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1 Introduction

Fusion rules play a very important role in conformal field theory [11], in the
representation theory of vertex operator algebras [9], [8], [10], and in quite a
few other areas. For example, fusion rules were used in [6] to obtain information
on D-brane charge groups in string theory which on the other hand correspond
to certain twisted K-groups. This line of research found a mathematical cul-
mination in the theorem by Freed, Hopkins and Teleman [7], showing that
twisted equivariant K-theory can be identified with a fusion ring. In [1] a con-
nection was found between the fusion rules for the Virasoro minimal models
and elementary abelian 2-groups. Further work in [5] extended this idea to
find a connection between the fusion rules for type A; and A, on all levels,
and elementary abelian 2-groups and 3-groups. This was extended as far as
was possible in [17], [18] to the case of A, for any rank ¢ and any level.

In [4] an introduction was given to the subject with major focus on the al-
gorithmic aspects of computing fusion rules for affine Kac-Moody algebras.
In particular, it was emphasized that the Kac-Walton algorithm [14], [19],
[12] for fusion coefficients is closely related to the Racah-Speiser algorithm
for tensor product decompositions, which was the subject of earlier work [2],
[3]. [4] included a conjecture on fusion coefficients which restates the Frenkel-
Zhu theorem [10] in a form which shows it to be a beautful generalization
of the classical Parasarathy-Ranga Rao-Varadarajan tensor product theorem
[16]. That conjecture had already been made by Walton [20] in 1994, but we
believe that it has not been proven up until now.

An outline of the organization of the paper is as follows. We give the def-
inition of a fusion algebra in section two, then we give notation and back-
ground about finite dimensional simple Lie algebras in section three. This in-
cludes facts about irreducible representations, contravariant Hermitian forms
on them, special results for sly and its representations, and projection opera-
tors. In section four we briefly give notations about affine algebras leading to
the level k fusion algebra associated with simple Lie algebra g. In section five
we discuss tensor products of irreducible finite dimensional modules for g and
the PRV theorem. In section six we state the Frenkel-Zhu fusion rule theorem,



the Walton conjecture, what it says in the special case when g = sly, and a
corollary relating fusion coefficients to tensor product multiplicities. We begin
the proof of the Walton conjecture by rewriting the Frenkel-Zhu theorem in
several ways. In section seven we review the proof of the PRV theorem and
refine it to help find a relationship between the spaces which occur in the
Frenkel-Zhu theorem and the Walton conjecture. In section eight we put all
these pieces together to finish the proof of the Walton conjecture.

2 Definition of Fusion Algebra

Let us begin with the definition of fusion algebra given by J. Fuchs [11]. A
fusion algebra F' is a finite dimensional commutative associative algebra over
Q with some basis

B =A{z,|a€ A}

so that the structure constants N, defined by

(&
Lo Tp = Z Na7bxc

ceA
are non-negative integers. There must be a distinguished index 2 € A with
the following properties. It is required that the matrix

C = [Cus] = [V

a,

satisfies C? = I. Because 0 < Ng, € Z, either C = I or C' must be an order
2 permutation matrix, that is, there is a permutation o : A — A with ¢% =1
and

Ca,b = 5a,a(b)-
Write o(a) = a* and call x,+ the conjugate of z,. Use it to define the non-
negative integers

Na,b,c - ;:kb
which, by commutativity and associativity of the algebra product, are com-
pletely symmetric in a, b and c. Using this we also find that xq is a multi-
plicative identity element in F' and Q* = Q.

In this paper we are interested in the structure constants of fusion algebras
that are associated to affine Lie algebras.

3 Background and Notation for Finite Dimensional Lie Algebras

Now we will introduce notations and review some basic results needed later.
Let g be a finite dimensional simple Lie algebra of rank ¢ with Cartan matrix



A = [a;j] and Cartan subalgebra H. The simple roots and the fundamental
weights of g are linear functionals

Qp,--,Qp and /\17"'7)\f7

respectively, in the dual space H*. Let the integral weight lattice P be the
Z-span of the fundamental weights, and let

P+:{n1)\1+"'+nﬁ)\€|0§n17"'7n€€Z}

be the set of dominant integral weights of g, and let

l
0 = Z 91-041-
i=1

be the highest root of g. The symmetric bilinear form (-, -) on H* is determined
by

2(a, o))
(o, ;)
and the normalization (6,6) = 2. The fundamental weights are determined by
the conditions (\;, ;) = 0;; for 1 <4, j < ¢, and the special “Weyl vector”

aij = (Qi, o) = , 1<i,j</

will play an important role in several formulas. It is useful to define

5\:()\’)\) for any 0 # \ € H™,

so we can write (\;, &;) = 0;; and a;; = (g, &;). We may also express

ei(aia Olz‘)

14

=1

The Weyl group W of g is defined to be the group of endomorphisms of H*
generated by the simple reflections corresponding to the simple roots,

This is a finite group of isometries which preserve P. There is a partial order
defined on H* defined by

¢
A <pu if and only if M—/\szi%’ for some 0 < k; € Z.
i=1



For A € P* let V* denote the finite dimensional irreducible g-module with
highest weight . It has the weight space decomposition V* = Dpen- Vﬁ)‘,
where
Vﬁ)‘ ={veV*| h-v=p6(h)v,Vh € H}

is the 3 weight space of V*. Of course, there are only finitely many 3 € H*
such that Vﬁ)‘ is nonzero, and we denote by II* that finite set of such 3. Since
dim(V}) = 1, a nonzero highest weight vector v{ € V}} is determined up to
a scalar. The dual space (V*)* = Hom(V?*,C) is also an irreducible highest
weight g-module, called the contragredient module of V*. The action of g on
(VA)* is given by

(- f)(v)=—flz-v) for zeg, fe(VY, veVh

The highest weight of (V*)* is denoted by \*, and equals the negative of
the lowest weight of VV*. For example, in the case when g is of type A, if
A= Zle nz)\l then \* = Zle n”l,i)\i.

