of GL(W) with GL(W*) produced by f.
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2) The family of tensors (s4)acg is O-well positioned with respect to 9 for H iff
it is well positioned with respect to ¢ for H" and for the toric part of Z(H) (cf.
3.1.6.1). The same remains true in a weakly (this is obvious) or strongly (cf. the
considerations of 3) below: Lie exists in this situation; of course the proof of 3.1.6
applies as well) context.

3) Let R be a noetherian, reduced, faithfully flat local O-algebra. Let M be a
free R-module of finite rank, and let H' be a reductive subgroup of GL(M) R[- Let

{L;]i € {1,...,r}}, with r € N, be a set of ideals of R which are intersection of prime
ideals of R of codimension zero. We assume that Ni=71; = 0, and that the closure of
H;%/Ii[l] in GL(M ® R/I,) is a reductive group H} over R/I;, Vi € {1,...,r}. We also
assume that there is a free R-submodule Lie of End(M) such that Lie[Z] is Lie(H’)
(for instance if there is a projector of End(M [1]) on Lie(H’) enveloped by M). Then
the closure Hf, of H' in GL(M) is a reductive group over R.

To see this we can assume that R = R} and that r = 2. As the fibres of H,
i = 1,2, are connected, we deduce that the fibres of Hj, are connected. The ring R/I;
is also strictly henselian, and so H is a split group. This implies that H’ itself is
split. Let H; be a split reductive group over R having H' as its generic fibre. The
reductive subgroups H{R/Iﬁb of GL(M ®R/I,+I) are identical (they have the same
Lie algebra, cf. the assumption on the existence of Lie, and they are identical over
Spec(R/ 1, + I3)req). We denote these subgroups by Hj,. As Hp, is smooth, and as we
have this identity, the amalgamated sum of H] and HJ along Hj, is a reductive group
over R which can be identified with H;. We get a homomorphism g: H}% — GL(M)
factoring through Hf,. As ¢ is a closed embeding over R/I; we deduce that ¢ itself is

a closed embedding.

4.3.7. REMARKS. 1) We could have worked out 4.3.4 without the relative con-
text, i.e. with respect to . The relative context is all we need for applications to
Shimura varieties of Hodge type. When the role of ¢ is irrelevant (for instance in
4.3.10 b)) we do not mention with respect to .

2) The definition of O-well positioned families of tensors presented here is different
from the one in [Val, 3.7.4], where we also asked that the subgroup of GSp(M, ¢) fixing
Uq, Va € g, is a group scheme whose connected components of the origin of its fibres
are (reductive groups defined by) the fibres of Hg.

3) Let Ry be an integral ring and let Mg, be a free Ro-module of finite rank. Let
Ko be the field of fractions of Ry, and let G, be a subgroup of GL(M & Ko). It is
not always true (cf. [BT, 3.2.15]) that the closure G, of Gk, in GL(Mpg,) is a group
subscheme of GL(MEg,). However, G, is a group subscheme of GL(Mpg,) if it is a
flat scheme over Rj.

So, in 4.3.5, the fact that the closure Hgr of HR[%] in GSp(M,4) is a group
subscheme of GSp(M, ) is part of the requirements on a family of tensors (sq4)aecg in
order to be O-well positioned with respect to ¢ for the group H. To show that Hp is
a reductive group scheme over R, we need to check two things:

a) that Hp is flat over R (and so a group subscheme of GSp(M,));
b) that the fibres of Hr over Spec(R) are reductive groups (over fields).

4) If the family of tensors (sqa)acg is essentially finite, for proving that it is O-well
positioned with respect to ¥ for the group H, it is enough to check 4.3.5 only for
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integral rings R which are faithfully flat and of finite type over O (and so noetherian).
To see this, let R and M be as in 4.3.5. We choose a basis B of M. It naturally
produces a basis of the tensor algebra of M @& M*. Let R; be a finitely generated O-
subalgebra of R such that B is included in W @ g Ry [%] Let Rs be the O-subalgebra
of R generated by R; and by the coefficients of all s, with respect to the above basis
of the tensor algebra of M & M*. R, is a finitely generated O-algebra as the family of
tensors (Sq)acg is essentially finite. Let Ms be the free Ro-submodule of M generated
by the elements of B. We have M, E] =W QK Rs [%] Moreover My envelopes the
family of tensors (sa)aeg. So, if the closure of Hp ] in GSp(Ma, ) is a reductive

group scheme over Rs, then, by pull back, the closure of HRH in GSp(M, ) is a

e

reductive group scheme over R.

We assume now that there is a projector of End(W) on Lie(H) fixed by H,
and which is part of our family. Localizing R, replacing it by a quotient Ry of RS"
dominating R, or by R;, where Spec(Ry) is an integral finite flat scheme over Spec(R)
(the operation of taking the closure of HRH in GSp(M, ) is well behaved with respect

to these operations, cf. a) and b) of 3) above and 4.3.6 3)) we can assume, for checking
4.3.5, that:

¢) R is a noetherian strictly henselian integral local ring with an algebraically
closed residue field, and Hpo := Hp x Ry is a reductive group scheme over R°, where
RY is the open subscheme of Spec(R) defined by the complement of the maximal ideal
of R.

d) This allows us to pass from O to its strict henselization O*", and so we can
assume that O is a strictly henselian DVR.

e) If moreover K is of characteristic zero (so O is an excellent ring), we have
to deal only with excellent rings (as the set of excellent rings is stable under the
operations performed in this remark).

f) If K is of positive characteristic and if O is a Nagata ring, we have to deal only
with Nagata noetherian rings (as the set of such rings is stable under the operations
performed in this remark, cf. [Ma, ch. 12]).

5) If the family of tensors (s,)acy is essentially finite, if the extra condition
needed to get c)-f) above (involving a projector of End(W)) is satisfied, and if K is of
characteristic zero (so O is an excellent ring), then, for checking 4.3.5, we can assume
that R is an integral noetherian complete local ring having an algebraically closed
residue field. In other words we can replace R (with R the localization of an integral
finitely generated O-algebra with respect to a prime lying over the maximal ideal of
0) to its completion R: R is a reduced ring (as R is an excellent ring); so 3.4.6 3)
applies. So we can replace O with the completion of O (cf. also to 4) above), i.e.
we can assume that O is a strictly henselian complete DVR.

5) If in 4) and 5) we work with the weakly (resp. strongly) O-well positioned
property, we do not have to make any assumption on the existence of a good projector
of End(W) as part of the family of tensors. We get ¢)-f) and 5) above, but always as-
suming that we have normal integral domains (resp. reduced rings) instead of integral
rings.

6) All concrete families of tensors used in this paper are essentially finite and fit
in the strongly context. Any essentially finite family of tensors in spaces of the form
Wem o W*en with m,n € N, is of bounded degree, but the converse to this is not
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true.

7) Any time we can replace O with another DVR O! (faithfully flat over O), we
can replace the family of tensors (sq)aecg with the family of tensors (s41)qeg1 (of the
tensor algebra of (W @ W*) ®c O1) formed by linear combinations (with coefficients
in O1) of the tensors (s4)acg. If the family of tensors (s )acg is essentially finite,
then the family of tensors (s,1)qecgt is also essentially finite.

8) To check 4.3.5 for a noetherian ring R, we can assume that it is local, and that
Hpo is a reductive group scheme over R°, where R? is the open subscheme of Spec(R)
defined by the complement of the maximal ideal of R, cf. 3) above, even if the family
of tensors (84 )acg is not essentially finite. In 4.3.4-5 we could have worked with M a
projective (instead of free) R-module, but this would have made no difference.

9) The role of O is mostly just to fix up the notations. For the greatest part
of 4.3.4-17 it can be replaced by any other integral noetherian scheme Z, and then
the role of R is replaced by an arbitrary integral flat Z-scheme. We will not stop to
state the results in this generality, as they can be immediately deduced from the ones
stated.

4.3.8. REMARK. The tensors which give a lot of information about the modules
enveloping them, are projections and isomorphisms.

4.3.9. REMARK. If H; is a reductive subgroup of H with H{¢" = H9°" then
any weakly O-well positioned family of tensors (with respect to ¢) for H is also a
weakly O-well positioned family of tensors (with respect to ) for Hy. This results
easily from 3.1.6 and from the fact that the closure in a torus Tg (over a normal ring
R as in 4.3.5) of a subtorus of the generic fibre of Tk, is a torus over R: this is a local
statement for the étale topology of Spec(R), so we can assume that Tg is split and
then we can make use of characters of Tz. The same thing remains true for weakly
O-very well positioned families of tensors.

4.3.10. PROPOSITION. With the notations of 4.3.2, if W 1is a vector space over
Q, then:

a) there is N € N, such that for any prime p not dividing N, the family of tensors
formed by m(g), q, and by p;, ri, s; and t;, i € I, is strongly Z,-very well positioned
with respect to i for the group G;

b) for any odd prime p > s(go, W), the family of three tensors formed by 7(go), B
and B* is strongly Z,)-well positioned for the group Gj.

Proof. Let L be a Z-lattice in W such that i induces a perfect form ¢: LQ L — Z.
As the family of tensors of a) is finite, we deduce the existence of a number N € N,
such that for any prime p not dividing N, L ® Z,) envelopes the family of tensors
of a) with respect to 1. So a) follows once we show the strongly Z,)-well positioned
part. We fix a prime p not dividing N, for the case a), respectively an odd prime
p>s(go, W), for the case b). Let R be a reduced faithfully flat Z,)-algebra and let
S = R[ﬂ. Let M be a free R-module, with M ®S = W ®qg S, enveloping the family of
tensors of a) with respect to 1, respectively enveloping the family of tensors of b). We
have to show that the closure G(M) of Gg in GSp(M, ) in case a), and respectively
that the closure Go(M) of Gog in GL(M) in case b), are reductive groups over R. We
can assume that R is a local reduced noetherian ring (cf. 4.3.7 4)) (4.3.6 3) as well
as 4.3.7 4) give us the right to assume that R is also integral; but we think it is quite
instructive not to do so). Let m be its maximal ideal.
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CASE a). Let g(M) = (g® S) Ngl(M). We have g(M) C gsp(M,v) =
Lie(GSp(M,1)). Let

A= ((gsp(M, ) /a(M)) © R/m)sM).
(the upper right index refers to the operation of taking the elements annihilated by
g(M)).
CrLAamMm 1. We have A =0.

This results from the following facts.

(a) The fact that the family of tensors (p;,t;,si,:)icr is enveloped by M implies
that the trace form on g;(M) := r;(gl(M)) associated to its representation on
hi(M) = p;(gl(M)) is perfect. So the Casimir element k; of this representation
induces a linear map gl(M) — gl(M).

(b) The fact that g is enveloped by M implies that the linear combination of k; used
in the formation of g, induces an endomorphism ¢: gi(M) — gl(M) such that its
restriction to h(M) := _@I h;(M) is an isomorphism h(M) = h(M).

1€

(¢) Any element of A is annihilated by g (as ¢ is the endomorphism induced by a
sum of Casimir elements).

A = 0 implies that the Lie subalgebra of gsp(M/mM) centralizing the reduction
of m(g) modulo m, is g(M)/mg(M). This implies that the scheme G(M) has smooth
fibres.

Moreover it is smooth in the R-valued point defining its origin. To check this, let
Ro(G(M)) be the ring of the completion of G(M) in the origin, and let R[[g(M)]] be
the ring of formal power series defined by the free R-module g(M). We get a natural
epimorphism ig(R): R[[g(M)]] = Ro(G(M)). If R is integral, by reasons of dimension,
we get that ig(R) is an isomorphism. As R is reduced, this implies that ig(R) is an
isomorphism: the kernel of ig(R) is included in P[[[g(M)]], for any prime ideal P of R
of codimension zero.

The fact that 7(g) is enveloped by M implies that the trace form on g(M)/mg(M)
is perfect and so the Lie algebra of the nilpotent radical of the connected component
of the origin of G(M) x g Spec(R/m) is zero (cf. [Boul, p. 41]). From this we deduce
easily (cf. [SGA3, vol. 3, p. 12] and [Ti, 3.8.1]) that the connected component of the
origin of any fibre of G(M) is a reductive group scheme. From 3.1.2.1 ¢) and [Hart,
ex. 4.11 pg. 107] we deduce that all the fibres of G(M) are connected. From this and
the fact that G(M) is smooth in the origin we deduce that G(M) is a smooth scheme
over R.

We conclude that G(M) is a reductive group scheme over R, and so condition
4.3.5 (for reduced rings) is satisfied. This proves a).

CASE b). We can assume, cf. 4.3.7 5’), that R is a noetherian excellent strictly
henselian local ring, that R/m is an algebraically closed field, and that Go(M)Ro is a
semisimple group over the open subscheme R° of Spec(R) defined by the complement
of the maximal point Spec(R/m) of Spec(R). From the properties implied by the
excellence property we need just that R is an N-1 ring (cf. def. of [Ma, 31.A]), i.e.
the normalization R,, of R in its ring of fractions is a finite R-module, and in particular
it is a noetherian ring. As above we can also assume (cf. 4.3.6 3) or 4.3.7 4)) that R
is integral; but we think it is instructive not to do so.
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PART 1. The integrality of 7(go) gives us a direct sum decomposition gl(M) =
g0(M) @ go(M)~+ and the integrality of B and B* implies that the Killing form b(M)
on go(M) is perfect. Let Aut(go(M)) be the group scheme (of finite type) over R
defined by the Lie algebra automorphisms of go(M), and let Go(M )¢ be the connected
component of the origin of Aut(go(M)), defined as the closure in Aut(go(M)) of the
connected component of the origin of the fibres of Aut(go(M)) over points of Spec(R)
of codimension zero.

CLAIM 2. Go(M)* is a subgroup of Aut(go(M)). It is a semisimple adjoint
group over R, having go(M) as its Lie algebra.

Proof. We first remark that for any algebraically closed field k& which is an R-
algebra, Lie(Aut(go(M))z) is the Lie algebra of the differentiations of go(M) ® k; the
same argument -based on the fact that the Killing form of go(M) ® k is perfect- as
in the characteristic zero case, gives us Lie(Aut(go(M)z)) = go ® k. So, by reasons
of dimension, the tangent space in the origin of Go(M )4 is also go ® k. This implies
that Aut(go(M)) is smooth (over R) in the origin (the argument for this is the same
as the one used in Claim 1, in a similar situation) and that every fibre of it is a smooth
group, which is the extension of a semisimple adjoint group by a finite étale group.
The finite étale group corresponds to outer automorphism of the Lie algebra of the
semisimple part of the extension.

As R is a strictly henselian ring, we deduce from the smoothness of Aut(go(M))
in the origin, by using translations, that Aut(go(M)) is smooth over R in any point
of the connected component of the origin of a fibre of it. All these points belong to
Go(M)*, and by reasons of dimension, they are smooth points of G (M )24,

But Go(M)?? has all its fibres connected: an inner automorphism of a semisimple
Lie algebra can not specialize to an outer automorphism. To see this, we first remark
that go(M) is defined over a subring of R which is finitely generated over Z. So
everything comes down to checking this in the case of a complete DVR, having an
algebraically closed residue field. If R is such a ring, then the open subscheme of
Go(M)?? defined by putting together the connected component of the origin of its
fibres is a semisimple group, and so everything results from 3.1.2.1 ¢).

So Go(M)® is a smooth subgroup of Aut(go(M)) and has connected fibres. So
Go(M)* is a semisimple group over R (cf. the above statement on the fibres of
Aut(go(M))). We have Lie(Go(M)>d) = Lie(Aut(go(M)) = go(M). Go(M)>*d is an
adjoint group as its fibres over points of Spec(R) of codimension zero are. This ends
the proof of claim 2.

PART 2. Let go(M) =t @© g, be a Weyl direct sum decomposition of go(M) with
acd

respect to a system of roots ® associated to the Lie algebra t of a maximal split torus
T34 of Go(M)2d (T3 exists as R is a strictly henselian local ring). For any o € ®
let G4,o be the subgroup of Go(M)?* having g, as its Lie algebra. The inequality
p>s(go, W) implies that for any a € ®, every = € g,, as an endomorphism of M,
satisfies 2P = 0. Let « be an arbitrary emlement of ®. Let V(g,) be the affine scheme
over R defined by the R-module g, (for an R-algebra R;, V(ga)(R1) = ga @ R1).
There is a natural identification V(g) = Gg,q-

The homomorphism exp: V(go) — GL(M), defined on an R-valued point x € g,
by exp(x) = Zf;ol f—, (the above sum is an isomorphism of M as x is a nilpotent en-
domorphism of M), is an isomorphism: at the Lie algebra level we get an isomorphism
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Lie(V(ga)) = 8o We deduce that G, o(R) C GL(M)(R) and so the groups G, can
be considered as subgroups of GL(M).

We treat first the special case when R is a complete DV R with an algebraically
closed residue field. Let G§’g be the semisimple simply connected group cover of
GO(M)gd. Using [Ti, 3.1.1] we get that the subgroup of G§°¢(S) generated by the
subgroups G, o (R) is hyperspecial. It is mapped under the composite homomorphism

o= Go(M)g — GL(M)g into GL(M)(R). From 3.1.2.1 a) and c) we deduce that
Go(M) is a reductive (and so semisimple) subgroup of GL(M).

We come back to the general case. The special case implies directly that:

d) The reduced subscheme of the connected component of the origin of any fibre
of Go(M) is a semisimple group scheme.

CrLAM 3. There is a subtorus T of GL(M) having t as its Lie algebra.

Proof. First we remark that Ty is well defined (it is the inverse image of T&%
under the natural homomorphism Go(M)s — Go(M)%). So Ts is a split torus. Let
C' be the set of characters of T through which it acts on M ® S. We consider the
direct sum decomposition M ® S = @,ccM{ associated to the faithful representation
Ts — GL(M ®S). So Ts acts on M through the character 7. We need to show that
the above direct sum decomposition of M ® S extends to a direct sum decomposition
of M, i.e. that the natural R-linear map

iTZ EB»YGCM’Y — M,

with M7 := M N MY, is an isomorphism.

To see this, let B(P) be a basis of roots of ®. Let o € B(®). Let sla(a) be the
Lie subalgebra of go(M) generated by g, and g_,. As go(M) is the Lie algebra of
the adjoint group Go(M)*!, and as p > 2, we deduce that it is an sl Lie algebra over
R; so the notation is justified. As an R-module, it is isomorphic to R3. We choose
a standard basis {ha,Za, Yo} Oof it. SO Zo € Ga, Ya € §—as ha € [a,-a), and the
formulas hy = [Ta,Yal, [Pa;Ta] = 224 and [ha, ya] = —2y, are satisfied. h, is a
semisimple element of t. Over S it generates the Lie algebra of a subtorus Tg, of
GL(M ® S). It is a split torus, as it is a subtorus of the split torus Tg.

The key fact is: as p>s(go, W), we deduce that the eigenvalues of h,, as a
semisimple endomorphism of M, are integers in the set A(a) = {—p+1,—p+2,....,p—
1}. For any i € A(«) let M (i) be the R-submodule of M formed by elements on which
he acts as multiplication with ¢. So if any two such integers are not congruent mod
p (and so they are not congruent modulo m) (this is the case if p > 2s(gg, W)) then
M = ®ica(mM (7). To see that this remains true even when two distinct eigenvalues
are congruent mod p we have to make use of z, and y,.

We need to show that for any ¢ € {1,...,p — 1}, if v(p — i) € M(p —4) and
v(—1i) € M(—i) are such that

(1) v(p — 1) +v(—i) € mM,
then v(p — i) € mM (p — i) and v(—i) € mM(—i). We can assume that p —i>i. We
prove this by induction on ¢ € {1, ..., ”2;1 )

So let us first treat the case when ¢ = 1. Applying first z, to the relation (1)
a couple of times v(—1) gets annihilated. Applying then y, to the result the same
number of times (to bring the things back) we get something which is a multiple of
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v(p — 1) by an integer which is non-zero mod p. But what we get is in mM. In
fact it is in mM (p — 1): we get this by applying first p — 1 times z,, to (1) and then
applying (backwards) p — 1 times y, to (1). So v(p — 1) € mM(p — 1). Similarly
we get that v(—1) € mM(—1). We deduce that M(p — 1) and M(—1) are direct
summands of M, and so they are free (R being a local ring). For j € {1,....,p — 1} let
M;(p—1) = xJ,(M(p—1)). It is a submodule of M (p—1—2j). Let Mo(p—1) := M(p—1)
and let .
M(p—1) = &b M;(p— 1).

Using the fact that p is greater then all eigenvalues of the endomorphism h, of M
we deduce that yo(M;(p — 1)) = M;_1(p — 1), Vi € {1,...,p — 1}. This implies that
M(p — 1) is a direct summand of M, and so a free R-module.

To proceed further on we just have to repeat everything for ¢ = 2 and for the
quotient sly(a)-module M/ M (p — 1). Then we repeat everything for ¢ = 3 and the
new sly()-module which is the quotient of M/M(p — 1) (by a similarly constructed
M (p — 2) submodule), etc. The induction becomes obvious.

We conclude that M is a direct sum of submodules on which h, acts diagonally.
This implies that Ts, extends to a subtorus T, of GL(M).

Let T := [oes(@) Ta- As the subtori T, of GL(M), o € B(®), commute one

with each other, we get a group homomorphism i: T — GL(M), obtained by taking
the product of homomorphisms T, < GL(M). Over S, i7 factors through Ts. Let T’
be the quotient of 7' by the finite flat group subscheme (over R) of T, which over S
is the kernel of the factorization Ts — Ty; this finite flat group scheme is the kernel
of i7. The notation is justified, i.e. the fibre of T" over S is indeed the torus T's we
previously considered. We get a homomorphism T'— GL(M). T is a split torus over
R as R = R

The group of characters of T' is the same as the group of characters of Tg. So T
acts on M through the characters v € C, achieving a direct sum decomposition of M
on submodules on which it acts diagonally through the characters of C. This proves
that ip is an isomorphism and that T is a subtorus of GL(M). This ends the proof
of claim 3.

Let now
U(M):=T x H Ga,a-
acd

Let up:U(M) — GL(M) be the morphism defined by taking the product of the
inclusions of the factors of U(M) in GL(M). Tt factors through Go(M). We have:

e) ups is injective on points with values in fields (i.e. it is radicial);

f) In any R/m-valued point of the group scheme U(M), ups induces an injection
at the level of tangent spaces, producing a surjection at the level of cotangent spaces;

g) At the level of completions of local rings (defined by an R/m-valued point of
U(M)), ups induces an epimorphism.

e) is a direct consequence of d) above (cf. [Bo, 14.14] and the particular case).
As over R/m wyy is a locally closed immersion (cf. the special case), using translates
(U(M) being smooth over R), it is enough to check part f) in the origin of U(M).

But in this case it results from the fact that the tangent space of U(M) in the origin
Spec(R) — U(M) is go(M) (cf. the definition of the factors of U(M) and of the
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expression of their Lie algebras), and from the fact that go(M) is a direct summand
of gl(M) (as m(go) is enveloped by M). Part g) is a direct consequence of f) and of
the fact that R/m is an algebraically closed field.

We consider the simply connected group cover Go(M)*¢ of Go(M)2d. T fixes
7(go), as Ts does. So T acts under the adjoint representation on go(M). We get a
homomorphism mp: T — Aut(go(M)). As Aut(go(M)) is a subgroup of GL(go(M)),
the kernel of myp is the same as the kernel of the representation of T' on go(M).
But any linear representation of a split torus (over R) is a direct sum of irreducible
one-dimensional representations (associated to characters). So ker(mr) is a finite flat
group scheme over R. The quotient of T by it is a subtorus of GL(go(M)), and so a
subtorus of Go(M)??: any torus over a field is a geometrically connected variety. This
subtorus of Go(M)? is nothing else but the subtorus 7% we considered in the first
paragraph of Part 2.

