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Abstract

A method of computing fusion coefficients for Lie algebras of type A,,_; on level k
was recently developed by A. Feingold and M. Weiner [FW] using orbits of ZF under
the permutation action of Si on k-tuples. They got the fusion coefficients only for n
= 2 and 3. We will extend this method to all n > 2 and all £ > 1. First we show

a connection between Young diagrams and Sy-orbits of ZF

n’

and using Pieri rules we
prove that this method works for certain specific weights that generate the fusion
algebra. Then we show that the orbit method does not work in general, but with the
help of the Jacobi-Trudi determinant, we give an iterative method to reproduce all

type A fusion products.
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Chapter 1

Introduction

Fusion algebras play a very important role in conformal field theory [Ful] and in the
theory of vertex operator algebras [FZ]. Many equivalent interpretations have been
found in other mathematical contexts such as quantum groups, Hecke algebras at
roots of unity [GW], quantum cohomology of the Grassmanian [BCF] and quite a few

other areas.

There is a finite dimensional fusion algebra associated with an affine Kac-Moody
algebra and a level 1 < k € Z, with distinguished basis indexed by the level k weights.
The structure constants NV a(f?c for such an algebra, also known as the fusion coefficients,
can be expressed by the Kac-Walton algorithm ([Kac] and [Wal]) as an alternating
sum of tensor product coefficients, or as a modification of the Racah-Speiser algorithm

for tensor products.

This algorithm does not give any insight into why the structure constants for
the fusion algebra are non-negative. This fact comes from other theories such as
vertex operator algebras where the fusion coefficients are the dimension of spaces of

intertwining operators.

Many authors have tried to find a closed formula to express the fusion coefficients,
but despite all the work of mathematicians and physicists during the 1990’s the results

in this direction are few, and closed formulas are known only for small ranks. Gepner



and Witten [GeWi| proved that for A,

1, ife=a+b mod?2and |a—b <c<min{a+b,2k—a—b}

(k)e _
Na,b -

0, otherwise.
For A; and Aj closed formulas were given by Begin, Kirillov, Mathieu and Walton
[BKMW] and [BMW]. They used combinatorial objects called Berenstein-Zelevinsky
triangles. Another attempt at finding a closed formula was done by Feingold and
Weiner [FW]. They used Si-orbits of Z§ and Z§. For a € Z%, let [a] denote the
Sk-orbit of a. There is a bijection between the level k weights A of a type Ax_; affine
Kac-Moody algebra and the Sy-orbits [\] of Z% . For A; and k > 1 they proved

(B _ 2 (0]
Ny = My

and for As and k > 1 they proved

Lol _ (N 1
(WA 2 ’

where M[(Mk])[[ﬂ is the number of orbits of T'([u], [A], [v]) = {(z,y, 2) € [u] X [A] x [v] |
x4y = z} under the action of Sy on T'([u], [A], [v]) given by Sy simultaneously acting

on each k-tuple.

This work is an extension of the method of Feingold and Weiner to all ranks (Ay
for N > 3) and all levels. Although this method does not give a general closed formula
for high ranks (Ay for N > 3), it brings some progress to the theory of type A fusion

algebras. Using Sy-orbits of Z&;, the Feingold-Weiner algorithm gives a closed formula

kv _ 5 (k)]
N M[A]y[u]

of this form include a set of generators for the fusion algebra, so we can compute the

for fusion coefficients N i where 1 is a weight of the form (5.6). Weights

rest of the structure constants iteratively by using the Jacobi-Trudi determinant.

The structure of this thesis is as follows. Chapter 2 gives the definition of an
abstract fusion algebra due to Fuchs [Ful], as well as preliminary material that leads
to this definition. We also present a brief description of the Racah-Speiser and Kac-