On V* with a chosen highest weight vector, v3 € V{}, we have a positive
definite contravariant Hermitian form [14] (-,-) : V* x V* — C determined
by the following conditions: (1) (v3,v3) = 1, (2) For any v,v’ € V*, and any
r € g, we have (z-v,v') = —(v,27-v'), where the map  — ' is the Chevalley
involutive automorphism of g determined by its action on the generators

d=—fi  fl=-e, AW=-h, 1sist
Note that for any v € Vﬁk, S Vﬁ’\,, we have
B(hi)(v,0") = (hi-v,0") = = (v, —h; - V') = B'(h)(v,0")

so 0 = (68— B")(h;)(v,v') for any Cartan generator h;. This means that if
B # (3 then (v,v') = 0 so different weight spaces are orthogonal. Let Projj :
V* — V3 denote the orthogonal projection operator.

If VA and V* are two irreducible highest weight modules with chosen highest
weight vectors and positive definite contravariant Hermitian forms as above,
then we have a positive definite contravariant Hermitian form on the tensor
product V* ® V* given by

(v ® vf', vy @) = (vy, v3) (o], v5).

If V¥ is an irreducible submodule of V* ® V*# then its orthogonal complement
(V) ={ve V@ V*| (v,V¥) =0} is clearly a g-submodule since

(z-v, V") = —(v,2" - V") =0, forall x € g,v € (V¥)*.

This shows that when the tensor product V*® V* is decomposed into a direct
sum of irreducible g-modules, the distinct modules obtained are mutually



orthogonal with respect to the contravariant Hermitian form. Let PTOj{\/V” :
VA ® V# — V¥ denote the orthogonal projection operator from the tensor
product to a particular irreducible submodule V.

We will use certain facts about the representation theory of the simple Lie
algebra g = sly of type A; whose standard basis {e, f,h} has the brackets
[h,e] = 2e, |h, f]| = —2f and [e, f|] = h. An irreducible finite dimensional
sly-module V?* is determined by its highest weight, the non-negative integer
A(h) = m, so we write V* = V(m). If vy is a highest weight vector then a
basis of V(m) can be written as {v; | 0 < i < m} where v; = & fvy and the
action of g is given by the formulas:

h-vi=(m—2)v;, f-v,=©0+1vip1, e-v;=(m—i+1)v4

for 0 < ¢ < m with the understanding that v; = 0 for j outside that range.
For any integer p > 0, we understand the operators e? and f? on V(m) to
mean p repetitions of the operators e and f, respectively. It is easy to see that
the contravariant form has values (v;,v;) = 9; (T), for 0 <7 # j <m, so the
form is positive definite.

Lemma 3.1 Let g = sly and V(m) be the irreducible finite dimensional sly-
module with highest integral weight m > 0. Then for any integer p > 1, with
respect to the positive definite contravariant Hermitian form on V(m), we have
an orthogonal direct sum decomposition

V(m) = ker(f") & Im(eP).

Proof: From the explicit formulas for the action, it is clear that ker(f?) is

the subspace of the p lowest weight spaces with basis {vy,—pi1,--+ ,vm} and
that Im(eP) = (ker(fP))* is the subspace of all other weight spaces with basis
{U07"' avm—p}- u

We now go back to the general case of any finite dimensional simple g. Let
V> be an irreducible g-module, o any root of g, and let g, be the corre-
sponding subalgebra of g isomorphic to sly with standard basis {eq, fa, ha}-
The Chevalley involution acts on g, by el = —f,, fI = —e, and hl, = —h,,.
The complete reducibility of finite dimensional slo-modules gives a direct sum
decomposition

Vi =@ Viim)

into irreducible g,-modules, where V,f‘(ml) has g-highest weight ~;, and g,-
highest weight 7;(hqa) = m;. If V.}(my) is one of these, then its orthogonal
complement is clearly a g,-submodule by the same argument as given above
for the decomposition of a tensor product. It means that this decomposition



is an orthogonal direct sum decomposition with respect to the contravariant
Hermitian form on V.

Lemma 3.2 Let V be an irreducible g-module, oo any root of g, and g, be
the corresponding subalgebra of g isomorphic to sly. Let 3 € II* be any weight
of V*. Then, for any integer p > 0 such that p + (3,a) > 0, we have

{veVy | eh(v) =0} ={ve V3| [P (v) = 0}.

Proof: The Weyl group reflection r, acts on the weights II* and r,(3) =
B — (B, a)a. It is also well-known that the operator

Ro = (eap(fa))(ezp((—ea))(exp(fa)) € GL(V?)

satisfies R, (V) = V! () for any weight § € IT*. Tt is clear from the definition
of R, that it acts on each of the g, submodules in the decomposition of
VA given in the paragraph above the lemma. For any 0 # v € VB)‘ we have
0# R,(v) € VT,’l(/@). We can write v = 32, v; where v; € V.)(m;), and €&, (v) = 0
iff e?(v;) = 0 for each i, so we may assume v is in one such irreducible g,-
module. The condition e? (v) = 0 means v is in one of the top p weight spaces
of its irreducible g,-module. This is equivalent to saying that R, (v) is in one
of the bottom p weight spaces, that is, f2(R,(v)) = 0.