The inverse image of 7% under the natural isogeny Go(M)*® — Go(M)>d is a
maximal torus T°¢ of Go(M)*. We get an isogeny i°¢: T°¢ — T34 of split tori over R.
Its kernel is the center of Go(M)%¢. Moreover i*¢ factors through T, as this happens
over S. We get another isogeny of split tori 75 — T. Let Cp be its kernel. It is a
finite flat group scheme over R, contained in the center of Go(M)*. Let Go(M) be
the semisimple group over R which is the quotient of Go(M)*¢ by Cr. From the very
construction of Cr we get that Go(M)g is Go(M)s.

We want to show that Go(M) is Go(M). We have a morphism lo: Go(M)g —
Go(M). We view it as a rational map from Go(M) to Go(M). We also view it, keeping
the same notation, as a rational map from Go(M) to GL(M).

We have a canonical homomorphism Go(M) — Go(M)2d. U(M) is an open
subscheme of Go(M): each factor of U (M) (i.e. T and each G, o, a € ®) are subgroups
of Go(M). This is obvious for Ga,a, i-€. the subgroup G, of Go(M), corresponding to
an element « € ®, is mapped isomorphically into the subgroup Gg o of Go(M)2d (we
are dealing only with central isogenies). For T this is obvious from its construction.
So we can apply [SGA3, vol. 3, p. 172]; we get:

ad

h) The rational map Iy is defined in codimension 1.

We first assume that R is a normal ring, i.e. that R = R,. From h) and from
[BLR, th. 1 of 4.4] we deduce that [y can be extended to a morphism Iy: Go(M) —
GL(M). 1 is a group homomorphism, as Go(M) is a smooth scheme over R, and as
the fibre of I; over S is a group homomorphism. From the special case we deduce that
all the fibres of [; are closed immersions. But [y is proper (as its fibre over S is proper,
this results from the valuative criterion of properness, cf. 3.1.2.1 ¢)), and so it is a
finite morphism. From Nakayama’s lemma we deduce that [; is a closed immersion,
and so, Go(M) = Go(M). This ends the proof in the case R = R,,.

We would like to point out that if R is as in the special case (i.e. it is a complete
DVR with an algebraically closed field), from 3.1.2.1 ¢) we get directly that I is a
closed embedding. This represents a second proof of the special case without reference

o [Ti, 3.1.1], but based on the elementary result [BLR, th. 1 of 4.4]: the facts e-g)
above, obtained based on d) above, were not needed to get h).

We now come back to the genaral case (i.e. we do not assume anymore that
R = R,,). From the fact that the result is known for R,,, and from the fact that R,, is a
finite R-module, we deduce the existence of a finite morphism Go(M) g, — GL(M). Tt
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factors through Go(M), producing a finite dominant morphism Go(M)g, — Go(M).
We deduce that:

i) The reduced scheme defined by Go(M)g /m 18 a semisimple group having as its
Lie algebra go(M) ® R/m.

This implies that the localization of u,; in the R-valued point defining the origin of
GL(M), is a finite morphism. From g) above we deduce that it is a closed embedding.
This implies that around the origin, wys is a closed embedding. We deduce that Go(M)
is smooth in the origin. As any R/m-valued point of U(M) has a lift to R (as R is a
strictly henselian ring), using translations with R-valued points of Go(M), we deduce
from i) above, that Go(M) is smooth in all its R/m-valued points. As Go(M)go is
smooth over RY, we deduce that Go(M) is a smooth scheme over R, and so it is a
subgroup of GL(M). From the fact that Go(M) o is a semisimple group over R°, and
from i) above, we get that Go(M) is a semisimple group over R. This ends the proof
of the case b) and so of the proposition.

4.3.10.1. REMARKS. 1) 4.3.10 b) remains true if instead of Q (and Z,)) we
work with an arbitrary field K of characteristic zero, which is the field of fractions of
a DVR O of mixed characteristic (and with O), and if, instead of 7(go), we work with
any other projector m of gl(W) on gg centralized by go (the role of 7(go) was just to
produce a direct sum decomposition gl(W) = go ® g7 ).

Moreover, the condition p > 2 is not needed: If p = 2 = s(gg, W) then 4.3.10 b)
remains true as it can be easily checked. Of course in the majority of cases for p = 2
we get a non-perfect Killing form on go(M). However:

1’) Part 2 of the above proof of 4.3.10 b) is a result independent of Part 1 (we
just needed that there is an adjoint group over R whose Lie algebra is go(M)). It is a
result on representations of a Lie algebra of an adjoint group, and so it remains true
even if the Killing form (or the trace form) on go(M) is not perfect.

Part 1 of the above proof of 4.3.10 a) is a result on the existence of adjoint groups
having a prescribed Lie algebra which is subject to the condition that its Killing form
is perfect.

2) 4.3.10 a) remains true if instead of Z we work with any other Dedekind domain
D of characteristic zero having an infinite number of maximal ideals (the number N
being replaced by a non-zero ideal of D).

3) 4.3.10 admits versions in positive characteristic. Of course, some precautions
have to be taken. For instance the restriction of the trace form on gl(W) to go (or g)
might not be perfect. Concentrating just on 4.3.10 b) we can state:

4.3.10.2. With the notations of 4.3.4, we assume that there is a projection my of
gl(W) on go, annihilated by go, and that the Killing form on g is perfect. If s(go, W)
is not greater than the characteristic p of the residue field of O, if this residue field
is perfect, and if p > 2, then the family of tensors formed by my, B and B* (as the
Killing form on gg is perfect, we can define B and B* as in 4.3.2) is strongly O-well
positioned for the group Gy.

The proof of this is entirely analogous to the proof of 4.3.10 b). We just have to
check -it is easy- that the condition s(gg, W) <p can be used in the same manner as
in the proof of 4.3.10 b) (instead of e) of 4.3.7 4) we have to use d) and f) of 4.3.7
4)). It can be easily checked that the condition on the residue field being perfect is
not needed.
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4.3.10.3. The family of tensors of 4.3.10 a) is not so suited for explicit compu-
tations, while the one of 4.3.10 b) is. The advantage offered by the family of tensors
of 4.3.10 a) is: it cuts out of gsp(M, ) the Lie algebra of the group G(M) (cf. Claim
1 of 4.3.10) by using only one tensor 7(g). However we do not use it in the rest of
the paper. There are variants of 4.3.10 a) when GSp(W, ) is replaced by another
reductive subgroup of GL(W).

4.3.11. ExaMpPLE. We consider the case of Shimura varieties of PEL type, to
emphasize that the (incipient) idea of using Z,)-very well positioned families of tensors
goes back to [LR]. We use the situation and notations used in [Ko, ch. 5]. For simplicity
we denote the nondegenerate Q—valued alternating form on V' by .

CrAM. The elements of Op form a family of tensors which is strongly Zp)-very
well positioned with respect to 1 for the group G.

Proof. The conditions imposed on B imply that the group scheme over Z,) de-
fined by the invertible elements of Op is reductive.

We get that the group scheme C' over Z,) defined as the centralizer of Op in
GL(L) is reductive. This is a property of linear representations of semisimple algebras
over discrete valuation rings of mixed characteristic. In our case, passing from Z,) to
W(F), Op ® W(F) is a finite product of algebras of the form End(V), with N a finite

free W (F)-module. So, inside V®@gW (IF) [%] we can find a W (IF)-lattice M such that M

is a direct sum of irreducible representations of Op ® W (FF) (and so M/pM is a direct
sum of irreducible representations of Op ® F). Using the fact that the determinants
(as defined in loc. cit.) of Op with respect to L ® W (F) and with respect to M are
the same, we deduce that the two representations of Op ® F on M/pM and on L@ F
are isomorphic. So C' is indeed a reductive group scheme over Z,). It is defined by
the invertible elements of a Z,)-order of a semisimple Q-algebra.

Moreover there is n € N such that 1 times the bilinear form b on Lie(C) induced
by the trace form Tr on gl(L) is perfect. This can be read out from the end of [Sh,
2.1]. For instance, with the terminology and notations of the loc. cit., we can take
n =3 if Lis of type I, I or 111, etc. Here we use that B is a simple Q-algebra.

The fact that Op is self-dual with respect to 1 implies that Lie(C) = ¢ @ ¢*,
with ¢ := Lie(C) N Lie(GSp(L,)) and with ¢ := Lie(C) N Lie(GSp(L, 1))+ (here
Lie(GSp(L,v))* refers to perpendicularity with respect to the trace form). So the
closure Gz, of the connected component G of the origin of the intersection of Cgp
with GSp(V,v) in GSp(L, %) is a reductive group scheme over Z,).

To see this let § be the connected component of the origin of the special fibre of
Gz,,,- The above direct sum decomposition of Lie(C') implies that the dimension of
Lie(9) is equal to the dimension of §, and so § is a smooth group over F,. So Gz,
is smooth over Z,) in the points of §. From the fact that %b is a perfect form on
Lie(C'), we deduce that G is a reductive group over F,. This results from the fact that
the Lie algebra n of the nilpotent radical of G is zero as it is included in the null space
of the restriction mod p of the symmetric bilinear form %b: [Boul, p. 41] implies
that n is perpendicular to ¢, while from the definition of b and ¢+ we get that n is
perpendicular to ¢t; here perpendicularity is with respect to %b. From 3.1.2.1 ¢) we
deduce easily that Gz, is a reductive group over Z) (i.e. its special fibre is G).

Using 3.1.2.1 a) and c), and the determinant condition of [Ko, ch. 5], the same
things remain true if we work with an arbitrary reduced ring R which is faithfully flat
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over Zpyy, with a free R-module M which satisfies M [%] =W ® R and envelopes the
elements of Op with respect to ¢ (i.e. with the same arguments we get that the group
scheme over R defined by the invertible elements of B ®z,,, R is reductive, that its

centralizer in GL(M) is a reductive group scheme Cr over R, and that G R[] extends
Lp.

to a reductive subgroup Gg of GL(M)). This ends the proof of the claim.

4.3.12. REMARK. We start with an injective map (G, X) — (GSp(W,v), S).
Let B we the subalgebra of End(WW) formed by elements fixed by Gj it is a semisimple
Q-algebra. The connected component G of the origin of the subgroup of GSp(W, )
fixing B contains G, and we get an injective map (G, X) — (G1,X;) (with X3 de-
termined naturally by X). (G, X7) defines a Shimura variety (it is easy to see that
the axiom SV3 of 2.3 is satisfied) of PEL type (cf. their def.; see [Mi4, p. 161]). We
call it the PEL-envelope of (G, X) with respect to the injective map f. The tensors
of degree 2 does not allow us to distinguish (G, X) from (G, X;). So we were forced
in 4.3.10 to make use of tensors of degree 4, to be able to conclude that the closure
of G in a GL(L(,)) (for some particular Z,)-lattices L) of W) is a reductive group
scheme over Z ).

4.3.13. The case of a torus. We consider a situation of the form T — GL(M)
with T the connected component of the origin of the center of a reductive subgroup G
of GL(M), and with M a free module of finite rank over a discrete valuation ring O.
Let B be the subalgebra of End(M), formed by endomorphisms commuting with G.
Then B forms a family of tensors which is strongly O-very well positioned for T'. To
see this we can assume (cf. 4.3.7 5’)) that O is a strictly henselian DVR. Then T is a
split torus and M = ®,egM,, with J a set of characters of T, and with T" acting on
M, through the character o (Vo € J). Now the subfamily of B (cf. 4.3.7 7)) formed
by the projections of M on M, (a € J) (they are fixed by G) associated to the above
direct sum decomposition, is obviously strongly O-very well positioned for T'.

4.3.14. REMARK. Let Gy — G — GSp(W, ) be injective group homomor-
phisms between reductive groups over Q. Let p be a rational prime. We assume the
existence of a family of tensors (v, )aeg, in spaces of the form W™ @ W*®" which
is Z(p)-very well positioned with respect to ¢ for the group G. We assume also the
existence of a Z,)-lattice L enveloping the above family of tensors with respect to ¢
and such that there is a torus T' of the closure Gz, of G in GSp(L, ) having as its
centralizer in Gz, the closure of Gy in GSp(L, ).

FacT. The family of tensors (va)acg, can be enlarged (by adding only tensors of
degree 2) to a family of tensors (vVa)aecg, with § O o, which is Zy-very well positioned
with respect to 1 for the group Gy.

This is a direct consequence of 4.3.13. A similar result can be stated for strongly
or weakly Z,)-very well positioned families of tensors.

4.3.15. REMARK. Let O be a DVR and let (M, %) be a symplectic space over
its field of fractions K. Let O; be a DVR which is an étale cover of O and let K1 be
its field of fractions. Let G be a reductive subgroup of GSp(M, ). If there is a family
of tensors (84 )acy, in spaces of the form M®™ @ M*®" @ Oy which is strongly (resp.
weakly) O;-very well positioned for the group G, , and if there is an O-lattice L of M
such that L ® O; envelopes the above family of tensors with respect to ), then there
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is a family of tensors (wg)geg of degree not bigger than the maximal degree of the
tensors of (sq)acy,, situated in spaces of the form M®™ @ M*®" which is enveloped
by L and strongly (resp. weakly) O-very well positioned with respect to ¢ for G. This
is so due to the fact that the tensors of L®™ @ L*®" ® O, fixed by the reductive group
Go,, the closure of Gk, in GSp(L ® Oq,1), are linear combinations with coefficients
in O; of tensors of L®™ @ L*®" fixed by the reductive group Go, the closure of G
in GSp(L,). We can take the family (wg)secy of tensors showing up in such linear
combinations of the tensors of (54 )acg,- The same thing remains true when we do not
work in the relative context (i.e. when we replace GSp(M, ) by GL(M) and there is
no alternating form ¢ on M).

4.3.15.1. 4.3.15 remains true if instead of O; we work with the completion of O
(the argument is the same).

4.3.16. The relative PEL situation. Let O be a discrete valuation ring of
mixed characteristic and let K be its field of fractions. Let M be a free module of
finite rank over O. Let G be a reductive subgroup of GL(M) and let L C End(M) be
a semisimple algebra over O. So L ® O is a product of algebras of the form End(P)
with P a free module over O%". We assume that the subgroup C(L) of GL(M) fixing
L is a reductive group over O and that the connected component Gy of the origin of
C(L) NG (defined as the closure in G of the connected component the origin of the
generic fibre of C(L) N G) is a reductive group over O, containing the maximal torus
of the center of G. We assume that the bilinear form on g := Lie(G9") induced by
the trace form Tr on End(M) is perfect, and that 7 (g) leaves invariant Lie(C(L)).
We also assume that one of the following two conditions is satisfied:

1) There is a torus T of G such that Gy is contained in the centralizer G° of
T in G, G& = G%P and the inclusion G4 — G4 becomes over O" the diagonal
embedding of GZ°" in a product of a finite number of copies of GI*, which are permuted
transitively (under conjugation) by the invertible elements of L ® O";

2) A rational multiple of Tr restricts to a perfect form on Lie(C(L)).

Let (Sa)acg be a family of tensors of the tensor algebra of M & M* fixed by
G, which is enveloped by M and is O-very well positioned for G. Then the family
of tensors formed by (S4)acg, 7(g), and all the tensors of degree 2 fixed by Gy and
enveloped by M (the elements of L are examples of such tensors), is O-very well
positioned for Gy. The proof of this presents no difficulty, being just an extended
version of 4.3.11 and 4.3.14. The same remains true in a strongly or weakly context.

We refer to the above situation as the relative situation defined by the triple
(G,L,T) (resp. by the pair (G, L)) if condition 1) (resp. condition 2)) above is
satisfied. When 2) above is satisfied we get the relative PEL situation generalizing
4.3.11. We would like to remark that in 4.3.11 the tensor 7(g) is still present in
disguise: cf. the connection between ¢ and Op (see [Ko, ch. 5]).

4.3.17. REMARK. If in 4.3.4 we have W = W; @& W5 and ¢ = 91 @ ¥ (with
(Wi, ;) a symplectic space over K), if H; is a reductive subgroup of GSp(W;,v;),
and if (Sq)aeg; is a family of tensors of the tensor algebra of W; @ W} which is O-well
positioned with respect to v; for H;, i = 1,2, then the family of tensors (5a)acgiugsu{1}
(of the tensor algebra of W @ W*; here s; is the projection of W on Wj having W5 as
its kernel) is O-well positioned with respect to ¢ for H := H; x Hy. The same thing

remains true for O-very well positioned families of tensors, or in a context without
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¥, or in a strongly or weakly context, or if H is replaced by a reductive group H,
obtained from H in the same manner as we got G3 from G; X G2 in Example 3 of 2.5.

5. The basic result. We present the standard procedure for proving the exis-
tence of integral canonical models of Shimura varieties of Hodge type.

5.1. THEOREM. Let (G, X) define a Shimura variety of Hodge type and let p > 2
be a prime such that G is unramified over Q,. We assume that the pair (G, X) satisfies
the following condition with respect to the prime p:

*) There is an injective map [:(G,X) — (GSp(W,),S) such that there is a
family of G-invariant tensors (va)acg, in spaces of the form (W @ W*)&@m
(with m € N) and of degree not bigger than 2(p — 2), which is Z-very well
positioned with respect to Y for the group G .

Then Sh, (G, X) exists and has the EEP.
Proof. For the sake of clarity we divide the proof into steps.

5.1.1. Step 0. Preliminaries. Let f: (G, X) — (GSp(W, 1), S) be an injective
map for which there is a family of G-invariant tensors in spaces of the form (W ®
W*)®™ and of degree not bigger than 2(p — 2), which is Z,-very well positioned
with respect to ¢ for the group G. We fix such a family (v4)aeg, and a prime v of
E := E(G, X) dividing p.

Let L be a Z-lattice of W such that L, := L ®Z,) envelopes the family (va)aeg,
and we have a perfect form ¢: L ® L — Z. This implies (cf. def. 4.3.4) that the
closure Gz, of G in GSp(Ly, ) is a reductive group scheme over Z,. So the group
H:={9€GQ) | g(Ly®Zy,) = L, ® Zp} is a hyperspecial subgroup of G(Q,).
Due to 3.2.7 it is enough to work with (G, X, H,v). Let K, := {g € GSp(W,¥)(Q)) |
9(L®Zy) = L®Z,}. It is a hyperspecial subgroup of GSp(W, ¥)(Q,).

The fact that G is unramified over Q, implies that v is unramified over p [Mi3,
4.7). Let F := k(v). Let M be the extension to O(v) of the integral canonical model
Sh,(GSp(W, v), S) of (GSp(W, ), S, Kp, p) (cf. 3.2.9). Let N be the normalization of
the closure of Shy (G, X) in M. Let Vp := W(F) and let Ky be its field of fractions.
Let N := Ny, and M := My, .

We claim that N is formally smooth over V{. For this it is enough to show that
the completion of the local ring of N in a point Spec(F) — N is Vo[[X1, . . ., X4]], with
d := dim X. This is achieved at the end of Step 5 (of 5.5 below).

5.1.2. Step 1. The moduli setting. We start with an arbitrary point
y: Spec(F) — N.
From the definition of N we deduce (cf. 3.4.2) the existence of a morphism
my:Spec(V) — N

lifting y, with V' the normalization of Vj in a finite field extension K of Kj.

Using the interpretation of Sh,(GSp(W, ), S) as a moduli scheme (working with
the lattice L) (see 3.2.9 and 4.1), we get a universal principally polarized abelian
scheme (A,P4) over Sh,(GSp(W, ), S) (of relative dimension equal to half the di-
mension of W over Q), having (compatibly) level-N symplectic similitude structure
for any N € N satisfying (p, N) = 1. Let (Ant, Par) and (A, Pw) be its pull back to
M and respectively to N.
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my gives birth to a principally polarized abelian scheme (A,p4) over V', having
(compatibly) level-N symplectic similitude structure for any N € N satisfying (p, N) =
1. We fix an embedding j: K — C. We still denote by j its restriction to K, V, K or
Vo. The morphism Spec(K) — Shy (G, X)k, = Nk, induced by my can be lifted to
a morphism u: Spec(K) — Sh(G, X)x, such that the point z € Sh(G, X)(C) induced
from wu through the inclusion j, is of the form [h, a] with the p-component of a equal
to one (ie. a € G(A%) as we have Ay = A% x Q). This results from the fact that
G(Q,) = G(Q)H [Mi3, 4.9].

The subgroup of GSp(W, ¢) fixing (va)acg, might not be G. Let (v4)aeg, with
J D Jo, be an enlarged family of tensors such that G is the subgroup of GSp(W, )
fixing them. If g\ Jo is finite (we can assume this, cf. [De3, 3.1], but it is irrelevant
for what follows), then the family of tensors (v, )aeg is essentially finite.

We think of Sh(G, X)¢ as the moduli scheme associated to the injective map f,
the lattice L and the family of tensors (vy)acg (cf. 4.1). Using d), e) and f) of 4.1 for
the point z, we deduce that:

a) the isogeny class of Ac is given by the pair (W, h);
b) Ac has a family (¢, )acg of Hodge cycles, the Betti realization of ¢, being vy;

c) the linear map Vy(Ac) =W @Ay LA W ® Ay induces a similitude isomorphism
(H1(Ac,Z) @ Z,pa) = (L ® Z,%) (pa being the polarization of A).
As a € G(A}) we deduce that Hi(Ac,Z) ® Z, = L ® Z,, (this identification is
unique up to an isomorphism of L®Z, induced by an element of G(Z,)) := G(Q)NH)
and that (under this identification) pa = B(,)%, with B,y € G (Zp)). Let

Hgt = Hét(AﬁCva) = Hét(AR,Zp)§

it is identified with L* ® Z,. So there is a family of tensors (va)aeg in spaces of the
form (H}, ® Hi")®™ ® Q, such that:

(5.1.3) Va €], v, is the p-component of the étale component of ¢,,.

(5.1.4) There is a cycle ¥ H} @ H}, — Z,(—1), which is a perfect alternating form (it
comes from the polarization of the Q-Hodge structure on W* = H(Ac, Q)
induced from the Q-Hodge structure on W defined by h). The cycle ¥ differs
from the perfect alternating form py: Hj, ® H}, — Z,(—1) (induced by the
principal polarization p4) just by multiplication with a Z,-unit. It is fixed by
the Galois group Gal(K/K).

(5.1.5) For any integral ring R which is faithfully flat over Z,, and for every free
R-module My satisfying Mg [%] = H}, ®Qz, R[%], and enveloping the family of
tensors (vq)acg, With respect to ¢, the closure of GR[%] in GSp(Mg, ) is a
reductive group over Spec(R).

(5.1.6) The subgroup of GSp(H}, ® Q,, ¢) fixing the family (vy)acyg is exactly Go,-

(5.1.7) The Galois group Gal(K /K) fixes the tensors (va)aeg-

For 5.1.5-6 we think of G as a subgroup of GL(W*). 5.1.5 results from 4.3.5 and
4.3.6 1) as the family (va)acg, 15 Z(y)-well positioned with respect to v for the group
G. 5.1.3-4 and 5.1.6 are trivial.
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5.1.8. 5.1.7 results from the fact that the family (¢, )acg of Hodge cycles of Ac is
defined over K: from the fact that the abelian variety A over V has level-IN structure
for any N € N relatively prime to p, we deduce that the l-components of the étale
components of the Hodge cycles of this family are defined over K (here [ is an arbitrary
prime different from p).

5.2. Step 2. Crystalline machinery.

For 5.2.1-10 and 5.2.13-14 we follow closely [Fa3]. The new things are 5.2.1.1 and
the use of the ring Re.

5.2.1. Let m be a uniformizer of V. As V is totally ramified over Vj, there is an
Eisenstein polynomial f.(T') € V[T of degree e := [K : Ky such that f.(7) =0is a
minimal equation for 7 over V. Denoting R := V,[[T]], we get V = R/ f.R.

g

Let S, be the subring of K[[T]] generated by R and divided powers e neN. As

n!?

pn—T € R,Vn € N, and as f. is an Eisenstein polynomial, this is the same as the subring
of Ko[[T]] generated by R and divided powers (T;!)n, n € N. Let Re be the p-adic

completion of S, and let Re be the completion of S, with respect to the (decreasing)
filtration given by its ideals I, = I, n € NU {0}, where I := (p, f.(T)) = (p,T°).
So Re is the projective limit of artinian rings S./I,,, n € N. We recall that T ("] is the

P31 )
ideal generated by elements of the form ill‘ 'i’:;, , with m, a4, ..., a,, non-negative

integers such that a1 + - -+ 4+ a,, > n, and with B1yeeoyBm € 1.