Walton algorithms for tensor and fusion products and we finish the chapter by setting



up the notation we will follow for the rest of the thesis. In Chapter 3 we describe
the method of Feingold and Weiner [FW] and give an interesting characterization
for orbits with only zeroes and ones. In Chapter 4 we give a full description of
the algebra of symmetric polynomials and its relation to the type A fusion algebras.
We also describe the work of Goodman and Wenzl [GW] that shows that the fusion
algebra of type A is isomorphic to a quotient of the algebra of symmetric polynomials .
We also include a proof of the type A rank-level duality that says that F'(Ay_1, k) =
F'(Ag_1, N) where F'(An_1, k) is the quotient of the fusion algebra F(Ax_1, k) by the
ideal that identifies the set of simple currents with the identity. We finish the chapter
with some generalities about simple currents. Chapter 5 exhibits the connection
between arithmetic of Sy-orbits of Z% and fusion Pieri rules for symmetric polynomials
and shows how the orbits method yields an algorithm for computing fusion coefficients
for special weights. In Chapter 6 we show an application of the orbits method to tensor
products by showing that classical Pieri rules are equivalent to the orbit method for
orbits with only zeroes and ones, a result that is an extension of the one for fusion
products. We finish the thesis by exhibiting a different version of each the Racah-
Speiser and Kac-Walton algorithms from the Young tableaux point view which are
more practical than the classical algorithms for making computations by hand since,

even for N > 3, computations can be done on a piece of paper.



Chapter 2

Preliminaries

In this chapter we give the definition of Lie algebras, the construction and classifi-
cation of Kac-Moody Lie algebras, the definition of twisted and untwisted affine Lie
algebras and its irreducible modules. We also set up the notation that we will follow

for the rest of this work.

2.1 Kac-Moody Lie algebras

We begin by giving some important definitions that we will be using throughout the

chapter.

Definition 2.1.1. a) A Lie algebra is a vector space L over a field K (usually
K = R or C) equipped with a bilinear function [-,-] : L X L — L, called bracket,

satisfying the conditions
1) [z,z] =0, forallz € L.
2) |z, [y, 2] + [y, [z, 2]] + [z, [z,9]] = 0, forallz,y,z € L.

b) A subspace I of a Lie algebra L is called an ideal if for all x € L and for ally € T
we have that [z,y] € I.

c) We say that a Lie algebra L is simple if the only ideals of L are 0 and L and



dim(L) > 1.
d) The center C of a Lie algebra L is the ideal

C={yelL]|[z,y=0 forallz e L}.

e) We say that a vector space V is module for a Lie algebra L, if there is a a bilinear
function - : L x V. — V satisfying
[zy]-v=2-(y-v)—y-(z-v),

for all z,y € L and for allv € V. If V is a module for a Lie algebra L, we say that

V' is an L-module.

Example 2.1.2. Consider the vector space sly of N x N matrices of trace 0 with the
bracket defined by [A, B] = AB — BA. Under this bracket sly becomes a Lie algebra,
and it can be proved that this algebra is a simple Lie algebra. The vector space V = K~
1s a module for sly under the action x - v = zv of matrix multiplication for x € sly
andv € KN. We will see a construction of this Lie algebra in a later example in this

chapter.

We need the following definition before we present the definition of a Kac-Moody
algebra.

Definition 2.1.3. Given a matriz A = (a;;); j_, of rank |, we define a realization
of A to be a triple (b,H,ﬁ) where by is a complex vector space of dimension 2t — [,

I={o,...,o0} Ch* and = {ai, ..., a4} C b satisfying
1) II and I are linearly independent,
2) a;(d;) = ai;.
We define a Lie algebra g(A) with generators e;, f; (i = 1,...,t) and b satisfying
the following relations
[h, W] =0, for all h,h' € b;
e, f] = 06, fori,j=1,..,t (2.1)

[h,ei] = ai(h)ei, [h,fl] = —Oéz(h)fl, for all h € f] and 7 = ]_, ,t



The elements e;, f; (i = 1,...,t) and the set h are called the Chevalley generators
of g(A).
It can be proved that the Lie algebra g(A) has a unique maximal ideal 7 inter-

secting h trivially. We can now define the Kac-Moody algebra associated with A.

Definition 2.1.4. Given a matriz A, we define the associated Kac-Moody algebra
as the Lie algebra g(A) = g(A)/T where T is the unique mazimal ideal intersecting b

trivially.

Example 2.1.5. Consider the (N — 1) x (N — 1) matriz

(2 -1 0 .. 0 0)
1 2 -1 .. 0 0
Lo 200
0 0 0 .. 2 -1
\0 0 0 .. -1 2)

Let E; ; be the N x N matriz with 1 the (i, j)-entry and 0 everywhere else and set

di = Em' — Ei+1,i+1 1= ]_, ,N — 1.

