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ABSTRACT. We prove several basic extension theorems for reductive group schemes
via extending Lie algebras and via taking schematic closures. We also prove that for each
scheme Y, the category in groupoids of adjoint group scheme over Y whose Lie algebras
Oy-modules have perfect Killing forms is isomorphic via the differential functor to the
category in groupoids of Lie algebras Oy-modules which have perfect Killing forms and
which as Oy-modules are coherent and locally free.
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1. Introduction

A group scheme H over a scheme S is called reductive if the morphism H — S has the
following two properties: (i) it is smooth and affine (and therefore of finite presentation)
and (ii) its geometric fibres are reductive groups over spectra of fields and therefore are
connected (cf. [DG, Vol. III, Exp. XIX, Subsects. 2.7, 2.1, and 2.9]). If moreover the
center of H is trivial, then H is called an adjoint group scheme over S. Let Og be the
structure ring sheaf of S. Let Lie(H) be the Lie algebra Og-module of H. As a Og-module,
Lie(H) is coherent and locally free.

The main goal of the paper is to prove Theorems 1.2 and 1.4 below (see Sections 3
and 4) and to apply them for obtaining a few new extension theorems for homomorphisms
between reductive group schemes (see Section 5). We begin by introducing two groupoids
on sets (i.e., two categories whose morphisms are all isomorphisms).

1.1. Two groupoids on sets. Let Y be an arbitrary scheme. Let Adj-perfy be the
category whose objects are adjoint group schemes over Y with the property that their Lie
algebras Oy-modules have perfect Killing forms (i.e., the Killing forms induce naturally
Oy-linear isomorphisms from them into their duals) and whose morphisms are isomor-
phisms of group schemes. Let Lie-perfy be the category whose objects are Lie algebras
Oy-modules which have perfect Killing forms and which as Oy-modules are coherent and
locally free and whose morphisms are isomorphisms of Lie algebras Oy-modules.

1.2. Theorem. Let Ly : Adj-perfy — Lie-perfy be the functor which associates to a
morphism f : G = H of Adj-perfy the morphism df : Lie(G) = Lie(H) of Lie-perfy which
1s the differential of f. Then the functor Ly is an equivalence of categories.
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We have a variant of this theorem for simply connected semisimple group schemes
instead of adjoint group schemes, cf. Corollary 3.8. This theorem implies the classification
of Lie algebras over fields of characteristic at least 3 that have non-degenerate Killing
forms obtained previously by Curtis, Seligman, Mills, Block—Zassenhaus, and Brown in
[C], [MS], [Mi], [BR], [S], and [Br] (see Remark 3.7 (a)). The functor £y is an equivalence
of non-empty categories if and only if Y is a Spec Z [%]—Scheme, cf. Corollary 3.9. Directly
from the Theorem 1.2 we get our first extension result:

1.3. Corollary. We assume that Y = Spec A is an affine scheme. Let K be the ring of
fractions of A. Let Gx be an adjoint group scheme over Spec K such that the symmetric
bilinear Killing form on the Lie algebra Lie(G ) of Gk is perfect (i.e., it induces naturally
a K-linear isomorphism Lie(G )~ Homg (Lie(Gk), K)). We assume that there ezists a
Lie algebra g over A such that the following two properties hold:

(i) we have an identity Lie(Gk) = g ®4 K and the A-module g is projective and
finitely generated;

(ii) the symmetric bilinear Killing form on g is perfect.

Then there exists a unique adjoint group scheme G over Y which extends Gk and
such that we have an identity Lie(G) = g that extends the identity of the property (i).

Let U be an open, Zariski dense subscheme of Y. We call the pair (Y,Y \ U) quasi-
pure if each finite étale cover of U extends uniquely to a finite étale cover of Y (to be
compared with [G2, Exp. X, Def. 3.1]).

1.4. Theorem. We assume that'Y is a normal, noetherian scheme and the codimension
of Y\U inY is at least 2. Then the following two properties hold:

(a) Let Gy be an adjoint group scheme over U. We assume that the Lie algebra Oy -
module Lie(Gy) of Gy extends to a Lie algebra Oy -module that is a locally free Oy -module.
Then Gy extends uniquely to an adjoint group scheme G over Y .

(b) Let Hy be a reductive group scheme over U. We assume that the pair (Y,Y \U)
is quasi-pure and that the Lie algebra Oy-module Lie(Gy) of the adjoint group scheme
Gu of Hy extends to a Lie algebra Oy -module that is a locally free Oy -module. Then Hy
extends uniquely to a reductive group scheme H over Y.

The proof of the Theorem 1.2 we include combines the cohomology theory of Lie
algebras with a simplified variant of [V1, Claim 2, p. 464] (see Subsections 3.3 and 3.5).
The proof of Theorem 1.4 (a) is an application of [CTS, Cor. 6.12] (see Subsection 4.1).
The classical purity theorem of Nagata and Zariski (see [G2, Exp. X, Thm. 3.4 (i)]) says
that the pair (Y,Y \ U) is quasi-pure, provided Y is regular and U contains all points of
Y of codimension 1 in Y. In such a case, a slightly weaker form of Theorem 1.4 (b) was
obtained in [CTS, Thm. 6.13]. In general, the hypotheses of the Theorem 1.4 are needed
(see Remarks 4.3). See [MB] (resp. [FC], [V1], [V2], and [VZ]) for different analogues of
Theorems 1.4 (a) and (b) for Jacobian (resp. for abelian) schemes. For instance, in [VZ,
Cor. 1.5] it is proved that if Y is a regular, formally smooth scheme over the spectrum of
a discrete valuation ring of mixed characteristic (0,p) and index of ramification at most
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p— 1 and if U contains all points of Y that are of either characteristic 0 or codimension 1
in Y, then each abelian scheme over U extends uniquely to an abelian scheme over Y.

Section 2 presents notations and basic results. In Section 3 we prove Theorem 1.2.
In Section 4 we prove the Theorem 1.4. Section 5 contains four results on extending
homomorphisms between reductive group schemes. The first one is an application of
Theorem 1.4 (b) (see Proposition 5.1) and the other three are refinements of results of [V1]
(see Subsections 5.2 to 5.6; in particular, see Theorem 5.4).

To describe and motivate these four results, we will restrict in this introduction to
the context in which Y = Spec A is an integral affine scheme of field of fractions K and we
have a closed embedding homomorphism pg : Gx < GLg i from the generic fibre Gk of
a reductive group scheme G over Y to the general linear group over Spec K of rank d. A
fundamental problem of the representation theory is to identify all lattices M of K¢ (i.e.,
all free A-submodules M of K% rank d) which are G-modules and to identify all cases when
the resulting homomorphism p : G — GL,, is a closed embedding (or at least finite). If M
is a G-module, then it is also a Lie(G)-module but the converse most often does not hold.

Our first result (see Proposition 5.1) shows in particular that if A is normal, noethe-
rian and if the desired homomorphism p exists in codimension 1, then p exists and it is
finite and even a closed embedding under a natural required condition that pertains to
characteristic 2.

Our second result (see Proposition 5.2) says in particular that p exists and is a closed
embedding provided we have a family (G;)I"; of commuting normal, closed subgroup
schemes of G such that the restriction of px to each G; g extends to a closed embedding
homomorphism G; <+ GL); between reductive group schemes over Y and moreover we
have a direct sum decomposition Lie(Gx) = @}, Lie(G; k). The role of this second result
is to reduce the existence of p to simpler cases in which G is either a torus or a semisimple
group scheme whose adjoint is absolutely simple.

Our third result (see Theorem 5.3.2) is a general criterion on the existence of p
provided G is a split torus of rank 1. The interesting case is when G is a closed subgroup
scheme of SLyy and M is naturally a Lie(SLs y )-module.

Our fourth result (see Theorem 5.4) combines all the other three results in order to
provide a criterion which guarantees that p exists and is a closed embedding provided M is
a Lie(G)-module and a few other conditions hold. Though these conditions are technical,
currently it is the maximum we can get based on this paper, due to natural and serious
limitations that come from the SLyy case and thus from the fact that Theorem 5.3.2 can
not be improved (see Example 5.3.3). However we have the following practical form of the
Theorem 5.4 which is proved in Subsection 5.6.

1.5. Theorem. Let p € N* be a prime. Let Y = Spec A be a local, integral scheme whose
closed point has a residue field of characteristic p and which is either normal or strictly
henselian. Let K be the field of fractions of A. Let M be a free A-module of finite rank. Let
Gk be a reductive subgroup of GL g , x and let Z°(G k) be the mazimal torus of the center
of G Let b := Lie(G*)N Lie(GLyy), the intersection being taken inside Lie(GL g, , i )-
Let Z%(GQ) and G be the schematic closures of Z°(Gk) and Gy (respectively) in GL ;.
We assume that the following three properties hold:

(i) Z°(@G) is a closed subgroup scheme of GLy; that is a torus;
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(ii) the Lie algebra b is (as an A-module) a direct summand of the Lie algebra of
GL); and its Killing form is perfect;

(iii) there is a mazimal torus of Gx generated by cocharacters that act on M @4 K
via the trivial or the identity characters of G, k (i.e., via weights in the set {0,1}).

Then G is a reductive, closed subgroup scheme of GL ;.

Our main motivation for Theorems 1.2, 1.4, and 5.4 stems from the meaningful
applications to crystalline cohomology one gets by combining them with either Faltings’
results of [F, Sect. 4] (see [V1]; see also Subsections 5.4 to 5.6) or de Jong’s extension
theorem [dJ, Thm. 1.1] (see [V6]). The manuscript [V6] applies this paper to extend our
prior work on integral canonical models of Shimura varieties of Hodge type in unramified
mixed characteristic (0,p) with p > 5 (see [V1]), to unramified mixed characteristics (0, 2)
and (0,3). In addition, this paper can be used to get relevant simplifications of certain
parts of the mentioned prior work (see Remark 5.7 for details).

2. Preliminaries

Our notations are gathered in Subsection 2.1. In Subsections 2.2 to 2.5 we include
four basic results that are of different nature and that are often used in Sections 3 to 5.

2.1. Notations and conventions. If K is a field, let K be an algebraic closure of it. Let
H be a reductive group scheme over a scheme S. Let Z(H), H*, H* and H*" denote
the center, the derived group scheme, the adjoint group scheme, and the abelianization of
H (respectively). We have H*® = H/H" and H* = H/Z(H). The center Z(H) is a
group scheme of multiplicative type, cf. [DG, Vol. 111, Exp. XXII, Cor. 4.1.7]. Let Z°(H)
be the maximal torus of Z(H); the quotient group scheme Z(H)/Z°(H) is a finite, flat
group scheme over S of multiplicative type. Let H* be the simply connected semisimple
group scheme cover of the derived group scheme H4er,

See [DG, Vol. III, Exp. XXII, Cor. 4.3.2] for the quotient group scheme H/F of H
by a flat, closed subgroup scheme F' of Z(H) which is of multiplicative type.

If X or Xg is an S-scheme, let X4, (resp. Xg,) be its pull back via a morphism
Spec Ay — S (resp. S1 — 9).

If S is either affine or integral, let Kg be the ring of fractions of S. If S is a normal,
noetherian, integral scheme, let D(S) be the set of local rings of S that are discrete
valuation rings.

Let G,,,s be the rank 1 split torus over S; similarly, the group schemes G, s, GL4 s
with d € N*, etc., will be understood to be over S. Let Lie(H) be the Lie algebra Og-
module of H. If S = Spec A is affine, then let G,, 4 := G, s, etc., and let Lie(F') be
the Lie algebra over A of a closed subgroup scheme F of H. As A-modules, we identify
Lie(F) = Ker(F(Alz]/2?) — F(A)), where the A-epimorphism A[z]/(z?) — A takes
x to 0. The Lie bracket on Lie(F') is defined by taking the (total) differential of the
commutator morphism [,] : F' xg F' — F' at identity sections. If S = Spec A is affine,
then Lie(H) = Lie(H)(S) is the Lie algebra over A of global sections of Lie(H) and it is
a projective, finitely generated A-module.



If N is a projective, finitely generated A-module, let N* := Hom (N, A), let GLy
be the reductive group scheme over Spec A of linear automorphisms of N, and let gl :=
Lie(GLy). Thus gl is the Lie algebra associated to the A-algebra End(N). A bilinear
form by : N x N — A on N is called perfect if it induces an A-linear map N — N* that
is an isomorphism. If by is symmetric, then its kernel is the A-submodule

Ker(by) :={a € N|bn(a,b) =0Vbe N}

of N. For a Lie algebra g over A that is a projective, finitely generated A-module, let
ad : g — gl; be the adjoint representation of g and let X, : g X g — A be the Killing form
on g. For a, b € g we have ad(a)(b) = [a,b] and Kq(a, b) is the trace of the endomorphism
ad(a) o ad(b) of g. The kernel Ker(X,) is an ideal of g.

We denote by k an arbitrary field. Let n € N*. See [B2, Ch. VI, Sect. 4] and [H1,
Ch. III, Sect. 11] for the classification of connected Dynkin diagrams. For

b€ {An, Bn,Cn|’fL c N*} U {Dn|nz3} U {E6,E7,E8,F4, GQ}

we say that H is of isotypic b Dynkin type if the connected Dynkin diagram of each simple
factor of an arbitrary geometric fibre of H24, is b; if H2¢ is absolutely simple we drop the
word isotypic. We recall that A; = By = Cy, By = Cy, and A3 = Ds.

2.2. Proposition. Let Y be a normal, noetherian, integral scheme. Let K := Ky .

(a) If Y = Spec A is affine, then inside the field K we have A = Nycpy)V.