We get that the Vg-algebra Re (resp. Re) is contained in K[[T]] and consists of
power series Y, 5 oayT™ such that the sequence of numbers b,, = a, [%] I, ne NN {0},
is integral, i.e. b, € Vp, Vn € NU {0}, (resp. it is integral and convergent to zero).
Here we used p > 2.

Let ® be the Frobenius of S., Re or Re extending the Frobenius automorphism of
Vo and such that ®(T) = T?. A decreasing filtration is defined on Re and Re by the
rule: For m € NU{0}, F™(Re) is the ideal of Re obtained as the p-adic completion of
the ideal of S, generated by divided powers % with n > m, while F" (Ee) = I, Re.

We have ring epimorphisms S, — V, Re —» Vj, Re — Vo defined by the rule
Yn>o0anT™ — ag. We have also a ring epimorphism Re —» V, sending T to 7.

5.2.1.1. REMARK. S./pS. is a local ring with the property that any element of
its maximal ideal is nilpotent. Its residue field is F. So any reductive group over S, is
a split group, and so any reductive group over Re is also a split group.

5.2.2. Keeping the notations of 5.1, let (M, @, V) be the Frobenius crystal over
Re defined by taking the dual of the Lie algebra of the universal vector extension of
the abelian variety A (or of the p-divisible group associated to A) (see [Fa3]).

M is a free Re-module of dimension dimpg.(M) = dimg(W) endowed with an
Re-submodule F'(M). V is an integrable connection (nilpotent mod p) on M. @y,

is a V-parallel ®-linear endomorphism of M. The restriction of ®,; to F1(M) is
LY,

divisible by p and we have an isomorphism (M + %Fl(M)) ®pe pRe — M. We

have M/F*(Re)M = H},(A/V). The submodule F'(M) of M is the inverse image
of the Hodge filtration of Hir(A/V) defined by A, under the surjective map M —»
M/FY(Re)M = H)p(A/V). So F'(Re)M C F'(M).
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Using F'' (M) the tensor algebra of M & M* gets a natural filtration. In particular
we speak about F"(M®?"), with n € N.

5.2.2.1. Let (Mo, ¢q) := (M, ®pr) Qe Vo. It is the contravariant Dieudonné-
module of Ap. There is an isomorphism

PIReE——

of Frobenius isocrystals [Fa3, ch. 6].

5.2.3. Let V be the integral closure of V in K and let V" be its p-adic completion.
Let Sy be the ring consisting of sequences (2, ),enu{o}, With z,, € V/pV and z,,_1 =
zP, ¥n € N. Gal(K/K) acts naturally on Sp.

The Gal(K/K)-module Q,(1) can be identified with sequences (fin)nenuoy of p-
power roots of unity (these are elements of V') such that y,_; = uf, ¥n € N. Taking
such sequences modulo p, we get a group homomorphism v: Q,(1) — G,,(Sp) respect-
ing the Galois actions. For an element z € V, we choose a sequence (2(n))nenuqoy of
elements of V such that z(0) = z and z(n — 1) = z(n)P, Vn € N. Taking this sequence
modulo p we obtain an element z € Sy, well defined by z up to multiplication with an
element of (Z,(1)).

Let W (Sp) be the ring of Witt vectors of Sy. Let 6: W (Sy) — V" be the ring
epimorphism defined by 0((zo,71,...)) = >_,50P"Tnn, Where (Tnm)menuqoy is the
sequence (of elements of V /pV) used for defining =, € Sy. Let ¢ := f((x,0,0,...)).
It is a generator of the kernel Iy of 6.

Let BT(V) be the Fontaine’s ring defined as the p-adic completion of the di-
vided power hull of the ideal Iy of W(Sy). BT (V) is a W(Sp)-algebra and so a
Vo-algebra, as W (Sy) is a Vp-algebra. It has a (decreasing) filtration F*(B*(V)) by
divided powers: F™(B*(V)) is the p-adic completion of IJ", n € N U {0}. We have
BY(V)/FY(BT(V)) = V~. The Frobenius of W(Sp) extends to a Frobenius ® of
BT (V) (it makes sense to still denote it by ®, cf. 5.2.4). The Galois group Gal(K/K)
acts in an obvious manner on BT (V), respecting its filtration.

There is a well defined homomorphism

B:Zy(1) — FH(BT(V)),

obtained by taking log of the homomorphism obtained by composing the Teichmiiller
map Q,(1) — G,,(W(Sp)) (obtained from ) with the canonical homomorphism
Gm(W(Sp)) — G, (BT(V)). We have ® o 3 = pB. We also denote by 3 the im-
age of a fixed generator of Z,(1) through this log map £.

5.2.3.1. Let B;,(V) be the completion of B (V)®Q, in the filtration topology.
We have Bjo(V)/FY(Bjp(V)) = E* := VA[Y]. Let Bap(V) = Bjz(V)[2]. Tt
F'(By4r(V))iez obtained from the filtration of B}, (V) by

(
declaring 5 €F” Y(Baqr(V)). As K is separable over K, and so formally smooth over

it, we can lift the inclusion K < K" = B1.(V)/FY(Bj,(V)) to a Ko-monomorphism
K — Bip(V).

has a decreasmg filtration

5.2.4. There is an injective homomorphism of filtered rings

iy: Re — BT (V)
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defined by: T'— 7. It respects Frobenius. We have F"(B*(V))NRe = F"(Re),Vn €
N U {0}, and an isomorphism of graded V"-algebras grp(Re) @y V" = grp(B*(V))
[Fa3, ch. 4], induced by 4y. As M is a crystal over Re, the tensor product M ®pge
B*(V) acquires a canonical Gal(K /K )-action.

5.2.5. Let us return to the situation of 5.1. The integral version of Fontaine’s
comparison theorem [Fa3, th. 7] provides us with an injective linear map of filtered
B*(V)-modules

p:M @p. BT(V) — H}, ®z, BT (V).

The filtration on M ®g. BT (V) is the tensor product one, while the filtration on
H}, ®z, BT(V) is the one induced by the filtration of B* (V). We list the properties
of p we need.

(5.2.6) p respects Frobenius and the Galois actions.

(5.2.7) Inverting p, we obtain an isomorphism denoted by p;.

(5.2.8) A tensor v, € (HY ® HY)®™(®) @ Q,, a € Jo (resp. a € 3\ Jo) corresponds
through p; to an element w, € FO((M ® M*)"(®)) (resp. to an element
Wwo € FO((M ® M*)®r(®) [2])), with r(a) := § deg(va).

(5.2.9) We have @) (wy) = wq and Vw, =0, Va € J.

(5.2.10) Under the identification M/F'(Re)M[1] = Hjp(Ax/K), the tensor wq is
mapped into the de Rham component of the Hodge cycle t,, Va € 7.

(5.2.11) The bilinear maps py, ¥ H} ®H}, — Z,(—1) are inducing bilinear maps M ®
M — Re(l) = SRe which become perfect alternating forms py, v M @
M — Re.

(5.2.12) The subscheme Gre of GSp(M, 1)) obtained by taking the closure of the
subgroup GRe[%] of GSp(M[%]JLM) fixing wq, Vo € g, is a reductive group
scheme over Spec(Re), isomorphic to Gre.

5.2.6-7 are part of Fontaine’s comparison theory. The existence of pas, ¥ar (of
5.2.11) results from 5.2.13 below or from the functorial character of Fontaine’s com-
parison theory (for the category of p-divisible groups over V). The fact that pyy, Y
are perfect can be seen looking at their restriction modulo F''(Re).

The bilinear map 1 induces an isomorphism (H2)* = H}, (1) (of Galois modules)
and ¥, induces an isomorphism M = M*(1) (of filtered Frobenius crystals). So we get
isomorphisms (H, @ HL)®™ & HiE?™(m) and (M @M*)@™ & M®2™(—m), ¥m € N,

Using these isomorphisms, 5.2.9 and the part of 5.2.8 involving the family of
tensors (va)aeg\g,» result from the Fontaine’s theory. If n € N, then:

5.2.13. The Qp-vector spaces spanned by a Galois-invariant class we¢ €
Hl 11®2n
ét [5]

through the map p;, with the Q,-vector spaces spanned by a class w € F™ (M ®2n [%])

(n) (also called an étale Tate-cycle) are in one to one correspondence,

which is V-parallel and fixed by ®%, := ®,;/p™. The correspondence is achieved
through the formula pi(w ® 1) = wg ® G™.

5.2.13 has been stated in terms of (Q,-vector spaces as there is no natural choice for 3
(cf. 5.2.3); we could have also stated it in terms of free Z,-modules of rank one. The
part of 5.2.8 concernining the family of tensors (vy)acy,, results from the fact that
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(Va)acg, are integral (i.e. they are tensors of the tensor algebra of H}, & HZ*) with
deg(ve) < 2(p—2), Va € J, and from the following key supplement of 5.2.13 [Fa3,
cor. 9]:

5.2.14. If n < p — 2, then in the correspondence of 5.2.13, wg; is integral (i.e an
element of H;®*"(n)) if and only if w is integral (i.e. iff w € F™(M®)).

5.2.15. We now prove 5.2.10. This property results from the following observa-
tions.
1) Tensoring the isomorphism p; with Bgr(V') (using the canonical two inclusions
B (V) = Bl,(V) < Bqr(V)), we get an isomorphism, which can be written in the
form
p2: Hip(A/V) @y Bar(V) = HY, @z, Bar(V)

(the inclusion V' — Bggr(V) is induced by the inclusion K — Bj,(V) of 5.2.3.1; we
have used the canonical identification M ®g. V = Hjo(A/V) and 5.2.2.1).

2) The isomorphism po is nothing else but the isomorphism which comes up in
the de Rham conjecture, proved in [Fal] (with slight correction in the unpublished
[Fa2]) (i.e. the comparison map for the p-divisible group of an abelian variety over V

is the same as the comparison map for the abelian variety itself- cf. [Fa3, introd. to
ch. 6]).

3) The Hodge cycles (to)acg are de Rham cycles. This means that pa takes the
de Rham component t,4p of t, into the p-component of the étale component v, of
ta-

1) is obvious. For proving 2) it is enough to show that the isomorphism
pP3: MQ ®V0 B(V) g Helt ®Zp B(V)

(with B(V) := B*(V) [ﬁ]) obtained from p; through the isomorphism M[}%] = Mo ®
Re [%] of 5.2.2.1), is exactly the isomorphism

pa: Mo @v, B(V) = Hy, @z, B(V)
of the crystalline cohomology, defined for the abelian variety A over V (see [Fal, 5.6]).

To see this it is enough to show that the isomorphism p3 o p; ! of H} @ B(V):

i) preserves the FO-filtrations,

ii) and becomes identity on H}, ® FO(B(V))/F*(B(V)).

This is so due to the fact that there is no element of End(H},) ® F'(B(V)) fixed by
Frobenius.

Due to the way in which Hj, can be recovered from H!p(Ax/K) through the
comparison map, we get that p; ' takes H}, into FO(B(V)). This implies i).

For ii) it is enough to check that the Hodge-Tate structures defined on H}, ®
FO(B(V))/FY(B(V)) by the two isomorphisms p3 and p, are the same. This is done
(by direct computation) in [Fa5, the proof of th. 4] for abelian varieties over Spec(V[z])
(with z an independent variable), and so, due to functoriality (under the morphism
Spec(V[z]) — Spec(V)), for abelian varieties over V.

The proof of 3) is almost contained in [Bl]. The extra ingredient is an improve-
ment in Principle B of [Bl, 3.1], as our abelian variety might not be defined over Q, a
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condition required in [Bl, 3.1] (of course as N is defined over O(,), we can select the
lift my: Spec(V) — NO of y in such a way that the abelian variety A is defined over
Q). This improvement in Principle B is achieved by the trick of Lieberman.

We can think of the de Rham component w,, of t, as a tensor of H},(A/V)®?r(®)

and so as a tensor of Hg;(a) (A™(@) )V, where A™(®) is the product of A over V taking
r(a) times (for instance A% = A xy A). If r(a) = 1, there is nothing to be proved
(p2 respects algebraic cycles of degree 2). For r(a) > 2 we get 3) above for t, as a
consequence of the following general principle.

5.2.16. Principle B. Let L be the field of fractions of a complete DVR of mized
characteristic having a perfect residue field of characteristic p. LetY be a geometrically
connected smooth variety over L, and let II: B — Y be an abelian scheme over Y. Let
n>2. Then if a pair v = (Vey,Var), with vey € HO(Y, RML(Q,)®*"(n)) and with

var € HY(Y, RLx(B/Y)®?"), is a de Rham cycle in a point z; € Y (L), then it is a de

Rham cycle in any other point zo € Y (L).

Proof. Let B™ be the n-times product of B over Y. All the spectral sequences
connecting the cohomology of B™ with the cohomology of Y degenerate (this is called
the trick of Lieberman). This results from the fact that B™ has many endomorphisms
over Y -which have to respect the spectral sequences- defined by multiplying with
integers the different factors B of B™. For every pair (r,q) of positive integers we
obtain commutative diagrams (which are part of these spectral sequences)

d _
E;",q E;+2,q 1
|5

g

d _
E;“,q E2r+27q 1’

where @ and b are multiplications with some integers ny and ns. For a suitable choice
of multiplications on the factors B of B™, we can achieve nj # no.
This implies that the L-linear map

Hip(B" /L) — HO(Y, Ryp(B/Y)®*")
is surjective. The rest of the proof is exactly as in [Bl, 3.1].

5.2.17. We are left with the proof of 5.2.12. We first remark that once we know
that G e is a reductive group scheme over Spec(Re), the fact that it is isomorphic to
GRre (Re is a Z,-algebra) is a direct consequence of the fact that Gre and Gpe. are
both split reductive groups (cf. 5.2.1.1) and of 5.2.7-8 (which guarantees that they
are isomorphic over Spec(BT (V) [%]) (cf. the uniqueness of a split reductive group

associated to a given root datum; see [SGA3, vol. 3, p. 305]).

5.2.17.1. To prove that Gp. is indeed a reductive group over Re we can move
over the faithfully flat Re-algebra Rel := Re ®y, V. Re! is an integral ring: it is a
subring of K[[t]]. It is also a V-algebra. We have an isomorphism

1| o 1
po: M ®pge Ret [p} S HIR(Ak/K) @K Re' [p}
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taking w, into taqg, Va € J, and taking pps into the perfect form pa: Hip(A/V) ®
H}-(A/V) — V. It is defined starting from the isomorphism M[%] = My ®v, Re [Iﬂ
of 5.2.2.1, and from the isomorphism M/F!(Re)M = Hip(A/V).

The fact that po takes w, into tngqr, Yo € J, results from 5.2.15 3), as the
extension of py* to Bgr(V) (we have a natural inclusion Re' < Byg(V), cf. 5.2.3)
when composed with the extension of p; to Bgr (V') is nothing else but the isomorphism
p2 of 5.2.15 (cf. the way po and ps are defined). Obviously pg takes pas into pa (cf.
the def. of pps and the functoriality of 5.2.2.1).

5.2.17.2. We have an isomorphism
Hy, @ K = Hap(Ax/K)

taking v, into tagr, Ya € g, and taking 1 into pa: Hip(Ag/K) ® Hin (A /K) — K.

To see this, we first remark that such an isomorphism exists over the field Lyg(u)
obtained from the field of fractions of Byr(V') by adjoining a square root of 3. This
results from 5.2.13 1) and 2): po takes p4 into B¢ (cf. 5.2.11), and so over Lgg(u),
by changing the extension of ps (to Lgr(u)) by a scalar factor u, we get rid of the
scalar 0. Now everything results from the well known fact: Hjlcf (K,Gg)=0,as Vis
a complete DVR with an algebraically closed residue field. Here the right lower index
ff refers to the faithfully flat topology.

5.2.17.3. From 5.2.17.1-2 we get an isomorphism
1| ~ 1
ps: HY, @ Re' H M @g. Re! H
p p

taking v, into we, Yo € J, and taking ¢ into pas. From 5.1.5 we deduce (cf. 5.2.8)
that the closure of the subgroup of GSp(M ®pg. Re' [%],ﬁM) fixing wy, Ya € J, in
GSp(M ® Rel, pyr) is a reductive group scheme over Spec(Re!). So G re is a reductive
group scheme over Spec(Re). This ends the proof of 5.2.12.

5.2.18. REMARK. It is an easy exercise to see that under the identifications
HcllR(AK/K) =M ®pe K = My Qv, Re®@ K = My ® K

(as defined by inverting p in the isomorphisms of 5.2.2 and 5.2.2.1), Va € g, tagqgr is
an element of the tensor algebra of (My @& M{) [%], and so we could have avoided the

replacement of Re by Re' in 5.2.17.1-3.

5.2.19. REMARK. In applications of 5.1 to the proof of the main results of 6.4,
we use only families of G-invariant tensors (v )aeg, in spaces of the form (W@ W*)®m
(with m € N) and of degree not bigger than 2(p—2), which are Z,)-very well positioned
for the group G (i.e. we do not work in the relative situation with respect to ).
Moreover we can choose the family (v, )aecg such that G is the subgroup of GL(W)
fixing it. This simplifies the things, in the sense that we do not have to keep track of
all bilinear forms (¢, pa, P, etc.) we came across.

5.3. Step 3. The existence of a good morphism Spec(V;) — N lifting y.

5.3.1. Let M == M ® re Re be the Frobenius crystal over Re obtained by extension
of scalars. It is the dual of the Lie algebra of the universal vector extension of the
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p-divisible group over V(p) := V/pV associated to the abelian scheme A; := Ay ().

At the level of filtrations we have F*(M) ®g. Re C F! (M) Fl(M) is the pullback
of the Hodge filtration of H},(A;/V (p)) defined by A;, through the surjective map
M—»M®g V(p) =M Qg V(p) = Hip(A1/V(p)).

Let G'g, and Gy be the reductive groups obtained from G g, through the canon-
ical ring homomorphism Re — Re — V. Let My = M@Re V =MQ®grV =
H},(A/V) and let F*(My) be its Hodge filtration defined by A. It has the prop-
erty that F'(My )@y ;C is the F1? summand of the Hodge direct sum decomposition
Hj,(A)V) @y ;C = F19 @ F%! (here j is the inclusion of 5.1.2). Let uc:G,, —
GL(My ®; C) be the cocharacter such that v € G,,(C) acts as identity on F*! and
as multiplication with v~ on F19. n¢ factors through Gy xy ;C. Let uy: G,, — Gy
be a cocharacter which over C becomes conjugate to uc. Let My = F‘l, @ F8 be the
direct sum decomposition obtained from p1: vy € G, (V) acts as multiplication with
vyt on Fb and as identity on F.

Let P! be the parabolic subgroup of Gy which leaves invariant F''(My) and
let P? be the parabolic subgroup of Gy which leaves invariant F{.. As p; and puc
are conjugate over C, we deduce that P} and P become conjugate over C and so
they are conjugate over K. As PL and P2 are defined over K, we deduce from
[Bo, 20.9] that they are conjugate over K, i.e. there is an element g € Gy (K) such
that gP2g~! = PL. From the Iwasawa decomposition [Ti, 3.3.2] we deduce that
Gv(K) = Gy(V)P?(K). This implies the existence of an element gy € Gy (V) such
that goP2ga1 = P'. We get a direct sum decomposition My = F' @ FO, with
F! = go(F'), associated to the cocharacter p := go,ulgo_lz Gy, — Gy. The parabolic
subgroup of Gy which leaves invariant F'! is P'. This implies F'(My) = F*. To see
this we can move to C. There is an element g; € G (C) such that g; (F}(My)®C) =
F'®C and so g; Plg;' = Pi. We deduce that g; € P'(C) (cf. [Bo, 11.16]) and so
FI(My)®C=F'®C.

5.3.2. LEMMA. The cocharacter u:G,, — Gy can be lifted to a cocharacter
Gy — Gy,

Proof. Let by be the ideal of Re generated by the divided powers of f.. Let
b, := bg + In]?ie, n € N. Let S,, := Spec(ée/[née) and T, := Spec(ﬁe/bn). T, is a
closed subscheme of S, and of T}, 1, while S, is a closed subscheme of S, 41, n € N.
We have T,, 11 NS, = Tp,.
We first remark that
Re = proj.lim. Re/I, Re

and
V = proj.lim. Re/b,

(as p > 2 and as ﬁe/[nﬁe is p-adically complete); the projective systems are indexed
by n € N. Second we show: if ji,,: G, — Gg, (with n € N) is a cocharacter such that
pin|Tn = p|T, then there is a cocharacter pin41: Gy — G, , such that g, 1|Thp1 =
| Try1 and pin41|Sn = pn (here if i5: Yo < Y is a closed embedding and if v is a
morphism between two Y-schemes, we denote by v|Y = i§v).

To prove this, let fi,41: Gy, — G, ., be any (group homomorphism) lift of y,, (cf.
[SGA3, vol. 2, p. 48]). Now fi,41|Th+1 and u|T,41 are two lifts of u|T,,. From loc.
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cit. we deduce the existence of an element h,, € ker(G g (T11) — Gg,(T,)) such that
P (fins1|Thi1)h,t = p|Thy1. From the smoothness of G g, we deduce the existence
of an element hy € ker(G g (Snt1) — Gg,(Sn)) such that under the homomorphism
Gg.(Snt1) = Gg (Thy1) it goes to hy,. Then pip 1 = hoﬂn+1h51 satisfies the required
conditions.

We start with a cocharacter ui: G, — Gg, lifting p|77. We build up inductively
tn: G, — Gg, as above. Conclusion: we can choose [i in such a way that ii|S,, = pi,
n € N. Obviously |V = p. This ends the proof of the lemma.

5.3.3. Let now ji:G,, — Gg, be a cocharacter lifting p. It achieves a direct sum
decomposition M = F' @ FO with the property that F! ®pg, V = F(My).

As Spec(ée) is a projective limit of nilpotent thickenings of V' (p), from the de-
formation theory of principally polarized abelian schemes (cf. [Me]; see also [FC, p.
14]) we deduce the existence of a principally polarized abelian scheme (;1, Pj) over
Re associated to the filtered crystal (M, ﬁl, Dy, V) (we still denote by @ and V
the Frobenius and the connection on M induced from those on M by extension of
scalars: the ring homomorphism Re — Re respects the Frobenius) and the symplectic
form pg on M (obtained from pys by extension of scalars; it guarantees that we get
things over Spec(Re) and not only over Spf (Ee)), such that under the epimorphism
Re — V, it becomes (A, p4) (this results from the fact that F1(My ) = F* ®p, V and
that py is obtained from pg by tensorization).

5.3.3.1. LEMMA. The morphism m: Spec(Re) — M associated to (A,p;) and
its level-N symplectic similitude structures (lifting those of A1), factors through the
closure of Nk, in M.

Proof. We can move from Re to R¢ := C[[T]] under the composition

§: Re — Re v, V& Re v, V<g—1>(C[[T]].

(the first inclusion being the natural one). gg is the affine transformation taking 7" into
i~ 1T + 7, with 7 the uniformizer of V used in 5.2.1. This is well defined as the series
Yoo ”n—, is convergent in V' (as p > 2). g; is the inclusion defined by the inclusion

j:V — C (of 5.1.2) and by the fact that it takes T" into ](ﬂ% Under the canonical

surjective map g Ve = ﬁRe Vo> with ﬁﬁe Ve the free module over Re generated by
dT, the Gauss-Manin connection of M (defined by 121)7 becomes the extension to M of
the connection V of M (of 5.2.2). This implies that % annihilates w,, Va € J. The
principally polarized abelian variety over C, obtained from the principally polarized
abelian variety over Spec(R¢) induced from (fl,p ;) through g, by taking (in Rc)
T =0, is the extension of (A4, p4) to C induced by j. We have ﬁ =ml7¢and

6T 1
Sme—1T = qe—1-

Now everything results from 4.1.5. This ends the proof of the lemma.