Let b = Span{ay, ...,an_1}.
Define the linear functional €; by
e;(diag(ay, ...,ay)) =a;, 1=1,..., N,

and set

O = € — €41, Z:]_,...,N—]_,

then b* = Span{a,...,an_1}. Now, sete; = E; ;11 and f; = Ejq,; fori=1,..., N—1.
It can be verified that e;, f; and b satisfy the relations (2.1). It can also be proved that
the algebra g(A) is simple, so in particular it has no non-zero ideals which intersect

b trivially. Therefore g(A) = g(A).

This Lie algebra is isomorphic to the Lie algebra of traceless N x N matrices

defined in the previous example.



Next we give the definition of generalized Cartan matrix.

The classification of Kac-Moody algebras is known for a special type of matrices

known as generalized Cartan matrices, which we now define.

Definition 2.1.6. An integral N x N matriz A = (ai;)};_, is called o generalized

Cartan matrix if satisfies the following conditions:
1)0,“:2][07”]_§Z§N,

2) aij <0 fori # j,

3) a;; = 0 implies a;; = 0.

Before stating the classification of Kac-Moody algebras associated to generalized

Cartan matrices, we need the following definition.

Definition 2.1.7. A matriz is called decomposable if, after some reordering of the

indexes, the matriz has the form

A 0
0 A

If a matriz is not decomposable will be called indecomposable.
: } € RNV, We writeuw > 0, ifu; >0 fori =1,..,N

unN

and u <0 ifu; <0 fori=1,...,N.

Notation 2.1.8. Let u = [

There are finite and infinite dimensional Kac-Moody Lie algebras. Every finite
dimensional simple Lie algebra over C is a Kac-Moody algebra, and their classifica-
tion, developed at the begining of the previous century, is well known. The infinite
dimensional Kac-Moody algebras are classified into two types, affine and indefinite.
The affine are divided into twisted and untwisted and are well understood. There is
less known about the indefinite type. Given a matrix A, one can tell if the Kac-Moody
Lie algebra g = g(A) is finite, affine or indefinite. The classification is due to Vinberg
[Vin]. (See also [Wan| and [Kac].)



Theorem 2.1.9. [Vin/ Let A be an indecomposable generalized Cartan matriz, and

g = g(A) be the Kac-Moody algebra built from A. Then g is one of the following three
types.

a) g is finite if and only if det A # 0; Au > 0 for some u > 0; Au > 0 implies
u=0 oru>0.

b) g is affine if and only if corank(A) = 1; Au = 0 for some u > 0; Au > 0 implies
Au = 0.

c) g is indefinite if and only if Au < 0 for some u > 0; Au > 0 and u > 0 implies

u=0.

Definition 2.1.10. Let A be an indecomposable generalized Cartan matriz. We say
that A is of finite, affine or indefinite type, if the Kac-Moody algebra g(A) built from
A is of finite, affine or indefinite type, respectively.

Example 2.1.11. Consider the N X N matriz

1 2 —1 0 0
A 0 -1 2 0 0
A = a;;]i2 = (2.2)
0o 0 0 .. 2 -1
\—1 0 0 ... -1 2)

1

The Kac-Moody algebra g(fl) s affine since A- [] = 0. Note also that by removing
i
the first row and column we get the matrix A from Example 2.1.5, which is a matric

of finite type.

This matriz can be realized on a complex vector space §) of dimension 2N — (N —

1) = N +1 as follows.

Consider the matriz

AP = [aylhy =

S >>
(N o



where ¢t = (0,...,0,1) =b. Fori=0,..,N — 1, let &; be the ith row of A¥ and let

a; be the ith coordinate function, i.e., the linear functional defined by
ai(ag, . ..,ayn) = a;.

Set

II = {Oéo,...,CYN_l} and ﬂ: {dO,---adN—l}-

Then it is easy to check that {§ = CN*' I 11} is a realization of A.

~

The Lie algebra g(A) with Chevalley generators e;, f; for i = 1,.... N —1 and $
defined by (2.1) is denoted by sly.