(b) Let U be an open subscheme of Y such that Y \ U has codimension in Y at
least 2. Let W be an affine Y -scheme of finite type. Then the natural restriction map
Homy (Y, W) — Homy (U, W) is a bijection. If moreover W is integral, normal and such
that we have D(W) = D(Wy ), then W is determined (up to unique isomorphism) by Wy .

(c) Suppose that Y = Spec A is local, reqular, and has dimension 2. Let y be the
closed point of Y and let U :=Y \ {y}. Then each locally free Oy -module of finite rank,
extends uniquely to a free Oy -module.

Proof: See [M, (17.H), Thm. 38] for (a). To check (b), we can assume Y = Spec A is
affine. We write W = Spec B. The A-algebra of global functions of U is A, cf. (a). We
have Homy (U, W) = Homy (B, A) = Homy (Y, W). If moreover B is a normal ring and we
have D(W) = D(Wy), then B is uniquely determined by D(Wy) (cf. (a)) and therefore
by Wy. From this (b) follows. See [G2, Exp. X, Lemma 3.5] for (c). O

2.3. Proposition. Let G be a reductive group scheme over a schemeY . Then the functor
on the category of Y -schemes that parametrizes mazximal tori of G, is representable by a
smooth, separated Y -scheme of finite type. Thus locally in the étale topology of Y, G has
split, mazximal tori.

Proof: See [DG, Vol. II, Exp. XII, Cor. 1.10] for the first part. The second part follows
easily from the first part (see also [DG, Vol. 111, Exp. XIX, Prop. 6.1]). O
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2.3.1. Lemma. Let Y be a reduced scheme. Let G be a reductive group scheme over Y.
Let K := Ky . Let fx : G — Gk be a central isogeny of reductive group schemes over
Spec K. We assume that either G is split or'Y is normal. We have:

(a) There exists (up to a canonical identification) at most one central isogeny f :
G' — G that extends fr : G — Gi. If Y is integral (i.e., K is a field), then there exists
a unique central isogeny f : G' — G that extends fr : G — Gk.

(b) If Y is normal and integral, then G’ is the normalization of G in (the field of
fractions of ) G’ .

Proof: We first prove (a) in the case when G is split. Let T' be a split, maximal torus of G.
We first prove the existence part: thus K is a field. As fx is a central isogeny, the inverse
image T of Tk in G’ is a split torus. Thus G is split. Let R — R be the 1-morphism
of root data in the sense of [DG, Vol. III, Exp. XXI, Def. 6.8.1] which is associated to
the central isogeny fx : G — Gk that extends the isogeny T} — Tk. Let f:@ -G
be a central isogeny of split, reductive group schemes over Y which extends an isogeny of
split tori 7/ — T and for which the 1-morphism of root data associated to it and to the
isogeny 7" — T, is R — R (cf. [DG, Vol. III, Exp. XXV, Thm. 1.1]). From loc. cit. we
also get that there exists an isomorphism iy : CNT'}( = G' such that we have fK = frgoik.
Obviously, ix is unique. Let G’ be the unique group scheme over Y such that ix extends
(uniquely) to an isomorphism i : G/ = G'. Let f := foi~': G’ — G; it is a central isogeny.

To check the uniqueness part, we consider two central isogenies G’ — G and G| — G
that extend a central isogeny fx : G — Gk (thus G = G ). Let G3 be the schematic
closure of G’ embedded diagonally into the product G’ xy G. We are left to check that
the two projections 71 : G5 — G' and w5 : G4 — G are isomorphisms as in such a case
the composite isomorphism mp oy L. G| is an isomorphism that extends the identity

% = G1 - This statement is local for the étale topology of Y and therefore we can
assume based on Proposition 2.3 that the inverse images of T to G’ and G| are split tori.
From this and [DG, Vol. III, Exp. XXIII, Thm. 4.1] we get that there exists a unique
isomorphism 0 : G4 = G which extends the identity G’ = Gk. This implies that G5 is
the graph of # and therefore the two projections m; and w5 are isomorphisms. We conclude
that (a) holds if G is split.

We now prove simultaneously (a) and (b) in the case when Y is normal. If a G’ as
in (a) exists, then it is a smooth scheme over the normal scheme Y and thus it is a normal
scheme; from this and the fact that f : G’ — G is a finite morphism, we get that G’ is the
normalization of G in G’ and in particular it is unique.

Thus to end the proof of the Lemma, it suffices to show that the normalization G’
of G in G’ is a reductive group scheme equipped with a central isogeny f : G' — G. This
is a local statement for the étale topology of Y. As each connected, étale scheme over Y
is a normal, integral scheme, based on Proposition 2.3 we can assume that G has a split,
maximal torus 7. Thus the fact that G’ is a reductive group scheme equipped with a
central isogeny f : G’ — G follows from the previous three paragraphs. O

2.3.2. Lemma. LetY = Spec A be an affine scheme. Let K := Ky. Let T be a torus
over 'Y equipped with a homomorphism p : T — G, where G is a reductive group scheme
over'Y. Then the following three properties hold:
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(a) the kernel Ker(p) is a group scheme overY of multiplicative type;

(b) the kernel Ker(p) is trivial (resp. finite) if and only if the kernel Ker(pk) is
trivial (resp. is finite);

(c) the quotient group scheme T /Ker(p) is a torus and we have a closed embedding
homomorphism T/ Ker(p) — G.

Proof: The statements of the Lemma are local for the étale topology of Y. Thus we can
assume that Y is local and (cf. Proposition 2.3) that 7" and G are split. As Y is connected,
the split reductive group scheme G has constant Lie type. Thus G is the pull back to Y
of a reductive group scheme Gy over SpecZ, cf. [DG, Vol. III, Exp. XXV, Cor. 1.2].
As Gz can be embedded into a general linear group scheme over SpecZ (for instance, cf.
[DG, Vol. I, Exp. VI, Rm. 11.11.1}), there exists a closed embedding homomorphism
G — GL);, with M a free A-module of rank d € N*. By replacing p with its composite
with this closed embedding homomorphism G < GL,;, we can assume that G = GL ),
is a general linear group scheme over Y. The representation of 7" on M is a finite direct
sum of representations of T of rank 1, cf. [J, Part I, Subsect. 2.11]. Thus p factors as the
composite of a homomorphism p; : T — G%’ 4 with a closed embedding homomorphism
Gi'a = GLpr. The kernel Ker(p;) is a group scheme over Y of multiplicative type, cf.
[DG, Vol. II, Exp. IX, Prop. 2.7 (i)]. As Ker(p) = Ker(p;), we get that (a) holds. As (a)
holds, Ker(p) is flat over Y as well as the extension of a finite, flat group scheme T3 by a
torus Tp. But Th (resp. Tp) is a trivial group scheme if and only if T3 i (resp. 1o k) is
trivial. From this (b) follows. The quotient group scheme T'/Ker(p) exists and is a closed
subgroup scheme of Gj} 4 that is of multiplicative type, cf. [DG, Vol. II, Exp. IX, Prop.
2.7 (i) and Cor. 2.5]. As the fibres of T'/Ker(p) are tori, we get that T/Ker(p) is a torus.
Thus (c) holds. O

2.4. Lemma. Suppose that k = k. Let H be a reductive group over Speck. Let n be a
non-zero ideal of Lie(H) which is a simple left H-module. We assume that there exists a
mazimal torus T of H such that we have Lie(T) Nn = 0. Then char(k) = 2 and H*" has
a normal, subgroup F which is isomorphic to SOzp 41 i for some n € N* and for which we
have an inclusion n C Lie(F).

Proof: This is only a variant of [V4, Lemma 2.1]. O

2.4.1. Remark. If n is assumed to be a restricted Lie subalgebra of Lie(H) (for instance,
this holds if n is the Lie algebra of a subgroup of H), then there exists a purely inseparable
isogeny H — H/n (see [Bo, Ch. V, Prop. 7.4]) and in this case Lemma 2.4 can be
also deduced easily from [PY, Lemma 2.2] applied to such isogenies with H®d absolutely
simple. In this paper, Lemma 2.4 will be applied only in such situations in which n is the
Lie algebra of a subgroup of H.

2.5. Theorem. Let f : G — Gs be a homomorphism between group schemes over a
scheme Y. We assume that G1 is reductive, that Gy is separated and of finite presentation,
and that all fibres of f are closed embeddings. Then f is a closed embedding.

Proof: As Gy is of finite presentation over Y, the homomorphism f is locally of finite
type. As the fibres of f are closed embeddings and thus monomorphisms, f itself is a
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monomorphism (cf. [DG, Vol. I, Exp. VIpg, Cor. 2.11]). Thus the Theorem follows from
[DG, Vol. II, Exp. XVI, Cor. 1.5 a)]. O

2.5.1. Lemma. Let G be an adjoint group scheme over an affine scheme Y = Spec A.
Let Aut(G) be the group scheme over Y of automorphisms of G. Then the natural adjoint
representation Ad: Aut(G) — GLyeq) 15 a closed embedding.

Proof: To prove the Lemma, we can work locally in the étale topology of Y and therefore
(cf. Proposition 2.3) we can assume that G is split and that Y is connected. We have
a short exact sequence 1 - G — Aut(G) — C — 1 that splits (cf. [DG, Vol. III, Exp.
XXIV, Thm. 1.3]), where C is a finite, étale, constant group scheme over Y. Thus G is
the identity component of Aut(G) and Aut(G) is a finite disjoint union of right translates
of G via certain Y-valued points of Aut(G). If the fibres of Ad are closed embeddings,
then the restriction of Ad to G is a closed embedding (cf. Theorem 2.5) and thus also the
restriction of Ad to any right translate of G via a Y-valued point of Aut(G) is a closed
embedding. The last two sentences imply that Ad is a closed embedding. Thus to end the
proof, we are left to check that the fibres of Ad are closed embeddings. For this, we can
assume that A is an algebraically closed field.

As (G is adjoint and A is a field, the restriction of Ad to G is a closed embedding. Thus
the representation Ad is a closed embedding if and only if each element g € Aut(G)(A)
that acts trivially on Lie(G), is trivial. We show that the assumption that there exists
a non-trivial such element ¢ leads to a contradiction. For this, we can assume that G is
absolutely simple and that ¢ is a non-trivial outer automorphism of G. Let T be a maximal
torus of a Borel subgroup B of G and let n be the dimension of T'.

For t € Lie(T), let C(t) be its centralizer in G. It is a subgroup of G that contains
T. In this paragraph we check that, as G is adjoint, we can choose t such that we have
Ce(t)? = T. We consider the root decomposition Lie(G) = Lie(T) @, cq 9o With respect
to T', where @ is the root system of G and where each g,, is a one dimensional A-vector space
normalized by T'. Let A be the basis for ® such that we have Lie(B) = Lie(T') @ ,ca 8a-
As G is adjoint, A is a basis for the dual A-vector space Lie(T)* (to be compared with
[DG, Vol. III, Exp. XXI, Def. 6.2.6 and Exp. XXII, Def. 4.3.3]). Thus for each root
a € A, Ker(a) is a A-vector subspace of Lie(T") of dimension n — 1. As each a € ¢ is
conjugate under the Weyl group of ® (equivalently of G) to an element of A (see [H1, Ch.
III, Sect. 10, Thm.]), we get that for each o € A its kernel Ker(«a) is a A-vector subspace
of Lie(T') of dimension n — 1. We choose t € Lie(T) \ (UaecoKer(a)). This implies that we
have Lie(C¢(t)) = Lie(T'). From this and the fact that T is a subgroup of Cg(t), we get
that Cg(t) is a smooth group of dimension n and therefore that Cq () = T.

As g fixes t and Lie(B), g normalizes both C(¢)° = T and B. But it is well known
that a non-trivial outer automorphism g of G that normalizes both T" and B, can not fix
Lie(B). Contradiction. Thus Ad is a closed embedding. O

We follow the ideas of [V1, Prop. 3.1.2.1 ¢) and Rm. 3.1.2.2 3)| in order to prove
the next Proposition.

2.5.2. Proposition. Let V' be a discrete valuation ring whose residue field is k. Let
Y = SpecV and let K := Ky. Let f: HA — Hs be a homomorphism between flat, finite
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type, affine group schemes over'Y such that Hy is a reductive group scheme and the generic
fibre fx : Hi i — Ha i of f is a closed embedding. We have:

(a) The subgroup scheme Ker(fy : Hix — Hay) of Hy has a trivial intersection
with each torus Ty i, of Hy k. In particular, we have Lie(Ker(fy)) N Lie(Th ) = 0.

(b) The homomorphism f is finite.

(c) If char(k) = 2, we assume that Hy g has no normal subgroup that is adjoint of
1sotypic B,, Dynkin type for some n € N*. Then f is a closed embedding.

Proof: Let p : Hy — GLj; be a closed embedding homomorphism, with M a free V-module
of finite rank (cf. [DG, Vol. I, Exp. VI, Rm. 11.11.1]). To prove the Proposition we can
assume that V is complete, that k = k, and that fx : H, x — Hj i is an isomorphism.
Let Hy 1 := Ker(fx). We now show that the group scheme Hy ,NT} i, is trivial by adapting
arguments from [V1, Rm. 3.1.2.2 3) and proof of Lemma 3.1.6]. As V is strictly henselian,
the maximal torus 77 i of H; j is split and (cf. Proposition 2.3) it lifts to a maximal torus
Ty of Hy. The restriction of po f to 17 has a trivial kernel (as its fibre over Spec K is
trivial, cf. Lemma 2.3.2 (b)) and therefore it is a closed embedding (cf. Lemma 2.3.2 (c)).
Thus the restriction of f to 77 is a closed embedding homomorphism 77 < H,. Therefore
the intersection Ho j N7}k is a trivial group scheme. Thus (a) holds.