5.3.4. Let Re™ be the normalization of Re in its field of fractions. The natural
surjection Re — Vj factors through Re™ (due to the graded structure of Re™ inherited
as a subring of K[[T]], ¢f. 5.2.1) producing a natural surjection Re™ — Vj. From
5.3.3.1 and the definition of N we get a morphism

Spec(Re™) — N.
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So we get a morphism
mo: Spec(Vo) — N

lifting y. It gives birth to:

(5.3.5) a principally polarized abelian scheme (Ag, py) over Spec(Vp) (it is obtained
from (Ax, Px) by pull back) having (compatibly) level-N symplectic similutide struc-
ture for any N € N satisfying (N,p) = 1 (defined by a similitude isomorphism
kn: (L®Z/NZ,v) = (A[N], po) of principally quasi-polarized finite flat group schemes
over Vp);

(5.3.6) a family (t2)neg of Hodge cycles of Aok, (we recall that Ko = Vj [%] ).
We have:

(5.3.7) The quadruple [Aoc, poc, (t9)aey, k] is a class of A(G, X, W, 1)) (see 4.1) (here
k is induced as in 4.1.1 from the the isomorphisms ky, N € N, while the embedding
Vo — C is the inclusion j of 5.1.2).

(5.3.8) Under the identifications
Hip(Ao/Vo) = Mo = Hey(Aow/Vo) = M & Vo

the de Rham component u, of t0 is obtained from w, through the epimorphism
Re — Vi, Va € g, and is a tensor of (M @ Mg)®r(®) [%] if « €\ do and a tensor of
(Mo @ M)®(@) if o € .

(5.3.9) If ¢ is the Frobenius endomorphism of My, we have po(uq) = ta, Vo € J.
(5.3.10) The polarization py induces a perfect alternating form g: Mo ® My — Vp(1)
(i-e. Yolpo(t), po(2)) = po(Yo(t,2)), o being the Frobenius automorphism of Vp).
(5.3.11) There is a direct sum decomposition My = F1 & F°, with F! as the Hodge fil-
tration of My = H;R(AO/VO) defined by Ay, such that u, € F° ((Mo ® M§)®T(O‘) [%] ),
VYaed.

(5.3.12) The subgroup of GSp(Mjy,) obtained by taking the closure of Gk, (the
subgroup of G'Sp(M, [ﬂ,wo) fixing u,, Yo € J) is the reductive group scheme Gy,
and the decomposition My = F' & F? is associated to a cocharacter Ho: G — Gy,
with Sy € G, (Vo) acting through p as multiplication with G, on F*, i =0, 1.

All these things result from the analogue properties (see 5.2.8-12) of the family of
tensors (wq)acyg (situated in spaces of the form (M & M*)®™ [%]) (5.3.9 results from
5.2.9 and the isomorphism of Frobenius crystals M[%] = My ® Re [%] of 5.2.2.1).

5.4. Step 4. Local deformation.

5.4.1. Let R := V|[z1,. .., z.]] be a ring of formal power series with coefficients in
Vo, and let ® 5 denote the Frobenius-lift on R, which extends the Frobenius o of V; and
sends z; — zF. Let A be an abelian scheme over Spec(R). Let M(A) := H},(A/R).
It is a free R-module of rank twice the relative dimension d(A) of A. Let F!(M(A))
be its Hodge filtration. We have:

(a) FY(M(A)) is a direct summand in M (A); its rank as a free R-module is d(A).
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(b) There is a ® z-linear endomorphism ®4: M(A) — M (A) whose restriction to
F1(M(A)) is divisible by p and such that it induces a V(A)-parallel isomorphism

B (M(A) + %FI(M(A))) 95 5, R M(A).

Here the connection V(A) on M(A) is induced from the Gauss-Manin connection
Vi (of A) on M(A), through the canonical surjective map Qg v, — QR/VD, with QR/VO
the free R-module having as a basis dz1, ..., dz.. The connection on the left-hand side
is induced from V(A). We refer to the quadruple

(M(A), F* (M(A)), @4,V (A))

as the p-divisible object of Fontaine’s category M3 1 (R) (this category is defined in
the same manner as for smooth Vj-algebras; see [Fal]) defined by A.
The above facts are just a variant of Grothendieck-Messing’s theory, cf. [Me].

5.4.2. Let now Spec(Ry) be the completion of Sp(Mjy, 1) in the origin. We
have an isomorphism Ry = Vy[[z1, ..., z¢]], with € := 202 4 £ for £ := L dimg(W). Let
Spec(Rp) be the completion of the derlved subgroup Gder of Gy, in the origin. We
have Ry Vo[[21, ..., 2e,]], with e := dim G9°*. The mcluswn Gder — Sp(My, o)
produces a surjection ro: Ry — Ry. We choose identifications Ry = Vp[[21,. .., 2]
and Ry = Vp[[#1,. - ., 2e,]] such that the epimorphism 7y of Vp-algebras is deﬁned by:
z; — z; ifi < e, and z; — 0if i > e;. Let now & and ®p, be the Frobenius lifts of
Ry and respectively Rq such that they take z; — 2 and are compatible with o.

5.4.3. Let O, be the local ring of y in M, let 6\ be its completion and let
(Ay,pa,) be the principally polarized abelian scheme over Spec(O ) obtained from
(Ant, Pae) through the composite morphism Spec( y) — M — M. We fix an iso-
morphism O S Vollz1y - - -5 Zes]], With ez := dim Sh(GSp(W 1), S), such that the epi-
morphism (9 —- Vo, assomated to the morphism Spec(Vp) — M 1nduced from my, is
identity on Vy and sends z; to zero. Let ®, be the Frobenius-lift on (‘)y, such that it
extends the Frobenius of Vj and sends z; to 2. Let (M, F1 ®,V,) be the p-divisible
object of Mg 1]( y) defined by A,. The principal polarization p4, induces a perfect
alternating form ,: M, ® M, — (9

5.4.4. We consider now the triple (MRovF}zo’(DO) defined by Mz := My ®y,
Ry, F}%O = F' ®y, Ry and ®¢ = ggp(po ® 1), with gg, the universal element of
Sp(Mo, 1) (Rg) defined by the natural morphism Spec(Ry) — Sp(My, o).

From [Fa3, th. 10] we deduce easily the existence of an abelian scheme Ay over
Spec(Ry), with Ag = A, x g, Vo (the surjection Ry — Vj is the identity on Vj and
sends all z; to 0), and such that the p-divisible object of MJ[g 1j(Ro) defined by Ag,
is exactly (Mg,, F}%O, ®g, Vo) (the connection Vo on Mg, is uniquely determined by
the considered triple, cf. loc. cit.).

There is a unique principal polarization pg on Ag/ (that is why we get an abelian
scheme over Spec(Ry) and not only over Spf(Ry)) corresponding to 1 and lifting the
principal polarization py of Ag (cf. the theory of deformation of principally polarized
abelian schemes). The principally polarized abelian scheme (Ag ,pg,) endowed with
the level-N (symplectic similitude) structures lifting those of A, is obtained from
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(Ay,pa,) (and its level-N symplectic similitude structures obtained from those of
(Ant, Pr) by pull back) through a morphism corresponding to a ring homomorphism
ayzay — Ro (here N € N, (N,p) = 1). Warning: «, might not respect the two
Frobenius @, and @5, .

5.4.4.1. If (AR,,py, ) is the principally polarized abelian scheme over Spec(Ry)
obtained from (A,,pa,) through ro o ay, then the p-divisible object of MJFg (o)
defined by A, (together with p, ) can be identified with (Mg, , F'r,, ®1, V1) (together
with wo), where Mp, = My ®v, R, F}% = F! ®v, Ro, ©1 := ggdcr((po ® 1), with
ggaer the universal element of G (Rg) (this results from the fact that ro respects the
Frobenius actions), and with V; the unique integrable connection on Mg, such that
@, is Vy-parallel ([Fa3, th. 10]).

From the uniqueness of such a connection Vi, we deduce (cf. [Fa3, rm. ii) after
th. 10]) that it respects the G{*-action. This means that Vi is of the form d + yg,,
with ygr, € Lie(G?,‘;r) ® ﬁRo/Vm Here QRO/VO is the free module over Ry having as a
basis dz1,...,dze,. As G“i/ﬁr C Gvy,, we deduce that Viu, =0, Va € J. As the Gauss-
Manin connection on Mg, associated to Ar, becomes under the canonical surjection
Qry /vy — QRO/VO the connection V;, we deduce that %Zi annihilates u,, Vo € §
(i =1,e1). We have (Ag,,Pr,) ®r, Vo = (Ao,p0) (as oy takes the ideal (z1,..., z.,)
into the ideal (z1,...,2z)).

5.4.5. The morphism Spec(Ry) = M associated to (A Ro»Pr,) and its level-N
symplectic similitude structures, N € N such that (N,p) = 1, induced from those of
(Ao, po) (Ro is a strictly Henselian ring) factors through the closure of Shy (G, X) g, in
M (moving from Vo[[21, - .., z¢,]] to C[[z1, . . ., Ze, ]], this results from 5.4.4.1 and 4.1.5),
and so it factors through N (Ry being a normal ring). We denote this factorization

by ¢1: Spec(Ry) — N.

5.4.6. The Lie algebra g := Lie(Gy,) is the Lie subalgebra of gsp :=
Lie(GSp(My, 1)) centralizing us, Vo € J. So g ® Ky is left invariant by ¢g. Let
F(g):={z eg|x(F')C F'} and Fl(g) := {x € g | z(F') = 0}. Similarly we define
fori = 0,1, Fi(gsp). Fi(g) is the intersection of g with F(gsp), i = 0, 1. This implies
that F(g) are direct summands in g. We deduce easily that the quadruple

(8,0, F°(g), F'(g))
is a p-divisible object of MJF|_; 1)(Vo), i.e.

w(I%Fl(g) L F(g) 4+ pg) = g

(this Frobenius transform is included in g and is a direct summand of gsp, cf. the
existence of po in 5.3.12; so it is g). We call it the (Shimura) filtered Lie o- crystal
attached to the Vp-lift mg of y. Forgeting the filtration we get the (Shimura) Lie
o-crystal (g, ) attached to the point y.

Similarly we get that gg := Lie(G%,g) gets a filtration, and go [%] gets a Frobenius
automorphism (still denoted by ¢), resulting in a p-divisible object of MJ|_1 17(Vb).
So we similarly speak about the (Shimura) adjoint Lie o-crystal attached to y, etc.

5.4.7. From 5.4.5-6, we deduce the existence of a commutative diagram of Vj-
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schemes .
Ty c® To

J [

Spec(Rg) c Spec(Ry)

| I
N — M
and a morphism m;: Spec(Vy) — Ty such that:

a) Ty = Spec(Vo[[z1,- - ., %e,]]) = Spec(Qy) and Th = Spec(Vp|[z1,. .., 24]]) (we
recall that d = dim X = dim Sh(G, X));

b) @ is the morphism associated to a,: 0, — Ro;
c) to, tp and ¢; are closed immersions;

d) the tangent space of Ty (in tg o my) is a direct supplement of F(sp(Moy, 1))
in sp(Mo,vo);

e) the tangent space of T} (in my) is a direct supplement of F°(g) in g;

f) g1 041 0 my = myg.
We have d = dimy, (g/F°(g)) and ez = dimy; (sp(Mo, 1)/ F°(sp(Mo,10))) (to justify
these formulas it is enough to remark that these dimensions are computing the di-
mension of the (compact) dual Hermitian symmetric space of a connected component
of X and respectively of S; this can be seen moving over C and using 5.3.1). Here
we identify the tangent space of Spec(Rg) (resp. of Spec(Rp)) (in the Vj-valued point
obtained by taking all z; = 0) with the Lie algebra of G“i,ﬁr (resp. of Sp(My,o)).

5.4.8. LEMMA. The ring homomorphism (5; N 6; associated to qi o ig S an
isomorphism.

Proof. 1t is enough to show that the tangent map of g, is an isomorphism. If
this is not true, we deduce the existence of an epimorphism 6; 24 0= Fle]/(e?)
such that the composition b := ac o gy factors through F, i.e. bc = i o pr, where
pr: 6; —» [F is the homomorphism of Vj-algebras taking z; into 0, and ©:F — C' is
the natural inclusion. But the Kodaira Spencer map of the F-crystal over Spec(C)
attached to the abelian scheme over Spec(C) obtained from A, through b¢ is injective
(cf. 5.4.7). On the other hand, as bo = i o pr, it is zero. We reached a contradiction.
This proves the lemma.

The above lemma details the last sentence of [Fa3, rm. iii) after th. 10].

5.5. Step 5. End of proof. Let Og be the local ring of 3 in N. From 5.4.7-8
we deduce that the ring homomorphism n: (92 — 0 := Vl[z1 ..., 24]], associated to
the morphism ¢; 04;: Ty — N, induces by completion an epimorphism r: (92 — 0. But
(92 and O are local excellent normal rings of the same dimension. This implies thar r
is an isomorphism. As y was an arbitrary point of N, we conclude that N is formally
smooth over Vy and so N is formally smooth over O(,). From 3.4.4 we deduce that
N is an integral canonical model of the quadruple (G, X, H,v) having the EEP. This
ends the proof of 5.1.
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5.5.1. REMARK. From 5.5 and 5.4.7 we deduce that we can identify Spec(ég)
with the completion of the quotient Gy, /Py, in the Vp-valued point of it defined by
the origin of Gy, (here Py, is the parabolic subgroup of Gy, having F°(g) as its Lie
algebra) (to be compared with [Fa3, ch. 7]).

5.6. Comments.

5.6.1. COROLLARY. If Hy is a compact open subgroup of G(A];) small enough
then N/Hy is the normalization of the closure of Shy,xn(G,X) in M/Hy, and is a
quasi-projective scheme. The morphism N/Hy — M/Hy is a formal immersion in
any point of N/ Hy(F).

The quasi-projectiveness part is a consequence of the fact that M is a pro-étale
cover of a quasi-projective smooth scheme over O, (cf. [Mu]).

5.6.2. COROLLARY. The integral canonical model Sh,(G,X,H) of the triple
(G, X, H) is obtained by taking the normalization of the closure of Shy (G, X) in the
extension to the normalization of Z,) in E(G, X) of the integral canonical model of
the quadruple (GSp(W, ), S, K,,p). It has the EEP.

5.6.3. ExAMPLE. Using 4.3.11 we recover (for primes p>3) the well known
results (cf. [Ko]) concerning the existence of integral canonical models of Shimura
varieties of PEL type.

5.6.4. REMARK. Morally N should be a closed subscheme of M. To see why
this should be so, we can move to V. We start with two Vj-valued points of N, zo
and 1, giving birth to the same F-valued point y of the special fibre of M, and which
give birth to two different Ky-valued points of N, zo and z;. Using a prime 1 different
from p, and using the level-I"V structures for any N € N, we get that the two families
of tensors of the tensor algebra of H} (Ar,Q;) @ H} (Ar, Q)" (here Ay is the abelian
variety over I obtained from Axgy, through the point y) defined by the two families
of I-components of étale components of the Hodge cycles with which the two abelian
varieties over Ky (obtained from Ay, through the points zg and z1) are naturally
endowed, are the same.

This should imply that the two families of tensors of the tensor algebra of (Mo @
M) [%] (with My := H},,.(Ar, Vo)) defined by the de Rham components of the above
two families of Hodge cycles, are the same (this is true if we have only cycles of
degree 2, as they come from endomorphisms of A). If this is true, then we easily get
that actually x¢ and z; give birth to the same F-valued point of N (cf. 5.4.7-8; see
also 5.5.1). At least in the case of the PEL situation [Ko, ch. 5], we do regain the
well-known fact that N is a closed subscheme of M.

However if p is a rational prime big enough, N is a closed subscheme of M (cf.
3.4.7). In [Va2] we show how the validity of the Langlands-Rapoport conjecture (men-
tioned in 1.7) for N implies that N is a closed subscheme of M.

5.6.5. REMARK. 5.3.4 remains true for any Vj-valued point of N. More generally:
for any W (k)-valued point of N (with k an algebraically closed field of characteristic
p) we get:

a) A principally polarized abelian scheme (A, p4) over W (k) (obtained from (A, P)
by pull back) having (compatibly) level-N symplectic similitude structure for any
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N € N satisfying (NV,p) = 1 (defined by a similitude isomorphism ky: (L ®
Z/NZ,v) = (A[N],pa) of principally quasi-polarized finite flat group schemes

over W(k));
b) A family (tn)acg of Hodge cycles of Ap() (with B(k) := W (k) [%])
We have:

¢) Under the identification of Hjg(A/W(k)) = M = H}, (Ar/W(k)) the de-Rham
component u, of to belongs to (M @ M*)®"[] if a € \ o, and to (M @
M*)®(@) if o € J.

d) ¢(uq) = uq, Ya € J, ¢ being the Frobenius endomorphism of M.

e) The polarization p4 induces a perfect alternating form ¢: M @ M — W(k)(1)
(we have ¥(p(t), p(2)) = po(k)(¥(t, 2)), o(k) being the Frobenius automorphism
of W(k)).

f) There is a direct sum decomposition M = F1@F? with F'* as the Hodge filtration
of Hjp(A/W(k)) = M defined by A, such that u, € FO((M @ M*)®r(®)[1]),
Vo € .

g) The subgroup of GSp(M & B(k), ) fixing uq, ¥V« € g, is (reductive and identified
with) G (). The subgroup Gy () of GSp(M, ), obtained by taking the closure
of Gp(r), is a reductive group scheme over W (k), and the decomposition M =
F'@ FY is associated to a cocharacter iy (k): G — Gw (x, with By € G, (W (K))
acting through it as multiplication with ﬂo_i on Fi, i=0,1.

h**) There is an isomorphism

H}, (A L) @2, W(K) 5 Hip(A/W (k)

taking the p-component of the étale component of ¢, into (de Rham component)
Uq (of ty), for any a € J.

The part a)-g) is just a reformulation of 5.3.4 for a W (k)-valued point of N. A
proof of h) will be given in [Va2]. Its proof solves positively the following conjecture
of Milne (slight restatement):

5.6.6. Conjecture ([Mi5, 0.1]). Let A be an abelian scheme over the ring
W (k) of Witt vectors of an algebraically closed field k of characteristic p and let
B(k) := W(k) [%] Let (ss)ser be a family of Hodge cycles of A, including a polar-
ization. We assume that the closure in GL(L,), with L, := Hélt(flm, Zy), of the
subgroup of GL(L, ® Q,) fizing the p-component of the étale component of s5, Vo € I,
is reductive. We also assume that p is big enough with respect to the dimension of A.
Then, for some (any) faithfully flat W (k)-algebra R(k), there is an isomorphism of
R(k)-modules

Ly, @z, R(k) S Hjp(A/W (k) @w k) R(k)

mapping, for any § € I, the p-component of the étale component of ss into de Rham
component of ss.

5.6.7. REMARK. The well known results for integral canonical models of Siegel
modular varieties (pertaining to universal principally polarized abelian schemes over
them) concerning the existence of an ordinary isogeny type in positive characteristic
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and the existence of canonical lifts of ordinary abelian varieties (over perfect fields),
remain valid for our model N. We get results pertaining to the principally polarized
abelian scheme (A, Py) over it (cf. 1.6 and [Va2]); we call special any such principally
polarized abelian scheme over N.

5.6.8. REMARK. In [Va2] we will see that in the majority of cases the whole of
5.6.5 remains true without assuming that the (perfect) field k is algebraically closed.

5.6.9. REMARK. We can work out 5.1 with a family of tensors which is Z,-very
well positioned instead of a family of tensors which is Z,)-very well positioned. The
only thing changed is: we get Q,-linear combination of (components of) of Hodge
cycles instead of (components of) Hodge cycles. Even better: in 5.1 it is enough
to assume the existence of a family of tensors (of degrees not bigger than 2(p — 2))
enveloped by L, ® Vj and which is Vp-well positioned for Gg,. This is a consequence
of the proof of 5.1: we needed that condition 4.3.5 to be satisfied for rings of the form
Re'; but they are Vy-algebras. However this often boils down to an enlarged family of
tensors (of degrees not bigger than 2(p — 2)) of the tensor algebra of W @& W*, which
is Z(y)-very well positioned for G' with respect to 1. For instance, this is so, if we are
dealing with strongly Vj-well positioned families of tensors (cf. 4.3.15 and 4.3.15.1):
this is the case we encounter in 6.5-6 (cf. 4.3.10 and 4.3.13); however we will not
bother to mention strongly in 6.5-6 (as we think it is irrelevant).

5.6.10. REMARK. We could have worked out the proof of 5.1 working at some
finite level: i.e. working with some quotients N/Hy (with Hy as in 5.6.1) and M/K{
(with K¥ a compact open subgroup of GSp(W, w)(A?) properly chosen). This would
have just slightly complicated the presentation. In [Va2] we refine the things: we
work in such a finite level context, with points in perfect fields (here we worked with
algebraically closed fields of characteristic p).

5.7. A practical form of the basic result.

5.7.1. THEOREM. Let (G,X) — (GSp(W,v),S) be an injective map and let
p>5 be a rational prime. We assume the existance of a Zy)-lattice L of W such that
Y induces a perfect form ¢: L ® L — Zy and the closure of G in GSp(L,%) is a
reductive group Gz, over Ly, (so G is unramified over Q). If the Killing form on
Lie(G%‘f;)) and the form T on Lie(G%f;)) induced (by restriction) by the trace form on
End(L) are both perfect, then Sh,(G,X) exists and has the EEP.

Proof. This is a direct consequence of 4.3.10 b), 4.3.13, 3.1.6 and 5.1. We present
the details.
Let Gy := G and let gg := Lie(Go). We have

S(QO? W) =2.

This can be easily checked starting from [De2; 1.3.7] (i.e. starting from the fact that
all the weights given irreducible subrepresentations of W ® C of a simple Lie algebra
factor of ggp ® C are minimal weights-poides minuscules- cf. [Bou2, ch. VIII, §7.3]).
The fact that the Killing form and the trace form T on gy are both perfect, can be
restated (with the notations of 4.3.2): the tensors (of degree 4) 7(go), B and B* (can
be viewed -cf. 4.1- as tensors) of the tensor algebra of W @& W* are enveloped by
the Z,-lattice L. So the family of tensors formed by 7(go), B and B* is Z,-well
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positioned for Gy (cf. 4.3.10 b)). Now 4.3.13 guarantees the existence of a family of
endomorphisms (va)aeg, of L fixed by G, which is Z,)-well positioned with respect to
the connected component of the origin of Z(G). Let (vqa)acg, be the family of tensors
formed by putting 7(go), B, B* and (v, )aeg, together. So J1 C Jo.

The family of G-invariant tensors (va)aeg, is enveloped by L and Z,-well posi-
tioned with respect to G (cf. 3.1.6).

For any a € Jo we have deg(v,) € {2,4} and so deg(v,) is not bigger than
2(p — 2) (as p is at least 5). Now everything results from 5.1. This ends the proof of
the theorem.

5.7.2. Notations. Let Gy = [Licx G, be a product of simple adjoint groups

over a field. Let ~
=11 B@G)
iex
where, for any i € K, B(G;) is 6(1 + 1) if G; is of A; or C; Lie type, 6(1 — 1) if G; is
of D; Lie type, and 6(21 — 1) if G; is of B Lie type with [ >2.

Let (Go, Xo) be an adjoint Shimura variety of abelian type with Gy a simple
Q-group. Let f:(G,X) — (GSp(W,%),S) be an injective map with (G®4, X2d) =
(Go, Xp). Let go be the Lie algebra of Gy (or of G4°%). Let by be a non-compact
simple factor of go ® R. We denote by A(Go, Xo, W) the number of elements of the
set I defined by an isomorphism W @ R = Wy @ ®;c 1 W; of ho-modules, with hy acting
trivially on Wy and with each W; as an irreducible non-trivial hp-module. It depends

only on the representation of go on W, and not on the choice of G or of o (cf. [De2,
2.3.4]). So the notation A(Go, Xo, W) is justified.