If (3,a) > 0 then R,(v) = cf{¥)(v) for some nonzero scalar ¢, which means
0= (TP W) = ef2 P )

If (8,a) < 0 but p+ (B3,a) > 0 then R,(v) = ce; ) (v) for some nonzero
scalar ¢ which means 0 = f?(ce; % (v)) = dfe*# (v) for a nonzero scalar d.
O

If V' is any finite dimensional vector space with a positive definite Hermitian
form and W is any subspace of V' then W has an orthogonal complement
Wt={veV|(uw)=0,Ywe W} such that V=W & W Let Py :V —
W be the orthogonal projection of V' onto W defined by Py (v) = w where
v = w + w' is the unique expression for v € V with w € W and w’ € W+.
If L :V — V is any linear transformation, there is a unique adjoint linear
transformation L' : V' — V determined by the conditions

(L(v),v") = (v, LT(v")), for all v,v" € V.

We call L self-adjoint when L = L. Note that any orthogonal projection map
is self-adjoint because if v; = wy + w] and vy = wy + wh for wy, wy € W and
wi, wh € W+, then

(Pw(v1),v2) = (w1, wg +wh) = (wy,ws) = (wy +wy, wz) = (v1, Pw(v2))



so P, = Py. Also, it is clear that P2, = Py.

Finally, later we will need the following lemma.

Lemma 3.3 Let V = U; & Uy be an orthogonal direct sum decomposition of
a finite dimensional vector space V' with a positive definite Hermitian form,
and let W be any subspace of V. Then we have the orthogonal direct sum
decomposition of W :

W = Py (Uy) & (W NUs).

Proof: Let v € W be in the orthogonal complement of Py, (U;). This means
that for any u; € Uy, we have

0= (Pw(w),v) = (ur, Biy(v)) = (ur, P (v)) = (us,0)

which means v € W N UL = W N Us. a

4 Notation for Affine Lie Algebras

Let

g=g®C[t,t '@ Cca Cd
be the affine algebra constructed from g with derivation d = —t% adjoined as
usual, and with Cartan subalgebra

H=H®Cco Cd.
The simple roots and the fundamental weights of g are linear functionals
Qp, O, -, Qp and A07A17"' 7A€a

respectively, in the dual space H*. The simple roots of g form a basis of H*
(as do the fundamental weights), and we identify them with linear functionals
in H* having the same values on H C ‘H and being zero on ¢ and d. Let ¢*
and d* in H* be the functionals which are zero on H and which satisfy

c(c)=1, (d)=0, d(c)=0, d'(d) =1.
Extend the bilinear form (-, ) to H* by letting
(c*,H*)=0= (d*, H"), (c*,c")=0=(d",d"), and (c*,d") = 1.

Then op = d* — 6 and




are determined by the conditions (A;, ;) = 0;; for 0 <, j < £. Let the integral
weight lattice P be the Z-span of the fundamental weights, and let

4

=0

be the set of dominant integral weights of g.

The affine Weyl group W of g is the group of endomorphisms of H* generated
by the simple reflections corresponding to the simple roots,

ri(A) = A — (A, &)y, 0<7<U.

This is an infinite group of isometries which preserve P. The canonical central
element, ¢ € g acts on an irreducible g-module as a scalar k, called the level of
the module. We will only discuss modules with highest weight A € P+, which
are the “nicest” in that they have affine Weyl group symmetry and satisfy
the Weyl-Kac character formula. An irreducible highest weight g-module is
uniquely determined by its highest weight

L
A=Y"nA € PF

=0

and, if we define 6y = 1 = 6, then

For fixed k there are only finitely many A € PJr with A(c) = k, and we denote
that finite set by PJr It is easy to see that W preserves the level k£ weights
{A e P| Al = k} The affine hyperplane determined by the condition
A(¢) = k can be projected onto H* and the corresponding action of W is such
that the simple reflections r; for 1 < i < £ act as they were defined originally
on H*, as isometries generating the finite Weyl group W of g. But the new
affine reflection ry acts as ro(A) = A— (X, 0)0+k0 = rg(\)+k6, the composition
of reflection ry and the translation by k6, which is not an isometry on H*.

Irreducible g-modules VA of level k > 1 are indexed by p]j , but we can also
index them by certain weights of g as follows. From the formulas above we
can write

L 4
i=0 i=1

So there is a bijection between 15,? and the set of weights A = Zle n; A\; such

that

(aia Ozi)
2

L

=1

l

=1



Since ng > 0, this is equivalent to the “level k condition”
Z ~
i=1

Define the set
i
Pf={\= Zni)\i e Pt | (\6O) <k}

i=1
and let the index set A (as in the fusion algebra definition) be P;". Then we
see that irreducible modules on level k correspond to A € P Fix level k > 1
and write the fusion algebra product (which has not been defined yet!)

A= > NEY ).

VEP,:

The distinguished identity element, [0], corresponds to A = kc*, and for each

[A] there is a distinguished conjugate [A*] such that N/@O = 0, Knowing

N A(kiy is equivalent to knowing the completely symmetric coefficients

N(k) — N/(\k)l’*

A,V N

Let F(g, k) denote this fusion algebra.