We check (b). The identity component of the reduced scheme of Ker( fx) is a reductive
group that has 0 rank (cf. (a)) and therefore it is a trivial group. Thus f is a quasi-finite,
birational morphism. From Zariski Main Theorem (see [G1, Thm. (8.12.6)]) we get that
H, is an open subscheme of the normalization H3 of Hs. Let Hs be the smooth locus
of H3 over SpecV; it is an open subscheme of H3 that contains H;. As Hs is an open
subscheme of the affine scheme HJ, it is a quasi-affine scheme.

As Hj is smooth over SpecV, the products Hs Xgpecv Hy and H3 Xgpecy Hs3 are
smooth over H3 and thus are normal schemes. The product HY Xgpec v H is a flat scheme
over Spec V' whose generic fibre is smooth over Spec K. Its normalization (H3 Xgpec v H3 )"
contains both H3 Xgpec v Hy and Hj Xgpec v H3 as open subschemes and is equipped with
a finite surjective morphism (H3 Xgpecv H5)" — H3 Xspecv Hj whose generic fibre is
an isomorphism. The product morphism Hjs Xgpec v Ho — Ho induces a natural product
type of morphism © : (H3 Xgpecv HY)" — HJ. Its restrictions to Hs Xspecv H3 and
H3 X gpec v Hs induce product type of morphisms Hz Xgpec v Hy — Hy and HY Xspec v H3 —
HY. This implies that for each valued point z € HJ (V') it makes sense to speak about the
left zH3 and the right H3z translations of Hz through z; they are smooth open subschemes
of HY and thus of Hs. This implies that H3(V) = H3 (V) and that © restricts to a product
morphism Hs Xgpecv H3 — H3z. The inverse automorphisms of the Spec V-schemes H;
and H induce an inverse automorphism of the Spec V-scheme H3 which restricts to an
inverse automorphism of the Spec V-scheme Hs. With respect to its product morphism,
its inverse automorphism, and its identity section inherited from H;, H3 gets the structure
of a (quasi-affine) group scheme over Spec V' that is of finite type.

As V' is complete, it is also excellent (cf. [M, Sect. 34]). Thus the morphism
H3 — H, is finite. The homomorphism f is finite if and only if H; = HJ and thus if
and only if the set H3 (k) \ Hi(k) is empty. We show that the assumption that Hy, # HY
leads to a contradiction. Let = € HY(k) \ Hi(k). From [V5, Lemma 4.1.5] applied to
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the completion of the local ring of z in H3', we get that there exists a finite, flat discrete
valuation ring extension V’ of V for which we have a valued point 2’ € H3 (V') that lifts
x (we recall that loc. cit. is only a local version of the global result [G1, Cor. (17.16.2)]).
The flat Spec V'-scheme H3y,, might not be normal but we have Hy # Hj if and only if
Hy v+ # H3 .. Thus to reach a contradiction we can replace V' by V" and therefore we can
assume that x is such that there exists a valued point z € HY (V) = H3(V) which lifts z.
As z € HY(k)\ Hi(k), we have z € H3(V)\ H1(V). As H; is a subgroup scheme of Hs, all
fibers of the homomorphism H; — Hj are closed. From this and Theorem 2.5 we get that
H, is a closed subscheme of Hs. Thus, as Hs is an integral scheme and as H3 g = H; g,
we get that Hy = Hs. This contradicts the fact that z € Hg(V) \ H1(V). Thus (b) holds.

We check (c). We show that the assumption that Lie(Hp ) # 0 leads to a contra-
diction. From Lemma 2.4 applied to H; ; and to any simple H; p-submodule of the left
H, p-module Lie(Hy 1), we get that char(k) = 2 and that H; ; has a normal subgroup Hy j
isomorphic to SO2;,41 1 for some n € N*. As Hy j, is adjoint, we have a product decompo-
sition Hy , = Hy k XSpeck Hs 1 of reductive groups. It lifts (cf. [DG, Vol. 111, Exp. XXIV,
Prop. 1.21]) to a product decomposition Hy = Hy4 Xspec v Hs, where Hy is isomorphic to
803,41 v and where Hj is a reductive group scheme over Spec V. This contradicts the
extra hypothesis of (¢). Thus we have Lie(Hp ) = 0. Therefore Hy is a finite, étale,
normal subgroup of Hj . But Hjj is connected and thus its action on Hjj via inner
conjugation is trivial. Therefore we have Hy < Z(H1)r < T4k Thus Hox = Hor N1k
is the trivial group, cf. (a). In other words, the homomorphism fi : Hyy — Hay is a
closed embedding. Thus f : Hy — Hs is a closed embedding homomorphism, cf. Theorem
2.5. L]

2.5.3. Remark. See [V3, Thm. 1.2 (b)] and [PY, Thm. 1.2] for two other proofs of
Proposition 2.5.2 (c).

3. Lie algebras with perfect Killing forms

Let A be a commutative Z-algebra. Let g be a Lie algebra over A which as an A-
module is projective and finitely generated. In this Section we will assume that the Killing
form Xy on g is perfect. Let Uy be the enveloping algebra of g i.e., the quotient of the
tensor algebra Ty of g by the two-sided ideal of T, generated by the subset {z®@y—y®x —
[z, y]|z,y € g} of Ty. Let Z(Uy) be the center of Uy. The categories of left g-modules and
of left Ug-modules are canonically identified. We view g as a left g-module via the adjoint
representation ad : g — glg; let ad : Uy — End(g) be the A-homomorphism corresponding
to the left g-module g. We refer to [CE, Ch. XIII] for the cohomology groups H(g,v) of
a left g-module v (here i € N). We denote also by Ky : g ®4 g — A the A-linear map
defined by K4 : g x g — A. Thus we have Ky € (g ®a4 9)* = 9" ®4 g*. Let ¢ : g5 g*
be the A-linear isomorphism defined naturally by Xy. It induces an A-linear isomorphism
d1 @7 gt ®ag* S g®ag. The image Q of 971 @ ¢~ (Ky) € g®a g C Ty in Uy is
called the Casimir element of the adjoint representation ad : g — gl,.

3.1. Lemma. For the Casimir element ) € Uy the following four properties hold:
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(a) if the A-module g is free and if {x1,... ,zn} and {y1,... ,ym} are two A-bases
for g such that for alli,j € {1,...,m} we have Ky(x; ® y;) = 0;;, then Q is the image of
the element > " | x; @ y; of Ty in Uy;

(b) we have Q € Z(Uy);

(c) the Casimir element Q) is fixed by the group of Lie automorphisms of g (i.e.,
if 0 : Ug = Uy is the A-algebra automorphism induced by a Lie algebra automorphism
o:g>g, then we have o(2) = Q);

(d) the Casimir element 2 acts identically on g (i.e., ad(Q2) = 14).

Proof: Parts (a) and (b) are proved in [B1, Ch. I, Sect. 3, Subsect. 7, Prop. 11]. Strictly
speaking, loc. cit. is stated over a field but its proof applies over any commutative Z-
algebra. This is so as the essence of the proof of loc. cit. is [B1, Ch. I, Sect. 3, Subsect.
5, Example 2] which is worked out over any commutative Z-algebra. In particular, [B1,
Ch. I, Sect. 3, Subsect. 5, Example 3| can be easily stated over a commutative Z-algebra
(by involving a perfect invariant bilinear form over a commutative Z-algebra instead of a
non-degenerate invariant bilinear form over a field). We recall here that X is g-invariant
i.e., for all a,b,c € g we have an identity Kg4(ad(a)(b),c) + Kq4(b,ad(a)(c)) = 0 (see [B1,
Ch. I, Sect. 3, (13) and Prop. 8]) and this is the very essence of (b).

To check (c) and (d), we can assume that the A-module g is free. Let {z1,... , 2}
and {y1,...,ym} be two A-bases for g as in (a). Thus  is the image of > | z; ® y; in
Ug. Therefore o(€2) is the image of > 1", o(x;) ® o(y;) in Ug. As for i,5 € {1,...,m} we
have Ky(o(x;),0(y;j)) = d;j, from (a) we get that the image of > | o(z;) ® o(y;) € Ty in
Ug is Q. Thus 0(Q) = Q.

We check (d). Let z,w € g. We write ad(z) o ad(w)(z;) = Z] | ajixj, with a;;’s in
A. Using the g-invariance of Xy we compute:

Kq(ad(Q)(2),w) = ng(Z ad(x;) oad(y;)(2),w) = — Zng(ad(yi)(z), ad(x;)(w))
- Zacg(ad(z>( yi), ad(z;)( ZIK (yi, ad(z) o ad(x;)(w))
:Z:Kg(yi,ad( ) o ad(w Z a;jidji = Za“-:iKg(Z,w

=1 2,7=1 =1

(the last equality due to the very definition of Xg). This implies that for each z € g, we
have ad(Q)(z) — z € Ker(Xy) = 0. Thus ad(2)(z) = z i.e., (d) holds. O

3.2. Fact. Leti € N. Let v be a left g-module on which Q0 acts identically. Then the
cohomology group H'(g,v) is trivial.

Proof: We have an identity H'(g,v) = Extijg (A,v) of Z(Ug)-modules, cf. [CE, Ch. XIII,
Sects. 2 and 8]. As Q € Z(Uy) acts trivially on A and identically on v, the group
QEXt%]g (A,v) is on one hand trivial and on the other hand it is Ext%g (A,0). Thus

Extijg (A,v) = 0. Therefore H(g,v) = 0. O
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3.3. Theorem. We recall that the Killing form Xy on g is perfect. Then the group scheme
Aut(g) over Spec A of Lie automorphisms of g is smooth and locally of finite presentation.

Proof: To check this, we can assume that the A-module g is free. The group scheme
Aut(g) is a closed subgroup scheme of GL defined by a finitely generated ideal of the ring
of functions of GLy. Thus Aut(g) is of finite presentation. Thus to show that Aut(g) is
smooth over Spec A, it suffices to show that for each affine morphism Spec B — Spec A
and for each ideal j of B such that j2 = 0, the restriction map Aut(g)(B) — Aut(g)(B/j) is
onto (cf. [BLR, Ch. 2, Sect. 2.2, Prop. 6]). Not to introduce extra notations by repeatedly
tensoring with B over A, we will assume that B = A. Thus j is an ideal of A and we have
to show that the restriction map Aut(g)(A) — Aut(g)(A/j) is onto.

Let 7 : g/jg — g/jg be a Lie automorphism. Let og : g = g be an A-linear automor-
phism that lifts . Let jgs be the left g-module which as an A-module is jg and whose left
g-module structure is defined as follows: if x € g, then x acts on jgs in the same way as
ad(a(x)) (equivalently, as ad(og(z))) acts on the A-module jg = jg5; this makes sense as
i2=0. Let 6 : g x g — jgs be the alternating map defined by the rule:

(1) 0(z,y) = loo(z),00(y)] = oo([z,9]) Va,y€g.

We check that 6 is a 2-cocycle i.e., for all x,y, z € g we have an identity

df(x,y, z) := 2(0(y, 2)) —y(0(x, 2)) + 2(0(x, y)) — ([, yl, 2) + O([z, 2], y) — 0([y, 2], z) = 0.

Substituting (1) in the definition of df, we get that the expression df(z,y,z) is a sum
of 12 terms which can be divided into three groups as follows. The first group contains
the three terms —oq([[z, y], 2]), oo([[, 2], y]), and —oo([[y, 2], z]); their sum is 0 due to the
Jacobi identity and the fact that og is an A-linear map. The second group contains the six

terms [0’0(.’13),0‘0[y,2]], _[O-O<x)70-0[y7z]]7 [O’O<y),0'0[{13,2]], _[O-O(y)70-0[x7 Z”? [0'0<Z),0'0[{13,y”,
—[o0(2), 00[x, y]]; obviously their sum is 0. The third group contains the three terms
[0(2), [00(y), 90(2)]]; =[00(y), [00(2), 00(2)]], and [00(2), [o0(2), o0(y)]]; their sum is 0 due

to the Jacobi identity. Thus indeed df = 0.

As Q (i.e., ad(Q)) acts identically on g (cf. Lemma 3.1 (d)), it also acts identically
on jg. But Q modulo j is fixed by the Lie automorphism & of g/jg, cf. Lemma 3.1 (c).
Thus €2 also acts identically on the left g-module jgs. From this and the Fact 3.2 we get
that H?(g,jgs) = 0. Thus 0 is the coboundary of a 1-cochain 6 : g — jgs i.e., we have

(2) 0(x,y) = 2(0(y)) —y(6(x)) = d([z,y]) vV, y€g

Let o : g—= g be the A-linear isomorphism defined by the rule o(z) := o¢(x) — §(x); here
d(x) is an element of the A-module jg = jgs. Due to formulas (1) and (2), we compute

o(lz, y]) = oo([z,y]) = ([, y]) = [o0(2), 00(y)] = O(z,y) — 6([2,y])

= [o0(2), 00(y)] = 2(5(y)) + y((x)) = [o0(2), 00(y)] — ad(a(x))(5(y)) + ad(a (y))(d(x))
= [o0(x), 00(y)]—ad(o0(2))(5(y))+ad(00)(y)(0(x)) = [00(2), o0(y)]=[o0(2), 5(y)]+[o0(y), 6()]
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= [o0() = 6(x), 00(y) — 0(y)] = [6(x), 0(y)] = [0 (2), o (y)] = [0(x), 6(y)] = [o(x), o (y)]

(the last identity as j2 = 0). Thus o is a Lie automorphism of g that lifts the Lie automor-
phism & of g/jg. Thus the restriction map Aut(g)(A4) — Aut(g)(A/j) is onto. O

3.5. Proof of the Theorem 1.2. The functor Ly is faithful, ¢f. Lemma 2.5.1. Thus to
prove the Theorem 1.2 it suffices to show that Ly is surjective on objects and that Ly is
fully faithful. To check this, as Adj-perfy and Lie-perfy are groupoids on sets and as Ly
is faithful, we can assume that Y = Spec A is affine. Thus to end the proof it suffices to
check the following three properties:

(i) if g is an object of Lie-perfy (identified with a Lie algebra over A), then there
exists a unique open subgroup scheme Aut(g)® of Aut(g) which is an adjoint group scheme
over Y and whose Lie algebra is the Lie subalgebra ad(g) of gl (therefore g = ad(g) is the
image through Ly of the object Aut(g)° of Adj-perfy);

(ii) the group scheme Aut(Aut(g)®) of automorphisms of Aut(g)? is Aut(g) acting
on Aut(g)® via inner conjugation (therefore Aut(g)(A) = Aut(Aut(g)°)(4))

(iii) if G and H are two objects of Adj-perfy such that Lie(G) = Lie(H), then G
and H are isomorphic.