5.7.2.1. LEMMA. The factor dq, that relates the Killing form X on a split simple
Lie algebra over Z[B(G ] (of the same Lie type as Go) and the trace form T on it
associated (cf. [De2, 1. 3 6]) to the irreducible representation of it given by a weight
w; corresponding (cf. [De2, 1.3.7]) to the representation W; of ho (it does not depend
on the element i € I!) (so K = 60T ), is an invertible element on[ﬁ]. Moreover
X and T are perfect forms.

This is an easy computation, using the coroots of the clasical Lie algebras (they
are described in [Bou2, ch. 8, §13]) starting from the fact that any two g-invariant
perfect bilinear forms on an absolutely simple Lie algebra g over a field of characteristic
zero differ one from another just by mutiplication with a non-zero element of the field.
It should be also compared with the explicit form of the Killing form of the (complex)
classical Lie algebras [He, formulas (5), (16) and (22) of ch. 3 §8]. The extra thing
needed besides these formulas is the fact (implied by the mentioned computation)
that over an algebraically closed field of charactersistic zero the trace forms on a
so(n) Lie algebra defined by the representations associated to the fundamental weights
corresponding to the roots oy and «y, with [ = [5], differ one from each other by an
integral power of two (here a; and «; are having the usual meaning; cf. [Bou2, ch. 8,
§13] page 193 if n € N is odd and page 208 if n is even).

5.7.3. REMARK. The conditions (in 5.7.1) that p>5 and the above two bilinear
forms on Lie(G%‘z)) are perfect, are equivalent to: p does not divide the product

Gad HA Gad Xad )
1€X
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where (G4, x2d) = HieK(G?d,Xf“d), with all G24 as simple Q-groups. Here the
numbers A(G24, X34 W) are computed starting from an injective map (Gy, X;) —
(GSp(W, %), S) factoring through the injective map (G, X) — (GSp(W,4),S), cf.
212 1).

5.7.4. REMARK. In 5.7.1 we can use instead of the bilinear form on Lie(G%?;)

induced by the trace form on gl(L) any other bilinear form induced by a bilinear form
on gl(L) which is fixed by Gz, (cf. 4.3.10.1)). Even better: it is enough that such a

bilinear form on gl(L) is defined only over Vi = W(Z/pZ) (cf. 5.6.9).

5.7.5. Example: Classical Spin modular varieties of odd dimension
(and rank two). Let >3 be an integer. Let G := SO(2,2] — 1) be the Q-group
whose points in a Q-algebra R are those matrices g in SL(2] + 1, R) which leave
invariant the quadratic form —z? —a3 + 23+ ...+ 23, ,, i.e. ‘gl 919 = Ir21—1, with
I.9;—1 the diagonal matrix of order 2! + 1 having —1 on the first two lines and +1 on
the others.

Let Sh(G, X) be the adjoint Shimura variety with X a double copy of the Her-
mitian symmetric domain of type BD I(,—3 4—9—1) (cf. the classification of symmetric
domains [He, p. 518]). G is an absolutely simple adjoint group of type B; which splits
over Q(i). We have dim X =2/ —1 and E(G, X) = Q.

Let f:(G1,X1) — (GSp(W,v),S) (with (G54, X3) = (G, X)) be the injective
map defined by the Spin representation of the simply connected cover G of G' (this
representation is defined over Q as G splits over Q(i)). We have dimg(W) = 2!
if / mod 4 is 1 or 2, and dimg(W) = 2+ if  mod 4 is 0 or 3 (cf. [Sa, p. 458]).
G{er = Spin(2,2[ — 1) is a Spin group, and Z(G1) = G,, acts on W by multiplication
with scalars (so Gi* = G,,). For any prime p, G; is unramified over Q,. We have
A(G, X, W) = 1. We call Sh(G1, X1) the classical Spin modular variety of dimension
2] — 1 (and rank two) (cf. [Vad] for the use of the word classical).

Let b := Lie(G$°*) and let 7y (h) be the projection of gl(W) on b associated to the
direct sum decomposition gl(W) = h@ b+ (h* is the subspace of gl(W) perpendicular
to b with respect to the trace form on gl(W)). Let B: gl(W) — gl(W)* be the linear
map which is zero on h* and B|h:h — h* is the isomorphism induced by the Killing
form on b, and let B*: gl(W)* — gl(W) be the linear map which is zero on (h+)" and
B*[p*:b* — b is (Blh)~!. If i mod 4 is 1 or 2, then Lie(G;) is the Lie subalgebra of
gl(W) centralizing my (h) due to the fact that the representation G — GL(Wc)
is irreducible. So (Gi,X;) is saturated in (GSp(W,%),S). If Il mod 4 is 0 or 3
then the maximal connected subgroup Go of GSp(W, ) fixing 7w (h) contains G,
G$er = G§°r, but G&P is a torus of dimension 2 (the representation G — GL(W¢) is
not irreducible, just the representation G, — GL(Wpg) is irreducible). So (G1, X1)
is not saturated in (GSp(W, ), S).

Let now p be a prime not dividing 6(2/ — 1) and let L be a Z,-lattice of W such
that ¢ induces a perfect form +: L ® L — Z,, and the closure of G in GSp(W,v) is
a reductive group over Z, (the existence of such a Z,-lattice results from the fact
that the Spin representation of G; has a Z)-version).

Now the family of tensors formed by 7w (h), B and B* is integral with respect to
L (i.e. it is enveloped by L) (for instance, for my () this means that it is a projector
of gl(L)) and is Zy)-very well positioned for the group G (cf. 5.7.1-3). This implies
that the Killing form on the Lie algebra by, := h N gl(L) and the restriction to b, of
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the trace form on gl(L) are both perfect. Let K, := {g € GSp(W, ¥)(Qp)|9(L®Z,) =
L®Zy} and let Hy := K NG1(Q,). K, is a hyperspecial subgroup of GSp(W, 1)(Q,)
and H; is a hyperspecial subgroup of G1(Q,). The normalization of the closure of
Shy, (G1, X1) in the integral canonical model M of (GSp(W,v), S, K, p) is an integral
canonical model N of (Gy, X1, Hy,p) (cf. 5.7.1 and 5.6.2). The universal (principally
polarized) abelian scheme over M (obtained by choosing a Z-lattice Lz such that
L =Lz ®Zgyy and ¢: L ® L — Z is perfect) gives birth to a principally polarized
abelian scheme (Ax, Px) over N of dimension § dimg(W). N admits plenty of smooth
toroidal compactifications and the abelian scheme Ay extends to semi-abelian schemes
over these smooth toroidal compactifications of N (cf. [Va3]).

If | = 3 then dimg(WW) = 16 and we obtain abelian schemes of dimension 8. If
I = 4 then dimg(WW) = 32 and we obtain abelian schemes of dimension 16. If [ = 5
then dimg(W) = 32 and we obtain abelian schemes of dimension 16. If [ = 6 then
dimg (W) = 64 and we obtain abelian schemes of dimension 32.

5.7.6. REMARK. For I = 10 we get the Shimura variety Sh(G;, X1) associated
to the moduli space of complex K3 surfaces.

For more examples, including the case of classical Spin modular varieties of even
dimension (and rank 2), see [Vad].

5.8. Integral good embeddings in a Siegel modular variety.

5.8.1. DEFINITION. Let the pair (G, X) define a Shimura variety of Hodge type.
Let p (resp. p>5) be a rational prime such that G is unramified over Q,. We say
that (G, X) (or Sh(G, X)) has a good embedding (resp. a very good embedding) (in
a Siegel modular variety) with respect to p, if there is an injective map f: (G, X) —
(GSp(W, ), S) such that the hypotheses of 5.1 (resp. of 5.7.1) are satisfied. Similarly,
we speak about an injective map (G, X) — (GSp(W, ), S) as being a good embedding
or a very good embedding with respect to p. We use a similar terminology when triples
or quotients are involved.

5.8.2. REMARK. If (G, X) defines a Shimura variety of Hodge type, if p is a
rational prime such that G is unramified over Q,, and if (G, X) has a good embedding
with respect to p, then Sh,(G, X) exists (cf. 5.1) and we can study its points in fields
of positive characteristic using the machinery of crystalline cohomology (cf. the proof
of 5.1 and [Val-2]).

5.8.3. DEFINITION. Let f:(G,X) — (GSp(W,%),S) be an injective map and
let p be a prime such that G is unramified over Q,. A Z,)-lattice L of W is called
good with respect to f if ¢ induces a perfect form ¢: L @ L — Z, and if the closure
of G in GSp(L,) is a reductive group over Z).

5.8.4. PROPOSITION. Let f: (G, X) — (GSp(W,4),S) be an injective map with
G* a simple Q—group. Let | be the rank of a simple factor of G%d (i.e. G is of Ay,
By, C; or Dy Lie type) and let N(G®Y) be the number of non-compact simple factors
of G3. Let
dim (W)
2lN(Gad))

be a rational prime. If there is a Zy-lattice of W good with respect to f, then f is a
very good embedding with respect to p.

p > max(5, 21,
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Proof. This results from 5.7.1 and 5.7.3. We have just to remark that dim(W) is
at least 2IN (G*) A(G*, X2 W) (with equality only for G = GSp(W,)) (this is an
easy consequence of [De2, 2.3.7 b)]; for m, n > 2 positive integers we have mn >m+n),
and that all the prime factors of B(G®%) are smaller than max(5,2l) (cf. 5.7.2).

5.8.5. REMARK. If in 5.8.4 we concentrate in just one Lie type of rank I
we can obtain even better estimates than the estimate of 5.8.4 which works for
all Lie types of rank [. For instance, if (G*!, X?d) is of type DF, with I > 5,

then we need p>max(5,, #((vgld)) If G* is of type By, | > 1, then we need
dim (W)

p>max(5, 2l W), etc. In the mentioned cases, these estimates are a conse-

quence of the dimension formula of the Spin representation of a split orthogonal Lie
algebra (over C) (see [Bou2, ch. 8, §13]).

5.8.6. COROLLARY. Let f:(G,X) — (GSp(W,),S) be an injective map. Let
p be a prime greater or equal to max(5,2 + dim(W)/2) (resp. greater or equal to
max(5, dim(W)/2) ). If there is a Zy)-lattice of W good with respect to f, then f is a
very good embedding (resp. is a good embedding) with respect to p.

Proof. If p — 2> max(3, dim(W)/2) then this is a consequence of 5.8.4-5. If p>5
and 2p € {dim(W), dim(W) + 2}, and if f is not a very good embedding with respect
to p, then either G = GSp(W, ) or 2p = dim(W) + 2 and G*? is an absolutely simple
Q-group of 4,41 Lie type. In both these cases we get immediately that we are in the
context described in 4.3.11; so 5.6.3 applies.

5.8.7. COROLLARY. Let f:(G,X) — (GSp(W,4),S) be an injective map. Then
there is N(G,X) € N effectively computable such that f is a (very) good embedding
with respect to any prime p> N (G, X) with the property that G is unramified over Q.

Proof. Let L be a Z-lattice of W such that we get a perfect form ¢: L ® L — Z.
There is a number N(G, L, f) € N such that for any prime p> N(G, L, f) the closure of
G in GSp(L®Zy), 1) is a reductive group scheme over Z ). It is effectively computable
(for instance cf. 4.3.10 b)). Now we can take N (G, X) = max(N (G, L, f),dim(W)/2),
cf. 5.8.6.

For the following result we assume 5.6.5 h).

5.8.8. COROLLARY. The Milne’s conjecture (see 5.6.6) is true if the prime p is
bigger than max(5,dim(A)).

Proof. We use the notations of 5.6.6. Let f:(G,X) — (GSp(W,v),S) be the
injective map defined by (A,pa) (here p4 is the polarization of A defined by some
55(0), 0(0) € I) and the reductive family (ss5)scr\ {50y} (cf. 2.12 3)) with respect to pa.
From the hypotheses of 5.6.6 we deduce that there is a Z,)-lattice L of W good for f.
If p4 is a principal polarization then this is a direct consequence of 5.8.6 and of 5.6.5
h) (cf. definitions 5.8.1 and 5.8.3). If py4 is not a principal polarization, then we have
to apply the Zarhin’s trick [Za]: replacing A by (A x A*)* the numbers A(G;, X;, W)
defined in 5.7.1-3 for the injective map f, are replaced by numbers which are 8 times
bigger. As we are taking p > 5, this does not change anything (cf. the proof of 5.8.4),
and so we do not have to replace dim(W)/2 by 4dim(W). It is easy to see that the
Zarhin’s trick does not destroy the Z,-étale reductiveness part. This ends the proof
of the corollary.
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Actually we do not need to assume that A is polarized (as 5.6.6 speaks about)
(cf. [Va2]). For better estimates than max (5, dim(A)) see [Va2].

5.8.9. REMARK. Ifin 5.8.6-8 we concentrate just on one specific type of Shimura
varieties, we can obtain much better estimates, cf. 5.8.5.

6. The existence of integral canonical models. First we complete (cf. 6.1-2
and 6.8) the steps (introduced in 3.4) needed to construct integral canonical models
of Shimura varieties of preabelian type. Then we digress very briefly (cf. 6.3) on
conjugates of such models. The main results are gathered in 6.4, while their proves
spread till the very end of 6.8. Besides the tools developed in the previous chapters
we rely heavily on [De2]. In particular, as a main new idea, we build up an integral
version (6.5.1.1) of [De2, 2.3.10].

6.1. The going up between finite maps.

6.1.1. Let Sh(G, X) be a Shimura variety of Hodge type and let f: (G, X) —
(GSp(W, ), S) be an injective map. Let p >3 be a prime. We assume the existence of
a Zyy-lattice L of W which is good for f. Let (G, X, H,v) be a quadruple of (G, X)
having an integral canonical model M, with v dividing p.

6.1.2.* THEOREM. We consider a finite map f:(G1, X1, H1,v1) — (G, X, H,v).
Then (G1, X1, Hy,v1) has an integral canonical model My having the EEP, obtained
by taking the normalization of Moy, , in the ring of fractions R of Shp, (G1,X1). My
is a pro-étale cover of an open closed subscheme of MO(UI).

If Sh,(G, X, H) exists, then Sh,(G1, X1, H1) also exists, has the EEP, and is the
normalization of Sh,(G, X, H) in R.

A complete proof of 6.1.2 will be presented in [Va3]. For a discussion, and a proof
in the majority of cases, see 6.8.

6.1.2.1. WARNING. The results below (as well as 6.1.2) whose numbers have a
right , in the case of Shimura pairs (G, X) of preabelian type which are neither of
abelian type nor of compact type, are fully proved in this paper only in the generic
situation, i.e. working with a prime (or primes in some cases, like in 6.4.4) p which
is (or are) big enough, with an upper bound depending only on (G, X) (cf. 6.8.5).
See 6.8 for an explanation. As 6.8.0-2 explain how we prove (in [Va2] and in [Va3])
6.1.2 in the remining cases (see also 6.8.6), we felt it is appropriate to state the main
results and remarks in the way we did. The labelled results are fully proved here in
the abelian type case and in the compact type case.

6.2. The going down between finite maps.

6.2.1. Let f: (G, X) — (G1,X1) be a cover such that F(G, X) = E(Gy, X;) (cf.
[MS, 3.4]). Let F := E(G,X). We consider a map (G, X, H,v) — (G1,X1,Hi,v)
defined by f, with v a prime of E(G, X) dividing a rational prime p>2. Let Vj =
W (k(v)) = W(F) and let A be the kernel of the homomorphism G — G;. We recall (cf.
2.4) that A is a torus such that H'(Gal(k/k), A(k)) = 0 for any field k of characteristic
zero. Let B := G&P.

6.2.2. THEOREM. We assume that (G, X, H,v) has an integral canonical model
M and that My, has the EEP. We also assume that either
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a) p is relatively prime to the order @QQ of the center of the simply connected
semisimple group cover of G and M is a quasi-projective integral model, or

b) there is an injective map fa: (Ga, X2) — (GSp(W, 1)), S) which is a good em-
bedding with respect to the prime p > 2 and we have G$* = G and (G, X34) =
(Gadyxad).

Then (G1, X1, Hy,v) has an integral canonical model My. Moreover the natural
morphism M — My is a pro-étale cover.

Proof. As the proof is quite long we itemize the steps (ideas).

A) [Mi4, 4.11 and 4.13] contains all that is needed to see how to construct an
integral model M; of (G, X1, Hi,v) over O(,), as a quotient of M. We just need to
remark that such a quotient always exists as a scheme: M is a quasi-projective integral
model (in case b) cf. 5.6.1 and 5.8.1-2), and so we can quote [Mul, p. 112]. We want
to prove that the morphism M — M; is a pro-étale cover (this implies that M; is a
smooth integral model) and that M; has the EP.

B) Let S1 be an integral healthy regular scheme over O, and let ¢: S1 p — M; be
a morphism. Let Sy be the normalization of S} in the ring of fractions of S1 g Xar, M.
For proving that M; has the EP, we need to show that ¢ extends to a morphism
S1 — M. For seeing this it is enough to show that Sy is a pro-étale cover of S
(as M has the EP and as a pro-étale cover of a healthy regular O(,)-scheme is also a
healthy regular O(,y-scheme, cf. 3.2.2 4)). From the classical purity theorem we get:
it is enough to work with S; the spectrum of a discrete valuation ring O faithfully
flat over Z(,). We can assume that O is complete with an algebraically closed residue
field, and so that it is a Vj-algebra.

C) The key fact for checking that M; has the EP is:

Fact. A connected component of Myy, is the quotient of a connected component
€Y of My, by a commutative group C,, which is a Q*-torsion group.

Proof. Myy, is the quotient of My, by the group A(A%)/A(Z,)), where A(Z,)) is
the closure of A(Z,)) :== A(Q)NH in A(A%): this is an easy consequence of [Mi4, 4.13].
We assume first that G9°* is simply connected. So (cf. [Del, 2.4-5]) the set of connected
components of My, are in one-to-one correspondence to the set B(A})/B(Z)), with

B(Zy)) having the analogue meaning of A(Z)). If moreover Gy = G54 we just have
to add (cf. the sublemma below) that the canonical homomorphism A — B has finite
kernel of order a divisor of Q.

SUBLEMMA. Let t: Ty — T5 be an isogeny of Q—tori. Let Ty be its kernel. Let p
be a prime such that Ty is unramified over Q,. Let H(T;) be the hyperspecial subgroup

of Ti(Qyp), i = 1,2. Let Ty(Zy)) := H(T;) NTi(Q); we denote by T;(Zy) its closure in
Ti(A?), i=1,2. Let Q(t) be the least common multiple of the orders of elements of the

group To(C). Then the kernel of the natural homomorphism t,:Ti(A%)/Ti(Z,)) —

To(A%) [ To(Zy)) is a Q(t)*-torsion group.

Proof. Let a € ker(t,). Let a € Ty (A?) representing it. There is a sequence
(bn)nen of elements of T5(Z,)) converging to t(a) € T2(A%): To(A%) is a topological
group having a countable basis of neighbourhoods of its identity element. Let ¢, €
T1(Zyy) such that its image in T5(Z(y)) is b9M . As T»(A%) is a locally compact
group, and as Ty (Afc) is a compact group, we deduce the existence of a subsequence
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(¢n)nen(r), with N(1) an infinite subset of N, converging to an element a; € T1(Z))-

Obviously aQ®)’ ¢ ?®) ¢ T1(Zgy)) is the identity element. So a®®” = 1. This proves
the sublemma.

For proving the above fact in the general case it is enough to remark that:

— there is a cover (Go, Xo, Ho,v9) — (G, X, H,v) with G&¢" a simply connected
semisimple group (cf. rm. 10) of 3.2.7) and so we can apply the previous argument
involving only connected components (we do not need to assume that (Go, Xo, Ho,vo)
has an integral canonical model, as the argument on connected components can be
performed over C) for the induced cover (G, Xo, Ho,v0) — (G1, X1, H1,v);

— the proof of lemma 6.2.3 allows us to shift the situation to the case when
Gy = G34 (even for p = 2).

D) Sy is a disjoint union of integral schemes. As C), is an Q*-torsion group, we
get that Sy has the property that any abelian scheme A over the generic fibre of a
connected component SJ of Sy, having level-I" structures for any N € N (with [ a
rational prime relatively prime to p), extends to an abelian scheme over a finite integral
cover of SJ, and so Sy is an almost healthy normal scheme over O(v)- For checking
this, we can assume that A is defined over a finite flat DVR extension O; of O. The
Galois-representation on H (A, ,Z;) of the Galois-group of the field of fractions K
of Oy, has an image a Q*>-torsion group, and so it has a finite image (cf. [Se, 1.3] and
the structure of l-adic Lie groups). So the Néron-Ogg-Shafarevich criterion applies.

Due to the EEP enjoyed by My, , we get a morphism Sy — M. This implies that
q extends to a morphism S; — M; and so Sy is a pro-étale cover of S;. This implies
that M; has the EP.

E) In case a), Q? is relatively prime to p. So the smoothness of M; is a conse-
quence of 3.4.5.1 and of [Mi4, 4.11 and 4.13].

In case b) for checking the smoothness of M; we have to work harder. Let M,
be the integral canonical model of a quadruple (Ga, Xa, Ha,v3), with ve a prime of
E(G2, X3) dividing the same prime of E(G®4, X2d) = B(G34, X3) as v (cf. 5.8.1-2).
We choose a Z,-lattice L, of W such that there is a family of tensors of degrees
not bigger than 2(p — 2) situated in Z,)-modules of the form (L, ® L;)®™ (m € N),
which is Z,)-very well positioned with respect to ¢ for Go. We can assume that
Hy; = Go(L®Zp) (cf. 3.2.7.1).

We can choose the connected component €° of My, such that over an embedding
of V; into C, its complex points are defined by equivalence classes of the form [z, 1],
with z running through the points of a a connected component X° of X (cf. 3.3). The
lemma 6.2.3 allows us to identify C° with the connected component Cq of May, of whose
complex points (under the same embedding of Vj in C) are defined by equivalence
classes of the same form [z9, 1], with z5 running through the points of a connected
component of X5, which can be identified with X©.

F) For the smoothness of M; we need just to show that C, acts freely on €Y.
[De2, 2.1.7] allows us to identify (this is achieved by shifting the things to C) C), with
the quotient of a subgroup Cj of G*(Q) N H*! (here H*! is defined starting from
H or Hy as in 3.2.7 2)), leaving invariant X° (and so leaving invariant X, cf. f) of
3.2.7 2)); so C} is a subgroup of Aut((Ga, X2, Hs)), cf. def. 9) of 3.2.7. A normal
subgroup Cg of C’; acts trivially on €%, and we can view C), as a subgroup of C’; / C’g.
But Aut((Ga, X2, Hz)) acts on My as p > 2 (cf. rm. 4) of 3.2.7). Now everything
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results from the following proposition (applied to the case when HY is a small enough
open subgroup of G2(A%)):

6.2.2.1. PROPOSITION. Let g € Aut((G2, X2, H2)) and let HY be a compact
subgroup of GQ(A?) such that g belongs to the normalizer of HY x Hs in Go(Ay)
and My/HE x Hy is smooth over O(vy)- We assume that the universal principally
polarized abelian scheme over My obtained through the map fo and lattice L (cf. 5.1.2),
descends to a principally polarized abelian scheme over Mo/ HY x Hy, having a level-N
symplectic similitude structure for some N € N, N >3 and relatively prime to p (i.e.
we assume that HY is small enough). We also assume that a power of g acts trivially
on My/HY x Hy. If g fizes an F-valued point y of May, /HY x Ha, then it fizes a Vi-
valued point of May, /HY x Hs specializing to y, with Vi a DVR finite flat extension
Of VQ.

Proof. We need to show that g does not act freely on the generic fibre of the local
ring of y in May, /HY x Hy. From 3.4.5.1 we deduce that we can assume that g¥ acts
trivially on May, /HS x Ho.