5 Tensor Product Decompositions

There is a close relationship between the product in fusion algebras asso-
ciated with an affine Kac-Moody algebra g and tensor product decomposi-
tions of irreducible g-modules. Let V* be the irreducible finite dimensional
g-submodule of VA generated by a highest weight vector. In the special case
when A = kAg = kc*, that finite dimensional g-module is V°, the one di-
mensional trivial g-module. Since g is semisimple, any finite dimensional g-
module is completely reducible. Therefore, we can write the tensor product of
irreducible g-modules

Ve VE= " Mult{, V"

veP+

as the direct sum of irreducible g-modules, including multiplicities. This de-
composition is independent of the level k and is part of the basic representation
theory of g. The fusion products [\] - [u] are obtained by a subtle truncation
of the above summation.

10



The Racah-Speiser algorithm gives the formula

Multy , = " e(w)Multy(w(v + p) — 1 — p)
weWw

where W is the Weyl group of g, e(w) = (—1)""9*"(®) is the sign of w, the Weyl
vector p = Y A; is the sum of the fundamental weights of g, and Mult,(5) =
dim(V}3) is the inner multiplicity of the weight 3 in V*. Recall that II* =
{8 € H* | dim(V3) > 0} denotes the set of all weights of V*. In fact, the only
weights v for which Multf , may be nonzero are those of the form v =+ u
where 3 € II*.

This algorithm assumes that you can already produce the weight diagram
of any irreducible module, V*, so we should have discussed that first, but
in fact the special case of the Racah-Speiser algorithm when pu = 0 gives
a recursion for the inner multiplicities of V*. Since V° is the trivial one-
dimensional module, VA ® V° = V*, so Mult{ , = 0y, and therefore

0= > e(w)Multy\(w(v+ p) — p)

weW

for v # A. One knows that Multy(wA) = 1 and Mult)(wv) = Mult,(v) for
all w € W, so the above formula implies that

Multy(v) == > e(w)Multy(v+ p — wp)

1£weW

for v # A. Since p > wp in the partial ordering on weights, this gives an
effective recursion for Multy(v).

In [2], [3] Feingold studied certain patterns which occur in the tensor product
decomposition of a fixed irreducible g-module, V*, with all other modules V*.
For fixed A, as pu varies there are only a finite number of different patterns
of outer multiplicities which can occur, and there are sets of values for pu
for which the pattern is constant, called zones of stability for tensor product

decompositions. We have the following precise result from [3] about when a
particular weight 3 of V*, reaches the zone of stability.

Theorem 5.1 Let A\, i € P and 3 € II" be such that B+ u € Pt. Let
B—rgjaz, - B B+ qp
be the o weight string through 3. If (u, ;) > qg; then

MultiF = Multy 55V

11



Since (u + Aj, oj) = (i, oj) + 1, it is clear that (i, ;) > gg; implies
Mult{H = Mult 50 for all m > 1.

This result shows that for fixed A\ € P+ and fixed 3 € II*, the tensor product
multiplicities Mult? JL“ have zones of stability as p varies, and it is sufficient
to study the finite number of y such that (u, o;) < gg; for 1 < j </

There is another important result about tensor product coefficients which
played a role in [2], [3]. In 1977 Prof. Bertram Kostant drew the attention of
Feingold to the following beautiful result of Parthasarathy, Ranga Rao and
Varadarajan [16], which is here rewritten slightly.

Theorem 5.2 [16] Let A\, € PT and 3 € TI* be such that 3+ u € P*. Let
{ = rank(g) and let 0 # e; € g4, be a root vector corresponding to the simple
root o for 1 < j < (. Then

Multgjf = dim{v € V3" | e§“’aj>+lv =0,1<j5< /)

6 The Frenkel-Zhu Theorem and its reformulation

Now let us turn to the Frenkel-Zhu fusion rule theorem for affine Kac-Moody
algebras. (Note that this is closely related to results of Gepner-Witten [13],
which appeared much earlier in the physics literature. Also, see Haisheng Li

[15].)

Theorem 6.1 [10] Let A\, i, v € P, and let 0 # ey € gp be a root vector of g
in the 0 root space of g. Let vl, € V¥ be a highest weight vector and write

H = Homg(V}@ VF @V, C).

Then the level k fusion coefficient Niﬁ) which is completely symmetric in A,

W

1 and v, equals the dimension of the vector space

FZMpv) ={f e H' | flei "V @ vigo¥) =0},

We now state the main result of this paper, the theorem, conjectured by
Walton, which is a blending of the PRV and FZ theorems, showing that the
FZ theorem is actually a beautiful generalization of the PRV theorem.

Theorem 6.2 For \,u € P, 3 € TI* such that 3+ u € P, we have

12



N G+

At equals the dimension of the space

W,j()\,ﬁ,u):{vevfj\wy’a’ 'W=0,1<j<( andey” Brrub)+ v = 0}.

In [20] the statement of the conjecture is slightly different from above, with
the condition ef @ ¥1y =  replaced by the condition fr %"y = 0. The
equivalence of these two conditions is precisely the content of Lemma 3.2.

Theorem 6.2 implies the following result, which tells the level k£ at which the
fusion coefficient associated with a single weight 3 € II* equals the tensor
product multiplicity associated with that weight.

Corollary 6.3 Suppose A\, € P, and 3 € TI* is such that 3 + u € Py .