2.2 Finite vs untwisted affine

Let A = (aij)fyj;ll be an indecomposable generalized Cartan matrix of finite type.
Then g = g(A) is a finite dimensional simple Lie algebra of rank N — 1. The finite
dimensional simple Lie algebras over C are classified into four infinite families, A,,
n>1, B,,n>2 C,,n>3and D,, n > 4, and five exceptional types, Fg, F;, Eg,
F, and G,.

Let (h,II,II) be a realization of the matrix A where II = {a,...,ay_1} C b*
and II = {a1,...,an_1} C bh. The subspace b is called the Cartan sub-algebra of g.
The sets IT and II are called the set of simple roots and simple co-roots of g. We
can define a symmetric bilinear form (-,-) on g which is invariant in the sense that
([z,y],2) = (x,y,2]), for all z,y,z € g. The restriction of the form (-,-) to b is
nondegenerate, so induces a form on h* which is determined by
2(0s, o)
(o, ;)

and the normalization (0, 6) = 2 where 6 is a special vector called “the highest root”

aij:<05i>aj>: ) ]-SZvJSN_]-

(we will give this vector explicitly and explain why it is called “the highest root”).

The fundamental weights of g are linear functionals A1, ..., A\y_1 € h* satisfying
<)\i7aj>:6ij7 ].SZ,jSN—].

9



The weight lattice of g is the set

N—-1
P = {Z ai)\i S b*

=1

aiEZforlgigN—l}

and the set of dominant integral weights of g is

N-1
P+ = {Z ai)\i
=1

It is known that every irreducible finite dimensional module V' for g is determined

OSGZ’GZ}.

up to isomorphism by its highest weight A = Zf\gl a;\; where 0 < a; € Z, for

1 =1,...,N — 1. We now proceed to describe the structure of a g-module, define its
highest weight and define the highest root of g. Any irreducible finite dimensional
g-module V' has a direct sum decomposition V = € uep Vi into weight spaces V), =
{veV|h-v=u(h), forall h € h}. Here we use z - v for the action of z € g on
v € V. Each weight space V), is a generalized eigenspace for the simultaneous action

of the abelian Cartan sub-algebra h, and we set II(V) = {p € P |V, # 0}.

The simple Lie algebra g becomes a g-module under the adjoint action

adz(y) =z-y=|z,y] for zy€cg.

The weight space decomposition of g, called the Cartan decomposition, is

6=h® P a

0#a€P

where the root spaces for 0 # o € P are
9o ={z €g][h,z]=a(h)z, forall h €bh}
and we define the set of roots by

®={0#a€P|g,#0}.

It is well known that dim(g,) = 1 for a € ® and since, by definition, [k, e;] = a;(h)e;
and [h, f;] = —a;(h)f;, for 1 < i < N — 1, we have a;, —a; € ®. One has, in fact,

that for any a € &, a = Efi_ll n;o; where either all 0 < n; € Z or 0 > n; € Z. That

10



is, ® = ®* U &~ decomposes into positive and negative roots (with all simple roots

positive). This gives a triangular decomposition g = g~ ®hdg" where g% = Boco+ ga-

Define a partial order, <, on P by
N-1
A1 < Xy ifand onlyif Ay — Ay = Z n; 0,
i=1

where 0 <n; e Zforl1 <i< N —1.

Let V' be a finite dimensional irreducible g-module. There is a unique weight
A € TI(V) such that gt -V, =0, A > S for all 8 € TI(V), and A = Zf\:ll a;\; € Pt
(0 < a; € Z) determines V' up to isomorphism. We call A the highest weight of V'
and write V' = V*, and II* = II(V*) = {8 € b* | V' # 0} C P. The highest weight 6

of g as a g-module is always a root and it is called the highest root of g.

The Weyl group W of g is the subgroup of GL(h*) generated by the simple reflec-
tions

T1(>\) =\— )\(dZ)OéZ, for = 1, ,N — 1.

Every element w € W can be written as a word in the r;’s and the length /(w) of w

is defined as the number of simple reflections in a reduced word for w.

A matrix of affine type can be obtained from a matrix of finite type by adding
one column and a row so that the resulting matrix has a 1-dimensional kernel. The
affine Lie algebra corresponding to a matrix obtained in this way has the following

construction.