Let (Mo, ¢o) and (go, ¢o) be the (Shimura) o-crystal and respectively the Shimura
adjoint Lie o-crystal attached to y (and the map f3) (cf. 5.4.6; the assumption that
the universal abelian scheme over My descends to Ms/ Hg x Hy allows us to define
them as in loc. cit.). Here go is the Lie algebra of an adjoint group Ggﬁi/o whose
generic fibre is G5 (cf. 5.4.6). Writing G3{, as a product of simple adjoint groups,
o permutes cyclically the Lie algebras of these factors. This allows us to write (go, o)
as a product of whose factors correspond to the cycles of the permutation (of the set of
simple factors of G%}g) we get. We group together the factors of this product whose Lie
algebras are not included in the F-filtration defined by an arbitrarily chosen Vp-lift
29 of y (cf. 5.6.4). We get what we call the non-trivial part (gj*, ¢o) of the (Shimura)

adjoint Lie o-crystal (go, po) (we still denote by ¢y its restriction to gf* [ﬂ ). Let G%“i,gt

be the factor of G3{, whose Lie algebra is gi*. Let G52 be its factor whose simple
factors have the property that their Lie algebras are not included in the FO-filtration of
go defined by the lift 2o (to May;) of y (cf. 5.4.6). Let P3d" be the parabolic subgroup
of G&3"* whose Lie algebra is the natural FO-filtration of gi’/pgf’. Let Py, (Pi™)
be the parabolic subgroup of Gay, (resp. of G;“i/g‘t) leaving invariant the F!-filtration
of My defined by the chosen Vj-lift zy of y (resp. defined as the image of Py, in Gg“i/g‘t
under the canonical quotient homomorphism Gay, — G;“‘i,;‘t). For a presentation of
this in a more general and adequate context cf. [Va2].

The first key fact is: g gives birth to an isomorphism go of (g§*, o), with gb
acting trivially.

For checking this let (Ga, X2, Hy) — (G2 x Ga, Xa X X3, Hy X Hs) be the map
defined by the inclusion of G5 into Gy x G2 whose projections are the identity and
respectively the automorphism g of G5. It factors through a Hodge quasi product
(Gs, X3, H3) of (Go, Xo, Hy) with itself (to be compared with Example 3 of 2.5, where
this is detailed for pairs). Composing this map with the Segre embedding we get a
map f3: (G2, Xo, Hy) = (GSp(W @ W, ) ®1)), S2, GSp((Lyp ® Ly,) ®Zy)) which is still a
good embedding with respect to p (cf. 4.3.17). Using the fact that f5 factors through
(G3, X3) we deduce that the (Shimura) adjoint Lie o-crystal (g1, ¢1) attached to y
(and the map f3) is a Lie subcrystal of the product of (go, po) with itself. As above
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we define (g7, p1). Moreover the first projection (of G3 on G2) allows us to identify
(g7, 1) with (g8?, o), while the second projection gives us the desired isomorphism
g0 of (85" %)
go can be viewed as an element of GS“i}gt (Vo) acting on its Lie algebra by conju-
gation; to see why go it is not an outer automorphism of gjj* we just have to remark
that:
a

— it leaves invariant the simple factors of G§{2° (this can be seen moving to C: X°
is a product of simple Hermitian symmetric domains, indexed by the simple factors of
Gg?/gc; any element of C;, as an automorphism of X?, is a product of automorphisms
of such factors of X°);

— it commutes with ¢ (and so it leaves invariant Padnt).

Moreover gf belongs to any parabolic subgroup of G3{2* lifting P3™ (as g acts
trivially on My/HY x Hs). This implies that the components of gf corresponding to
the non-compact simple factors of Gg%t (i.e. to simple factors of Gg%c) are trivial.
As gf commutes with g we deduce that gf is the identity element of G341 (Vp).

G) The second key fact is the following general fact:

LEMMA. Let Hop be a semisimple adjoint group over a DVR O of mized charac-
teristic. Let p be the characteristic of the residue field of O. We assume that the index
of ramification of O is 1. Let Py be a parabolic subgroup of Ho and let go € Hp(O)
be an element of order p which mod p lies in Po(O/pO). Let Spec(O) be the comple-
tion of Ho/Po in the O/pO-valued point defined by the origin of Ho/po. Then go
does not act freely on (‘)[%]. In other words: there is a finite flat DVR extension O
of O, and there is a parabolic subgroup Pél of Ho, such that its special fibre is the
scalar extension of Po/po, and go, viewed as an Or-valued point of Ho,, belongs to

P4 (Oy).

Proof. We can assume that O is the Witt ring of an algebraically closed field of
characteristic p. Let Oz be the DVR extension of O obtained by adjoining the p-th
roots of unity. Let G be the finite flat group scheme over O obtained by taking the
closure in Hp of the subgroup of its generic fibre generated by go.

We can assume that § is isomorphic to Z/pZ: if p > 3 this is always so, cf. 3.2.1.1
2)); if p =2 and if go mod p is the identity, then the lemma is trivial.

We have a canonical Os-homomorphism

Spec(R1) = S0, — pp = Spec(R)

which over Os [%] is an isomorphism. The nice thing is: at the level of rings we have
an inclusion R — R; such that pR; C R. This can be seen using elementary matrix
operations of the same nature as the ones needed to compute the discriminant of Os
over O. This (together with the fact that the special fibre of G is a subgroup of the
special fibre of Pp) implies that the natural morphism G, — Ho/Po factors through
tp. We get a morphism s,: p, — Spec(0). We deduce that we have an action of p,
on Spec(0)p, which inverting p becomes the action of go on it. To check this it is
enough to show that the ring homomorphism

r:0®0 02 — R1 ®0 0

describing the action of Gp, on Spec(0)o, factors through R®o O. Let Spec(O/I) be
the smallest flat O-subscheme of Spec(O) through which s, factors. It is enough to
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show that the ring homomorphism O — R; ® O/I obtained from r, factors through
R ® O/I. But this is obvious.

Now the same arguments of the proof of 3.4.1.5 used in the case when we were
dealing with a group of order relatively prime to p apply to get that the action of ),
on Spec(O [%] ), is not a free action. This ends the proof of the lemma.

H) We come back to the proof of 6.2.2.1. From this lemma we deduce that go
belongs to a parabolic subgroup Pay, of Ggﬁi};‘t whose special fibre is Pad" with V; a
DVR finite flat extension of V4.

But this implies that go does not act freely on the generic fibre of My/HY x Hj:
under the identification (cf. 5.5.1) of the completion 6; of the local ring of y with the
ring O of the completion of Gay,/Pay, = GS?/;“ / P;&f‘t in its Vp-valued point defined

by the origin of Gay;, the action of gg on 6; becomes the natural action of gg on O
(it is enough to check this for Vj-valued points of O, as they are Zariski dense; but
for such points this is obvious, cf. the way the action of gy on (gad", ¢y) was defined,
and cf. the theory of deformation of a principally polarized abelian variety).

It is worth making this explicit. The parabolic subgroup Pay, of Gg“j,gt gives birth
to an Fl-filtration of My ® Vi. The identification of 5.5.1 shows that it cooresponds to
an abelian variety over V; obtained from the universal abelian scheme over Moy, / H x
Hs5 through a Vi-valued point z lifting y. Now g fixes z.

This ends the proof of 6.2.2.1 and so of 6.2.2.

From now on we assume for the sake of simplicity that p > 2.

6.2.3. LEMMA. Let (Gy, Xy, Hi,v;), i = 1,2, be two quadruples with G =
G and such that they have the same adjoint quadruple (Go, Xo, Ho,vo). Let p be
the rational prime divided by vo. Then Shy,(G1,X1,H1) exists and has the EP iff
Sh,(Gs, Xo, Ha) exists and has the EP. Assuming the existence of these integral mod-
els, the connected components of the extension to 0?21) of the integral canonical model

of (G1,X1,Hy,v1) are isomorphic to the connected components of the extension to

0?52) = O?El) of the integral canonical model of (G, Xo, Ha, v3).

Proof. We can assume that we have a finite map f:(G1, X1, H1) — (G2, X2, H)
(cf. rm. 3) of 3.2.7). We first assume that Sh, (G2, X2, H2) exists and has the EP.
Using the toric part triple of (G1, X1, Hy) we can assume (cf. 3.2.8) that f is injec-
tive. So Shp, (G1,X1) is an open closed subscheme of Shy,(Ga, X5), cf. 3.2.14-
15. As E(G1,X1) = E(G2,X32), we deduce that the closure of Shp, (G1, X1) in
Sh,(Ge, X2, Hs) is the integral canonical model Sh,(Gi,Xi,H;). Obviously
Sh,(G1, X1, Hy) has the EP.

We assume now that Shy,(G1, X1, Hy) exists and has the EP. Let E(Gj, X;)(,) be
the normalization of Z,y in E(Gj, X;), i = 1,2. From [Mi3, 4.7] we deduce that the
affine scheme Spec(E(G;, X;)(p)) is an étale cover of Spec(Z(,)). Let € be a connected
component of the image of the natural morphism m: Shy, (G1, X1) — Shp, (G2, X2).
Let H be the subgroup of GQ(A];) leaving invariant €. From 3.3.2 we deduce that it is
enough to show that C is the generic fibre of a regular formally smooth E (G2, X2)(p)-
scheme €, having the EP, and on which H acts continuously so that: the resulting
H-action on € is the natural one, and there is a compact open subgroup Hy of H
such that €, is naturally a pro-étale cover of the smooth quasi-compact E(G2, X2)(;)-
scheme C,/Hy. As Sh,(G1, X1, H1) exists we deduce the existence of €/, defined as

p?
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Cp, but working over E(G1, X1),) instead of over E(G2, X2) (). Let Spec(E,)) be the
Galois extension of Spec(E(G2, X2)(,)) generated by Spec(E(G1, X1)()). Let C be

the resulting Galois group. Due to the EP enjoyed by the extension G;; of G; to By,

we have a natural Galois-descent datum: C acts on G;. The extension of m, viewed
as a Zy-morphism, to Ko identifies each connected component of Shy, (G1, X1)k,
with a connected component of Shy, (G2, X2)k,, cf. 3.2.14-15 and the fact that each
component of Shy, (G1, X1)k, is geometrically connected over Ky (as Shy,(G1, X1, H1)
exists). This together with [Mul, p. 112] implies that the Galois-descent datum is
effective, and so that €, exists: it has the EP as €], has it, and as Spec(E(G1, X1)p))
is an étale cover of Spec(E(G2, X2)(,) (so B) of 3.2.2 4) applies).

The last part of the lemma involving connected components over Off)’z) is trivial.
This proves the lemma.

6.2.3.1. REMARK. From the proof of 6.2.2 and 6.2.3 we deduce that for any
finite map (G, X!, H') — (G?, X2, H?) a connected component of Shy: (G, X1)¢ is
a Galois cover of a connected component of Shy2 (G2, X?)¢, with a Galois group which
is an M-torsion abelian pro-finite group, with M equal to the second power of the
least common multiple of the order of elements of the center of the simply connected
group cover of G%der (we can assume that G? is an adjoint group and that G'd°r is
simply connected; now everything results from the Step C) of the proof of 6.2.2).

6.2.4. COROLLARY. Let (G, X, H) be a triple having an integral canonical model
M. We assume that it has the EP, and that its extension to Vi has the EEP. We also
assume that either

a) the prime p (such that H C G(Qy)) is relatively prime to the order of the center
of the simply connected semisimple group cover of G and M is a quasi-projective
integral model, or

b) there is a pair (Ga, Xs) for which condition b) of 6.2.2 is satisfied.

Then any other triple (G, X1, Hy) such that (G2, X*d) = (G34, X3) and there
is an isogeny G — G, has also an integral canonical model My having the EP.

Proof. This is a direct consequence of 6.2.2-3, and of 3.2.7 10).

6.2.4.1.* COROLLARY. Under the assumptions 6.2.2 b), any integral canonical
model M3 of a Shimura quadruple (Gs, X3, H3,v3) having the same adjoint quadruple
as (G, X, H,v) is a strongly smooth integral model (cf. def. 3.4.8).

Proof. Let H{ C Hj be two open subgroups of Gi3(A%) such that the morphism
Ms — Msz/HY is a pro-étale cover and the generic fibre of the finite morphism
¢:Ms/HY — Ms/HY is a Galois cover. We need to show that ¢ itself is a Galois
cover. This is just a problem of connected components. We use the notations of 6.2.2.
So we can move over V. We can assume that we are dealing with a connected compo-
nent C3 of May, which over an embedding of V4 into C corresponds to complex points
defined by equivalence classes of the form [z, 1], with « running through the points of
a connected component of X3 (cf. 3.3.2 and 2.3).

We first treat the case when there is an isogeny G$¢* — G9¢*. Using a cover
(G4, X4, Hy,vq) — (G3, X3, Hz,v3), with G$* = G$°*, the arguments of [Mi4, 4.11
and 4.13] allow us (cf. 6.2.3 and 5.8.1-2) to assume that G3** = G$°*. But this case
results from 6.2.2.1 (cf. the proof of 6.2.2).
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To see the general case, the same argument using a cover allows us to assume that
G5 is the simply connected group cover of G3* (cf. 6.1.2 and 6.2.3). We consider (cf.
3.2. 7.10) a cover f5: (G5, X5, Hs,v5) — (Ga, Xo, Ha,v3) such that G = Gger. Let
C5 be a connected component of the extension to Vg of the integral canonical model
of (G5, X5, Hs,v5) dominating Co and such that its complex points can be described
in a similar manner as the complex points of Gy or of C3. We can assume that HY
is as small as you want. This together with 6.2.3 allow us to shift our attention to
quotients of C5. We get everything in the following context:

a) we have a compact subgroup Hj, of G;(A%}), i € {2,5}, acting freely on €; and
producing a quotient C;/HY, of finite type; moreover f5(HE,) C Hb;

b) the natural morphism Cs/HE, — Co/HJ, is an étale cover (cf. also 6.1.2);

c¢) we have a finite group C(2) which is the quotient of a subgroup of the group
Aut((G34, X34, H3Y)) leaving invariant €; and normalizing HY), i € {2,5}, through a
subgroup of it acting trivially on C5/HY.

We need to prove: if C(2) acts freely on the generic fibre of C5/HE, then it acts
freely on Cs/HJY,. This is easy: We can asume that C(2) is a cyclic group of order p (cf.
3.4.5.1); as C(2) also acts on Cy/HE, such that the étale morphism C5/HE, — Co/HE,
(cf. ¢)) is C(2)-equivariant, if the statement is not true, then from 6.2.2.1 and from
b) above, we deduce easily that C'(2) does not act freely on the generic fibre Cs5/HY,.
Contradiction. So C(2) does act freely on C5/HY,. This ends the proof of the corollary.

6.2.5. REMARK. There are examples of almost healthy normal schemes which
are not noetherian. Such examples can be constructed by taking the normalization of
a DVR in an infinite Galois extension of its field of fractions, having a Galois group
of finite exponent.

6.2.6. REMARKS. 1) There are variants for 6.2.2, 6.2.3-4 (which might be useful
in the case of Shimura varieties of special type). For instance:

—in 6.2.2 if we do not assume that E(G,X) = E(G1, X;) then we have to work
with triples instead of quadruples (to be compared with 6.2.3);

—in 6.2.3-4 we can work with quadruples but then we either have to restrict to
smooth integral models having a weaker extension property (like the WEP or REP)
or we need to find extra arguments to be able to shift the EP.

Also there are variants for 6.2.3-4 for p = 2. The limitations for p = 2 come only
from the fact that we can not prove 6.1.2 for p = 2 and from the the fact that we do
not now the unicity of an integral canonical with respect to a prime dividing 2 (cf.
3.2.4). These variants will be stated in [Va5].

2)* The integral canonical models of 6.2.4.1 are quasi-projective as M is so (cf.
its proof; see also the proof of 6.4.1).

6.2.7. Warning. Any attempt to try to prove 6.1.2 directly (using arguments
similar to the ones in 3.4.5.1 and 6.2.2) is meaningless (cf. the two examples below).
So we can not handle 6.1.2 just by using geometrically connected components and
making use of 3.2.11 (which gives us these Vj-valued points). However see 6.8.

EXAMPLE 1. Let Y := Vpla][7=2], and let Y1 := Y[y]/(y* +2pry +p). Spec(Y1)
is a finite cover of Spec(Y'), which becomes an étale cover by inverting p. Moreover
the generic fibre of Spec(Y7) is geometrically connected over Ky. Obviously Y] is a

regular ring which is not an étale Y-algebra.
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EXAMPLE 2. Let Y := Vj[z] [pp,l(1_m)p,11_mp(p_1)p,1] and let Y7 = Y[y]/(y? +
pxy + p(1 — z)). The situation is as above. The extra nice thing is that Spec(Y;) has
plenty of Vy-valued points (which is not the case in the above example), as it can be
easily checked.

6.3. Conjugates of integral canonical models of Shimura varieties. We
make use of the notations pertaining to conjugates of Shimura varieties used in [Mil,
p. 335-6]. Let (G, X, H,v) be a quadruple having an integral canonical model M over
O(y) and let p be the rational prime divided by v. Let 7 be an automorphism of C
and let = be a special point of X. We denote by 7v the prime of 7E(G, X) such that
O(7v) 18 TO(yy. Let ™ H be the image of H under the isomorphism G(Q,) — "*G(Q,)
defined by sp,(7). It is a hyperspecial subgroup of "*G(Q,).

6.3.1. LEMMA. 7™M is an integral canonical model of (7*G,™* X, " H,1v) (hav-
ing EEP if M does).

Proof. Here TM is defined in the same manner as 7E(G, X). Obviously 7M has
the EP. Tt has the EEP if M does have it. 7M has a *G(A’;)-continuous action due
to the fact that M has a G(A)-continuous action and due to [Mil, ch. 2, 4.2 b) and
5.5 b)]. Using again the loc. cit. and the smoothness of M, we get that 7M is also a
smooth model (over O(r,)). This ends the proof of the lemma.

6.4. The main results.

6.4.1.* THEOREM. Let Sh(G,X) be a Shimura variety of preabelian type. Let
p>5 be a prime such that G is unramified over Q,. Then Sh,(G,X) exists and has
the EP. As a scheme it is a pro-€tale cover of a quasi-projective smooth scheme over
(the normalization in E(G, X) of) Z).

Proof. Let (G, X, H,v) be a quadruple of preabelian type with v dividing a ra-
tional prime p>5. From 6.4.2 below we deduce the existence of an injective map
f:(G1,X1) — (GSp(W, 1), S) which is a good embedding with respect to p, and such
that (G34, X2d) = (G24, X2d). We use the notations of the SQSPT introduced in
3.2.7 3). From 3.2.7 2) and 5.8.2 (cf. def. 5.8.1), we deduce that (G1, X1, H;) has
an integral canonical model having the EEP. From [Mu] and 5.6.2 we deduce that as
a scheme it is a pro-étale cover of a quasi-projective smooth scheme over Z,). The
statement of 6.1.2 implies that (G4, X4, Hy) has an integral canonical model having
the EEP, which as a scheme is a pro-étale cover of a quasi-projective smooth scheme
over Zy. From 6.2.3 we deduce that (Ga, Xa, Ha) has an integral canonical model
which as a scheme is a pro-étale cover of a quasi-projective smooth scheme over Z ).
It has the EP and its extension to V; has the EEP. From 6.2.2 b) we deduce that
(G, X, H) has an integral canonical model M. As the quotient of a quasi-projective
scheme smooth through a free action of a finite group is still a quasi-projective smooth
scheme (cf. [Mu, p. 112]) we deduce that M is a pro-étale cover of a quasi-projective
smooth scheme over Z,). From 3.2.2 4) we deduce that it also has the EP. This ends
the proof of the theorem.

If (G, X, H,v) is of abelian type then we can make use of a SQSAT with G{¢* not
depending on i € {1,2,3,4} (cf. 3) and 10) of 3.2.7 and 6.4.2). So we can make use
of 6.2.3 (instead of 6.1.2) for concluding that (G4, X4, Hs) has an integral canonical
model having the EEP and which as a scheme is a pro-étale cover of a quasi-projective
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smooth scheme over Z, (as (G1, X1, H1) has an integral canonical model having these
properties).

6.4.1.1. REMARKS. 1)* From 6.4.1 we deduce that any integral canonical model
of a quadruple (G, X, H,v) of preabelian type, with (v,6) = 1, is a quasi-projective
integral model.

2) In the context of 6.4.1, if Sh(G, X) is of compact type, then Sh,(G, X) is a
pro-étale cover of a projective smooth scheme over Z,).

From the proof of 6.4.1 (see also 6.8) we deduce that for seeing this, we can assume
that we do have an embedding (G, X) — (GSp(W, ), S) good with respect to p. As
different quotients of Sh,(GSp(W, ), S) have (plenty of smooth projective) toroidal
compactifications (cf. [FC]) which are moduli of semi-abelian varieties, we deduce
that different quotients of Sh, (G, X) admit compactifications (obtained by taking the
normalization of some closures in the previously considered compactifications), which
are projective schemes and moduli of semi-abelian varieties. We need to show that,
in our case, these quotients are in fact identical to their compactifications. This is
equivalent to showing that over this compactifications we have in fact abelian schemes
(not just semi-abelian schemes). This is an easy consequence of [FC, ii) of 10.1, p. 88]
(the argument is the same as the one used in the first key fact of the proof of 3.2.3.2

b)).
3) 6.4.1 fulfils the expectation of [Mi4, 2.17].

6.4.2. THEOREM. Let Sh(G, X) be an adjoint Shimura variety of abelian type.
Let p>5 be a prime such that G is unramified over Q,. Then there is a Shimura
variety Sh(Gy1,X1) of Hodge type having Sh(G, X) as its adjoint variety and having
a good embedding in a Siegel modular variety with respect to p, and such that for
any other Shimura variety Sh(Ga, X3) of abelian type having Sh(G, X) as its adjoint
variety, there is an isogeny G — G$°r.

The proof of 6.4.2 is presented in 6.5-6.

6.4.2.1.* COROLLARY. Any integral canonical model M of a Shimura quadruple
(G, X, H,v) of preabelian type, with (v,6) = 1, is a strongly smooth integral model.

This is a direct consequence of 6.4.1-2 and 6.2.4.1. We would like to remark that
if (G, X) is of abelian type then we do not need to make use of 6.1.2 (cf. the proof of
6.2.4.1 and of 6.4.2).

This corollary implies that many other smooth integral models are strongly
smooth, cf. 3.4.8.1.

6.4.2.2.* COROLLARY. If in 6.4.2.1 above there is a quadruple (G1, X1, Hy1,v1)
having the same adjoint quadruple as (G,X,H,v), admitling an embedding
(G1, X1, Hy,v1) — (GSp(W, %), S), K,,p), and such that there is an isogeny G4 —
GSer, then MO?IJ) has the EEP.

Proof. This is a consequence of 6.2.2-3 and 6.1.2 (cf. 6.4.1 and the def. of the
EEP). If the pair (G, X) is of abelian type then we do not need to use 6.1.2.

6.4.3. Let (G, X) define a Shimura variety of preabelian type. Let 8§ be the set
of primes whose elements are 2, the primes p for which G is ramified over Q,, and 3 if
G is unramified over Q3 but Sh3(G, X) does not exist (if a quadruple (G, X1, Hy,v1)
with vy dividing a rational prime p>3, has an integral canonical model, then we
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expect that Sh,(G1,X1) does exist; this is motivated by rm. 8) of 3.2.7 and by the
proof of 5.1, where was irrelevant with which prime of the reflex field dividing p we
were working). Let AJ% be the ring of finite adeles with all the g-components, ¢ € 8,
omitted. We have Ay = (qus Qq) x AJSc. Let H® be a compact open subgroup of
G(AJSC) which is a product of its g-components (for primes ¢ ¢ 8 ) and such that every
g-component of it is a hyperspecial subgroup H? of G(Q,). We call such a subgroup
of G(AJSC) hyperspecial. It is defined by the property that it is a compact subgroup
of G(AJSC) of maximal volume (with respect to any Haar measure on G(A?)): this is a
consequence of [Ti, p. 55].