Let the 0 weight string thmugh Bin TN be B —10,---,3,---,3+qh. Then
- - (k) (B+p) ﬁ+#

k> (u,0) +r implies Ny, = Multy "

Before starting the proof of the theorem, we will show how it reproduces the
well known fusion coefficients in the special case when g = sly, where ¢ = 1,
0 = ay, and P = {mA\ | ny € Z,0 < ny < k}. In this case we use the
notation [n;] instead of ny )\, so VMl = V(n,) is the irreducible g-module
with highest weight [n4]. The weights of V"l are {3 =[n; —2i] | 0 <i < my}
and each weight space V }Ql] is one-dimensional. For 0 < n; < ny € Z, the
tensor product decomp081t10n

ni

ylnl g el — @ y/ [r+na—2i)

1=0

is well-known. If [n],[ny] € P then the fusion product corresponds to a
truncation of this tensor product, so that only terms [n; +ny —2i] € P could
appear, with coefficients no larger than 1. Note that the following Corollary
6.4 says the truncation is somewhat stronger than that, requiring ny +nyo—2¢ <
k — 1. Since there is a symmetry between n; and no, it is not surprising to also
find the condition 7 < ny symmetric to the assumption ¢ < n;.

Corollary 6.4 For (0 < nl,ng <k 0<1<n;with0<n—2i+ny <k, the
sly fusion coefficient N[:l) [Z;]er = equals 1 if i < ng and ny +ny — 21 < k—1,
zero otherwise.

[n1]

n1—2i

21 12 and kills the highest weight space V[ 1]] This means that
forvGV[ 2] and p > 0,

Proof: For 1 <1 < ny, the raising operator e; = ey sends V[ isomorphi-

cally onto V

Ao =0 iff ng<n —2i+20p+1) if i<p

13



The conditions on v in the Walton space

Wit ([, [ — 21], [na]) = {v € VI, | 1o = 0 and =770y = 0}

ny—21

are then ¢ < ny and ny + ny — 2i < k — 2. When these are satisfied, we have
Wit ([, [ — 24), [na]) = Vit

(k) [TLl +n272i}

][] = 1, and otherwise, it is zero. O

so the sly fusion coefficient N

In order to prove Theorem 6.2 we must understand the connection between
the PRV theorem, the statement of the theorem and the FZ theorem. We
begin by rewriting the FZ theorem in a slightly different form. We can define
a g-module map

d: Hom(V* @V, V") = Hom(V*@ V*F @ V", C)

by
(@)W @ v @v") = (f(v* @ v")(v").

It is easy to check that this is a g-module map and an isomorphism. In general,
for V- and W any two g-modules, Hom(V, W) is a g-module under the action,
(x-L)(v) =x-(L(v))— L(z-v) for any v € V and any L € Hom(V, W). It may
be helpful to use the notations 7y : g — End(V), mw : g — End(W), and 7 :
g — End(Hom(V,W)) to distinguish the representations of g on these three
spaces. Then the above equation is saying that m(x)(L) = my (x)oL— Lomy (z).

We also have the definition of the space of g-module maps from V to W,

Homg(V,W) ={L € Hom(V,W) | n(z)(L) = 0,Vx € g}
={L e Hom(V,W) | mw(x)o L = Lomy(x),Vz € g}.

If v € Vj is a weight vector of weight (3, that is, for any h € H, my(h)v = (h)v,
and L is any g-module map, then my (h)L(v) = L(my(h)v) = L(B(h)v) =
B(h)L(v) shows that L(Vz) C Wp. If Projy : V — Vj and Projy : W — Wp
are the orthogonal projection operators, then it is easy to see that L(Projg(v)) =
Projy/ (L(v)) for any v € V.

Since @ is a g-module isomorphism, it is clear that it restricts to an isomor-
phism

®: Homg(VA @ VE V") — Homg(V* @ V* @ V¥, C).
We wish to describe the preimage of the space F'Zy (A, u, v) under ®. Since ¢
is an isomorphism, f € FZy(\, p,v) is of the form ®g for a unique element
g € Homg(V* @ VP, V). The conditions on f mean that

(g(ey™ VA @ VA (07) = 0.
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This allows us to rewrite the FZ theorem as follows.

Theorem 6.5 [10] Let A\, i, v € Py, and let 0 # ey € gp be a root vector of g
in the 0 root space of g. Let vl, € V¥ be a highest weight vector and write

H = Homg(V* @ V* V).
Then the level k fusion coefficient N)(\I:Z,V equals the dimension of the space

FZi(\ ) ={g e H | gleg "V @ viy(wy) = 0}. (6.1)

There is a natural isomorphism of g-modules
U:Hom(V* W) —-WeV (6.2)

which is defined as follows. For any L € Hom(V*, W),

U(L) =) L(v;)®@v;

Jj=1

where d = dim(V') = dim(V*), {vy, -+ ,vq} is any basis of V and {v],--- ,v}}
is the dual basis of V*, that is, the basis such that v;(v;) = d;;. The inverse
map sends a basic tensor w ® v € W ® V to the element in Hom(V*, W)
which sends any f € V* to f(v)w € W. We will always choose the basis of V'
to consist of weight vectors, and if v; has weight 1;, so that for any h € H,
Ty (h)v; = pj(h)v;, then it is easy to see that the weight of the dual vector v}
is —p;. Namely, by the definition of the representation of g on the dual space
V=, for 1 <i < d we have

(v« (h)v) (vi) = —vj(mv (h)vi) = —vj(ui(h)v;) = —pi(h)vj(vi)
= —pi(h)dij = —pi(h)oi; = —p;(h)vj(v;)

which says that my«(h)v; = —p;(h)vf. So I = —II*. This means that a
highest weight vector v% € V. has a dual lowest weight vector v*, € V¥, and
all other weight vectors of V¥~ with weights above —v are zero on v%. In other
words, with respect to the positive definite Hermitian form on the irreducible
module V¥, the orthogonal complement of the lowest weight space V" is the

subspace of linear functionals in V¥ that send v* to 0. We now see that

FZiM\pv)={geH | gley "M V2o vy e (V)) (6.3)

