Math 507 Linear Algebra and Matrix Theory Fall 2025 Final Exam Feingold
Show work to justify your answers. A7 denotes the transpose of matrix A.

(1) (15 Points) Let L : F3 — F3 be the linear transformation given by

s([ ) =[hoeny

(a) (2 points) Find the set of all vectors in Ker(L).

(b) (2 points) Find a basis for Ker(L) and find dim(Ker(L)).

(c¢) (1 points) Is L injective? Explain why!

(d) (3 points) Find all vectors in Range(L).

(e) (3 points) Find a basis for Range(L) and find dim(Range(L)).

(f) (2 points) Is L onto? Explain why!

(g) (2 points) Is L invertible? Explain why! If so, find a formula for L~!.

(2) (20 Points, 4 pts each) Answer each question separately with a brief justification.
(a) Let L:V — W and let S = {vy,--- ,v,} be a basis for V. If L is injective, what is

the most you can say about the set of vectors L(S) = {L(v1), -, L(vy)}?
(b) If L : F} — F7, find the best bounds a < dim(Ker(L)) < b.
(c) If L :TF3 — F’, find the best bounds ¢ < dim(Range(L)) < d.

(d) Let L : V — V where V = W; @ W; for L-invariant subspaces, W7 and Ws, and let
L, and Lo be the restrictions of L to these two subspaces. What is the relationship
between the chary,(t), chary, (t) and chary,(t)?

(e) Continuing (d), what is the relationship between the minimal polynomials mp (¢),
mpr, (t) and mp,(¢)?

(3) (20 Points, 4 pts each) Answer each question separately with a brief justification. V'
is a vector space over a field F.

(a) If S = {v1,...,v,} CV is independent and v,,+1 € (S), and T' = {v1,...,vpn, Vpyt1},
what is the most you can say about dim((T))?

(b) If S ={v1,...,0m} CV and vy4+1 € V but v,,41 ¢ (S) then what is the most you
can say about dim({(S U {vm+1}))?

(c) Let A € F* with rank(A) = r. What is the most you can say about dim(Ker(La))?
(d) If A € F} has rank(A) = n, what is the most you can say about L, : F" — F"?

(e) If S = {v1,v2,...,v,} is a basis of V, what is the most you can say about the set
{[v1]s, [v2]s, - - -, [vn]s} of coordinates of vectors in S with respect to S?

(4) (15 Pts) Let V = R* with the standard dot product, and let W = S+, the orthogonal
complement in Vof S ={u; =[1 2 1 3] ,up=1[2 3 1 1]"}.
Let T = {w;, w2} be the basis for W obtained by solving u; - X =0 for 0 <14 < 2.

(a) (10 pts) Use Gram-Schmidt to get an orthogonal basis 77 = {w], w4} for W.

(b) (5 pts) Use T” to find the coefficients x; of the projection Projw (v) = xiw)| + zow)
of the general vectorv=1[a b ¢ d]’ €V into W.




0 0 0 1
(5) (15 Points) For the real matrix A = 8 (1) (1) 8 do the following.
1 0 00
(a) Find the characteristic polynomial chara(t), the eigenvalues of A, and their

algebraic multiplicities.

(b) Find the minimal polynomial m 4(t). What does it tell you?

(c) Find the eigenspaces of A, their bases and geometric multiplicities.

(d) If A can be diagonalized, find diagonal matrix D and transition matrix P such that
D = P~'AP. Otherwise, find the Jordan Canonical Form matrix .J similar to A.

(6) (15 Points) Suppose that A € Ri2 has characteristic and minimal polynomials
chars(t) = (t —5)"(t —8)° and mu(t) = (t — 5)*(t — 8)3.
Find all possible Jordan canonical form matrices J to which A might be similar,
but not to each other, and for each one give the pair of geometric multiplicities (g1, g2)-

(7) (15 Points) Suppose that A € Ri§ has characteristic and minimal polynomials
chars(t) = (> + 2t +3)° and ma(t) = (t* + 2t + 3)*
Find all possible Rational Canonical Form matrices R to which A might be sim-
ilar, but not to each other. In each case, how many cyclic subspaces occur in the
corresponding decomposition of R10?