6.4.4.* THEOREM. For any open subgroup Hg of G(][,cs Qp) such that Hg x HS
is smooth for (G,X), there is a quasi-projective smooth scheme M(Hg) over the nor-
malization Os) on[%] in E(G, X), whose generic fibre is Shy, . gs (G, X), and

q€

such that the normalization %(G,X) of M(Hg) in the ring of fractions of Sh(G, X)
has the properties:
a) It admits a G([],cs Qq) x HS-continuous action;

b) For every prime q ¢ S, the group G(Q,) acts continuously on %(G,X) X
Os) [ﬂ and the quotient of Sh(G,X) x Zg) by H? gets a G(A‘})-continuous action,
together with which it is the integral canonical model of the triple (G, X, H).

Proof. Tt is enough to show that there is a finite set 8; of rational primes con-
taining 8§ and a quasi-projective smooth scheme M; over the normalization O(s,) of
Z[Ql—q} in E(G, X), whose generic fibre is Shy, gs (G, X ), and such that for any

q€8]
prime p ¢ 8; the normalization of Miz, in Shy»(G,X) is the integral canonical

model of the triple (G, X, HP): if ¢ € 8\ 8, and if MY is the integral canonical model
of the triple (G, X, HY), then M?/Hg x ][ ,¢5.,(,3 H? is a smooth scheme over the nor-
malization of Zg) in E(G, X) (cf. 6.4.2.1); but now M; and M9/Hs x Hpgzsu{q} H?P
(for g € 81\ 8) can be glued together along their generic fibres.

Part a) is trivial. We denote by P(G, X) the statement of the existence of a set of
rational primes 8; and of a scheme M; as above for the Shimura pair (G, X). 6.4.2.1
gives us the right to assume (for proving P(G, X)) that Hg is as small as desired. So
the fact that P(G, X) is true for (G, X) of Hodge type is a direct consequence of the
proof of 3.4.7.

We treat now the case when Sh(G, X) is an arbitrary Shimura variety of pre-
abelian type. Let Sh(G1, X1) be a Shimura variety of Hodge type having Sh(G?d, X2d)
as its adjoint variety. Let (G2, X2) — (G*4, X3d) be a cover with G$°* a simply con-
nected semisimple group and with E(Ga, X2) = E(G*, X?1) (cf. [MS, 3.4]). Let
(G3, X3) be the fibre product of (G, X1) and (G2, X2) over (G#4, X2d) (cf. 2.4.0).

From 6.2.4.1 and the statement of 6.1.2 we deduce easily that P(G3, X3) is true as
P(Gq,X1) is true (i.e. the normalization of a scheme M; as above, but for (Gy, X1),
in the ring of fractions of a quotient of Sh(Gs, X3) by a subgroup of G5(As) which is
smooth for (G3,X3), is a smooth scheme over the normalization O(s,) of Z[@——]

qesqy 4

in F(G35, X3), for 81 a large enough finite set of rational primes). '
We have G$°* = G4 (both are simply connected semisimple groups having
the same adjoint group). From 3.2.14-15 (applied to the injective map (G3, X3) —
(G2, X2) x (G3P, X3P) defined by the natural projection of (G3, X3) on (Gg, X2) and
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by the canonical map (G, X3) — (G&P, X3P)) we deduce easily that P(Ga, X2) is true
as P(Gs, X3) is true.

The proof of 6.2.2 implies that P(G2d, X2) is true as P(Go, X2) is true.

The same argument used in getting that P(Gs, X3) is true as P(G1, X1) is true,
we deduce from 6.4.5 below (applied to the canonical finite map (G, X) — (G24, X)),
that P(G, X) is true as P(G®!, X24) is true. This ends the proof of the theorem.

As in the proof of 6.4.1, if (G, X) is of abelian type, we do not need to use the
statement of 6.1.2 (as we can use instead of it 6.2.3 and 3.2.14-15).

6.4.5. LEMMA. Let f0:(G% X% H?) — (G*, X', HY) be a finite map of triples
having integral canonical models M° and respectively M'. We assume that the prime
p such that H' C G*(Q,) is greater than 2 and that M° and M' have the EP. We
also assume that either

a) the order q of the center of the semisimple simply connected group cover of
GOt s relatively prime to p and M is a quasi-projective integral model, or

b)*p>5 and (G°, X°) is of preabelian type, or

c) M° and M! are pro-étale covers of proper smooth Zp)-schemes.

Then the natural morphism M® — M makes M° to be a pro-étale cover of an

open closed subscheme of M', and so MY is the normalization of M' in the ring of
fractions of MP.

Proof. Let Vy be the completion of the strict henselization of Z,. We can move
over Vo (i.e. we can shift from triples to quadruples). This is allowed as M is a
scheme over the normalization of Z,) in E (GY X°) and as this normalization is an
étale cover of the normalization of Z,) in E(G', X') (cf. [Mi3, 4.7]) over which M*
is defined. Let v° be a prime of E(G°, X) dividing p, and let v be the prime of
E(G', X") divided by v°. For i = 0,1, let M{, be the extension to V; of the integral
canonical model of the quadruple (G¢, X, H®, v?).

From 6.2.3 and rm. 10) of 3.2.7 we deduce that we can assume that f is a cover.
So case a) results from 6.2.2. To handle the other two cases we first remark that the
normalization N of M%,O in the ring of fractions of M(‘)/O has local rings of points of
codimension 1 isomorphic to local rings of MQ/U of codimension 1. To see this it is
enough (due to the EP enjoyed by N and M?,O) to check that any such ring is a DVR.
In case ¢) this is a consequence of 6.4.1.1 2) and of [Mi4, 4.13]. In case b) this is a
consequence of 6.4.2.2 and of 6.2.2: we can assume that G°°" is simply connected; so
the proof (Steps B), C) and D)) of 6.2.2 applies (it shows the existence of a natural
morphism from the spectrum of such a ring into M(\)/(;; using the natural morphism
MY, — N, we get the desired result).

From this and [Mi4, 4.13] we deduce that N is unramified over M%,o in all these
points. As M%O = Nk, is a pro-étale cover of an open closed subscheme of M}(O,
we deduce from the classical purity theorem that N is a pro-étale cover of an open
closed subscheme of M%/O. In particular N is a regular formally smooth scheme over
Vo having the EP (cf. C) of 3.2.2 4)). As MY, also has these two properties we get
(cf. rm. 7) of 3.2.3.1) N = MY, . This ends the proof of the lemma.

The proof of 6.8.1 shows that in fact we can handle the case a) as the other two
cases, without making reference to the involved 6.2.2, and so without assuming that
MO is a quasi-projective integral model.
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6.4.5.1.* COROLLARY. Let f:(G1, X1, H1,v1) — (G2, X2, Ha,v2) be a finite map
between two quadruples of preabelian type. We assume that vy is relatively prime to
6. Let m:My — My x O(y,) be the natural morphism (cf. rm. 4) of 3.2.7) defined by
f- Then m is the composite of a pro-€étale cover with an open closed embedding. A
simalar result is true if we work with triples.

6.4.6. REMARKS. 1)* If (Y,U) is an extensible pair with Y a healthy regular

scheme over Spec(Z[Ql—q]7 then any morphism U — M(Hg) extends uniquely to
€8

a morphism Y — M(f}g) (for a proof of this see 6.7). With the terminology to be
introduced in [Va6] these schemes M(Hg) are integral canonical models of their generic
fibres.

2)* These smooth schemes M(Hg) are the analogue of the schemes attached to
Siegel modular varieties parameterizing principally polarized abelian schemes (of a
given dimension) and having a finite level symplectic similitude structure. Of course
there are variants of 6.4.4 (and of 1) above) with 8§ replaced by a larger set of primes
(not necessarily finite). But all these variants are a consequence of 6.4.4 (and resp. of
1) above).

3)* We call S’?L(G,X) the extended integral canonical model of Sh(G, X) with
respect to H®. As schemes Sh(G, X) and M(Hg) do not depend on the hyperspecial
subgroup H® of G(A?).

To check this let H{ be another hyperspecial subgroup of G (A?) It is enough to
show the existence of cartesian squares of the form

Shics (G, X)  —5s Shyes (G, X)

Shigwis (G, X) —2— Shy,, g3 (G, X),

where K® (resp. K?) stands for an arbitrary product of the factors of H® (resp. of
HY), where r and 7, are the natural quotient morphisms, and where ig and ixs are
isomorphism (cf. rm. 7) of 3.2.3.1).

If G is a torus then we have nothing to show. If G is an adjoint group this is
a consequence of 2.3 and of the fact that any two hyperspecial subgroups of G(A?)
are G(A?)—conjugate (cf. [Ti, p. 47]). The same argument works in the case when
we have a cover (G, X) — (G2, X2d) (as we have epimorphisms G(Q;) — G*(Q,),
for any prime I). A simple argument based on connected components allows us to
shift this independence property to any Shimura variety of preabelian. In detail:
we consider the fibre product (cf. 2.4.0) of the natural map (G, X) — (G24, x3d)
with a cover (Gp,X;) — (G*, X24) such that G{ = G9*. We get finite maps
f1:(Ge, X2) — (G1,X1) and f:(Ga, X2) — (G, X), with G = G9*'. Moreover f
is a cover. From [Mi4, 4.11] we deduce that we can replace (G, X) by (G2, X3). We
have an injective map (Gg, X2) — (G3, X3) := (G1, X1) x (G&P, X3P) defined by f;
and the natural map (Ga, X2) — (G3P, X3P). So we can transfer the things (known
to be true for (G, X3)) to (G1, X1) (cf. 3.2.14-15).

This justifies the notation M(Hg) and the following terminology: the scheme
Sh(G, X) is referred to as the unramified Shimura scheme defined by (G, X'). Warning;:
the association §71(G,X ) to (G, X) is not functorial. There are two obstructions to
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this: the first one is derived from 3.1.2.2 2), while the second one is derived from
the fact that 8§ depends on (G, X). However 6.7.2 below is quite enough for many
functorial purposes in the context of Sh(G, X).

4) 6.4.5 has a variant for quadruples: If (G° X° H? v%) — (G', X1, H, ) is
a finite map between two quadruples, with (v°,2) = 1, having integral canonical
models M? and respectively M!, and if either a) or c) of 6.4.5 is true, then the natural
morphism M° — Mlo(vo) is the composite of a pro-étale cover with an open closed

embedding.

5) In 6.2.4 a) it is enough to assume that (v,6) = 1 and that M is a quasi-
projective integral model: 6.2.3 and 3.2.7 11) allows us to assume that G® is a simple
Q-group. Now everything results from 6.2.4 and 6.4.2 once we remark that the centers
of semisimple simply connected groups of Eg, E7 or D; Lie type have orders a power
of 2 or 3. If we exclude the Fg factors than we can replace (v,6) =1 by (v,2) = 1.
The same applies to 6.2.2.

6)* The philosophy of 6.4.4 is: to generalize Serre’ s lemma [Mul, p. 207] to
the context of Shimura varieties of preabelian type, we just have to check things in
characteristic zero.

6.4.7. REMARK. If (G, X) is the pair (G1, X7) of 5.7.5 for [ = 10, then different
open subschemes of the schemes M(Hs) x Os) [%] are moduli schemes of polarized
(or just pseudo-polarized) K 3-surfaces having some finite level-structure (cf. [Va6]).

6.4.8. REMARK. For the p = 2 and p = 3 theory of Shimura varieties of pre-
abelian type see [Vab] and [Va2]. In [Va2] we prove that 6.4.1-2 remain true for p = 3.
So in 6.4.3 we have 3 € § iff G is ramified over Qs.

6.4.9.% REMARK. We do not know if all integral canonical models whose exis-
tence is guaranteed by 6.4.1 do have the EEP (cf. 3.2.2 4)). However they do have
an extension property broader than the EP. This is with respect to healthy normal
schemes (over the required localizations of Z) whose local ring in a point of mixed
characteristic and of codimension 1, is a DVR (this can be easily checked starting
from 6.1-2 and A) of 3.2.2 4)). In fact it is enough that these local rings are certain
inductive limits of discrete valuation rings (cf. the proof of 6.2.2; for instace if they are
inductive limits of discrete valuation rings whose transition homomorphisms, at the
level of fields of fractions, are of degree dividing a fix number M € N). Similarly for
the schemes M(Hg) constructed in 6.4.4 we have a broader extension property than
the one mentioned in rm. 1) of 6.4.6.

From 3.2.12 and 6.4.1 we get directly:

6.4.10.% Criterion. Let (G, X, H,v) be a quadruple of preabelian type, with
(v,6) = 1. Let M be a normal integral model of it over O(,y having the SEP. Then

M is the integral canonical model of (G, X, H,v) (in particular M is a smooth integral
model and has the EP).

6.4.11. The compact case. We assume now that the pair (G, X) of 6.4.3 is of
compact type. So Shy, s (G, X) is a smooth projective scheme over E(G, X). From
6.4.1.1 2) and 6.4.4 we get directly:

A. COROLLARY. Shpy, gs(G,X) has good reduction with respect to any prime v
of E(G, X) not dividing a prime of 8.
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A similar thing can be stated for any connected component €9 of Shy, , gs (G, X)c:

B. COROLLARY. C9 is naturally defined over a finite field extension E(CY) of
E(G,X) unramified outside 8, and its canonical model over EI has good reduction
with respect to any prime of E(CY) not dividing a prime of §.

C. Moreover: M(Hs) is the unique proper smooth scheme over Og) having
Shy, «ms (G, X) as its generic fibre. To see this let N(Hg) be a proper smooth
scheme over Og)y having Shy, , ys(G, X) as its generic fibre. Using the extension
type property enjoyed by M(Hg) (cf. 6.4.6 1)) we deduce the existence of a morphism
I:N(Hg) — M(Hg) which is the identity on generic fibres. From [Hart, 11.3, p. 279]
we deduce immediately that [ is an isomorphism. The same thing remains true if
instead of O(sy we work with any regular flat O(s)-scheme D of dimension 1 such
that any smooth D-scheme is healthy (see 3.2.2 1)), and if M(Hs) is replaced by its
extension to D: the same proof applies.

D. We can use this fact to give an alternating definition of an integral canonical
model of a quadruple (G, X, H,v) with (v,6) = 1:

THEOREM. An integral model of (G, X, H,v) over O,y is the integral canonical
model of (G, X, H,v) iff it is a smooth proper integral model.

This theorem answers a question of M. Flach.
6.5. A proof of 6.4.2 in the case when p does not divide B(G).

6.5.1. First we prove that it is enough to treat the case when G is a Q—simple
group. To check this let (G, X) be a product of two Shimura pairs (G*, X*) of adjoint
type, ¢ = 1,2, for which 6.4.2 is true. As G is unramified over QQ, we deduce that the
group G is also unramified over Q,, i = 1,2. Let (G}, X}) — (GSp(W? "), S%) be
an embedding good with respect to p, with (G4, X%d) = (G% X?), and such that
for any other Shimura pair (G%, X3) of preabelian type having (G, X?) as its adjoint
variety, there is an isogeny G194 — Gider (i = 1,2). Let (G3, X}) be a Hodge quasi
product of the two Shimura pairs (G}, X1) and (G%, X?) of Hodge type (cf. Example
3 of 2.5). Now the Segre embedding (G, X3) — (GSp(W?! @ W2 ¢! @ 4?),5°) is a
good embedding with respect to p (cf. 4.3.17). Moreover G3d¢" = Gider x G3der, §o
for any Shimura variety (G35, X3) of abelian type such that its adjoint variety is the
adjoint variety of (G$, X}), there is an isogeny G39°* — G39°* (cf. [De2, 2.3.8]).

So we can assume that G is a simple Q-group. We deduce the existence of a
totally real number field F' and of an absolutely simple adjoint group G* over F' such
that G = Resp/oG® [De2, 2.3.4]. As before Vo = W(Z/pZ). For any number field
we denote by E(,) the normalization of Z,) in E. Let Gz, be an adjoint group over

Zpy having G as its fibre over Q (cf. 3.1.3), and let Gz,,, be the semisimple simple
connected group cover of it. We have:

a) Gy, is a product of [F : Q] copies of a split adjoint group of the same Lie type
as G (this is obvious).

b) As G is unramified over Q,, F' is unramified over p and G, is unramified over
F;, where FRQ, = Hielp F;, with Fj local fields (we have Gg, = Hielp Resg, 1q,G¥,)-

De2, 2.3.10] admits a Z,y-version:
[De2, (»)
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6.5.1.1. THEOREM. Let K be a quadratic totally imaginary extension of F,
unramified over p. Then there is a Shimura variety Sh(G1,X1) of Hodge type such
that:

a) Sh(G, X) is its adjoint variety;

b) for any Shimura variety Sh(Gy, X1) of abelian type with (G4, X2d) = (G, X),
there is an isogeny G — é‘fcr;

c) its reflex field is the the composite field of E(G,X) and E(Resk/qGm,hr)
(where (Res g joGm, hr) is the zero dimensional Shimura pair defined in [De2, 2.3.9]);

d) it has a good embedding in a Siegel modular variety with respect to p.

Proof. The proof is divided in two parts. First we treat the case when p does not
divide B(G), then we continue in 6.6.5 with the general case. In this section 6.5 S,
K, Kg, (G3,X3) and (G5, X3) have the same significance as in [De2, 2.3]. So S is a
set of nodes of the Dynkin diagram of Gg¢, (G2, X2) and (G35, X3) are Shimura pairs,
while Kg is a product of finite field extensions of Q. If (G, X) is of By, C; or D} type
(rep. of A; or Dl]R type) then to each simple factor of Gﬂa{d it corresponds one (resp.
two) elements of S. We itemize the things we need.

i) We start with a representation W, of C:'Z(p) over Z,) which over Vj is iso-
morphic to GsesV,(s)™ for a convenient number n € N (to be compared with [De2,
2.3.10]). Here V,(s) is the Vj-representation of C:'VO given by the fundamental weight
corresponding to s € S (cf. [De2, 2.3]).

ii) The totally imaginary quadratic extension K of F' is assumed to be unramified
above p (i.e. Spec(K(y)) is an étale cover of Spec(Z,)).

iii) Kg is unramified above p as C;‘Z(p) splits over Vj.

iv) The closure of G3 in GL(WZ(p))7 with Wz, = K(,) ®F,,, W(p), is a reductive
group Gz, over Z,) (cf. [De2, 2.3] for the meaning of G3) (moving over Vo this
becomes obvious). Let G574 be the subgroup of G generated by G4, and by
the maximal subtorus of Z(G3) which over R is compact (cf. [De2, 2.3.3 and end of
2.3.10]). Let G35 be the subgroup of G5 generated by @§+der and by the one dimensional
split torus acting as scalar multiplication on

W .= WZ(,,) ® Q.

So any homomorphism S — Gsgr defined by some 2 € X3 factors through Gsg (of
course instead of G3 we can work equally well with the smallest subgroup of Gj
satisfying this property). We get a Shimura pair (Gs, X3); here X3 is a disjoint union
of connected components of X3 defined by a Gs(R)-conjugacy class of an arbitrary
x € X3. This is a slight restatement of [De2, 2.3.3]: we do not always have X5 = X3,
as it can be seen easily (to be compared with 2.5.1) through examples in which F' is
a totally real quadratic extension of Q.

Let G3Z<p) (resp. ég%‘ijr) be the closure of G (resp. of G5T4°T) in Gz, -

From loc. cit. we get that Gs is included in the group of symplectic similitude
isomorphisms defined by a non-degenerate alternating form on W.

v) There is a perfect alternating form : Wz, ® Wz, — Zy) such that we get
an injective map f: (ég,)N(g) — (GSp(W,v), S%) (here we write as an exception S°
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for what we have always denoted by S, not to create confusion with the meaning of .S
in [De2, 2.3)).

This is so due to the fact that [De2, 1.1.18 b)] admits a Z,)-version. To see this
we first remark that the bilinear forms Wz, @Wz, ., — L) fixed by égz(p) form a free
module M over Z,. Chosing n big enough (see 6.6.5 d) for an explicit presentation)
we can assume that we have such bilinear forms which are perfect and alternating.

In fact using the natural embedding SL.,(Zp)) — Spam(Z)) (as in 6.6.5 d1);
here Spam(Z(p) is the group of symplectic isomorphisms defined by a perfect alter-
nating form on Z%;’)l, etc.), m := dimg, (Wz,, ), we get the existence of such a perfect
alternating bilinear form after we replace (if needed) n by 2n. This replacement cor-
responds to a replacement of W, by W) ®@ W, and of Wz, by Wz & Wz,
(cf. the way we defined W, in 6.6.5.1, and the definition of the connected com-
ponent of Z(G5T4°T)). We would like to point out that this fact is convenient for
notations (and so used in what follows), but is irrelevant for what follows: we can
work equally well (to be compared with 6.7.2) without having (or knowing) that
the representation égzgjr — GL(WZ<p)) we get under the above natural embedding
SLim(Zpy) = Spam(Zp)) is a sum of two copies of its representation on Wz, .

Now we look at M as a group scheme over Z,y. The intersection of a non-empty
open (in the real topology) subset of Mg(R) with the set of Z,)-valued points of the
dense open subscheme M (pa) of M corresponding to perfect alternating bilinear forms
is not void: M (pa) has Z,)-valued points; if ¥ Wz, ® Wy, — Zy) corresponds to
Z € M(pa)(Zy)), then we can choose v such that mod p is ¥ mod p (standard
argument involving approximations with respect to non-equivalent valuations).

vi) Using 5.7.4 and 5.6.9 we get that if p does not divide B(G) (see 5.7.2 for the
meaning of it), then (G3, X3) — (GSp(W, ), S%) is a good embedding with respect
to p.

For checking this we first remark that we have

Wy, = WZ(p) QW= @(i,s)eIxSVp(‘S)i

as Gg(‘i}zr-modules, with I = {1,2,...,2n}, the upper indices i just counting the numbers
of copies of V,,(s) we get. Moreover G3y, leaves invariant any summand of this direct
sum decomposition. Let gl(Wy,) = mo & my, with mg the free Vp-submodule of
End(Wy,) leaving invariant any subspace V,(s)® of Wy,, and with m; the free Vj-
submodule of End(Wy,) taking, ¥(ig, so) € I x S, the summand V,(s¢)* of Wy, into
B (i,5)€1 (i0,50) V()" (here I(ig,s0) := I x S\ {(i0,50)}). Let mo be the projector of
gl(Wy,) on mgy associated to the above direct sum decomposition. Now to get vi) we
just have to apply 5.7.4 to the bilinear form b on gl(Wy,) defined by
b(w,y) = @(i,s)ezst(i,s)Tr(i,s)(770(33)’ mo(y))-

Here 2,y € gl(Wy;), 7(i,s) are invertible elements of V) having their sum still an invert-
ible element of Vp, and Tr(; 4 is the trace form on End(V,(s)"). Tr(; s (mo(x), mo(y))
makes sense as mg = @(i75)61XsEnd(Vp(s)i). Obviously b is fixed by Gy, and so by
G3Vo'

This ends the proof of 6.4.2 and 6.5.1.1 in the case when p does not divide B(G)
(cf. [De2, 2.3.10-13] for the requirements on E(Gs, X3) = E(Gs, X3) and on Gder =
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G3° expressed in 6.5.1.1 b) and c)).

6.6. The proof of 6.4.2 and 6.5.1.1 (the general case). We continue to
use the same notations as in 6.5. We present two proves of the general case of 6.4.2:
the first one (6.6.3), based on the (sophisticated) proposition 6.6.2, and a second one
(6.6.5) which is a simplified, down to earth, explicit version of the first one.

6.6.1. Notation. For any totally real number field F} D F, we denote by
Sh'* (@, X) the adjoint Shimura variety defined by the pair (GFr, X 1), where G :=
Resp, oG%, and X' is the Hermitian symmetric domain obtained as the G**(R)-
conjugacy class of homomorphisms S — G]gl generated by the composite of any x € X
with the natural inclusion Gg — Gﬂlgl. So X1 is a disjoint union of [Fy : F] copies
of X. We get a natural injective map fp,:Sh(G,X) — ShFl(G,X). In particular
Sh¥ (@, X) = Sh(G, X).