To check the first two properties, we can assume that the A-module g is free of rank
m € N*. Let k be the residue field of an arbitrary point y € Y. It is well known that the Lie
algebra Lie(Aut(g)x) is the Lie algebra of derivations of gi := g ®4 k. As this fact plays a
key role in this paper, we include a proof of it. The tangent space of Aut(g), at the identity
element is identified with the set of automorphisms a of gr ®x kle]/(¢?) which modulo
£ = e+ (e?) are the identity automorphism of g;. We can write each such automorphism as
a =1y, 0,k[]/(c2?) + Da ®E, where D, is a k-linear endomorphism of gx. The condition that
a respects the Lie bracket (i.e., we have a([u,v]®1) = [a(u®1),a(v®1)] for all u,v € g)
is equivalent to the condition that D, is a derivation of gx. The association a — D,
identifies the tangent space of Aut(g); at the identity element with the k-vector space of
derivations of gi. Under this identification, the Lie bracket of a with an automorphism b
of gi. @ k[e1]/(e%) which modulo & = &1 + (£%) is the identity automorphism of gy, is the
derivation of g, which corresponds to the automorphism aba='b~! = Ly, @kleen]/(e2¢2) T
[Da, Dy)éz; of gi @y k[ee1]/(e%¢3) and thus is the Lie bracket [D,, Dy] (g1 is used here
instead of € so that this last part makes sense). Therefore Lie(Aut(g)x) is the Lie algebra
of derivations of g;.

As the Killing form X, is perfect, as in [H1, Ch. II, Subsect. 5.3, Thm.] one
argues that each derivation of g is an inner derivation. Thus we have Lie(Aut(g)x) =
ad(g) @4 k. As the group scheme Aut(g) over Y is smooth and locally of finite presentation
(cf. Theorem 3.3), from [DG, Vol. I, Exp. VIg, Cor. 4.4] we get that there exists a unique
open subgroup scheme Aut(g)® of Aut(g) whose fibres are connected. The fibres of Aut(g)°
are open-closed subgroups of the fibres of Aut(g) and thus are affine.

Let Ny be a smooth, connected, unipotent, normal subgroup of Aut(g)?. The Lie
algebra Lie(Ny) is a nilpotent ideal of Lie(Aut(g)?) = ad(g) ®4 k. Thus Lie(N;) C
Ker(Kpic(aut(g)0)) = Ker(Kaa(gyoar)s cf- [BL, Ch. I, Sect. 4, Prop. 6 (b)]. As the
Killing form X,q(g)g & is perfect, we get Lie(Ny) = 0. Thus Ny, is the trivial subgroup of
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Aut(g)? and therefore the unipotent radical of Aut(g)? is trivial. Thus Aut(g)? is an affine,
connected, smooth group over Spec k whose unipotent radical is trivial. Therefore Aut(g)g
is a reductive group over Speck, cf. [Bo, Ch. IV, Subsect. 11.21]. As Lie(Aut(g)?) =
ad(g) ®4 k has trivial center, the group Aut(g)? is semisimple. Thus the smooth group
scheme Aut(g)? of finite presentation over Y has semisimple fibres. Therefore Aut(g)°
is a semisimple group scheme over Y, cf. [DG, Vol. II, Exp. XVI, Thm. 5.2 (ii)]. As
Z(Aut(g)®)y acts trivially on Lie(Aut(g)?) = ad(g) ®4 k and as Z(Aut(g)°) is a subgroup
of Aut(g)y, the group Z(Aut(g)?)y is trivial. This implies that the finite, flat group scheme
Z(Aut(g)?) is trivial and thus Aut(g)° is an adjoint group scheme.

The Lie subalgebras Lie(Aut(g)") and ad(g) of gl; are free A-submodules of the
Lie subalgebra [ of gl; formed by derivations of g. As for each point y of ¥ we have
Lie(Aut(g)?) = ad(g) @4 k = [®4 k, lis locally generated by either Lie(Aut(g)?) or ad(g).
We easily get that we have identities Lie(Aut(g)?) = ad(g) = [.

The group scheme Aut(g) acts via inner conjugation on Aut(g)®. As Lie(Aut(g)°) =
ad(g) and as Aut(g) is a closed subgroup scheme of GLg, the inner conjugation homomor-
phism Aut(g) — Aut(Aut(g)?) has trivial kernel. As Aut(Aut(g)°) is a closed subgroup
scheme of Aut(Lie(Aut(g)?)) = Aut(ad(g)) (cf. Lemma 2.5.1), we can identify naturally
Aut(Aut(g)?) with a closed subgroup scheme of Aut(g). From the last two sentences, we
get that Aut(Aut(g)®) = Aut(g). Thus both properties (i) and (ii) hold.

To check that the property (iii) holds, let g = Lie(G) = Lie(H). It suffices to
show that G and H are identified with Aut(g)°. We will work only with G. The adjoint
representation G — GLg factors as composite closed embedding homomorphisms G' —
Aut(g)? — Aut(g) = GL4 (cf. Lemma 2.5.1 and [DG, Vol. III, Exp. XXIV, Thm. 1.3]).
We get a closed embedding homomorphism G — Aut(g)? between adjoint group schemes
that have the same Lie algebra g (cf. also property (i)). By reasons of dimensions, the
geometric fibers of the closed embedding homomorphism G — Aut(g)° are isomorphisms
and therefore G — Aut(g)® is an isomorphism. Thus property (iii) holds as well. O

The next Proposition details on the range of applicability of the Theorem 1.2.

3.6. Proposition. (a) We recall that k is a field. Let H be a non-trivial semisimple
group over Speck. Then the Killing form Kye(m) is perfect if and only if the following two
conditions hold:

(i) either char(k) = 0 or char(k) is an odd prime p and H* has no simple factor of

isotypic Apn_1, Bpn+1_Tp, Cpn—1, or Dpn+1 Dynkin type (here n € N*);

(ii) if char(k) = 3 (resp. if char(k) = 5), then H® has no simple factor of isotypic
Eg, E7, Eg, Fy, Go (resp. of isotypic Eg) Dynkin type.

(b) If Xvie(m is perfect, then the central isogenies H*® — H — H?d gre étale; thus,
by identifying tangent spaces at identity elements, we have Lie(H®) = Lie(H) = Lie(H).
Proof: We can assume that k = k and that tr.deg.(k) < oco. If char(k) = 0, then Lie(H)
is a semisimple Lie algebra over k and therefore the Proposition follows from [H1, Ch. II,
Subsect. 5.1, Thm.]. Thus we can assume char(k) is a prime p € N*. If the conditions

(i) and (ii) hold, then p does not divide the order of the finite group scheme Z(H®°) =
Ker(H®¢ — H2d) (see [B2, PLATES I to IX]) and therefore (a) implies (b).
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Let W (k) be the ring of p-typical Witt vectors with coefficients in k. Let Hyy (i) be
a semisimple group scheme over Spec W (k) that lifts H, cf. [DG, Vol. III, Exp. XXIV,
Prop. 1.21]. We have identities Lie( ‘S,IS(R))[%] = Lie(HW(k))[%] = Lie(Haﬁi(k))[%]. This
implies that:

(iii) Kiie(my () is the composite of the natural W(k)-linear map Lie(Hw (1)) X
Lie(Hy (1)) — Lie(Hﬁg(k)) X Lie(Haﬁl(k)) with JCLie(H#(k));

(iv) iKLie(H;;(k)) is the composite of the natural W (k)-linear map Lie(Hyy ;) X
Lle(H‘S,{}(k)) — Lle(Hw(k)) X Lle(Hw(k)) with :KLie(HW(k))'

We prove (a). We have Ker(Lie(H) — Lie(H*?)) C Ker(Krye(m)), cf. property (iii).
If Kyie(mr) is perfect, then Ker(Lie(H) — Lie(H*?)) = 0 and therefore Lie(H) = Lie(H?).
Thus to prove (a) we can assume that H = H?! is adjoint. Even more, to prove (a) we
can also assume that the adjoint group H is simple; let b be the Lie type of H. If b is not
of classical Lie type, then Ky,;c(gy is perfect if and only if either p > 5 or p = 5 and b # Ey
(cf. [H2, TABLE, p. 49]). Thus to prove (a), we can assume that b is a classical Lie type.
We fix a morphism Spec C — Spec W (k).

Suppose that b is either A,, or C),. By the standard trace form on Lie(H*°) (resp.
on Lie(Hyy ;) or on Lie(HE")) we mean the trace form T (resp. Ty (k) or Tg) associated
to the faithful representation of H*¢ (resp. Hyy ;) or Hg") of rank n +1if b = A, and
of rank 2n if b = C,,. We have Kiie(mz) = 2(n + 1)T¢, cf. [He, Ch. III, Sect. 8, (5)
and (22)]. This identity implies that we also have UCLie(H%(k)) = 2(n + 1)Twu) and thus
Kiie(rsey = 2(n+1)T. If p does not divide 2(n + 1), then Lie(H*) = Lie(H) and it is well
known that T is perfect; thus Kye(psc) = Krie(rry = 2(n + 1)7T is perfect. Suppose that p
divides 2(n +1). This implies that Ky e(grs) is the trivial bilinear form on Lie(H*°). From
this and the property (iv) we get that the restriction of Kyc(z) to Im(Lie(H"¢) — Lie(H))
is trivial. As dimg(Lie(H)/Im(Lie(H*°) — Lie(H))) = 1 and as dimg(Lie(H)) >3, we
easily get that Kz is degenerate.

Suppose that b = B,, (resp. that b = D,, with n>4). If p > 2 we have Lie(H*°) =
Lie(H). Moreover, using [He, Ch. III, Sect. 8, (11) and (15)], as in the previous paragraph
we argue that K. ) is perfect if p does not divide 2(2n — 1) (resp. if p does not divide
2(n — 1)) and is degenerate if p divides 2n — 1 (resp. if p divides 2(n — 1)).

We are left to show that Kyie() is degenerate if p = 2 and b = B,. The group
H is (isomorphic to) the SO-group of the quadratic form :z:(z) + 21Zp+1 + -0+ Tpxoy ON
W = k>t Let {e;;]i,5 € {0,1,...,n} be the standard k-basis for gly,. The direct
sum n, = 2" keo, is a nilpotent ideal of Lie(H), cf. [Bo, Ch. V, Subsect. 23.6].
Thus n, € Ker(Xyiemy), cf. [B1, Ch. I, Sect. 4, Prop. 6 (b)] applied to the adjoint
representation of Lie(H). Therefore Kpc(z is degenerate.

We conclude that Kz is perfect if and only if both conditions (i) and (ii) hold.
Therefore (a) (and thus also (b)) holds. O

3.7. Remarks. Let A and g be as in the beginning of this Section.

(a) Let p € N* be a prime. Suppose that A is an algebraically closed field of
characteristic p. Let G be an adjoint group over Spec A such that g = Lie(G), cf. Theorem
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1.2. We have p # 2, cf. Proposition 3.6. Let Gz be the unique (up to isomorphism) split,
adjoint group scheme over SpecZ such that G is the pull back of G to Spec A, cf. [DG,
Vol. III, Exp. XXV, Cor. 1.3]. We have g = Lie(Gz) ®z A i.e., g has a canonical model
Lie(Gz) over Z. For p > 7, this result was obtained in [C, Sect. 5, Thm.]. For p > 3, this
result was obtained by Seligman, Mills, Block, and Zassenhaus (see [MS], [Mi], [BZ], and
[S, II. 10]). For p = 3, this result was obtained in [Br, Thm. 4.1]. It seems to us that the
fact that p # 2 (i.e., that all Killing forms of finite dimensional Lie algebras over fields of
characteristic 2, are degenerate) is new.

(b) Let B — A be an epimorphism of commutative Z-algebras whose kernel j is a
nilpotent ideal. Then g has, up to isomorphisms, a unique lift to a Lie algebra over B
which as a B-module is projective and finitely generated. One can prove this statement
using cohomological methods as in the proof of Theorem 3.3. The statement also follows
from the Theorem 1.2 and the fact that Aut(g)® has, up to isomorphisms, a unique lift to
an adjoint group scheme over Spec B (this can be easily checked at the level of torsors of
adjoint group schemes; see [DG, Vol. III, Exp. XXIV, Cors. 1.17 and 1.18]).

3.8. Corollary. Let Sc-perfy be the category whose objects are simply connected semisim-
ple group schemes over'Y with the property that their Lie algebras Oy -modules have perfect
Killing forms and whose morphisms are isomorphisms of group schemes. Then the functor
L5« Sc-perfy — Lie-perfy which associates to a morphism f: G = H of Sc-perfy the mor-
phism df : Lie(G) = Lie(H) of Lie-perfy which is the differential of f, is an equivalence
of categories.

