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Abstract

Let G be a reductive group over a fiekdof characteristigp. Let kS®Pbe a separable closure bf If p # 2, there exists a
linear representation @¥ that is faithful and semisimple; moreover, any unipotent, normal subgroup schetnis tfvial. For
p = 2, these two properties hold if and onlyGfisep has no direct factor that is isomorphic$®y,, 1 for somen > 1. To cite
thisarticle: A. Vasiu, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Sous-schémas en groupes unipotents normaux des groupes réductait G un groupe réductif sur un corgsde ca-
ractéristiquep. SoitkS€Pune clbture séparable de Si p # 2, il existe une représentation linéaire deui est a la fois fidéle
et semi-simple ; de plus, tout sous-schéma en groupes unipotent nordasterivial. Sip = 2, ces deux propriétés ne sont
vraies que siGysep N'a aucun facteur direct isomorphe a un grod#®,y,, 1, n > 1; en particulier, elles sont fausses pour le
groupeSO3 = PGL. Pour citer cet article: A. Vasiu, C. R. Acad. Sci. Paris, Ser. | 341 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Soit G un groupe algébrique réductif (donc connexe et lisse) sur un éatpsaractéristiqug > 0. Nous nous
intéresserons aux deux propriétés suivantes (le texte anglais en contient deux autres) :

S1. Tout sous-schéma en groupes unipotenGdgui est normal dan§ est trivial.

(Pour la définition de « unipotent» dans le contexte des schémas en groupes, voir [2, Vol. Il, Exp. XVII, 3.5].)
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S». 1l existe une représentation linéaipe: G — GLy de G qui est a la fois fidele et semi-simple.

(Ladjectif «fidéle » est pris au sens de la théorie des schémas;; il signifie que le noyeestgivial, ou encore
guep définit un isomorphisme dé sur un sous-schéma en groupes ferm&te, cf. [2, Vol. |, Exp. V4, 5.4].)
Il n’est pas difficile de voir que§; < S». De plus :

Théoréme 0.1Si p # 2, les propriétéssS; et S, sont vraies quel que soit.
Théoréme 0.2 Supposong = 2.

() SiG=S0y,11,n > 1, les propriétéss; et S, ne sont pas vraies.
(ii) Inversement, sk; et S> ne sont pas vraies pous, alors, aprés extension des scalairésse décompose en
un produit direct dont I'un des facteurs est un grol®,, 1 avecn > 1.

Corollaire 0.3. Si p = 2, le groupePGL» = SOz n'a pas de représentation linéaire fidéle semi-simple.

Théoréme 0.4.Supposong = 2. Le groupeG posséde un plus grand sous-schéma en grodpesipotent et
normal. Le groupd’/ est infinitésimal de hautedr, et isomorphe a un produit de groupes de typele quotient
G/ U jouit des propriétéss; et S».

(Le groupeU joue donc le réle d’'un «radical unipotent schématique ».)
Indications sur les démonstrations des théoremes 0.1, 0.2, 0.4

Le point essentiel consiste a déterminer les sous-groupes unipotents normagudsont infinitésimaux de
hauteur 1. Un tel sous-groupecorrespond a ung-sous-algébre de Liede Lie(G) qui estp-nilpotente et stable
par I'action deG sur Lie(G). Sil'on étend les scalaires pour déploy&ron peut écrire LiéG) & la fagon habituelle

Lie(G) = Lie(T) @ kXa
oaER

ou T est un tore maximal et les parcourent le systéme de racinksle (G, T). Commeu est stable par I'action
deT, et queun Lie(T) =0, on voit queu est somme directe d&s\,,, pour« parcourant une parti®, de R.
Commeu est stable par le normalisateur ledansG, R, est stable par le groupe de Weyl BeSi« € Ry, 0n a
—a € Ry, dou[X,, X_]=0 puisques N Lie(T) = 0. On obtient la une condition trés restrictive fKyr. Il n’est
pas difficile d’en déduire que, & est simple, eR,, non vide, alorsp = 2, G est de typeB, adjoint, etR, est
formé des racines courtes, auquel €agst abélien eG/U est de typeC,, simplement connexe. Les théorémes
0.1, 0.2 et 0.4 s’en déduisent facilement.