6.6.2. PROPOSITION. There are injective maps

(G, X) 25(G°, x0) L6, x 1) B (Gsp(w,v), 5°)

having the properties:

a) there is a Zy)-lattice L of W such that ¢ induces a perfect bilinear form : LL —
Zpy and the closures of Gy, G° and G in GSp(L,) are reductive groups over
Zpy denoted respectively by G4Z(p), GOZ(M and Glz(m ;

b) (G34, X3d) = (G, X) and there is a totally real number field Fy D F such that
Sh(G%d, X0ad) = SHF (G, X);

c) the map fo induces the canonical homomorphism fr,:G = G314 — G = GF1;

d 9 s the centralizer in GL  of a torus of GS
) GZ(p) GZ(p) f fGZ(p)’

e) the homomorphism GO — G induced by f1 is of the form ResFl/QfFl for
fFlzG‘IiJl — é},l a group homomorphism between semisimple groups over Fy, with
(?};fjd a simple Fy-group, and with G%l a cover of G ;

f) fa is an injective map obtained by the Z,-version of [De2, 2.3.10] explained in

6.5.1.1, with L = Wy, and with the number n (mentioned in i) of 6.5.1.1) a
power of 2;

g) p does not divide B(G*24);

h) sz — (G0ab.

i) If (G, X) is of DI type, with | € N, 1 >4, then the embedding G — G4 can

be lifted to an embedding at the level of semisimple simply connected group covers.
Moreover if (G, X) is of A;, By or D type, we can also get E(G', X') = Q.

Proof. The proof of 6.6.2 presents no difficulty. The statement of the proposition
makes its proof obvious (cf. also [Vab]). If (G, X) is of B; (resp. DJ) type, we can
take (G, X1') of Byy, (resp. DlRﬁ_a) type, with a a non-negative integer; if (G, X) is
of C; (resp. D) type, we can take (G, X1) of Cy; (resp. DY) type, with a € N; if G
is of A; type we can take G' of Ca+1) type, with a € N (to be compared with 6.6.5
below). In practice we take the number a to be 0 (when allowed), 1 or 2. We will
just add that we need Fj to be a totally real number field, containing F', unramified
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above p and big enough so that G® splits over the completion of F; with respect to
any finite prime of the ring of integers of F.

For the last property (concerning the cases when we can take E(G!, X!) = Q)
needed for the proof of the Langlands-Rapoport conjecture (of 1.7) see [Va2]. We need
6.6.2 (presently) only for the p = 2 and p = 3 theory of Shimura varieties of preabelian
type.

6.6.3. REMARK. 6.6.2 a) implies that G4 and G' are unramified over Q,. From
5.7.1 and 6.6.2 g) we deduce that the injective map (G1, X!) — (GSp(W, ), S°) is a
(very) good embedding with respect to p. From 4.3.14 and 6.6.2 d) we deduce that
(G, X0) — (GSp(W,,S°) is a good embedding with respect to p. Now 4.3.16 and
b), ¢) and h) of 6.6.2 imply that (G4, X4) — (GSp(W, ), S°) is a good embedding
with respect to p. This ends the first proof of the general case of 6.4.2.

We present now what 6.6.2 becomes in the case of classical Spin modular varieties
of odd dimension (and rank 2).

6.6.4. EXAMPLE. Let [ >3 be an integer. Let Sh(G;, X;), i = 0, 1, be two adjoint
Shimura varieties showing up in 5.7.5, with G; = SO(2,2l — 1 + 2i). The canonical
inclusion jo: Go — G; (corresponding to the identification of the group of invertible
matrices of dimension 2] + 1 with the subgroup of invertible matrices of dimension
2] + 3 having on the last two lines and columns just two diagonal 1’s) induces an
injective map jo: (Go, Xo) — (G1,X1) and Gy is the centralizer in Gy of a torus of
G of dimension 1. 4.3.14 and 5.7.5 put together imply that for any prime p>5,
Shy,(Go, Xo) exists.

If (G,X) = (Go,Xo) = (Ga4,X3d) and if p is a prime not dividing B(G) =
6(21 — 1), then in 6.6.2 we can take G4 = G° = G and for the map f» we can take the
map associated to the Spin representation described in 5.7.5. So G5 = G,,,. If p>5
divides 21 — 1 then in 6.6.2 we can take G4 = G, the adjoint of f; to be jo, and as fo
the map associated to the Spin representation of the simply connected group cover of
Gi.

6.6.5. An explicit proof of the above Z,)-version of [De2, 2.3.10]. Here
we present the second part of the proof of 6.5.1.1. Let T" be a maximal torus (cf.
the argument in 3.1.4 based on [Ha, 5.5.3]) of the simply connected group G¥,, (cf.

3.1.3) over I,y having as its fibre over F', the simply connected group cover of G*,
and such that for any embedding F' — R, Tk is compact. Then T splits over a Galois
extension E of F' unramified above p. Choosing the smallest such Galois extension,
we get that FE is a CM-field (as Tg is a compact torus for any embedding F < R).
We need T (and E) just to fix a little bit the notations.

We consider homomorphisms (between reductive groups over E;))

ho ~d h1 x ha
SEC(p) - GE(p) = G, = GL(WEg,,)
such that:
a) Wg,,, is a free E(,)-module of finite rank.
b) G By, 18 semisimple; é"};‘ip) is a split simple group over F(,) such that p does not
.« . ~ad
divide B(GE(p) ).

¢) hg is an isogeny. Here G%Cm is the extension of G}C(p) to E(,).
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Q)
di)

d2)

ds)

dd)

ds)
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hy is an Ey)-version of the map ' mentioned in 6.6.2 e). Namely:

If G® is of A; Lie type, then we take Wg, of dimension 2(1 + 1) over E,y. ho
is an isomorphism. Let g: WE(p) ® WE(p) — B be a perfect alternating form.
We choose a basis {ej,es,...,e942} of WE(p) with respect to which 1y has the
standard form, i.e. if 1<i<j<2(l+ 1), then ¥g(e;,e;) =1if j =i+1+1 and
zero otherwise. We identify G%C(p) with SLlJrlE(p)‘ We take hg o h1 such that it
takes A € SLipip, (E(p)) into the element of GL(W, ) that acts as A on the
submodule of W, generated by the first [ + 1 elements of the chosen basis, and
as (A%)~1 on the submodule of Wk, generated by the last [ + 1 elements of the
chosen basis. If p does not divide B(G*®) = 6(l + 1), we take éE(p) = GC‘IE@) (with
hi as identity). If p divides 6(I + 1), we take éE(p) = Sp(Wg,,,,%0), and hy and
hy as the obvious inclusions (as p does not divide B(G%!) = 6(1 4 2); we recall
that p > 5).

Let now (G, X) be of type DF. We take GdE(p) =G%,, = Spin(2l)g,,,. We take
ha o h1 to be the composition of the embedding Spin(2!)g,,, — Spin(2l + 2)g,,
(which results by passage to simply connected group covers of the homomorphism
SO(2) g, — SO(2l + 2)g,, described in terms of matrices by the rule: A €
SO(20) g, (E(p)) goes to the matrix having A on the first 2/ lines and columns
and having on the last two lines and columns just two diagonal 1’s), with the
Spin representation of Spin(2l + 2)g,,. If p divides B(G®) = 6(2l — 1), we take
G, = Spin(2l+2)p,, (B(G3%) = 6(21 + 1)) and if p does not divide B(G*) we
take G By = GdE(p> (and the obvious homomorphisms h; and hs).

If G*® is of B; Lie type, then the situation is entirely analogous to the situation
described in d2) (cf. 5.7.5).

Let now G* be of C; Lie type. We take GSEC(M = GdE(m = Sp(Wé(p),wl), with
W’%(m a free module over E,) of dimension 2/ and with 1 : Wé(m ® Wém — B,
a perfect alternating bilinear form. We choose a E-basis {e1,ea,...,e2} of
Wé(p) with the property that for 1 <i<j <2l ¢g(e;,e;) = 1 if j =1 + 4 and zero
otherwise. We take: Wg = W}}(p) & Wém a direct sum of two copies of Wé(p).
Let 1y be an alternating form on it such that: ¥g(z,y) is ¥ (x, y) if 2,y belong to
the same copy Wé(p) of Wg,,,, and is equal to zero (resp. u(p)) if z = e; belongs
to the second copy and y = e; belongs to the first one and ¢ is different from
J (resp. and i = j). Here u(p) is an arbitrary invertible element of E,) which
makes 1y to be a perfect form. For instance u(p) = 2 works for all primes p > 5,
as it can be seen easily computing the determinant of the matrix associated to
1o. We take hg o hy to be defined by: A € Sp(Wé(p),w)(E(p)) acts on Wg,, as

A on the first copy Wé(p) and as (At)71 on the second copy Wém. If p does not
divide B(G?®) = 6(l + 1), then we take C;'E(p) = G%(m’ and if p divides B(G?),
then we take C:'E(p) = Sp(Wg,,,,%0) (as p does not divide B(G3) = 6(1+2)).

If (G, X) is of type DEHI, the situation is entirely analogous to the one described in
d4) (we just have to replace the alternating forms by symmetric bilinear forms),
except that hg is not an isomorphism, but an isogeny of degree 2. We have
G%,, =02k,



INTEGRAL CANONICAL MODELS OF SHIMURA VARIETIES 515

e) GdE(p) is the centralizer of a torus T of éE(p) (cf. d1) to d5) above).

The composition hy o hy o hg is the representation:

—in the case d1): direct sum of the representations associated to the fundamental
weights corresponding to the roots a; and «; (see [De2] for the notations and the role
of the roots; see also [Mi3, 1.21]);

—in cases d2) and d3): direct sum of two copies of the Spin representation;

—in cases d4) and d5): direct sum of two copies of the representation associated
to the fundamental weight corresponding to the root ;.

6.6.5.1. We now come back to i-vi) of the proof of 6.5.1.1. All the above part of
6.6.5 had just the role of making 6.5.1.1 i) well-fitted for the general case.

We take W,y = Wg,,. The group G,,(F) acts on Wy, [ﬂ by multiplication
(Wg,,, is a module over F;), cf. a)). We get the situation:

der d ~0 . ~
Gsz,, = Besey, /24, GE,, = G = Resp, 2, Gry,y — GL(Wz,,),

with éO(Z(p)) = C~T’E(p) (E(py) acting on Wz, = Ky @, W(p) through its canonical
action on W(,). This is the explicit version of 6.5.1.1 i).

We keep ii) and iii) of 6.5.1.1. We have n = 2[E : F.

CASE 1. We consider first the case when Sh(G, X) is a Shimura variety of By,
Cy, Df or DY type, or of A; type but with trivial involution (cf. [De2, 2.3.12]). We
choose G as explained in [De2, 2.3.13] (i.e. we choose G2 as small as allowed). So
the connected component of the center of Gsz (»y commutes with G°. This takes care
of 6.5.1.1 iv). We keep 6.5.1.1 v). The injective map f: (Gs, X3) — (GSp(W, ), S)
(we recall that W =Wz ® Q) is a good embedding with respect to p, with Wz, a
good Z,)-lattice for the map f. This is a consequence of the fact that the family of
tensors fixed by é;, formed by the set of elements of the algebra L of endomorphisms
of Wy, fixed by G3z,,, and by the family F of 3 tensors of degree 4 (this is the family
described in 4.3.10 b) for the embedding GPQ — GL(W)) is enveloped by Wz, and
is Zy)-very well positioned for G3. To check this we use 4.3.6.2). 4.3.13 takes care of
the connected component of the origin of Z(Gs), while 4.3.16 takes care of G3°*. To
see this last part we just have to remark that (cf. 6.6.5 d) and e)):

— we have a relative PEL situation (éo, E, Resg, /2., f),

— the family of tensors J is Z,)-well positioned for the group é?Q and is enveloped
by Wz, cf. 4.3.10 b) and 6.6.5 b) and d).

This ends the explicit (second) proof of 6.4.2 as well as the proof of 6.5.1.1, in
these cases.

CASE 2. We consider now the case when (G, X) is of type A4;, and has a non-trivial
involution (as def. in [Del, 3.7]). We first remark that Resg/qG,, acts on W, [ﬂ
(cf. the proof of [De2, 2.3.10]). We have to take some precautions: keeping the 6.5.1.1
iv), the connected component G of the origin of the center of Gsz ) does not commute
with G°. However Sq is generated by two subtori: one is Resg /oGy, (it commutes
with C:%), and another one which is a subtorus T'(Ks) of Resg /oG, producing an
isogeny Resp/qGm x T(Ks) — Reskg/oGm (cf. [De2, 2.3.10]). But T'(Kg) lies inside
G% (cf. d1) above); in fact T(Kg) is a subtorus of the generic fibre of ResE(p)/me
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(cf. e) and d1) above). So keeping 6.5.1.1 v), we still get (the argument is the same
as in case 1 above) that the map f: (G3, X3) — (GSp(W, 1), S°) is a good embedding
with respect to p: again we have a relative PEL situation (G°, L, ResE(p)/Z(p)T) (cf.

4.3.16). In other words the family of endomorphism of Wz, commuting with Gz, ,
together with the family J of three tensors (defined as in case 1) is Z,)-very well
positioned for G'3 and is enveloped by Wz, (cf. d1) above).

In fact it is an easy exercise to see that we can choose ¢ in 6.5.1.1 v) so that,
replacing if needed (G3, X3) by an enlargement (see def. 4.3.1) of it in (GSp(W, 1), %)
(so we are not anymore interested to have Gj as a subgroup of G3), the injective map
((?3,)?3) — (GSp(W,%),S°) is a PEL type embedding, and that the conditions of
[Ko, ch. 5] are satisfied for p (i.e. we are in the situation described in 4.3.11). In
fact, referring to 6.5.1.1 v), we just need to choose Z € M(pa)(Z,)) such that the
Z(p)-subalgebra of End(Wz, ) formed by endomorphisms fixed by G’gZ(p), is self dual

with respect to 1.
This completes the explicit (second) proof of 6.4.2 as well as the proof of 6.5.1.1.

6.6.6. REMARK. Except 6.5.1.1 vi), 6.6.3-4, everything in 6.5-6 remains valid
for p = 3 (but working with @ instead of B(x); with * substituting a simple adjoint
group over a field). Even for p = 2 some part of 6.5-6 remains valid. We apply this
remark in the building of the p = 2 and p = 3 theory of Shimura varieties of preabelian
type (cf. [Vab]).

6.7. The proof of rm. 1) of 6.4.6. For any reductive group G over Q we
denote by U(G) the set of primes ! such that G is unramified over Q.

6.7.1. REMARK. In 6.5.1.1 we can choose the number field K and the Shimura
pair (G1,X1) such that U(G) \ {2} = U(G1) \ {2}. This is a consequence of the proof
of 6.5.1.1: ng is unramified over Q; if K and Kg are unramified over Q;; if G is
unramified over Q; then the number fields Kg and F' are unramified over [ (cf. 6.5.1
b) and 6.5.1.1 iii)). So we just need K to be unramified over [ for all primes [ > 2 such
that G is unramified over Q;. For instance we can take K = F(i). More generally: we
can take K = F(y/—d), where d € N divides the discriminant of F'.

If there is a prime [ such that G is ramified over Q; (for instance if F' or E(G, X)
is different from Q) then we can choose K and (G1, X;) such that U(G) = U(Gy).

All these extend to the context of 6.4.2 (i.e. when Sh(G, X) is not a simple
Shimura variety).

6.7.2. LEMMA. For any Shimura variety of Hodge type Sh(G,X) there is an
injective map f: (G, X) — (GSp(W, ), S) such that for any prime | € U(G) there is a
hyperspecial subgroup of G(Q;) contained in a hyperspecial subgroup of GSp(W,¥)(Qy).

Proof. We start with an arbitrary embedding f: (G, X) — (GSp(W,),S). It
takes care of all primes | € U(G) \ B(f), with B(f) € U(G) a finite set. For any
1 € B(f) we choose arbitrarily a hyperspecial subgroup H; of G(Q;). It is contained
in a maximal compact open subgroup of GSp(W, ¢)(Q;). But composing the natural
map from (G,X) to a Hodge quasi product (cf. Example 3 of 2.5) of n copies of
(GSp(W, ), S), with n € N big enough and suitable chosen, with the Segre embedding
of this product into (G, X1) := (GSp(W®™ 4®™) S, ) we do get that H; is contained
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in a hyperspecial subgroup of G1(Q;) (cf. the structure of maximal compact subgroups
of GSp(W,¢)(Qy)). The good values of n depend only on the dimension of W over Q.
So some n € N works for all [ € B(f).

In fact we can always take n = 2: H; is contained in a hyperspecial subgroup of
GL(W)(Qy) (cf. 3.1.2.2 2)), and so 6.6.5 d1) applies.

Now the injective map (G, X) — (G1,X1) has the desired property. This ends
the proof of the lemma.

6.7.3.* Now we are ready to prove rm. 1) of 6.4.6. We use the notations of
6.4.3-4. We assume that 6.4.1-2 are true for p = 3 also (cf. 6.4.8) (otherwise we have
to assume that 3 ¢ §). From def. 3.4.8 and 6.4.2.1 we deduce that we can assume
that the open subgroup Hs of G([],cs Q) is as small as desired. This implies (cf.
6.4.5.1 and 3.2.3.1 5)) that we can assume that (G, X) is of adjoint type. 3.2.16 allows
us to assume that G is a simple Q-group of adjoint type. From 6.7.1, 6.4.5.1, and
C) of 3.2.2 4) (and 6.4.2.1) we deduce that we can assume that (G, X) is of Hodge
type. But this case is an easy consequence of 6.7.2 and 3.2.15: for Hg small enough
we have a (special) (universal) principally polarized abelian scheme over M(Hg) (to
be compared with 3.4.7 and 4.1). This ends the proof of rm. 1) of 6.4.6.

6.8. About the proof of 6.1.2. Here we present the proof of 6.1.2 as far as
the tools presented in the present paper allow. For the last part of the non-compact
case we have to refer either to [Va2] or to [Va3]. We keep the notations of 6.1.

6.8.0. The part about triples implies and is implied by the part about quadru-
ples. So we start using triples. For the case p = 3 we refer to [Va2-3]. Here we
consider p > 3. From rm. 10) of 3.2.7 and 6.2.3 we deduce that we can assume that
f:(Gy, X1, Hy) — (G, X, H) is a cover. Moreover we can assume that G{°" is a simply
connected semisimple group. From rm. 11) of 3.2.7 we deduce that we can assume
that G* is a simple Q-group.

We can assume that (G1,X7) is not of abelian type (cf. the proof of 6.4.1).
So (G1,H,) is of D}l type (cf. 6.4.2 and [De2, 2.3.10]). In particular the order of
the center of G is a power of 2. From [Del, 2.4-5] and 3.2.8 we deduce that the
connected components of Shy, (G1, X1)c are defined over Ky . As before Ky is the
field of fractions of Vo = W(F).

Let N be the normalization of M in the ring of fractions of Shy, (G1, X1). It gets
naturally a Gy (A?)—continuous action. So N is a quasi-projective integral model of the
triple (G1, X1, H1) (cf. 6.4.1 for the quasi-projectiveness part). Moreover it has the
EEP. So we just need to show that it is a smooth integral model. For this it is enough
to show that it is a pro-étale cover of the open closed subscheme M’ of M defined
as the image of N in M. We can move over V{, and so we come back to quadruples.
From 6.2.3.1 we get:

FacT. A connected component of Shy(G, X))k, is the quotient of a connected
component of Shy, (G1, X1)k, by a 4-torsion pro-finite group.

6.8.1. LEMMA. We assume that for any connected component Cr of My there
is a Vy-valued point of Ny, giving birth to an F-valued point of Ny, which is mapped
into an F-valued point of Cr. Then N is a pro-étale cover of M.

Proof. Everything boils down (cf. the above fact) in showing that: if R =
Vol[z1, ..., xz4]] is a ring of formal power series in d variables with coefficients in Vp,
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then there is no étale cover Z of Spec(R[%]) of degree 2, such that denoting by R; the
normalization of R in the field of fractions of Z, we do have a surjection Ry — Vj,
but Spec(R;) is not an étale cover of Spec(R).

The proof of this is easy: Z corresponds to a field extension of the field of fractions
of R defined by an equation 22 = z, where z is an invertible element of the unique
factorization domain R[}ﬂ As Ry is not an étale cover of R, we deduce that we
can assume that z = pz;, with 2; a unit of R. So we can not have surjections
Spec(Ry) — V. This ends the proof of the lemma.

In fact the result of the above proof remains true if we replace “étale cover Z of
Spec(R[%]) of degree 2”7 by: solvable Galois cover Z of Spec(R[ﬂ) of degree relatively
prime to p. Everything boils down to Kummer extensions, for which the above proof
applies (to be compared with Step a) of 3.4.5.1).

6.8.2. CRITERIA. The hypothesis of the above lemma is satisfied if one of the
following condition is satisfied:

a) M admits smooth toroidal compactifications.

b) The F-valued points of My obtained by specializing Ko-valued special points of
Mg, (cf. def. 2.10) are dense in Mg.

Criterion a) is a consequence of 3.2.11 (which guarantees that N has plenty of
Vo-valued points) and of 3.3.2. Criterion b) can be easily checked starting from [Mi4,
4.12] and 2.7-8) (see [Va2]).

In [Va3] we prove a) (see 1.8), while in [Va2] we prove b) (cf. 1.6.1 and the density
property referred to in 1.6.2). From 6.8.2 a) and 6.4.1.1 2) we get (without a reference
to [Va3]) directly:

6.8.3. COROLLARY. If Sh(G, X) is of compact type then 6.1.2 is true.

6.8.4. REMARK. 6.8.2 a) can be replaced by the condition: the connected com-
ponents of MW are permuted transitively by G(A?). This condition is satisfied
(cf. 3.3.2) if there is an open subgroup Hy C G(Aj) such that M/H, has smooth
compactifications.

From 6.8.2 a), 6.4.4, and the existence of smooth toroidal campactifications of
Sh(G, X) (cf. [Har]), we get (without a reference to [Va3]):

6.8.5. Fact. There is ]Sf(G’l,Xl) € N, depending only on the pair (G1,X1),
such that 6.1.2 is true if p > N(G1, X1).

6.8.6. The remaining cases. From the above discussion we deduce that the
cases of 6.1.2 which are not covered by 6.8.3 or by the abelian situation and are needed
for the full prove of 6.1.2, can be summarized as follows. Keeping the notations of
6.1.2, we can assume (cf. also Example 5 of 2.5) that:

— (G4, X24) is a simple adjoint variety of D}l type (I € N, I > 4) such that the
Q-rank of G is positive; (so G& does not have compact factors).

We distinguish two cases: (G®9, X24) has a trivial or a non-trivial involution. If it
has a trivial involution then E(Gad, X ad) = Q, and we can assume that the embedding
f is a PEL type embedding (cf. case 1 of 6.6.5 and [De2, 2.3.13]; the argument is the
same as in case 2 of 6.6.5). So we are reduced to the situation described in the case
D of [Ko, ch. 5] (so E(G,X) = Q, cf. [De2, 2.3.13]; see also [Zi, p. 107]). It is an
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easy exercise to check that condition 6.8.2 b) is satisfied (Hint: use 1.6; in this case
the results of the paragraph before 1.6.1 can be easily checked). But if (G2, X?4) has
a non-trivial involution, then E(G®%, X*) is a quadratic imaginary extension of Q,
and the situation can not be reduced to the PEL type situation. Moreover the ideas
of 6.6.2 do not apply: with the notations of 6.6.2, if (G, X) is of D type and has
non-trivial involution, then (G, X*1) is of DY type and has non-trivial involution, cf.
its proof; here a € N. In particular 6.6.2 i) offers no simplification. So we do need, as
mentioned above, either [Va2] or [Va3] to handle this second case.
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