Proof: The functor L5 is the composite of the canonical (‘division by the centers’) functor
Zy : Sc-perfy — Ad-perfy with Ly ; the functor Zy makes sense (cf. Lemma 3.6 (b)) and
it is an equivalence of categories. Thus the Corollary follows from the Theorem 1.2. [

3.9. Corollary. The category Lie-perfy has a mon-zero object if and only if Y is a
non-empty SpecZ[%]-scheme.

Proof: The if part is implied by the fact that an sly Lie algebra Oy-module has perfect
Killing form. The only if part follows from the relation p # 2 of the Remark 3.7 (a). O

4. Proof of the Theorem 1.4

In this Section we prove the Theorem 1.4. See Subsections 4.1 and 4.2 for the proofs of
Theorems 1.4 (a) and (b) (respectively). In Remarks 4.3 we point out that the hypotheses
of the Theorem 1.4 are indeed needed in general. We will use the notations listed in Section
1.

4.1. Proof of Theorem 1.4 (a). To prove the Theorem 1.4 we can assume Y is also
integral. Let K := Ky ; it is a field. If H is a reductive group scheme over Y, then we have
D(H) = D(Hy) and thus the uniqueness parts of the Theorem 1.4 follow from Proposition
2.2 (b). Let [ be the Lie algebra Oy-module which extends Lie(Gy).

We prove Theorem 1.4 (a). Due to the uniqueness part, to prove Theorem 1.4 (a)
we can assume Y = Spec A is also local and strictly henselian. Let g := [(Y) be the Lie
algebra over A of global sections of I.
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As U is connected, based on [DG, Vol. III, Exp. XXII, Prop. 2.8] we can speak
about the split, adjoint group scheme S over Y of the same Lie type as all geometric fibres
of Gy. Let s := Lie(S). Let Aut(S) be the group scheme over Y of automorphisms of
S. We have a short exact sequence 1 — S — Aut(S) — C — 1, where C is a finite,
étale, constant group scheme over Y (cf. [DG, Vol. III, Exp. XXIV, Thm. 1.3]). Let
v € HY(U, Aut(S)y) be the class that defines the form Gy of Sy .

We recall that GLy and GL, are the reductive group schemes over Y of linear auto-
morphisms of g and s (respectively). The adjoint representations define closed embedding
homomorphisms jy : Gy < GLgyy and i@ : § — GL, and moreover i extends nat-
urally to a closed embedding homomorphism Aut(S) <— GLg, cf. Lemma 2.5.1. Let
§ € HY(U,(GLs 1)) be the image of v via the homomorphism Aut(S)y < GLs .

We recall that the quotient sheaf for the faithfully flat topology of Y of the action of
S on GL; via right translations, is representable by an Y-scheme GL;/S that is affine and
that makes GLg to be a right torsor of S over GLs/S (cf. [CTS, Cor. 6.12]). Thus GL:/S
is a smooth, affine Y-scheme. The finite, étale, constant group scheme C acts naturally
(from the right) on GL,/S and this action is free (cf. Lemma 2.5.1). From [DG, Vol I,
Exp. V, Thm. 4.1] we get that the quotient Y-scheme (GL;/S)/C is affine and that the
quotient epimorphism GL;/S — (GL./S)/C is a finite étale cover. Thus (GL,/S)/C is
a smooth, affine scheme over Y that represents the quotient sheaf for the faithfully flat
topology of Y of the action of Aut(S) on GL; via right translations. From constructions
we get that GL is a right torsor of Aut(S) over GL;/Aut(S) := (GLs/S)/C.

The twist of iy via the class v is jy. This implies that the class § defines the
torsor that parametrizes isomorphisms between the pull backs to U of the vector group
schemes over Y defined by s and g. Therefore, as the A-modules s and g are isomorphic
(being free of equal ranks), the class 0 is trivial. Thus v is the coboundary of a class in
H°(U,GL; 1y /Aut(S)y). But H*(U,GLg 7 /Aut(S)y) = HY(Y,GLs/Aut(S)) (cf. Proposi-
tion 2.2 (b)) and therefore v is the restriction of a class in H (Y, Aut(S)). As Y is strictly
henselian, each class in H!(Y, Aut(9)) is trivial. Thus ~ is the trivial class. Therefore the
group schemes Gy and Sy are isomorphic. Thus Gy extends to an adjoint group scheme
G over Y isomorphic to S. This ends the proof of Theorem 1.4 (a). O

4.2. Proof of Theorem 1.4 (b). Let n: K — U be the geometric point of U which is
the composite of the natural morphisms Spec K — Spec K and Spec K — U. We denote
also by n : K — Y the resulting geometric point of Y. As Y (resp. U) is normal and
locally noetherian, from [DG, Vol. II, Exp. X, Thms. 5.16 and 7.1] we get that there exists
an antiequivalence of categories between the category of tori over Y (resp. over U) and the
category of continuous 7 (Y, 7)-representations (resp. continuous m (U, n)-representations)
on free Z-modules of finite rank. As the pair (Y, Y \ U) is quasi-pure, we have a canonical
identification m (U,n) = 7(Y,n). From the last two sentences we get that there exists a
unique torus H?" over Y which extends H ;}b.

Let H*! be the adjoint group scheme over Y that extends H2!, cf. Theorem 1.4
(a). Let F — H?! xy H?" be the central isogeny over Y that extends the central isogeny
Hi — H¥ X Spec K H3. cf. Lemma 2.3.1 (a). Both Fyy and Hys are the normalization of
HiP xy H3 in Hg, cf. Lemma 2.3.1 (b). Thus Hy = Fyy extends uniquely to a reductive
group scheme H := F over Y (cf. the first paragraph of Subsection 4.1 for the uniqueness
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part). This ends the proof of Theorem 1.4 (b) and thus also of the Theorem 1.4. O

4.3. Remarks. (a) Let Y7 — Y be a finite, non-étale morphism between normal,
noetherian, integral Spec Z,)-schemes such that there exists an open subscheme U of YV’
with the properties that: (i) Y \ U has codimension in Y at least 2, and (ii) Y1 xy U — U
is a Galois cover of degree 2. Let Hy be the rank 1 non-split torus over U that splits over
Y1 Xy U. Then Hy does not extend to a smooth, affine group scheme over Y. If moreover
Y = Spec A is an affine SpecF3-scheme, then we have Lie(Hy)(U) = A and therefore
Lie(Hy) extends to a Lie algebra Oy-module which as an Oy-module is free. Thus the
quasi-pure part of the hypotheses of Theorem 1.4 (b) is needed in general.

(b) Suppose that Y = Spec A is local, strictly henselian, regular, and of dimension
n>3. Let K := Ky. Let d € N* be such that there exists an A-submodule M of K¢
that contains A%, that is of finite type, that is not free, and that satisfies the identity
M = Nyepy)yM ®4 V (inside M ®4 K). A typical example (communicated to us by
Serre): d = n — 1 and M = Coker(f), where the A-linear map f : A — A" takes 1 to an
n-tuple (z1,...,xz,) € A™ of regular parameters of A.

Let F be the coherent Oy-module defined by M. Let U be an open subscheme of Y
such that Y\ U has codimension in Y at least 2 and the restriction ¥y of F to U is a locally
free Oy-module. Let Hy be the reductive group scheme over U of linear automorphisms
of Fy. We recall the reason why the assumption that Hy extends to a reductive group
scheme H over Y leads to a contradiction. The group scheme H is isomorphic to GLg 4
(as A is strictly henselian) and therefore there exists a free A-submodule L of K¢ of rank
d such that we can identify H = GLj. As A is a unique factorization domain (being local
and regular), it is easy to see that there exists an element f € K such that the identity
M®4V = fL®4 V holds for each V€ D(Y'). This implies that M = fL. Thus M is a
free A-module. Contradiction.

As Hy does not extend to a reductive group scheme over Y and as the pair (Y, Y \U)
is quasi-pure, from Subsection 4.2 we get that H f}d also does not extend to an adjoint group
scheme over Y. Thus the Lie part of the hypotheses of Theorem 1.4 (a) is needed in general.

5. Extending homomorphisms via schematic closures

In this Section we prove four results on extending homomorphisms of reductive group
schemes via taking (normalizations of) schematic closures. The first one complements
Theorem 1.4 (b) and Proposition 2.5.2 (see Proposition 5.1) and the other three refine
parts of [V1] (see Subsections 5.2 to 5.6). Theorem 1.5 is proved in Subsection 5.6 based
on the Theorem 5.4.

5.1. Proposition. Let Y be a normal, noetherian, integral scheme. Let K := Ky . Let U
be an open subscheme of Y such that the codimension of Y \U inY is at least 2. Let Hy
be a reductive group scheme over U and let G be a reductive group scheme over Y. We
assume we have a finite homomorphism py : Hy — Gy whose generic fiber over Spec K
1$ a closed embedding. We assume that one of the following two properties holds:

(i) Hy extends to a reductive group scheme H over Y ;
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(ii) Y = Spec R is a local reqular scheme of dimension 2 (thus U is the complement
in'Y of the closed point of Y ).

Then the following three properties hold:
(a) There exists a unique reductive group scheme H over Y which extends Hy .

(b) The homomorphism py extends uniquely to a finite homomorphism p : H — G
between reductive group schemes overY .

(c) If there ezists a point of Y \ U of characteristic 2, we assume that Hg has
no normal subgroup that is adjoint of isotypic B, Dynkin type for some n € N*. Then
p: H— G is a closed embedding.

Proof: 1If the property (i) holds, then the uniqueness of Hy; follows from Proposition 2.2
(b). Thus to prove (a) we can assume that the property (ii) holds. As (ii) holds, the pair
(Y, Y \ U) is quasi-pure (see Section 1) and the Lie algebra Oy-module Lie(Hy ) extends
to a Lie algebra Oy-module which is a free Oy-module (cf. Proposition 2.2 (c) and the
fact that Y is local). Thus the hypotheses of Theorem 1.4 (b) hold and therefore from
Theorem 1.4 (b) we get that there exists a unique reductive group scheme H over Y that
extends Hy. Thus (a) holds.

To prove (b) and (c) we can assume that ¥ = Spec R is an affine scheme. We
write H = Spec Ry and G = Spec Rg. As D(H) = D(Hy) and D(G) = D(Gy), from
Proposition 2.2 (a) we get that Ry and Rg are the R-algebras of global functions of Hy
and Gy (respectively). Let Rg — Ry be the R-homomorphism defined by py and let
p : H — G be the morphism of Y-schemes it defines. The morphism p is a homomorphism
as it is so generically. To check that p is finite, we can assume that R is complete. Thus Ry
and Rq are excellent rings, cf. [M, Sect. 34]. Therefore the normalization H' = Spec Ry
of the schematic closure of Hx in G is a finite, normal G-scheme.

The identity components of the reduced geometric fibres of p are trivial groups,
cf. Proposition 2.5.2 (a) or (b). Thus p is a quasi-finite morphism. From Zariski Main
Theorem (see [G1, Thm. (8.12.6)]) we get that H is an open subscheme of H'. But from
Proposition 2.5.2 (b) we get that the morphism H — H’ satisfies the valuative criterion
of properness with respect to discrete valuation rings which contain R. As each local ring
of H'" is dominated by such a discrete valuation ring, we get that the morphism H — H’
is surjective. Therefore the open, surjective morphism H — H’ is an isomorphism. Thus
p is finite i.e., (b) holds.

We prove (c¢). The pull back of the homomorphism p : H — G via each dominant
morphism SpecV — Y, with V' a discrete valuation ring, is a closed embedding (cf.
Proposition 2.5.2 (¢)). This implies that the fibres of p are closed embeddings. Thus the
homomorphism p is a closed embedding, cf. Theorem 2.5. O

We have the following refinement of [V1, Lemma 3.1.6].

5.2. Proposition. Let G be a reductive group scheme over a reduced, affine scheme
Y = SpecA. Let K be a localization of A. Let s € N*. For j € {1,...,s} let Gj i be a
reductive, closed subgroup scheme of Gx. We assume that the group subschemes G i ’s
commute among themselves and that one of the following two conditions holds:
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i) either the direct sum ®%_, Lie(G; k) is a Lie subalgebra of Lie(Gg), or
7j=1 75

(ii) s =2, G1,K is a torus, and G i is a semisimple group scheme.

Then the closed subgroup scheme Go kg of Gk generated by G k’s exists and is
reductive. Moreover, we have:

(a) If the condition (i) holds, then Lie(Go x) = ®;_, Lie(Gj k).
(b) We assume that for each j € {1,...,s} the schematic closure G; of Gjx in G

is a reductive group scheme over Y. Then the schematic closure Gy of Go.x in G is a
reductive, closed subgroup scheme of G.