1. Introduction

Let p € N be a prime. Lek be a field of characteristip. Let x°*Pbe a separable closure bfLet V be a finite
dimensional vector space overLet G be an affine group scheme of finite type okeihe Lie algebra LieG) of
G is a left G-module via the adjoint representation@f A linear representatiop : G — GLy is calledfaithful
if it is a closed embedding (equivalently if the schematic kernel Keas defined in [2, Vol. |, Exp. V4, 5.4],
is trivial). An affine group schem& of finite type overk is calledunipotentif any one of the following three
equivalent conditions holds (see [2, Vol. Il, Exp. XVII, 3.5]):
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(i) any nonzero linear representationldthas a nonzero fixed vector;
(ii) the group schemé is isomorphic to a subgroup scheme of the unipotent radical of a Borel subgroup of the
GL,, group overk (heren > 1);
(iii) the group schem&’ has a composition series whose factors@gea ,, or a form of(Z/pZ)* with s > 1

From (iii) we get that the unipotent group schemes are stable under subgroups, quotient groups, extensions, anc
field extensions.

Let G be a reductive group ovét SoG is smooth, connected, affine and has no nontrivial, normal, unipotent,
smooth subgroup. In this Note we study normal, unipotent subgroup scheies obnnection with the following
four natural statements af.

S1. Every normal, unipotent subgroup schemesas trivial.

So. There exists af faithful linear representatmnG < GLy thatis semisimple.

S3. SupposeG = G/U WhereG is assumed to be a smooth, connected group évend U is a unlpotent
normal subgroup scheme 6f Letj: G < GLy be a faithful linear representation. Lét=VoC V1 C--- C

V.. = V be afiltration of V stable undeiG and such that the guotienig/V;_1 are sem|5|mpIeG modules

i €{1,...,m}. The groupU acts trivially ongr(V) := @/ ; V;/ Vi—1 and thus we have a linear representation
Pss: G — GLgrvy. Thenpssis faithful.

S4. Let f:G — G’ be a homomorphism, whet® is another reductive group ovér. Let7 and T’ be maximal
tori of G and G’ (respectivelysuch thatf (T) c T’'. Let fr : T — T’ be the homomorphism defined Py If
fr is an embedding, thefi is also an embedding.

(So if f is anisogeny such that is an isomorphism, theyi is an isomorphism.)
It is not difficult to check that statemenSs to S5 are equivalent (see Subsection 3.1).
Theorem 1.1.If p #£ 2, then all four statement$; to S, are true.

Theorem 1.2.Let p = 2. Then statement$; to S, are false in general. More precisely, statemépt(with i €
{1, 2, 3,4)}) is false if and only iiGsep has a direct factor that is isomorphic ®0,, 1 for somen > 1.

So if p = 2, then the grousO;,+1 (with n > 1) has no faithful linear representation that is semisimple; in
particular, this applies tPGL, = SOs. Statementss; and S4 are implicit in both [3] and [5]. In Section 2 we
study pairs(G, U), whereG is as above and/ is a nontrivial, normal, unipotent subgroup schemeGofin
Subsection 2.2 we show that if such a p@ir, U) exists, therp =2 andU = a%l, wherel > 1. In Section 3 we
prove Theorems 1.1 and 1.2.

2. Classification results

We first include a lemma on certafirsubmodules of Li&G). In Subsection 2.1 we take= 2 and we recall the
classical isogen$0y,+1 — Sp,, whose kernel is isomorphic 'w%”. In Subsection 2.2 we prove a result that is
the very essence behind the four stateménis. ., S4 and that classifies all normal, unipotent subgroup schemes
of G.

Lemma 2.1.LetT be a maximal torus of;. Letu be a nonzera;-submodule ofie(G) such thattN Lie(T) =
Thenp = 2 and Gsep has a direct factorG1 which is isomorphic t&0Oy, 11 (for somen > 1) and for which we
haveLie(G1) Nu ®; k5€P=£ 0.
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Proof. We can assume= kS¢P. SoT is split, cf. [2, Vol. lll, Exp. XXII, 2.4]. Let
Lie(G) = Lie(T) @ Ve

a€R

be the root decomposition relative 1o As u N Lie(T) = 0 and asl’ normalizesu, there exists a subsé, of
R such that we have = @aeRu V. The setR,, is non-empty. We fix a roat; € R,,. Let R1 be the irreducible
root system that is a direct factor &fand that containg;. Let G1 be the semisimple, normal subgroup®that
corresponds naturally tB1. SoG1 is almost simple, is normalized [y, and moreover we havé,, C Lie(G1) =
Lie(G1NT) Dyer, Vo- Let Giy, be the unique reductive subgroup@fthat containg” and whose Lie algebra
is Lie(T) & Vu, @ V_q,, cf. [2, VOI. 1ll, Exp. XXII, 5.4.7 and 5.10.1]. Lef+,, be the derived group af,; itis
a subgroup of51. MoreoverS.,, is isomorphic to eithePGLy or SL, and we havé/,, @ V_, C Lie(S+q,)-