For any g € H we know that I'm(g) is a submodule of V", so if g # 0 then g is
surjective. Also, g sends weight vectors to weight vectors of the same weight,
and ¢ sends highest (resp., lowest) weight vectors to highest (resp., lowest)
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weight vectors. V¥" has a one dimensional highest weight space in which we
have chosen a basis vector v%. € VX . V¥ also has a one dimensional lowest
weight space in which we have chosen a basis vector v”°, € V. The tensor
product V* ® V# decomposes into the direct sum of 1rredu01ble modules, but
¢ must send any highest (resp., lowest) weight vector whose weight is not v*
(resp., not —v) to zero, so it sends all irreducible components whose highest
weight is not v* to zero. The dimension of the space of highest (resp., lowest)
weight vectors in V* @ V# of weight v* (resp., —v) is the tensor product
multiplicity M = Multfu, so we may choose a basis {uy, - ,up} of that
HWYV space U (resp., LWV space U~) and determine g; € 'H uniquely by
the conditions g;(u;) = &; jul. (resp., gi(u;) = &; jv7,) for 1 < 4,5 < M. Then
{91, - ,gm} is a basis of H. Let us denote by U(g) the universal enveloping
algebra of g. It is clear that g; takes the submodule U(g)u; isomorphically to
V¥ and sends all other irreducible submodules U(g)u;, j # i, of the tensor
product to zero, so it is essentially an orthogonal projection from the tensor
product to one of its components followed by an isomorphism. Let Proj{}’f
be the orthogonal projection from V* ® V# to the subspace of highest weight
vectors of weight v*, and let PTO]U_ be the orthogonal projection from V@V #
to the subspace of lowest weight vectors of weight —r. Then for any v €
VAR VH, write v = u+ v + 0" where u = Proj[’\]’i‘(v) € U™, v is of weight —v
but is orthogonal to U~ so is not a lowest weight vector and must be a sum of
vectors from irreducible components whose highest weights are not v*, and v”
is a sum of vectors of weights not —v. Then g(v) = g(u) + g(v') + g(v") with
g(u) € V¥, and g(v') = 0 and g(v") is a sum of vectors of weights not —v, so
Proj”, (g(v)) = g(u) = g(Projp*(v)). A similar argument applies to U™, so
we have shown that for any g € H we have

go PTO]U+ = Proj¥. og,
go PTO]U_ = Projf:, og.

But this means that we can rewrite the Frenkel-Zhu space in (6.3) as

FZi(\ p,v) = {g € H | Proj”,g(es” """V @ V) = 0} (6.6)
={g e H | g(Projp(e, """V @ VM) =0} (6.7)

7 Review of the proof of the PRV theorem

Now we will review the proof of the PRV theorem and see if it allows us to find
an isomorphism between the Frenkel-Zhu space F'Z, (A, i, v) and the Walton
space W," (A, 3, 1) when v* = 3 + p.

In the proof of the PRV theorem one looks at the g-module V = Hom(V*",V?*),
where 7 : g — End(V') denotes the representation. As noted above (see eq.
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(6.2)), V = VA ® V¥, and this isomorphism is given by the map ¥ which
sends irreducible components in V' to isomorphic irreducible components in
VA ® V#. The proof begins by considering the subspace of all lowest weight
vectors (LWVs) in V|

U={LeV|n(f)L=0,1<i</(}

where ¢ = rank(g) and e;, f;, h; are the generators of g with the usual Serre
relations. Then

LeU iff m(fi)oL=Lom,(f;), forl<i</

It is clear that U is invariant under the operators m(h;), so it has a weight
space decomposition

U= @ Un
m=1
where U,,, = {L € U | n(h)L = —v,,(h)L, Yh € H} is the —v,,-weight space,
-1, ,—V, are the distinct lowest weights of irreducible components in V
whose corresponding highest weights are v, -+ ,v:. Furthermore,

dim(U,,) = Multf’L

is the multiplicity of V= in the tensor product V* ® V* because the inde-
pendent vectors in U, each generate a distinct irreducible component in V.
Let v} = v,’j be a highest weight vector (HWV) in V#* of weight p* dual to
vy = v”,. a LWV in V* of weight —p*. The key step in the proof of the PRV
theorem is the following lemma.

Lemma 7.1 Define the linear map &€ : U — V> by
§(L) =L(vi), VLeU.
Then £ is injective and the range of & equals

V'i={ve V| m(f) ity =0, 1<i< e}

Proof: Because the highest weight vector v € V# satisfies
e ()0 2017 = 0
for 1 <i </, we have
TA(fi) 1ML (wp) = Lme (fi) % of) = 0
so(U) CV'. Let g =g @ H P gt be the triangular decomposition of g,

where g~ is the Lie subalgebra of g generated by the negative root vectors,
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that is, the span of fi,---, f; and all their multibrackets, and similarly g* is
generated by the positive root vectors. Let U(g) be the universal enveloping
algebra of g and extend the meaning of any representation of g to include the
representation of the associative algebra U(g). We may also have use for the
universal enveloping algebras U(g~) and U(g™). It is well known that U(g™)
is spanned by all products of the form y = f;, --- f;, for any s > 0 and any
1<i;</lfor1<j<s, and that V¥ =U(g )v} is spanned by all vectors of
the form
T (Y)vy = T (fiy) -+ e (fi )01
for y as above. If L(vf) = 0 for some L € U then we get

0 = m(y) L(v}) = Lms (y)v})

showing that L = 0 and therefore £ is injective. Let v € V' be arbitrary and
try to define L € V' by