Proof: Let A be the category whose objects Ob(A) are finite subsets of K and whose
morphisms are the inclusions of subsets. For a € Ob(A), let K, be the Z-subalgebra
of K generated by a and let A, := AN K,. We have K = ind.lim.qecopn) Ko and
A = ind.lim.,copn)Aa- The reductive group schemes G i are of finite presentation.
Based on this and [G1, Thms. (8.8.2) and (8.10.5)], one gets that there there exists
B € Ob(A) such that each G i is the pull back of a closed subgroup scheme Gj g, of
Gk,. For a O 3, the set C(a) of points of Spec K, with the property that the fibres over
them of all morphisms G i, — Spec K, are (geometrically) connected, is a constructible
set (cf. [G1, Thm. (9.7.7)]). We have proj.lim.,conn)C() = Spec K. From this and
[G1, Thm. (8.5.2)], we get that there exists 51 € Ob(A) such that f; D S and C(p1) =
Spec K,. Thus by replacing 3 with 3, we can assume that the fibres of all morphisms
Gk, — Spec Kg are connected. A similar argument shows that, by enlarging 3, we can
assume that all morphisms Gj k, — Spec Kz are smooth and their fibres are reductive
groups (the role of [G1, Thm. (9.7.7)] being replaced by [G1, Prop. (9.9.5)] applied to the
Og, x. -module Lie(Gj g, ) and respectively by [DG, Vol. III, Exp. XIX, Cor. 2.6]). Thus
each G i, is a reductive closed subgroup scheme of Gf,. The smooth group schemes
Gy k,’s commute among themselves as this is so after pull back through the dominant
morphism Spec K — Spec Kg. By enlarging 3, we can also assume that either condition
(i) or condition (ii) holds for the Gj i, ’s and that Kz is a localization of Ag. By replacing
A with the local ring of Spec Ag dominated by A, to prove the Proposition we can assume
that A is a localization of a reduced, finitely generated Z-algebra.

Using induction on s € N*, it suffices to prove the Proposition for s = 2. Moreover,
we can assume that K = Ky . For the sake of flexibility, in what follows we will only assume
that A is a reduced, noetherian Z-algebra; thus K is a finite product of fields. As all the
statements of the Proposition are local for the étale topology of Y, it suffices to prove the
Proposition under the extra assumption that G; and G2 are split (cf. Proposition 2.3).
Let Cx := G1,k NGy k. It is a closed subgroup scheme of G g that commutes with Gk,
J € {1,2}. The Lie algebra Lie(Ck) is included in Lie(G; k) N Lie(G2 k) and therefore
it is trivial if the condition (i) holds. Thus if the condition (i) holds, then Cf is a finite,
étale, closed subgroup scheme of Z(Gj i ). If the condition (ii) holds, then Ck is a closed
subgroup scheme of both G x = Z(G1 k) and Z(G2 k) and thus (as K is a finite product
of fields) it is a finite group scheme of multiplicative type.

Let C be the schematic closure of Cx in G. Let T; be a maximal torus of Gj.
We have CK < Z(GLK) N Z(GQ’K) < Tl,K r\lTQ’K < Gl,K N G27K = CK and thus
Crx =T,k NT5 k. Let T1 Xy To — G be the product homomorphism. The kernel & of
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this product homomorphism is a group scheme over Y of multiplicative type (cf. Lemma
2.3.2 (a)) isomorphic to T} N T5. But Kk = Ck is a finite group scheme over Spec K
and therefore R is a finite, flat group scheme over Y of multiplicative type (cf. Lemma
2.3.2 (b)). Thus T1 NT5 is a finite, flat group scheme over Y. From this, the identity
Ck = (Thy N Ty) g, and the definition of C' we get that C' = T; NT;. We conclude that
C is a finite, flat group scheme over Y of multiplicative type contained in the center of
both G; and G3. We embed C' in GGy Xy G via the natural embedding C' — G; and via
the composite of the inverse isomorphism C' = C with the natural embedding C — Gs.
Let G12 := (G1 xy G2)/C; it is a reductive group scheme over Y. We have a natural
product homomorphism ¢ : G; 2 — G whose pull back to Spec K can be identified with
the closed embedding homomorphism Gy g — Gk. Therefore Gy i is a reductive group
scheme over Spec K. Moreover, if the condition (i) holds, then as Ck is étale we have
natural identities Lie(G1 k) @ Lie(Ga k) = Lie(G1,2,x) = Lie(Gp k). Thus (a) holds. If
q is a closed embedding, then ¢ induces an isomorphism G 2 = Gy and therefore Gy is a
reductive, closed subgroup scheme of G. Thus to end the proof of (b), we only have to
show that the homomorphism ¢ is a closed embedding.

To check that ¢ is a closed embedding, it suffices to check that the fibres of ¢ are
closed embeddings (cf. Theorem 2.5). For this we can assume that A is a complete discrete
valuation ring which has an algebraically closed residue field k; this implies that Gy is a
flat, closed subgroup scheme of G. Let n := Lie(Ker(gx)). From Proposition 2.5.2 (a) and
Lemma 2.4 we get that: either (iii) n = 0 or (iv) char(k) = 2 and there exists a normal
subgroup Fj, of G 2 which is isomorphic to SOgzy,41 i for some n € N* and for which we
have Lie(Fj) Nn # 0. We show that the assumption that the condition (iv) holds leads
to a contradiction. Let F' be a normal, closed subgroup scheme of GG o that lifts F}, and
that is isomorphic to SOgzp41,4 (cf. last paragraph of the proof of Proposition 2.5.2 (c)).
Let jo € {1,2} be such that F < G, < G2 (if the condition (ii) holds, then j, = 2).
As Gj, is a closed subgroup scheme of G, we have Lie(Gj, ) Nn = 0 and therefore also
Lie(F) Nn = 0. Contradiction. Thus the condition (iv) does not hold and therefore the
condition (iii) holds. Thus Ker(gx) has a trivial Lie algebra and therefore it is a finite,
étale, normal subgroup of G 2. Thus Ker(gx) is a subgroup of Z(G1,2x) and therefore
also of each maximal torus of G; 2. From this and Proposition 2.5.2 (a) we get that
Ker(qy) is trivial. Therefore g is a closed embedding. Thus ¢ is a closed embedding. [

In the last part of Section 5 we present significant refinements and simplifications to
the fundamental results [V1, Prop. 4.3.10 and Rm. 4.3.10.1 1)].

5.3. Definitions. (a) Let p € N* be a prime and let 8 be a subset of Z. We say 8 is of
p-type 1, if the natural map 8§ — Z/pZ is injective. We say 8 is of p-type 2 (resp. of p-type
3), if 8 (resp. if 28) is a subset of {—p+1,—p+2,... ,p—2,p—1}.

(b) Let Y = Spec A be a non-empty affine scheme. Let T be a split torus over Y of
rank 1. We fix an isomorphism iy : T'= G,, y. By a diagonal character of T with respect
to i we mean the composite of an endomorphism of G, y with i7. We identify the group
of diagonal characters of T" with respect to i with Z = End(G,,, z). If Y is connected,
then each character of T" is a diagonal character with respect to ip.

5.3.1. On left sl-modules. Let p € N* be a prime. Let A be a commutative Z,)-
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algebra. Let M be a projective, finitely generated A-module. Let g be an sly Lie algebra
over A equipped with a Lie homomorphism g — gly;. We consider an A-basis {h, x,y} for
g such that the formulas [h, x] = 2z, [h,y] = —2y, and [z,y] = h hold. For s € N, we will
view z° and y° as A-linear endomorphisms of M (here 20 = y° := 1,,).

Let j € {1,...,p—1}. Let zg € M be such that we have h(zy) = jzo and z(29) = 0.
For i € {1,...,j}, let z; := %yi(zo). Then the following formulas hold (see [H1, Ch. II,
Subsect. 7.2, Lemma|; the arguments of loc. cit. hold over any base ring A):

(i) for i € {1,...,j}, we have h(z;) = (j — 2i)z; and x(z;) = (j — i+ 1)z_1.
From the property (i) we get that:

(ii) for each i € {0,...,j}, the element x%(y%(29)) is a multiple of 2o by an invertible
element of Z,y and thus also of A.

We have the following general form of [V1, Claim 3, p. 465].

5.3.2. Theorem. Let p € N* be a prime. Let Y = Spec A be a local scheme whose residue
field k has characteristic p. Let K := Ky . Let M be a free A-module of finite rank. Let
T be a split torus of rank 1 over Y equipped with an isomorphism ip : T =G,y and a
homomorphism fx : Tk — GLyg k- We assume that we have a direct sum decomposition
M ®4 K = @iesM; i such that each projective K-module M; x has constant rank and
Tk acts on each M; x via a diagonal character i of Tk with respect to ir Xy Spec K :
Tk = Gp k. We also assume that one of the following two conditions holds:

(1) the subset 8 of Z is of p-type 1 and the Lie homomorphism Lie(Tk) — gly; @4 K
is the tensorization with K over A of a Lie homomorphism Lie(T) — gly,;

(ii) the subset 8 of Z is of p-type 2 and there exists a semisimple group scheme G
over Y which is isomorphic to SLyy , which has T as a mazimal torus, and for which
there exists a Lie homomorphism Lie(G) — gl,; whose tensorization with K over A is a
Lie homomorphism Lie(Gi) — glyse , ;¢ that is also a morphism of left Tx-modules and
that extends the natural Lie homomorphism Lie(Txk) — glyse , -

Then the homomorphism pk : Tk — GLyg  k extends to a homomorphism p : T —
GL,;. If px is a closed embedding, then p is also a closed embedding.

Proof: Let m be the maximal ideal of A; we have k = A/m. Let M; := M N M, g, the
intersection being taken inside M ® 4 K. We show that the natural injective A-linear map
d: DiecsM; — M is an A-linear isomorphism. It suffices to show that for each ig € § there
exists a projector m;, of M on M;, along M N (®;es\ (i} Mi, ). Let h be the standard
generator of Lie(T") = Lie(Gy, 4); it acts on M; as the multiplication with i € § C Z.

We first assume that the condition (i) holds. As 8 is of p-type 1, the elements i € §
are not congruent modulo p. Thus for each ig € 8 there exists a polynomial f;, (x) € Z,)|]
that is a product of linear factors and such that m;, := f;,(h) is a projector of M on M;,
along M N (Dses\ fig) Mi i )-

Suppose that the condition (ii) holds. To ease the notations, for i € Z\ 8 let M; :=0
and let m; : M — M be the zero map. Thus we can assume that 8 ={—-p+1,... ,p—1}.
As @ is isomorphic to SLyy and as T is a maximal torus of G, there exists an A-basis
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{h,z,y} for Lie(G) which contains the standard generator h of Lie(T") and for which the
three identities [h,z] = 2z, [h,y] = —2y, and [z,y] = h hold. We view M as a left
Lie(G)-module. As the Lie homomorphism Lie(Gx) — glpg,k is also a homomorphism
of left Tk-modules, we can assume that =,y € Lie(G) are such that for i € 8§ we have
x(M; k) C Miyo ik and y(M; k) € M;_2 i (for p > 2 these inclusions are implied by the
three identities; this is so as for p > 2 the A-modules Ax and Ay are uniquely determined by
the three identities). This implies that for i € § we have x(M;) C M; 2 and y(M;) C M;_s.
We will show the existence of the projectors m;, of M by induction on the rank M.
Let » € N*. If the rank of M is at most 1, then the existence of the projectors m;, of M is
obvious. Suppose that the projectors m;, of M exist if the rank of M is less than r. We
show that the projectors m;, of M exist even if the rank of M is r. Fori € {1,... ,p—1},
we define N; := M N (M; x + M_,+ k) and we consider the following two statements:

Q(Z) if (ZZ', Z—p-l-i) c (Mz \ li) X M—p+i7 then z; + Z_p+ti ¢ mNi;
Q(—p + Z) if (Zi, Z—p—l—i) € Mi X (M_p+i \ mM_p+i), then Zi + Z—p+i ¢ mNi.

Let ig € {0,...,p— 1}. If ig = 0, then as above we argue that there exists a
polynomial f;,(z) € Zp)[z] that is a product of linear factors and such that m;, := fi,(h)
is a projector of M on M;, along M N (B;es\ (i} Mi,x); thus 7, exists if ig = 0.

Suppose that ig > 0. We consider a polynomial f;;(z) € Z,[z] such that f;;(h)
is an A-linear endomorphism of M whose kernel is M N (Dies\ {io,—p+io} Mi, i) and whose
restriction to NV;, is a scalar automorphism of N;,. We have Im(f;,(h)) = N, and therefore
there exists a projector m;,, _pyi, of M on Ny, along M N (@;es\ {ig,—p+io} Mi,x ). Thus Nj
is a direct summand of M and therefore (as Y is local) it is a free A-module of finite rank.
Thus the projectors m;, and m_p;, of M exist if and only if the natural injective A-linear
map Ji, : My & M_,4;, — N;, is an A-linear isomorphism (i.e., it is onto). But J;, is
onto if and only if J;, ® 1, is onto.

In this paragraph we check that to prove that all A-linear maps d;, with iz €
{1,...,p — 1} are isomorphisms, we can assume that A is as well noetherian. We do
not know a priori that the A-modules M;, ® M_,;, are finitely generated. Due to this,
the A-linear maps J;, maps are not a priori defined over the localization of a finitely gener-
ated Z-subalgebra Ay of A. However, as M is a free A-module of finite rank and as the set
{h,z,y} US8 is finite, we can choose such an Ay with the property that the A-linear maps
Ji, have natural analogues J;, 4, over Ay (in particular, the direct sum decomposition
M ®a4 K = @iesM; i is defined over a certain localization of Ay and thus its analogue
over the ring of fractions Ky of Ag is well defined). If all the Ap-linear maps g;, 4, are
isomorphisms, then we have J;, = Ji,, 4, ®4, 14 and therefore all the A-linear maps J;, are
isomorphisms. Thus by replacing A with Ay we can assume that A is a local, noetherian
Zp)-algebra. Therefore each A-module M;, & M_,;, is finitely generated.