. 2 2 . a b o a+b+d
(8) (15 Pts) Let L:R5 — R bethehnearmapL({c d})_[3a+2b—c and let S

and T be the standard bases of R2 and R?, respectively. Let other ordered bases be

=Ll hol o alolo o]y =37 [}

(a) (2 pts) Find the matrix p[L]gs representing L from S to T
(b) (3 pts) Find a basis for Ker(L).
(c) (4 pts) Find the matrix 7[L]ss representing L from S’ to T” directly (without using
transition matrices) by row reducing [T"|L(S")].
(d) (4 pts) Find the transition matrices gPs/ and 7/ Q7.
(e) (2 pts) Compute the product 7Qr r[L]s sPs/. Compare it to part (c).
(9) (10 Pts) Fix M € F? and let U = {A € F? | ATM = —M A} where AT is A transpose.
(a) (5 pts) Prove that U is a subspace of FJ..
(b) (5 pts) Prove that for any A, B € U we have AB — BA € U.
(10) (10 Pts) Let V be the real inner product space with basis S = {vy,v2} and inner
product (v, w) = [v]5 M[w]s where M = [(v;,v;)] = [_21 21]. Let L:V —V bea

linear map represented by a matrix A = g[L]s so A[v]s = [L(v)]s for all v € V.
(a) (5 Pts) What condition on A means that L an orthogonal map with respect to this
inner product, that is, (L(v), L(w)) = (v,w) for all v,w € V' 7 Justify your answer.
(b) (5 Pts) Using your answer to part (a), determine whether the map
L(ayvy + agvy) = —agvy + aqvs is orthogonal with respect to (+,-) on V.
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(1) (15 points) (a) (2 points) To find all vectors in Ker(L), row reduce

1 -1 -1 0 |0 1 00 =110 a=r
L0 -1 10| |01 0 1|0o| —b=—r  cr K_‘f:(L)_

0 1 1 —110 0O 01 =210 c=2r {[2 } TGIF}.
2 0 -1 0 |0 000 010 d=recF T

(b) (2 points) Ker(L) has basis { [; _11} } and dim(Ker(L)) = 1.

(¢) (1 points) L is not injective since Ker(L) is non-trivial.

(d) (3 points) All vectors: Range(L) { [(“ —b—c) (a—c+ d)l c T2

(btc—d) (2a-c) “’b’c’dey}'

Consistency condition: {Z) QZU} € Range(L)iff 0=w+zx+y— 2.

(e) (3 points) Range(L) is spanned by the set of four vectors

1= fo o= [ 0= 3 D)= [ o)

and the Ker(L) being non-trivial means they are dependent. The basis vector of
Ker(L) gives the dependence relation v; — vg + 2v3 + v4 = 0, S0 v4 = —v1 + v — 203 is
redundant. A basis for Range(L) is then {v1,vs,v3} and dim(Range(L)) = 3.

(f) (2 points) L is not onto since dim(Range(L)) = 3 < 4 = dim(F3).

g) (2 points) L is not invertible since it is not bijective.

(8)

(2) (20 Points, 4 pts each) Answer (with brief justification) each question separately.

(a) For L : V. — W injective and S = {vy,---,v,} a basis for V, we can say that
L(S)={L(v1),---,L(v,)} is a basis of Range(L).

(b) Since L : F} — F7, we know 12 = dim(F}) = dim(Ker(L)) + dim(Range(L)). But
0 < dim(Range(L)) < 7,s0 5 < dim(Ker(L)) < 12.

(c) Since L : F3 — F7, we know 3 = dim(F3) = dim(Ker(L)) + dim(Range(L)). But
0 < dim(Ker(L)) <3, so 0 < dim(Range(L)) < 3.

(d) L:V — V where V.= W; & Wy for L-invariant subspaces, W1 and W5, and L; =
Liw,. If B = By U By is a basis of V where B; is a basis of W;, then g[L]p =
diag(B,[L1]B,, B,|L2]B,) is block diagonal, so chary,(t) = chary, (t)chary,(t) since the
characteristic polynomial of a block diagonal matrix is the product of the characteristic
polynomials of each block.

(e) Continuing (d), the relationship of the minimal polynomials my,(t) = lem(my, (t), mr,(t)).




(3) (20 Points, 4 pts each) Answer (with brief justification) each question separately.
SOLUTIONS:

(a) If S = {v1,...,v,} CV is independent and v,,+1 € (S), and T' = {v1,...,vpn, Upy1},
then (S) = (T') so dim((T)) = dim((S)) = n.

(b) If S = {v1,...,vn} CV and vy41 ¢ (S) then v,,41 is not a redundant vector in
S U {vm1} so dim((SU{vms1)) =dim((S)) +1 <m+ 1.

(c) Let A € F}* with rank(A) = r. You can say dim(Ker(L4)) = n — r since there will
be n — r columns without leading ones in the RREF matrix row equivalent to A.

(d) If A € F! has rank(A) = n, then L4 : F* — F™ has trivial kernel, so it is injective,
so it is surjective, bijective, invertible and an isomorphism.

(e) The set of coordinates {[v1]s, [v2]s, ..., [vn]s} is the standard basis of F".