If Gy is adjoint, then it is a direct factor @f. So asV,,, C Lie(G1) Nuand as Li€G1) Nu is aG1-module, to
prove the Lemma we can assuidie= G1; thusR = R;. Asu is stable under the normalizer fin G, the setR,,
is stable under the action of the Weyl group of the root syskeriny two roots ofR of equal length, are conjugate
under the Weyl group oR (cf. [1, Ch. IV, 83, Prop. 11]). So we also havex; € R,,. As u is a G-module, it
is an ideal of Li€¢G) and so also a Lie subalgebra of [4&). Thus we havdV,,, V_4,] CunLie(T) =0. So
[Vay, V—oy1 = 0. This implies that Li€S+,,) is not isomorphic to LiéSLy). But for p # 2, the central isogeny
SL, — PGL; is étale and thus we can identify (Bl ») with Lie(PGL2). So we must havg = 2 andS1,, must
be isomorphic tdPGL. But it is well known thatS., is isomorphic toPGL; if and only if G is isomorphic to
S0Oy,+1 for somen > 1 andag is a short root. [Argument: see [4, 3.8]; strictly speaking the arguments of loc. cit.
are stated over a finite field but they also apply over any separably closed field.] We conclu@estisimorphic
to SOy, 41 for somen > 1 and that any roat; € Ry, is short; thusR,, is the set of short roots at. O

2.1. Anisogeny

Let p = 2. Let {eo, ..., ez,} be the standar@-basis of V := k2*+1. Let Vp := keg. We takeG to be the
semisimple subgroup dbLy that is theSO-group of the quadratic forn@(x) := xg 4+ X1Xp41 + -0+ Xpx2,
on V; herex := (xq,...,x2,). Let {e; j; | 0 < i, j < 2n} be the standard-basis of Eng(V). The formula
¥(x,y):= 0 +y)— O0(x) — Q(y) defines an alternating form dn that is fixed byG and whose kernel i§p;
so¥ induces a non-degenerate alternating fargnon Wo := V/Vp. Let N,, be the kernel of the natural isogeny
G — Sp(Wo, ¥p). For a commutative-algebraAd, we haveN, (A) = {lyg,a + Zizil Bieoi | Bi € A, ,31.2 = 0}.
ThusN, = oc%". Moreover Lig€N,,) = @izil keo; is the ideals of the previous paragraph.

Theorem 2.2.Let U be a normal, unipotent subgroup schem&ofWe have

(a) if U is nontrivial, thenp = 2 and Gysep has a direct factor that is isomorphic ®0,,,1 for somen > 1;

(b) if U is nontrivial and if G is an absolutely simple, adjoint group ovkythenU is the unique nontrivial,
normal, unipotent subgroup schemef

(c) there exists a maximal normal, unipotent subgroup schémg of G which is compatible with field extensigns

(d) if U is nontrivial, there exists > 1 such thatU = «3.

2.2. Proof of Theorem 2.2

Letu:=Lie(U). As G is reductive U is connected and finite. We prove (a). Sdlas also a nontrivial group
schemey is a nonzeraG-submodule of LiéG). As U has a trivial intersection with any maximal tor@lisof G,
we haveu N Lie(T) = 0. So (a) holds, cf. Lemma 2.1.

To prove (b), we can assunigis SOy,11 (cf. (a)). LetN,, < G be as in Subsection 2.1. We have ig) = u,
cf. end of Subsection 2.1. Thus eachcopy of N,, = ot%” is a subgroup scheme of. SoN,, < U. ThusU/N, <
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G/N,.ButG/N, isisomorphic tdSp,,, cf. Subsection 2.1. SG/N,, has no nontrivial, normal, unipotent subgroup
scheme, cf. (a). Thus /N, is the trivial group scheme. 96 = N,, is uniquely determined. So (b) holds.