In this paragraph we check that the k-linear map dJ;, ® 1 is onto if and only if
it is injective. If J;, ® 1y is onto, then J;, is an A-linear isomorphism (see above) and
therefore the k-linear map J;, ® 1 is injective. If the k-linear map J;, ® 1 is injective,
then dimyg ([M;, ® M_,4i,] ®4 k) is at most equal to dimy(N;, ®4 k) and thus it is at most
equal to the constant rank of the projective K-module N;, x = M;, xk ® M_p,+i, k. Thus
from Nakayama’s lemma we get that the finitely generated A-module M;, & M_,;, is
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the quotient of a free A-module of the same (constant) rank as the projective K-module
Mio,KEBM—p-I-io,K' As Mio EBM—p-I-io - MiO,K @M—p-i-io,K? we easily get that Mio EBM—p-I-io
is a free A-module of the same rank as N;,. As the k-linear map J;, ® 1j is injective, by
reasons of dimensions we conclude that it is also onto.

Based on the last three paragraphs we conclude that for each ig € {1,... ,p — 1},
the existence of the projectors m;, and m_,;, of M is equivalent to the fact that both
statements Q(ig) and Q(—p + ip) hold.

We will check that the statement ((ig) holds by decreasing induction on iy €
{1,...,p—1}. Thus we can assume that the statement Q(i1) holds for all numbers i; €
{io+1,...,p—1}. As the statement Q(i1) holds, the k-linear map M;, /mM;, — M/mM is
injective. We will show that the assumption that the statement Q(ip) does not holds leads
to a contradiction. This assumption implies that there exist elements z;, € M;, \ mM;,
and z_p44, € M_p,1;, such that we have z;, + 2_p4;, € mV;,.

Let jo € N be the greatest number such that ig+2jo € & and M;, 425, # 0. Depending
on the value of jj, to reach the desired contradiction we consider two cases as follows.

Case 1: jo > 0. Asig+2jo > i9 > 0 and M;, 125, # 0, we have p > 2 and the k-linear map
M, 425, /mM;o 125, — M/mM is injective and non-zero. Therefore there exists a non-zero
element zg € M;,42j, such that Mi0+2j0 := Az is a direct summand of both M; 2, and
M. We have z(M;,12;,) = 0 as otherwise M, y2j,42 # 0. For s € {0,... ,ig + 2jo} let
Mi0+2j0—23 = ys(Mio-l—?jo) = %ys(Mio-ino) C Mi0+2j0—23' Let

. ntot+2j0 77
M = &, i0+2j0—25+

From properties 5.3.1 (i) and (ii) we easily get that for 1 < s < ig + 2jo we have an
identity ©(Mig42jo—25) = Migt2jo—2s+2- As &(Migt250) = 0 = Migy2jo+2 = Mig42j,+2,
the identity of the last sentence holds even if s = 0. These properties of M; 12,25, M, and
2o imply that a:(M) C M, that h(M) C M, and that each Mi0+2j0_23 with 0 < s <ig+2jo
is a direct summand of M and thus also of M;,42;,—2s. As p > 2, the numbers i +2j9 —2s
with 0 < s < ig + 2jo < p — 1 are not congruent modulo p. We easily get that M is a
direct summand of M. From the property 5.3.1 (i) we get that M N M_,,, = 0.

We check that M is a left Lie(G)-module. It suffices to show that y?270+1(zy) = 0.

) 23
To check this, we can assume that M = @[SZO; 230+p]y8(]\~4i0+2j0). We show that the as-
sumption that yot2o+l(2)) £ 0 leads to a contradiction. Let s € N* be the greatest
number such that yot2otso(z0) € M_; _o; a5, \ {0}. We have —ig — 2jo — 250 € 8.
Thus —p + 1< — ip — 2jo — 2sp< — 1. By applying the property 5.3.1 (ii) to the sex-
tuple (yfo+29050 (), —h,y, z,i0 + 2jo + 280,70 + 2j0 + 250) instead of (zq,h,x,vy, j,1),
we get that wgy 1= ploT2oF2s0(yiot2jotso(5)) € M \ {0}. Therefore the element wuy :=
plot2jotso(yioFt2jo+s0 () is a multiple of zy by a non-zero element of A. As wy =
% (ug) # 0 and sg > 1, we have x(ug) # 0. Thus there exists a multiple of x(zp) by
an element of A which is non-zero. This contradicts the fact that x(z) = 0. Therefore M
is a left Lie(G)-module.

As M;, is a direct summand of M, it is also a direct summand of M;,. Let Mi’o be a

direct supplement of M;, in M;,. We write z;, = Z;, + Z,, where z;, € M;, and 2 € Mi’o.
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The rank of M/M is less than  and thus by our induction on ranks we know that the
analogues of the projectors m;, exist for M/ M. Therefore the analogues of the statements
Q(i) with s € {1,...,p — 1} hold in the context of the left Lie(G)-module M/M. As
Mi’o @® M_, 4, is naturally an A-submodule of M /M, we conclude that Z , € mMi’O. Thus
we can assume that z;, = %, € M;, \ mM;, i.e., Az, = My,. As 2y + 2_pri, € mN;,, we
have (2, + 2_pyio) € MNjy 2. As Ax(z;,) = (M) = M, 42 is a direct summand of M
and thus of M, 4o, we have x(z;,) € M;,4+2 \ mM,; 1o. As the statement Q(io + 2) holds,
we conclude that z(z;,) + x(2_p+iy) € MmN 42. Thus, as x(z,) + z(2_pti,) € z(MN;,) C
mNV;,+2, we reached a contradiction.

Case 2: jo = 0. We have y(z_,1;,) = 0 as y(M_,1;, k) = 0. Moreover we get that
y'(mN;, ) = my" (M N (M, x & M_p+4,k))) is included in

m{M N (Y (Mig, i) © Y (M_pyis )] © MM O M_jy i) = mM_j,.

Thus we have z%(y% (2;,)) = 2 (y* (21, + 2—p1i)) € 0 (MmM_;,) € mM;,. But from the
property 5.3.1 (i) we get that 2% (y™(2;,)) is a multiple of z;, by an invertible element of
A. Thus z;, € mM;,. Contradiction.

Thus the statement Q(ig) holds if i > 0. This ends our decreasing induction on
ioc € {1,...,p— 1}. As statement (i) holds for all ¢ € {1,...,p — 1}, the statement
Q(—p+ 1) also holds for all i € {1,...,p— 1}. This is so as Lie(G) has an automorphism
that takes the triple (h, z,y) to the triple (—h,y, z) (under this isomorphism the statement
Q(—p + 1) gets replaced by the statement Q(p — i)). This implies that the projectors m;
and 7_,; of M exist for alli e {1,... ,p—1}.

Therefore all the projectors m; of M with i € § exist. Thus, regardless of which one
of the two conditions (i) and (ii) holds, the injective A-linear map J : ®;es M; — M is an
A-linear isomorphism. As Y is local, each M; with i € 8 is a free A-module. Thus we have
a unique homomorphism p : T'— GL; such that T acts on the direct summand M; of M
via the diagonal character i of T" with respect to ip; it extends px. The last part of the
Theorem is implied by Lemma 2.3.2 (b) and (c). O

5.3.3. Example. Let p be a prime, let A = Z,, let d > p be an integer, and §; =
{—d,—d+2,...,d—2,d}. Let G = SLy 7, and let My, be the irreducible left G-module
of rank d+ 1 that is the d-th symmetric power of the standard left G-module M5 of rank 2.
We can identify M; = EszoZpuivd_i, where u and v are viewed as independent variables as
well as forming the standard Z,-basis of My. Let T" be the split torus of G’ which normalizes
both Z,u and Z,v; it has rank 1 and we fix an identification T' = G, z,. We consider the
Z,-submodule of M [%] generated by M and by the elements w; = %(uivd_i +ulmPydtr—i)
with i € {p,...,d}. It is easy to see that the Z,-module M is a left Lie(G)-module. But
M is not a left T-module and thus it is also not a left G-module. The characters of the
action of T'= Gy, z, on M; are the j-th powers of the identity character of G, z,, where
j € Dy is an arbitrary element. This implies that the conditions 5.3.2 (i) and (ii) are
needed in general.

5.4. Theorem. LetY = SpecA be a local, reduced scheme. Let K := Ky and let k
be the residue field of the closed point y of Y. Let M be a free A-module of finite rank.
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Let Gg be a reductive, closed subgroup scheme of GLyrg ,ic- Let b := Lie(GS) N glyy,
the intersection being taken inside gly; ®4 K. Let Z°(G), G, and G be the schematic
closures of Z°(Gr), G%*, and Gk (respectively) in GLyr. We assume that the following
three properties hold:

(i) Z°(G) is a closed subgroup scheme of GLy; that is a torus;

(ii) the Lie algebra by is (as an A-module) a direct summand of gly,; and there exists a

semisimple group scheme H over Y which extends GS* and for which we have an identity

Lie(H) = b that extends the identities Lie(H) = Lie(G) = h @4 K;

(iii) if H is non-trivial, then locally in the étale topology of Y, there exist a maximal
split torus T of H and a family of rank 1 split subtori (T;);c; of T which generate T and
for which the following four things hold:

(iii.a) if Tr is the torus of Gk generated by Tx and Z°%(Gk), then the isogeny Z°(Gk ) X spec K
Tx — Tk extends to an isogeny Z°(G) xy T — T of split tori over Y (whose re-
striction to T is a closed embedding homomorphism T — T );

(iii.b) f~07“ each i € I, there exists a subtorus T; of T equipped with an isomorphism i,
T; = Gy, y which has the same image in G‘}g = H}L{d as T; g and for which we
have a direct sum decomposition M @ 4 K = @, es,M; ~, Kk such that each projective
K-module M; ., k has constant rank and moreover T; i acts on it via a diagonal
character ~y; of T; k with respect to if, (thus 8; is a finite subset of the group of

diagonal characters of Ti,K with respect to iTi,K’ viewed additively and identified with
7);

(iii.c) if char(k) is a prime p, then for each element i € I either:
— the set §; is of p-type 1 or

— 8; is of p-type 2 (resp. of p-type 3) and T; is T; and is a torus of a semisimple,
closed subgroup scheme S; of H that is isomorphic to SLyy (resp. to PGL3yy );

(iii.d) f Y is not normal and if char(k) is a prime p, then for each rank 1 free A-submodule
n of b on which T acts via a non-trivial character of T, the order of nilpotency of
every endomorphism u € n C Ends(M) is at most p and moreover the exponential
map Expng,x : 0 ®a K — GLyg , k (K) that takes u € n @4 K to Expyg , x (u) :=
Zf:—ol 1;—!1, factors through the group of K-valued points of a G, i-subgroup of G‘}{er
normalized by Tk .

Then G (resp. G) is a reductive (resp. semisimple), closed subgroup scheme of GLyy.

Proof: We consider the following statement &: G9°* is a semisimple, closed subgroup
scheme of GLj;. The closed subgroup schemes G g := ZO(GK) and Ga g = G‘}fr of
GL)g ,x commute and the condition 5.2 (ii) holds. Thus (cf. Proposition 5.2 and the
property (i)), to prove the Theorem it suffices to show that the statement & is true. We
recall that a connected, étale scheme over a normal scheme, is a normal, integral scheme.
If the scheme Y is (resp. is not) normal, then as the statement & is local for the étale
topology of Y, we can assume that A is strictly henselian. As G g and Gs i are of finite
presentation over Spec K and as the A-module h is a direct summand of gl,,, as in the
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first paragraph of the proof of Proposition 5.2 we argue that to prove the Theorem we
can also assume A is the strict henselization of a local ring of a finitely generated, reduced
Z-algebra. Thus A is an excellent, local, strictly henselian, reduced ring (cf. [M, Sect.
34]); we emphasize that below we will use only these four properties of A. As A is strictly
henselian, from Proposition 2.3 we get that each torus over Y is split.

Let U := Y \{y}. As properties (i) to (iii) are stable under localization, by localizing
and passage to the strict henselization, to check that statement & holds we can also assume
that G?Jer is a semisimple, closed subgroup scheme of GL ;1.

As b has a perfect Killing form, the central isogeny H*¢ — H?d has a kernel which is
a finite étale group scheme over Y (cf. Proposition 3.6 (b) applied to the geometric fibers
of this central isogeny) and therefore, being of multiplicative type, its order is invertible
in A. Let T/ be the subtorus of ZO(G) xy T whose image in T is T;. The degree of the
isogeny T/ — T; divides the order of Z(H) and thus it is also invertible in A. Thus we can
identify Lie(Ti’) = Liq(j}). Thus Lie(T}) C (gly, ®4 K) N (Lie(Z°(G)) @ b) and this implies
that M is a left Lie(7;)-module.

In this paragraph we check that the closed embedding homomorphism Ti, K <
GL)s ,k extends to a homomorphism T, — GLj; which is a closed embedding. We
consider four disjoint cases as follows. The case when char(k) = p and §; is of p-type
1 follows from Theorem 5.3.2 applied with (7,ir) = (Ti,if, ), cf. property (iii.c). The
case when char(k) = p and §; is of p-type 2 follows from Theorem 5.3.2 applied with
(G, T,ir) = (S;,T; = Ti,iﬂ), cf. property (iii.c). The case when char(k) = p and §; is
of p-type 3 follows from Theorem 5.3.2 applied with (G, T, ir) = (S}, T/ = T/ iT,) where

S; is the simply connected semisimple group scheme cover of .S;, where T is the inverse
image of T; to S} and where 2T, T! = G,y is the isomorphism that is naturally compat-

ible with iz, (cf. property (iii.c)); we add that the degree of the isogeny TZ’ — T, is 2 and

thus the set of characters of the action of TZ’ on M ® 4 K is naturally identified with 2§,
and therefore (as 8; is of p-type 3) it is of p-type 2. The case when char(k) = 0 is well
known: in this case we have a direct sum decomposition M = @&, es, M N M; ., i of free
A-modules and thus M is naturally a left Tj-module; from Lemma 2.3.2 (b) and (c) we get
that the homomorphism TZ — GL), is a closed embedding.