(4) (15 Points) Let V = R* with the standard dot product, and let W = S+, the orthog-
onal complement in V of S ={u; =[1 2 1 3] ,ups=[2 3 1 1]7}
Let T = {w;, w2} be the basis for W obtained by solving u; - X = 0 for 0 <14 < 2.
(a) (10 pts) Use Gram-Schmidt to get an orthogonal basis 77 = {w], wj} for W.
Solution: W = {X e R* | X -u; =0, i = 1,2} is found by row reducing

r1=1r+7Ts 1 7
1 21 310 to 1 0 -1 =710 Soxgz—r—5sSOT_ -1 -5
2 31 110 01 1 510 T3 =T N 11’0
s =8€R 0 1
w1 w2
Gram-Schmidt gives w} = wq, and
( 3\
7 1 3 1 3
p_owgrwy o, 12, |5 o f-1]| |-1 ;L -1 -1
Wy = W2 w’l'w’lwl_wz 3w1— 0 4 L 1= 14 so 1" = 11|24
1 0 1 0 1
L wy )

(b) (5 pts) Use T” to find the coefficients x; of the projection Projw (v) = x1w) + xowh
of the general vector v=1[a b ¢ d] €V into W.
Solution: Since 7" is an orthogonal basis of W, we have

/

v-w a—b+c _3a—b—4c+d

2= 27

T; = SO I =
wh - w) 3 7




(5) (15 Points) (a) (3 pts) The characteristic polynomial chara(t) is det(tly — A) =
(t> —1)%2 = (t — 1)2(t + 1)2. The eigenvalues are \; = 1 and Ay = —1 with algebraic
multiplicities k1 = 2 and ko = 2.

(b) (2 pts) The minimal polynomial is ma(t) = (t —1)(t +1) = t? — 1 since A% = I;. A'is
diagonalizable because m 4(t) = (t — 1)(t + 1) is a product of distinct linear factors.

(c) Find the eigenspaces of A, their bases and geometric multiplicities.
(3 pts) We find the \;-eigenspace by row reducing [A — I,]01] =

-1 0 0 1 10 1 0 0 -1)0 1 =S
0O -1 1 0 (0 to 01 -1 0 ]0 o T2=T o
0 1 -1 010 0 0 O 0 (0 rz3=1r
1 0 0 —-110 0O 0 O 0 104 rg=s€R
S 07 11
r 4 . 1 0
Ay, = . e R* | r,s € R ) has basis |:1 1o so g1 = 2.
S 0J L1
(3 pts) We find the \p-eigenspace by row reducing [A + I4]01] =
1 0 0 110 1 0 0 110 1 = —S§
0O 1 1 0|0 to 0 1 1 0|0 o T2=T
0O 1 1 010 00 0 0|0 rz3=1r
1 0 0 110 0 0 0 010 rs=s€ER
-8 0 -1
-Tr 4 . -1 0
Ay, = . € R* | r,s € R » has basis 1o SO go = 2.
S 0 1
0 1 0 —1 01 0
. . 1 0 -1 0 . 1 0 -1
(d) (4 pts) Eigenbasis T' = e O] S I I gives P = gPr = L o0 1
0 1 0 1 01 0

transition matrix such that P~'AP = D = diag(1,1, -1, —1).

_ o O



(6)

(15 Points) chara(t) = (t —5)7(t — 8)% and ma(t) = (t — 5)*(t — 8)® so the two
eigenvalues are \; = 5 and Ao = 8 with k; = 7 and ks = 5. The powers in the
minimal polynomial m; = 4 and mo = 3 tell the sizes of the largest Jordan blocks for
each eigenvalue. Let

8 ; (1) 8 5 10 5 1

B=J(5,4) = C=J5,3)=|0 5 1|, D=J(5,2) =
005 1 00 5 05
000 5

8 1 0 3 1
E=ae3 =0 8 1|, Feasn- ) ]
0 0 8

then there are six possible Jordan canonical form matrices similar to A, corresponding
to the three partitions of 7 with largest part 4,4+3=4+2+1=4+4+1+1+1, and
the two partitions of 5 with largest part 3, 3+2=3+1+ 1:

Diag(B,C,E,F), Diag(B,D,5 E,F), Diag(B,5,505,FE,F),

Diag(B,C,E,8,8), Diag(B,D,5,E,8,8), Diag(B,5,5,5E,8,8))

The corresponding pairs of geometric multiplicities (g1, g2) are the numbers of Jordan
blocks, (2,2), (3,2), (4,2), (2,3), (3,3), (4,3) respectively.

(15 Points) The characteristic and minimal polynomials are
chara(t) = (t> + 2t + 3)% and ma(t) = (12 + 2t + 3)? = t* + 4¢3 + 10t% + 12t + 9.
Define the companion matrices (4 pts, 3 pts)

000 —9
s o |1 0 0 —12 R Jo -3
Cr=0(t+2t+3%) = |, | o _19| Ce=Cl +2t+3)—[1 _2}.
00 1 -4

(8 pts) Then there are two possible rational canonical form matrix similar to A,
Diag(Cy,Cq,Cs) and Diag(Cq,Cy,Cy,C5). These are the only ways to get the given
char 4(t) as the product of the characteristic polynomials of each companion block,
and the given minimal polynomial m 4 (t) as the least common multiple of the minimal
polynomials of those companion blocks. In each case the number of cyclic subspaces
occurring in the corresponding decomposition of R!'? is the number of companion
matrices, 3 in the first case, 4 in the second case.