Let A = be an N x N indecomposable generalized Cartan matrix of
c A

affine type, where A is the matrix of finite type considered at the begining of this

uo
section. There is a unique vector u = [ } such that u > 0, Au = 0, u; € Z

UN -1

fori=0,...,N — 1 and ged (ug,...,un_1) = 1. The vectors b = (by,...,by_1) and

c=(c1,...,cy_1)" are determined by
¢ = —(wman+---Fuy-1ain-1), b= —(lay+---+iy1ay-1,), for 1 <i < N-1,

uo
where ,...,uy_1 are the last N — 1 components of the unique vector 4 = [ : ]
UN_1

11



satisfying
Ao =0, dg,...,av_1€Z and ged(dg,. .., dn_1) =1,

and a;1,a2...,a;nv—1 for e = 1,... N — 1 are the components of the ith row of the
matrix A and ay;,a9,...,an_1,; for i = 1,... N — 1 are the components of the ith

column of A.

Let g = g(/i) be the Kac-Moody algebra built from A. Then § is an affine Lie
algebra with realization (), U, \if) where dim ) = N + 1. The number

N-1
i=0
is called the Coxeter number and
N-1
h=>
i=0
is called the dual Coxeter number. The Lie algebra g has a one dimensional center

spanned by

P

Il
=)

The element c is called the canonical central element. The highest root of the

finite dimensional Lie algebra g is explicitly given by
N-1
0= Z U; ;.
i=1

The realization of g, (), ¥, ¥), can be constructed so that h € $, II C ¥ and
II C ¥. This can be done as follows.

There exists an element in d € § satisfying the conditions ag(d) = 1 and a;(d) =0
forve =1,...,N — 1. The vector d is uniquely determined up to multiple of ¢ and

B ={c,&,...,ay 1,d} is a basis for £.

Let d* € $H* be the linear functional dual to d with respect to the basis B. This

linear functional is called the null root of g and it is given explicitly by
N—1
d = Z uia; € H".
i=0

12



Let ¢* € ©* be the element dual to the canonical central element ¢ with respect

to the basis B. Then we have ¢*(¢) = 1, ¢*(d) = 0 and d*(c) = 0.

We take ¥ = {ag,ay,...,ay_1} and ¥ = {dg, @, ...,dy_1}. The sets ¥ and ¥

are called the set of simple roots and simple co-roots of g.

We also identify linear functionals in h* with linear functionals in $* by having

the same values on h and being zero on ag and d.

The fundamental weights of § are linear functionals Ag, ..., Ay_1 € h* satisfying
<Ai7aj>:5ij7 OSZL]SN_]‘?

and it can be checked that the fundamental weights are given by

(v, i)

No=c", A=y 5

c+ N, for 1<i<N-1,

where Ag = ¢* 4+ rd* is normalized by taking r = 0 and Ay, ..., Ay_1 are the weights

for the finite dimensional Lie algebra g.

The set of integral weights for g is defined by
N-1
i=0
The set of dominant integral weights for g is defined by

N-1
1=0

We can also define a partial order < on $* by
N-1
A <A ifandonlyif A" — A = Zaiai, for 0 < a; € Z.
i=0
The affine Lie algebras are classified into 2 types, twisted and untwisted. For the

untwisted affine Lie algebras g we get an isomorphism of Lie algebras

g2 Clt,t '®gdCed Cd,

13



where g is the finite dimensional Lie algebra and the bracket on C[t, ¢ '] @ g® Cc®dCd
is defined by

[z(m),y(n)] = [z, y](m + n) + MO ino(2,y)c,
[d,z(m)] = mz(m), and [c,z(m)] = [c,d] =0,

where z(m) = t™ ® z, and (+,-) is the normalized invariant symmetric bilinear form
from g, z,y € g. The restriction of (+,-) to b is non-degenerate, so it induces a form
on h*. The normalization is taken so that (0,60) = 2. We say that g is of type XU if
g is of type X,,, where X = A, B,C,D,E F or G.

We can extend the symmetric bilinear form (-,-) on g to g by

(z(m),y(n)) = dmino(z,y), (x(m),c) = (y(n),d) = (¢,c) = (d,d) =0,
and

(c,d) = 1.

