Math 603, L:eA“lJe bres, Fall 2020, Fe,‘,.],,/d{ 1

Sorllus Lie : Nor\vejiah m & Ch emo'ficiAh' 1842-1819

Det. Let L bee vec‘(orsfa re over Tield F.
Say L is a Lie a/jebra when have bilinesr map

[‘J'] ’LXL"‘"L Ié'fisﬁinj
® [xx]o ,VxeL,
® [x[r]+ [Y,[fi‘,xU*‘ [2,[x)]]=0, Vx}2el.

(3\(0'-3 Tdent: /) )
call (X, )] tlo "lie brachet o X au/)r.

Note: @ implies 0=CX*)’, X*)’]‘[X,XI+[7,)’]+
CxyI el Xl = (xy]t[Y,X] using bilineoriZy, so




T€ chir(F)£2 then O = @
Note: @ 'S er«-iva/e.r to LZ—-

@t: [x'[YI%I] =[Lx‘ﬂ,%]+[7)[x1211 -
To infer’are‘t the Meénin] o @', define ad .

l)_e_'_f_, For L dny Lie a/]clra, Vxel, detine
Iineér'méP MX:L—?L L)l alx(y)--[x,y])

VyeL.
PE‘F. For L oh Lie 6’,0‘&, Je‘fiue lineérma,o ;

P = End (L) by e ()=ady VRéL.
Th: @' 53y'$ (dxoaly)(%)—(drod,)(-}) =

edpon (B, Vry2el so
&‘KOJY "drbalx =M[x'71 ™ End(l_).




@' slso says [3 |
ody [,,%] = [edx(y), 2] + [y dx(%)] |

De_‘t. Suppose /4 1S oh 6”85&\ over field F wiTh
ad;!;f;,.,”-,l- and frolue'l: ¥ (need not be es:oc.).
567 d [inedr ma JA ‘—7/4 1$ A lew‘va'f}an o‘f‘

2 Dkew S xx7) = (0 k) Hx%IDN)
Nofe 3 Mx 18 o /en'v&'f}on ot Lie AljeL ra L.

ﬂ_ Let (A'+’.) Le 6")/ A{;acikf“f 6’,6L rad.

Define [K,Y]= XY =) X, VxyeA. Then
unler This "commu tbﬁi‘ Li'fnfér orerarfFOn)

(At [,1) isa Lie algebra.
: ﬁ_ E xercise. @reﬁ\‘,rg; Nsso¢, o-f»‘,\ .




EK&Mﬁ/QS: T"Ie as$so0C, 6”2‘?’& F: 07‘ h)h L‘/;
gfau-e, malvrices over F with * asmilriy
wul ;rlic&'fiou becomes The Lieslgebra

(h'F) wilh Lie bfdc/f&?‘ Lx'ﬂ"x)")')(.
For \/ 6'\7 vecforsfdce over F/ the 38s0¢C.

hra Ewd (V)= {L:VoV| L s limear § wiTh
Y fm(ac't Lecomes The Lse aé,plm

(V) v Lie bachet [KL]"HeL7 LK,
Deft If L is 3 Lie &Ijelra and K ise 7
e (@ of L, 56)! His 8 Lie fuLéI,chd °fL |

|
cjmfositio

subsr

when KX s itsel T & Lie al,elra under The [-,°]1
’Frbm L. Not&'tiﬂ\\'fof Skl)d},elr;: KéL .




I_ For Sal) e IT mL KlS&L: QL
when K is cﬁ:?l under L ] ﬂa;/i \.:/jAee \

(kK] €k, [xyleh, V‘x/é/'r

Ex, let L ,e(» F) ond let
k= oL(w F)* {Xéglfh lTr(x } We hdare
Te(Cx y]) Te(xy=yx) =Trlxy)-Trlyx) =0
Wxyel, so [LLISIT 5o [lKr] Shr makes

K <L
Imﬂorﬁut (ue h=2, Af(l F) has basis
€= [ ] '{: ] h = [o |] an dlrdcl!e'f;

[e1=h , [k e] 2e , [hf]=-2f




I- % (n, F) define "sTordard LJsi:"u&'!r;m[G_ T
{EJ‘ [£4, ‘Ch} where E;]‘ ic The hxn melrix
wit h 1 fa row 4, column .) O in all o Ther
entries. So ander malrix mt/ra"olu‘u'fion

E“ E&Z B & E' where (r =[1 Fachk
’ g where optlo ol
1S ]tL.l ! h'the#clfcf- delts 'Fund;“}. 0 \fj#k

Then [Ei']‘, Ehﬂ] = EA] Ekﬂ,- EAQ E-/
] J;h ELE_A;Q Eh}
This Tormula cortains “hidden struclure in

yf(h,F) and iTs SuLalfoLra:'SM ss n F)




Def. In Lie a/]cbm L=al(n+l, F) detfine | 7.
h, = £, Einlin) for 140 eh ond lel
wd 2 Eya ., Lot Hospnn

154‘,1‘5;1, we have

g ['ﬂz,f,‘]’-'-*“,'(h;)ﬂ‘ - l




MA“M K in Liedls. i

of L sach ThetT [k, L]Ejl’feﬂ:fa;;:f‘gd:éz
T deals in“L?c a-/]eL res are lifre idesds In m;\j;
Con Form fuof;eu'f‘"l.}e oly. L/K  using ’
Cosels {X.fklkél'r} =X+/‘\', and brachets
[.“h) 7+HJ =[xy]+ K (well—alc'finell for HAL)

Det. A Lie oly homomsrphiom between Tus
Lie al}ebras is s linesr mdF 4”[."""/‘\' . T. F
b Xyl = [400, ¢N]  weyel. |
( Lie brackel Liebrnehel

|

FREIPETY Yy

in L in M
él: ML—-),Q(L) s1nce al[x,y]:[“"x,dy]



Det Let L bed Lie d/,el'u, snd letV be [T
s vecter space. Se)/ hn.m&r ¢ :L— End(Y)

14 o rigresenﬁf;m of L on V when Vx,)/el,

—e ‘____________________——-————
Exe:ise .‘@For ?L"‘)H . ‘MM. o'f L}e bl’s, s)uw

frer (©) “@LF-W ad:L— gtL) whelesu you
‘ $4Y a,l,ovt I‘fef("’() ?
i J




Det. ForLie sly. L, soy Lis sbelisn o
“when [xp)zo, Vxiyel, so [L,LTx{o},
Det . The “devived  idesk of L is L =[L,L]=

span {(x)]] x,l);élh_},f ,
Pet. T ke "cenllr o 18
N
Det. Sy twe Lie slgeb ras L and {nnM
when = *L""‘/T s Lie &(5 ‘lSomor,oAi;h) ﬂ&TiS)
s biseclive hom.
Q_e_f_.] SA){ L s S_"hﬁ/?_wken its OnI/ i/ea/s avre
(0} and L, 8n4 [L,L]#{0} .

Note: ;{,'.,\(L)::l = [L,L7={o}.

: E————.
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