X 2 2 . a b . a+b+d
(8) (15 Pts) Let L:R5 — R bethehnearmapL({C d})_{iia—l—%—c and let S

and T be the standard bases of RZ and R?, respectively. Let other ordered bases be

=l a0 oo o [ ol =5[]

(a) (2 pts) Find the matrix p[L]g representing L from S to T
L 10 1} by row reducing [T'|L(S)].

Solution: The matrix 7[L]gs = {3 5 _1 0

(b) (3 pts) Find a basis for Ker(L).

Solution: To find Ker(L) row reduce {3 2 1.0 0 o1 1 3 0

giving solutions a = ¢ + 2d, b = —c — 3d with ¢ and d free variables. Thus,
_Jle+2d —c—3d 2 . . 1 -1 2 -3
Ker(L)—{[ . d :|€R2|C,d€R},Wthhh&Sb&SIS{|:1 0],[0 ] ]}

(¢) (4 pts) Find the matrix 7/[L]ss representing L from S’ to T” directly (without using
transition matrices) by row reducing [T”|L(S")].
Solution: We row reduce

11 0 1 0 [10—1—20}
to

323221tO10—5—6—8—5SO[L]_—5—6—8—5
1 14 4 5 3 0 1/9 10 13 8 mEsST= 19 10 13 8
T L(S") I r[L)sr

(d) (4 pts) Find the transition matrices gPs- and1 T ?T.

Solution: The transition matrices ¢ Py, = and pQp = [? ﬂ since

1 1
1 0
0 0
0 0

S and T are the standard bases. Then Qr = (TQT’>_1 = [_11 _321

(e) (2 pts) Compute the product 1 Qr r[L]s sPs/. Compare it to part (c).
Solution: The matrix product

— =
O O = =

1 =2 11 0 1

O = ==

-5 =3 2 1
18 5 -3 -1

1 2] (3 2 21
-1 3| |4 45 3

equals the answer to part (c) as it should.

_[-5 -6 -8 —5]
19 10 13 8|

—
O =
O O = =
OO O~




(9) (10 Pts) Fix M € F? and let U = {A € F? | ATM = —M A} where AT is A transpose.
(a) (5 pts) Prove that U is a subspace of [F].

Solution: 07 € U since (0M)TM =0 = —MO". If A,B € U we have ATM = —M A
and BT M = —MB so for any a,b € F we have

(aA+bB)"'M = aA"™M +bB"M = —aM A —bMB = —M(aA + bB)

so aA + bB € U. Therefore, U is a subspace of F.
(b) (5 pts) Prove that for any A, B € U we have AB — BA € U.

Solution: Suppose A, B € U, so ATM = —MA and B"M = —MB. Then we have

(AB — BA)"M = (BTAT — ATB"YM = BTATM — ATB"M = BT (~-MA) — AT (~MB)
= (B"MA—-AT"MB)=—(-MBA+ MAB) = M(BA — AB) = —M(AB — BA)

so AB—BAeU.
(10) (10 Pts) Let V be the real inner product space with basis S = {v1,v2} and inner

2 _21] Let L:V =V bea
linear map represented by a matrix A = g[L]s so A[v]s = [L(v)]s for all v € V.
(a) (5 Pts) What condition on A means that L an orthogonal map with respect to this

inner product, that is, (L(v), L(w)) = (v,w) for all v,w € V' 7 Justify your answer.

product (v, w) = [v]5M[w]s where M = [(v;,v;)] =

Solution: For all v,w € V the following would have to be true:
(L(v), L(w)) = [L(v)]s M[L(w)]s = (A[v]s)" MA[w]s = [v]§(A" MA)[w]s = [v]§ M[w]s.

Using v = v; and w = v; in S, this says el (AT M A)e; = el Me; which means the (4, j)
entries of matrices AT M A and M are equal, so AT M A = M is the condition on A.

(b) (5 Pts) Using your answer to part (a), determine whether the map
L(ayvy + agvy) = —agvy + aqvy is orthogonal with respect to (+,-) on V.

0 -1

Solution: A = g[L]s = L 0

We check
o 1712 —11[0o —1 -1 270 -1 2 1
ATMA:{A 0] [—1 2“1 0]:{—2 1“1 0}:[1 2}7AM

shows that this map is not orthogonal with respect to (-,-) on V.

} for this map since L(v1) = vy and L(ve) = —v;.