Let h: Z°(G) xy x;erTi — GL s be the natural product homomorphism. The kernel
Ker(h) is a group scheme of multiplicative type, cf. Lemma 2.3.2 (a). The quotient torus
(Z°(G) xy x4e1Ti)/Ker(h) is a torus of GLy; (cf. Lemma 2.3.2 (c)) that is also a quotient
of Z°(@) xy T which extends Tx. This implies that T = (Z°(G) xy x;er1;)/Ker(h).
Thus we can identify naturally 7" with a maximal (automatically split) torus of H as well
as with a torus of GLy; (or of T) contained in G9°r.

The role of T' is that of an arbitrary maximal torus of H. Thus for the rest of the
proof that the statement & holds, we will only use the following property:

(iv) each mazimal torus of H is naturally a torus of GLy; contained in G, the Lie
algebra Lie(H) = b is (as an A-module) a direct summand of gly;, G is a semisimple,
closed subgroup scheme of GLr i, and the property (iii.d) holds.

5.4.1. Notations. Let Aut(h) be the group scheme of Lie automorphisms of . The
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adjoint representation defines a closed embedding homomorphism H?®! < Aut(h), cf.
Lemma 2.5.1. As b is (as an A-module) a direct summand of the left GLj/-module gl,,,
we can speak about the normalizer N of b in GLj;. Obviously G4 is a closed subscheme
of N and thus we have a natural morphism G4 — Aut(h) that factors through the
closed subscheme H?d of Aut(h) (as this happens after pull back to Spec K). Thus we
have a morphism p : G — H?d that (cf. property (iv)) extends the central isogeny
U - G‘(ifr — H;}d. From the uniqueness part of Lemma 2.3.1 (a), we get that py can be
identified with the central isogeny Hy — H. {}d and thus we can identify G?fr = Hy.

Let b = Lie(T) @ ,cq ba be the root decomposition of h = Lie(H) with respect to
the (split) maximal torus T of H. Thus @ is a root system of characters of T and each b,
is a free A-module of rank 1. We choose a basis A of ®. Let ®T (resp. ®~) be the set of
roots of ® that are positive (resp. are negative) with respect to A. For a € @, let G, ,, be
the G,y subgroup scheme of H that is normalized by 7" and that has b, as its Lie algebra
(cf. [DG, Vol. III, Exp. XXII, Thm. 1.1]). It is known that the product morphism

w onE<I>+Ga,oz Xy T Xy Xoge@*Ga,a — H

is an open embedding regardless of the (fixed) orders in which the two products of G, y
group schemes are taken (cf. loc. cit.). Let Q := Im(w); it is an open subscheme of H. As
A is strictly henselian, each point b € H (k) lifts to a point a € H(A); let af2 be the open
subscheme of H that is the left translation of €2 by a.

We consider the following statement £: we have a closed embedding homomorphism
f: H — GL); that extends the closed embedding GY* = Hy < GL g, k. Obviously $
implies &. Thus to end the proof of the Theorem it suffices to check that statement $) is
true. For this, we will consider the following three possible types of the excellent, local,
strictly henselian, reduced ring A.

5.4.2. The discrete valuation ring case. Suppose that A is also a discrete valuation
ring. Thus G4 is a closed subgroup scheme of GLy; and p : G4* — H?d is a homomor-
phism. We check that p is a quasi-finite morphism whose fibres are surjective. Obviously p
is of finite type. Thus it suffices to check that the special fibre py, : G — H24 of p over y
is a quasi-finite, surjective morphism. Each maximal torus of Hy, lifts to a split torus of H,
cf. Proposition 2.3 and the fact that A is strictly henselian. From this and the property
(iv) we get that the image of p;, contains all split, maximal tori of H2d. As such tori
generate H ,3‘1 (the field k being infinite as k is separably closed), py is surjective. We have
equalities dim(H?) = dim(H¥) = dim(G¥Y) = dim(G$e) (the last one as G is the
schematic closure of G&* in GLy;). By reasons of dimensions, we get that the surjective
homomorphism pj, is an isogeny. Thus py is a quasi-finite, surjective morphism.

As p is quasi-finite, the normalization X9 of G9°" is an open subscheme of the
normalization of H*! in G (cf. Zariski Main Theorem). But this normalization of H?¢
is H, cf. Lemma 2.3.1 (a). Let X9 — GLj; be the finite morphism defined by the
closed embedding G4¢* < GL);. Obviously X9 contains Hyx and the generic point of
the special fibre of H; thus H \ X has codimension in H at least 2. The morphism
Xder s GLj; extends to a morphism f : H — GLjs (cf. [BLR, Ch. 4, Sect. 4.4, Thm.
1]) that is a homomorphism as its pull back to U = Spec K is so. As h = Lie(H) is (as
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an A-module) a direct summand of gl,,, the fibre fi of f over y has a kernel whose Lie
algebra is trivial. Thus Ker( fx) is a finite, étale, normal subgroup of Hy and therefore also
of Z(Hy) and of Ty,. As T is a torus of GL, we get that Ker(f;) is the trivial group.
Thus the fibres of f are closed embeddings. Thus f is a closed embedding homomorphism,
cf. Theorem 2.5. Therefore the statement $) holds.

5.4.3. The normal case. Suppose that A is also a normal ring of dimension at least 2.
We identify Gg,o,v With a closed subgroup scheme of G?Jer and thus also of GLjys 7. The
closed embedding homomorphism G, o, <> GLjs,u extends to a morphism G, o — GLs
(cf. [BLR, Ch. 4, Sect. 4.4, Thm. 1]) that is automatically a homomorphism. Using such
homomorphisms and the closed embedding T < GL);, we get that we have a natural
morphism  — GL ), that extends the (locally closed) embedding €y < GLjs,y and that
is compatible with the closed embedding homomorphism Hyx = G‘}gr — GLy g, k- As
H\ (2U Hg) has codimension in H at least 2, from loc. cit. we get that the morphisms
Q — GL,; and Hx — GL); extend to a morphism f : H — GL,; that is automatically
a homomorphism. As G{* = Hy, the fibres of f over points of U are closed embeddings.
As h = Lie(H) is (as an A-module) a direct summand of gl;,, the fibre f of f over y has a
kernel whose Lie algebra is trivial. Thus Ker(fx) is a finite, étale, normal subgroup of Hy;
as in the end of Subsubsection 5.4.2 we argue that Ker(fy) is the trivial group. Thus the
fibres of f are closed embeddings and therefore f is a closed embedding homomorphism,
cf. Theorem 2.5. Thus the statement £ is true.

5.4.4. The general case. We recall that A is excellent, local, strictly henselian, and
reduced. Let Y™ = Spec A™ be the normalization of Y; it is a finite product of normal,
local, strictly henselian rings and Ky~ = K is a finite product of fields. The morphism
Y™ — Y is finite, as A is excellent. Based on Subsubsection 5.4.3 applied to local rings
of Y™ that dominate Y, we have a natural closed embedding homomorphism Hyn <
GL);y~. Thus we also have a natural finite morphism f" : Hyn» — GL)s that extends
the closed embedding Hx = GC}? — GLyg , k- To check that f™ factors as a morphism
f+H = GLyy, let b = Lie(T) @, c bas Ga,a, and Q be as in Subsubsection 5.4.1.

Let ¢ be p — 1 if char(k) is a prime p and be oo if char(k) = 0. Due to the property
(iii.d) (see the property (iv)), the rule Exp(u) := > ;_, 7“;—,[ defined for u € b, defines
naturally a homomorphism G, o, — GLjs. Thus as in Subsubsection 5.4.3 we argue that
we have a natural morphism 2 — GL),;. In other words, f™ restricted to Qyn« factors as
a morphism  — GLj;. The product morphism €2 xy 2 — H is surjective and smooth.
Thus, as A is strictly henselian, the product map Q(A) x Q(A) — H(A) is surjective. This
and the existence of the morphism {2 — GLj; imply that for each point a € H(A), the
restriction of f™ to (af2)yn factors also through a morphism a2 — GL),. As k is infinite,
H(k) is Zariski dense in Hy (cf. [Bo, Ch. V, Cor. 18.3]). Thus H is the union of Hy and
of its open subschemes of the form af). This implies the existence of the homomorphism
f: H— GLjy;. As in the end of Subsubsection 5.4.3 we argue that the fibres of f are
closed embeddings and thus that f is a closed embedding. Thus the statement $ is true.
This ends the proof of the Theorem 5.4. 0

5.5. Remarks on the Theorem 5.4. (a) If char(k) = 0, Y is normal, and G is
semisimple, then properties 5.4 (i) to (iii) hold.
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(b) If Y is normal or if Y is strictly henselian and K is a field, then we can always
choose the family of subtori (7;);e; such that properties 5.4 (iii.a) and (iii.b) hold.

(c) Property 5.4 (iii.d) holds if Y is a Spec Z[4]-scheme, where § € N* is computable
in terms of a fixed family (7});c; of tori for which properties 5.4 (iii.a) and (iii.b) hold.

(d) Properties 5.4 (i), (iii.a), and (iii.b) (resp. 5.4 (ii), (iii.c), and (iii.d)) are (resp.
are not) implied by the assumption that G is a reductive subgroup scheme of GL),.

(e) Property 5.4 (iii.c) is needed in general, cf. Example 5.3.3.

5.6. Proof of Theorem 1.5. We check that the properties 5.4 (i) to (iii) hold in
our present context. Obviously the property 5.4 (i) holds, cf. property 1.5 (i). From
Proposition 3.6 (b) and the property 1.5 (ii) we get that Lie(GY") = h ®4 K is Lie(G39).
Let H®d be the adjoint group scheme over Y which extends G3¢ and for which we have
an identity Lie(H®?) = b that extends the identities Lie(H%) = Lie(G3d) = h ®4 K, cf.
Corollary 1.3 and property 1.5 (ii). The geometric fibres of the central isogeny H*¢ — H?d
are étale isogenies, cf. Proposition 3.6 (b) and property 1.5 (ii). Let H — H?2d be the
central isogeny that extends the central isogeny G4 — G54 = H3d (cf. Lemma 2.3.1 (a));
it is étale. We have Lie(H) = Lie(H?®!) = b and thus the property 5.4 (ii) holds.

To check that the property 5.4 (iii) holds as well, we can assume that H is non-trivial.
If Y is normal, then locally in the étale topology of Y we can assume that all tori over
Y under consideration are split. If Y is strictly henselian, then all tori over Y are split.
Thus we can assume that H is split. Let T be a maximal split torus of H. Let Tk be
the maximal split torus of G generated by Z°(Gk) and Tk . From the property 1.5 (iii)
we get that Ty is generated by cocharacters that act on M ®4 K via the trivial or the
identity characters of G, i. Let (Ti,K)Z-eI be the family of G,, x subgroups of TK that
are images of all such cocharacters of Tx which have non-trivial images in G239 = H.
Let T; be the subtorus of 1" whose generic fibre T; kg has the same image in G2 = Hy
as T rc. Properties 5.4 (iii.a) and (iii.b) hold from constructions. Obviously, property 5.4
(iii.c) holds: each §; as in the property 5.4 (iii.c) is in our present case a subset of {0, 1}
and thus it is of p-type 1.

We consider the root decomposition Lie(Gg) = h @4 K = Lie(Tk) Doco ba,x With
respect to the split, maximal torus Tk of G . Based on the generation part of the property
1.5 (iii), for each a € ® there exists an element i, € I such that Tia,K does not fix by, K.
From the action part of the property 1.5 (iii) applied to Tza x, we get that we have
u? = 0 for each u € by i C 0lyg, x and that the exponential map Expy, , : ba,x —
GL )5,k (K), which takes u € b, x to 1yg , k +u, factors through the group of K-valued
points of the G, x-subgroup of G which is normalized by Tx and whose Lie algebra
is o r. Thus the property 5.4 (iii.d) holds if Y is not normal. We conclude that all
properties 5.4 (i) to (iii) hold. Thus the Theorem 1.5 follows from Theorem 5.4. O

5.7. Remark. Suppose k = k. Let V be a finite, totally ramified, discrete valuation
ring extension of the ring W (k) of p-typical Witt vectors with coefficients in k. Let e :=
[V : W(k)] € N*. Let R, be the p-adic completion of the R-subalgebra of W(k:)[%][[x]]
generated by %, with @ € N*; it is a W(k)-subalgebra of W(k)[%][[w]] and thus it is
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an integral domain. The k-algebra R./pR. is the inductive limit of its local, artinian k-
subalgebras. This implies that R, is a local, strictly henselian ring whose residue field is
k. Let R? be the normalization of R.. We have a natural W (k)-epimorphism R? — W (k)
that takes = to 0. It is well known that we also have a W (k)-epimorphism ¢, : R. - V
that takes = to a uniformizer 7 of V' (for instance, see [V6, Subsect. 2.2]). Thus we also
have a natural W (k)-epimorphism ¢2 : R} — Vhig that extends ¢, where Vi, is a suitable
integral, ind-finite V-algebra. Let RMFP be the p-adic completion of the divided power
hull of Ker(g2). It is easy to see that one can redo [V1, Subsects. 5.2 and 5.3] entirely
in the context of R? and R:FP instead of the rings R, and R, which in loc. cit. were
denoted respectively as Re and Re (the simple details will be presented in a future work).
Based on this one can get major shortcuts to [V1, Prop. 4.3.10 b)] and its crystalline
applications of [V1, Subsections 5.2 and 5.3] in two possible ways:

(i) based on Subsubsection 5.4.3 applied with Y = Spec R or
(ii) based on the proof of Theorem 1.5 applied with Y = Spec R,.

Our first motivation behind Theorems 1.5 and 5.4 stems from the possibility of
getting such shortcuts which will be detailed as well in a future work.
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