To prove (c) and (d), we recall thaék;sep is split (cf. [2, Vol. Ill, Exp. XXII, 2.4]). As Gysep is split, we have a
direct product decomposition

Gysep= G Xysep G1 Xysep- -+ Xysep G

such that the grouo has no direct factor that is isomorphic to 8@»,,1 group and each grou@; with i €
{1, ..., s}isisomorphic t&50y,,+1 for somen; > 1. Fori € {0, ..., s}, letnw; : Gyser— G; be the natural projection.
Let U; := Uysep/ (Ugser N Ker(rr;)); we havel; = Im(Uygsep — G;). The group schem@y is trivial, cf. (a). Fori €
{1,...,s},letUM*be the unique nontrivial, normal, unipotent subgroup schendg ¢¢f. Subsection 2.1 and (b));
soU; is either trivial orU™®*. From this and the fact thét < G, we get thalyseo = [[;_1 (UkseeNG;) = [];_1 U;.
We also get tha6sep has a unique maximal normal, unipotent subgroup schéfi@ := [;_, UM®

Using standard Galois descent, we get (from the uniqueness party fl§gitis the extension t&>¢P of the
maximal normal, unipotent subgroup schet®®* of G. For any algebraically closed field that containsk,
U is the maximal normal, unipotent subgroup schemé gf So (c) holds.

Fori e {1,...,s} the intersectionUzseo N G; = U; is either trivial or N,, = a%’”; thus Uyser = a%l, where
l:=7Y,cpni > 1 for some non-empty subsét of {1,...,s}. The group scheme of automorphismsm%f is a
GLy group. AsH(k, GLy) is the trivial set, each form Qf%l is trivial. So we have an isomorphisth = oc%l

overk. So (d) holds.

3. Proof of Theorems 1.1 and 1.2

In 3.1 we show that (for a given paik, G)) the four statement$; to S, are equivalent. In Subsection 3.2 we
combine Subsection 3.1 and Section 2 to prove Theorems 1.1 and 1.2.

3.1. The equivalence of the four statements

We show thats; is equivalenNt taS3. We use the notations ¢&. Let Ug := Ker(5 — GLgrvy); itis a normal,
unipotent subgroup scheme 6f. As the G-module g(V) is semisimple,Up is the maximal normal, unipo-
tent subgroup scheme @&. ThusUp/U is the maximal normal, unipotent subgroup schem&ot G/U. As
Ker(psg) = Up/ U, we get thatpssis faithful if and only if G has no nontrivial, normal, unipotent subgroup scheme.
Thus Sy is equivalent taSs.

By taking G = G, we get thatSs implies So. We check thafS, implies S4. Let f:G — G/, T c G, T' C G/,
and f7: T — T’ be as inSy. Let U := Ker(f). Let UO be the identity component dff. The normal, finite,
étale subgroup// U° of G/ U is contained in the center ¢f/U° and so also in I — G/U% > T. As the
intersectionU N T is trivial, we getU = U°. A similar argument shows thdt has no subgroup scheme that is
of multiplicative type and nontrivial. Thug is unipotent, cf. [2, Vol. I, Exp. XVII, 4.3.1]. The normal, unipotent
subgroup schem¥& of G is contained in the kernel of any semisimple representatiai. o if S holds, theny
is trivial; thusS4 holds.

We check thafS4 implies S;. Let U be a normal, unipotent subgroup schemé&otet f:G - G/U =: G’ be
the natural epimorphism. L& := Im(T — G’). As the intersectio® NT istrivial, fr : T — T’ is an embedding.
So if S4 holds, thenf is a closed embedding and thlisis trivial. SoS4 implies S.

3.2. End of the argument

It suffices to prove Theorem 1.1 for statemeht cf. Subsection 3.1. So Theorem 1.1 follows from Theo-
rem 2.2 (a). Let nowp = 2. To prove Theorem 1.2, we can assu@gep has a direct factor that is isomorphic
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to SOp,+1 for somen > 1 (cf. Theorem 2.2 (a)). To check th&t has a nontrivial, normal, unipotent subgroup
schemeU, we can assume (cf. Theorem 2.2 (c)) that kS®P. so G has a direct factor that is isomorphic to
SOy,+1 and thusU exists (cf. Subsection 2.1). This ends the proofs of Theorems 1.1 and 1.2.
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