NAME (Printed):
Math 507 Advanced Linear Algebra Fall 2025 Quiz 9 - 10 Feingold

Fill in the blanks. No reasons needed to justify your answers.

NOTATIONS: R is the real numbers, C is the complex numbers. For any A = [a;;] € C},
the complex conjugate of A is A = [a;;]. Each problem is worth 1 point.

(1) If A,B € R and (AX)-Y = X - (BY) for all X,Y € R”, then the relationship
between A and B is

(2) For vy,--- v, € R, the most general situation when you can be sure
[log+- - -+vp||? = |Jvr|]*+- - -+||v||? is when the set {vq, - v} is

(3) The Triangle Inequality in R™, || X + Y| < [|X]|| + ||Y]| for any X,Y € R"™, implies
that for any vq,--- ,vr € R™ we have ||v; + -+ 4+ vg|| <

(4) For Z,W € C"™ we have the dot product Z - W = ZTW, where W is the complex
conjugate of W. If A, B € C}! and (AZ)-W = Z - (BW) for all Z, W € C™, then the
relationship between A and B is

(5) A matrix A € C} is called unitary when A=At Using the fact that det(A4) =

det(A) for any matrix A, we can say that for A unitary, det(A) = z = a+bi € C must
satisfy the following condition on a and b:




Show all work for these problems.
2 -1 0
(6) (2 Pts) Show that M = [m;;]=|—-1 2 —1| is positive definite.
0o -1 2

(7) (3 Pts) The matrix M from (6) defines an inner product on R?® by the formula
(X,Y) = XTMY. Let S = {e1,ez2,e3} be the standard basis of R? and let 0y y
be the angle between X and Y in the geometry determined by M. Then:

co8(le, 0,) = c08(ley,e5) = and c0S(le, e5) =



Math 507 Advanced Linear Algebra Fall 2025 Quiz 9 - 10 Solutions Feingold

Fill in the blanks. No reasons needed to justify your answers,
but justifications were included in the solutions for your understanding.

NOTATIONS: R is the real numbers, C is the complex numbers. For any A = [a;;] € C},
the complex conjugate of A is A = [a;;]. Each problem is worth 1 point.

(1) If A,B € R and (AX)-Y = X - (BY) for all X,Y € R", then the relationship
between A and B is: AT = B.
Justification: (AX) Y = (AX)TY = XTATY = X . (ATY) = X - (BY) so
X - (ATY — BY) = 0 is true for all X, Y € R™. This being true for all X € R" gives
"= ATY — BY = (AT — B)Y, and that being true for all Y’ € R" gives AT — B = 0"
so AT = B.

(2) For vy,--- ,vr € R™, the most general situation when you can be sure

[log + -+ +ve||? = [|Jv1]|? + - - + ||vg]|? is when the set {vy,---vg} is orthogonal.
Justification: This is the generalized Pythagorean Theorem.

(3) The Triangle Inequality in R™, || X + Y| < [|X]|| + ||Y]| for any X,Y € R", implies
that for any vy, -+, v € R™ we have ||vy + -+ + || < [lv1]] + -+ + ||vk]|-
Justification: Follows from the Triangle Inequality by induction on k.

(4) For Z,W € C"™ we have the dot product Z - W = ZTW, where W is the complex
conjugate of W. If A, B € C! and (AZ)-W = Z - (BW) for all Z,W € C™, then the
relationship between A and B is: A =B
Justification: (AZ) - W = (AZ)TW = ZTATW = 2ZTA'W) = Z- (A W) =
Z - (BW) true for all Z, W € C™. The rest of the argument is as in problem (1).

5) matrix A € is called unitary when A~ = A~!. Using the fact that det(A) =
A matrix A € C is called uni hen A' = A~'. Using the fact that det(Z

det(A) for any matrix A, we can say that for A unitary, det(A4) = z = a+bi € C must
satisfy the condition 2z = a? + b = 1.

Justification: A' = A~ means I, = AA s01= det(l,) = det(AZT) = det(A) det(ZT) =
det(A)det(A) = zz. Note that for z = a+bi € C, Z = a — bi so 2Z = (a + bi)(a — bi) =

a’® 4+ b%. Then the condition on z is that a? + b?> = 1, which is a circle in C, which

could be written as {z = a + bi = cos(¢) +isin(¢) € C| 0 < ¢ < 27}.




Show all work for these problems.
2 -1 0
(6) (2 Pts) Show that M = [m;;]=|—-1 2 —1| is positive definite.
0o -1 2
2 -1 0 x
Solution: We have [z y z]|-1 2 -1 y | =222 4+ 2y% +22% — 22y — 2yz =
0o -1 2 z
2?2 + (x —y)2 + (y — 2)? + 2% > 0 since it is the sum of real squares. That expression is 0
iftf0=c=0—y=y—z=ziff t =y =2=0so M is positive definite.

(7) (3 Pts) The matrix M from (6) defines an inner product on R?® by the formula
(X,Y) = XTMY. Let S = {e;,ez2,e3} be the standard basis of R? and let 0y y
be the angle between X and Y in the geometry determined by M. Then:

coS(le, e,) = c08(ley.e5) = and coS(le e5) =

Solution: Let M = [m;;] from (1). Since (e;,e;) = el Me; = m;; and

(ei,e;) Mij mij
c0s (e, e;) = = =
e (lleilD(lell)  v2v2 2
we get
co8(le; e,) = — c08(ley,05) = — and c0S(fe, e5) =0