L(my-(y)vr) = may)v
for any y € U(g™). If m,«(y)vi = 0 then it is known that y can be written

y4
*ay+1
Y= Zyi fiw "
=1

for some y; € U(g™), so ma(y)v = 0. This means that L is well-defined on
7 (U(g™))v; = V#'. By the definition of the linear map L we have

(ma(fi) o L) (e (y)v7) = ma(fiy)o = Lme (fiy)vr) = (L o e (fi) (e (y)07)

which shows that m)\(f;) o L = L o m,«(f;) so L € U. This completes the
argument that & is an isomorphism from U to V. a

Now suppose that L € U, for some 1 < m < r, so n(h)L = —v,,(h)L for
any h € H. But w(h)L = my(h) o L — Lom,-(h) so (L) € V., has weight
W — vy, because

1%

ma(h)(Lvy) = L(mue (h)v7) = v (h) Loy = L(p*(h)vy) — vim(h) Loy
= (1" = vm)(h) Loy

This shows that £ provides an isomorphism between each subspace U, and

Vie o ={v eV, |m(fi) ety =0,1<i<}.

The PRV notation for this subspace is V= (\; u* — v, 1) and their result is
the formula for the tensor product multiplicity

Multiju =dim(V= (A 1" — U, 7).
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Replacing f; by e; in the definition of the space V= (\; 7, u*) one gets another
space,

VEyit) = {v € Vi | ma(e) o =0, 1 <i < 0}
In the proof of the PRV theorem it is shown that
dim(V™(A; v, 1)) = dim(VF (N =", 1))

by using an automorphism coming from the longest element of the Weyl group,
W. Then the final result of the PRV theorem is that

Multf’; = dim(VT(\vf, — p, ).

To understand this we must discuss the longest element and a little bit of the
theory of Lie groups. First it is necessary to know that the elements of the Weyl
group are in one-to-one correspondence with the Weyl chambers in H*. The
dominant chamber, P*, corresponding to the identity element in W, is also
associated with a choice of simple roots, A = {ay, -+ ,ay}, or with a choice
of positive roots, R, by the condition A € P iff (A, ;) >0, for 1 < i < /.
The opposite chamber —P* defined by the conditions (\, «;) < 0 is related
to P™ by a unique element wy € W such that wo(P*) = —P", which means
wo(A) = —=A, and wo(R*) = R~. This is the longest element whose length is
the number of positive roots and whose order is 2. For example, in type As,

Wy = r1Tar; = Ty, but in type Ba, wy = rroriry # 1. Since wo(A) = —A,
there is an order 2 permutation o € Sy such that wg(a;) = —a( for 1 <4 < /.
If v € P then wy(v) = —v* is the lowest weight in II”, so we have

(v, i) = (wo(v), wo(en)) = (=17, —aom)) = (V" (i)

We use v* = —wy(v) to extend the definition of dual weight to any v € H*.
Note that 6 is the highest weight of the adjoint representation and —6 =
wp(f) = —0* is the lowest weight, so 0* = . Therefore, for any v € H* we
have

<V7 9> = (wo(y),w0(9)> = <_V*’ _0> = <V*"9>'

We say my : g — End(V) is an integrable representation when 7y (H) acts
diagonalizably on V' and all 7y (e;) and 7y (f;) are locally nilpotent on V. This
is certainly true for V' any finite dimensional g-module, including the adjoint
representation, g itself, so that exp(my (x)) € GL(V) and exp(ad(x)) € Aut(g)
forall z =e¢;, x = f; and x = h € H. It is not hard to check that

(exp(my (2))) mv(y) (exp(my(2)))" = mv (exp(ad(z))y)

for all y € g. Of particular interest are the elements

it = (exp(my (fi))(exp(my (=ei)))(exp(my (fi)) € GL(V)
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for 1 < < ¢ It is known [14] that 7" (V,) = V,,(.) for any weight p of V,
and 7%%(g,) = gr.(a) for any root a of g. If the longest element is written as
a product of simple reflections, wy = r;, ---7;,, then we have corresponding
elements

wiV =7 T € GL(V)  and wi? = rgld e Tfsd € Aut(g)

11

such that

wg¥ o my(y) o (wi¥) ™ = my (wi(y))

so using y = h € H we can get
wy¥ (V) = Vio(uy — and wgd(ga) = Buwo(a)-
In particular, this means that for 1 <17 < ¢, we have

wgd(ei) € Buo(a;) = 8—a,(;

so wil(e;) = ¢;i [+ for some 0 # ¢; € C and wid(f;) = c;leg(i). Then we have

wg” omy(f;) = m (Wi (f)) o w§¥ = ;! mv(eoq) o i
and for any power, p;,

wy” oy (fi)P' = ¢; 7 my(eqq))P 0wy

Using p; = (u*, o) +1 and V = V| we see that w{" provides an isomorphism
between
Vo Ay, pt) ={v e VV’\ | ma(f) ety =0, 1 <i <}
and
VO =5 u) ={v e V_AW* 7T,\(e,-)<"’°‘i>+lv =0, 1<i</t}.

Since wa%(gy) = g_g we also have ws¥(eg) = ¢ fy for some 0 # ¢ € C and for
any power, p,

%

Wy Oﬂv(fg)p:Cip Wv(eg)powg".