The Weyl group W of g is the subgroup of GL($)*) generated by the simple
reflections

ri(A) =A—A(&)a;, for i=0,.,N—1

?

and W = (r; | 1 <i < N —1) is a subgroup of W. For each 0 < k € Z the affine
Weyl group W acts on the weight lattice P of g with the usual action of the simple

reflections of W and with

ro(8) =re(B) + (k + h)9, (2.3)
2(), 0)

(6,0)
is the dual Coxeter number. The set of weights of level k of g is the set

N—-1 N-1
P = {ZajAj ePt| ) g gk},

j=1 j=1

where 7g(A) = A — f is the reflection with respect to the highest root # and A

and the fundamental region for the action of WonPis P]: e

The representation theory of g is very similar to the representation theory of g if

we restrict only to g-modules V' that satisfy the following, where
Vai={veV|h-v=A(h)v, forall he H}, (V) ={A e 9" | V) #0}

14



and
D) ={pnen|p< At
i) V is $-diagonalizable, i.e., V = @, 4. V-
ii) dim V) < oo, for all A € H*.
iii) There exits a finite number of elements 3y, ..., 5 so that II(V) C U:_, D(5;).

As a consequence, every g-module V' satisfying the above conditions has a highest
weight A € P and if V is irreducible then it would be determined, up to isomorphism,
by its highest weight A. We use the notation V4 to denote the irreducible highest

weight module for §. The canonical central element acts on V* as a scalar k and we

have
N-1 N1 (0, 04)
kE=A(c) = Ai(e) = w;——
(c) ; (c) ; 5

so for a fixed k, there are only finitely many A € P+ with A(c) = k.

Example 2.2.1. The untwisted affine algebra sAlN defined in Example 2.1.11 has

simple roots

apg,...,0N_1.
1

The vector u = [ :
i
A is symmetric we also have A'-u = 0. Then the canonical central element ¢ and the

} satisfies A-u = 0 where A is the matriz given in (2.2) and since

null root d* are given by

N—1 N-1
c:Zdi and d*:Zai.
i=0 i=0
The fundamental weights are given by the equations
AN=c", N=c"+X, for 1<i<N-1, (2.4)

where Ay, ..., An_1 are the fundamental weights for the Lie algebra g = sly.

Every irreducible highest weight module 1% for sAlN on level k is determined, up

to isomorphism, by a weight A = Zij\:ol n;\; satisfying the condition k = Z?:OI n;.
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From (2.4) we see that

N-1 N-1
A= ’I'L()C>x< + Z(nlc* + nl)\l) = kc* + Z ni)\i,
i=1 =1

where sz\;l n; < k.

The Cozeter and dual Cozeter numbers of § are h = h = N and the level k action
of the affine reflection ro on the weight lattice P of g is given by

~

ro(A) = ro(N) + (kK + h)6,

where 6 = Zf\:ll «; s the highest root of g = sly.

2.3 Fusion algebras

Let us begin with the definition of fusion algebra, due to J. Fuchs [Ful]. (Also see
[Fel.)

Definition 2.3.1. A fusion algebra is a finite dimensional commutative associative

algebra F over Q satisfying the following.

1) There is a distinguished basis
B ={z,|a€ A}, for some finite index set A,

so that the product of the basis elements is given by

(6]
Ty Tp = E Ng pe,

ceA

where 0 < Nj, € Z.

2) There is an element w € A such that the map
Cza) = Y N&ym, (2.5)
bcA

is an involution. That is, the matriz C = (Cap)apea for C, where Cyp = N¥

., satisfies

the equation C? = I (the identity matriz). The map C is called the conjugation

map.
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We have several consequences from the definition. Since the entries of C' are non-
negative integers and C? = I, then it follows that either C' = I or C is a permutation
matrix of order 2. Hence, there is a permutation o : A — A satisfying 02 = 1 and so
that

Cap = da,0(p)

The conjugation map C : F — F defined in (2.5), is then given by
= Z 5a,0'(b)$b = Lo (a)
bcA

and since it is an automorphism, we also get

To(a) " To(b) = C(z4)C(xp) = C(24 - Ts) (Z be)
ceA
= Z Ng,bc(xc Z be

ceA ceA

Therefore we get

c _ pyolo)

ab = No(a),o(b)
Set
Nope = N2
a,b,c a,b .
It follows from commutativity and associativity of F that the constants N,;. are

totally symmetric in a,b and ¢. Then we also get

c __ — ( ) w — —
wb — Nw,b,a(c) - Nb,o(c),w Nb o) — Vo), — Ca(b),c - 51),07

hence

Ty = g bxc E Ob,cTe = Tp.

ceA ceA

So z,, is a multiplicative identity and o(w) = w.