Applying wg* to the space W, (A, 8, 1) in Theorem 6.2 gives the isomorphic
space

Wi (A, =% 1) =
{ve Vfﬁ* ma(f) ey = 0,1 < j < £, and my(fp)"~ ety = 0},
(7.1)

It is clear that W, (A, —(*, u*) is a subspace of V'~ (\; =%, u*),
Wi\, =% p17) = {v € V(A =%, %) | ma(fo)* 700 = 0}
which corresponds by & to a subpace of U. Our next step is to find the condition

on L € U which corresponds to this subspace.
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8 Conclusion of the proof

The root vector fy € g_y can be expressed as some multibracket of the simple
root vectors fi,---, fs, so L € U implies that w(fy)L = 0 so mx(fg) o L =
L o m,+(fp). Furthermore, since —@ is the lowest root of g, [fy, fi] = 0 for
1 <4 </, so in any representation of g, the representatives of these root
vectors commute. For any p > 1 define the subspace of V'

V'(p)={ve VA | m(fi)<w7ai>+lv =0, 1 <i<m(fo)Pv=0}.

Then forany L € U, {(L) € V'(p) iff ﬂ,\(fg)pL(vﬁ:) = 0iff 7T)\(y)7T>\(fg)pL<Uﬁ:) =
0 for all y € U(g™). But since my(y) commutes with m,(fy), and since
ma(y)L(vly-) = L(m,(y)vl) and U(g™ vl = V', so

E(L)eV'(p) iff m(fo)’L(V*) =0 iff L(V*)C Ker(m(fo)").
Then & provides an isomorphism from the subspace

Ulp) ={L € U | m(fo)’L(V"") = 0} = {L € U | L(V"") C Ker(m\(fs)")}

to V'(p). Let —v be one of the weights —v,, which occur in the weight space
decomposition of U, corresponding to a highest weight module V** where
v =0+ uso (B+ pu0) = (v,0) = (v,0). We have seen that ¢ provides an
isomorphism between U_, and V,._, = V= (A p* — v, p*) = V(A =6, 1),
so it also provides an isomorphism between corresponding weight spaces

U-(p) = {L € U_y, | m(fo)’ L(V*") = 0}
={LeU., | L(V") C Ker(m\(fo)")} (8.1)

and

Vi (p)={ve V—/\B* (i) # Ty =0, 1< i < £, ma(fp)Pv =0},

which will equal the Walton space W,~ (A, =%, u*) when p = k — (v, 0) + 1.

Lemma 8.1 For any integer p > 1 we have
Y(U-,(p)) = (Ker(m\(fo)") @ V¥)N¥(U-,)
and we have the orthogonal direct sum decomposition

V(U_,) = W(U_(p) ® Projgly_,(Im(m(eg)?) @ V).

Proof: Apply the isomorphism ¥ to U_,(p) to get the subspace

V(U-,(p) ={P(L) e V'@ V" | L € U_,(p)}
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of certain lowest weight vectors of weight —v in V* ® V#. Recall the definition

d
ZL ) ® v;

Jj=1

where d = dim(VH*) = dim(V*"), {vy,- -+ ,vq} is a basis of V# and {v}, -+ ,v5}
is the dual basis of V#". Then we see that

U(L) € Ker(m(fs)?) ® V*, for all L € U_,(p)

since L(v}) € Ker(ma(fp)?) for 1 < j < d. Of course, W(L) € W(U_,), s
we get containment in one direction. Now suppose that W(L) € W(U_,) and
U(L) € Ker(ma(fo)?) @ V¥, so for 1 < j < d we have L(vj) € Ker(m\(fo)?),
giving L € U_,(p) so V(L) € ¥(U_,(p)).

Let gy = sly be the subalgebra with basis ey, fp and hy = [eg, fp]. As men-
tioned in Section 3, V* has a decomposition into the orthogonal direct sum of

irreducible gy-modules,
V=PV (m)

where dim(V)(m;)) = m; + 1 and the highest weight of V}(m;) is 7; € II* so
m; = vi(hg). Also recall from Section 3 that from the representation theory of
sly, on each irreducible component we have the orthogonal decomposition

V2 (m;) = Ker(ma(fo)?) @ Im(ma(eq)?)

into the p lowest hy weight spaces and the rest. So we also get the orthogonal
decomposition

VA = Ker(ma(f5)?) @ Im(mx(eg)?).

Of course, in the first equation above we mean the kernel and image of those
operators restricted to each irreducible component. This gives an orthogonal
decomposition

V2@ VFE = Ker(my(fs)?) @ V* @ Im(my(eg)?) @ VI

Lemma 3.3 applied to this decomposition of the tensor product gives the
orthogonal direct sum decomposition of the subspace W(U_,) as stated. O

Let {W¥(L1), - ,¥(Lg,)} be a basis of the first summand ¥(U_,(p)) in the
above decomposition of U(U_, ), and let {\I/(Ld 41)s-,W(Lar)} be a basis of
the second summand, where M = Multf, = dzm(U_V) = dim(¥(U-,)). Then
there is a basis, {g1,--- , ga, " - ,gM} ofH Homg(V’\®V“ V¥") determined
by the conditions g;(V(L;)) = &;;v”, for v, a lowest weight vector in V.
The subspace

H(Ky) = {9 € H [ g(¥(U-.(p)) = 0}
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of elements of H that vanish on the first summand, has basis {ga,+1, -, gm}
and the subspace

H(Iy) ={g € ® | g(Projyly_,(Im(ma(es)’) ® V*)) = 0}

of elements of H that vanish on the second summand, has basis {gi,--- , g4, }
so d, = dim(H(I,)). Remember that the dimension of the Walton space
Wi (A, =0, %) is d, when p = k — (v,0) + 1. But in that case, H(,) equals
the Frenkel-Zhu space

FZi(\ p.v) ={g € H | g(Projyly (e "V @ VH)) =0}

so we have completed the proof of Theorem 6.2.
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