Example 2.3.2. Consider a 3-dimensional algebra F over Q with basis
B = {zg, 1,22} and product given by the table (where the blank entries are determined

by commutativity.)

17



To | 1 T2

Zo Lo | L1 )
I ) )
M) Ty + 21

It can be checked that the product defined by this table is associative with identity
element xq, and the conjugation map C is the identity map with C = I. Therefore F

s a fusion algebra.

2.4 Fusion algebras from affine Lie algebras

In this section we discuss the decomposition of the tensor product of two irreducible
finite dimensional modules for a finite dimensional Lie algebra g and use it to define
a “level k truncated tensor product” of two irreducible highest weight modules for
the untwisted affine Lie algebra g. This truncated product defines a fusion algebra

with basis given by irreducible highest weight modules of g on level k.

Let g be a finite dimensional algebra and let V* and V# be two irreducible finite
dimensional modules for g. The tensor product VA ® V* is completely reducible.

Therefore it can be expressed as a direct sum of irreducible modules

Vg VK = @ Multy ,(v)V".

veP+
The coefficients Multy ,(v) can be computed by means of the Racah-Speiser algorithm

which can be described as follows. For any v € P* we have

Multy,(v) = > (=1 Multy(w(v + p) — p — p), (2.6)

weW

where Multy(f) = dim(V3') and p = S MY\, This formula yields the following

geometric algorithm.
Step 1.

Shift the weight diagram IT* of V* by adding i + p to each weight.
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Step 2.

Use the finite Weyl group to move all shifted weights IT* 4 p+ p into the dominant
chamber, P*, where they accumulate as an alternating sum of inner multiplicities of

VA, adding if the required w is even, subtracting if it is odd.
Step 3.

The resulting pattern of numbers will be non-negative integers, zero if on a cham-
ber wall, and after shifting the pattern back by subtracting p we get the tensor product

multiplicities.

Example 2.4.1. Consider the modules V* and V* of sls where A\ = A\ + Xy and

w=2\1. The weight decomposition of V* is given by
VA= Viia @ Var,as @ Vortoa, ©2V0 @ Vi, aa, © Vooain, ® Vo,

So the weight diagram of V> is given by

1 1

where the number below each dot is the inner multiplicity, or the dimension of the
weight space, and the two lines labeled r1 and ry are the fixed lines of the simple

reflections.

Now, adding p+p = 2 1+ (A1 +A2) = 3\ + g to all weights in the above diagram,

we get
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2X1+3A2 4X14+2)X2
[ J [
1 1

A1+2)A2 31422
[ [ ]
1

where the arrow indicates that the weight outside the fundamental chamber gets re-
flected onto the weight inside the fundamental chamber, reducing its multiplicity by
1, and since the weights on the chamber wall do not count for the tensor product, we

are left with the pattern

2X1+3A2 4X142)X2
[ [
1 1

A1+2)A2 31422
[ [
1 1

Subtracting p = A\ + Ay from all these weights we get the tensor product decom-
position of VM2 @ V2N that s

V}\1+>\2 ® V2)\1 — V3)\1+)\2 @ V)\1+2)\2 @ V2)\1 @ V}\2‘

The Racah-Speiser algorithm was modified by Kac and Walton for computing the
fusion coefficients N lsk))\y for A\, u,v € P, as follows. Under the level k action of 1%

on P we have

lelf))\” — Z (—1)l(w)Mult)\(w(V + ,0) — - P),
weW

where Multy(8) = dim(V3') and p = S V7' A, This formula now involving a sum-
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mation over the affine Weyl group, W, also yields a geometric algorithm as follows.
Step 1.

Shift the weight diagram of V* by adding i + p to each weight.
Step 2.

Use the level k action of the affine Weyl group W on P to move all shifted
weights into the fundamental domain, P,", bounded by the reflection walls of all
simple reflections r;, for 1 < ¢ < N — 1, and of the affine reflection ro. That affine
reflection is a hyperplane perpendicular to 6 going through the point (k + h)& The
reflected weights counted with inner multiplicities accumulate as an alternating sum

of inner multiplicities of V*, adding if the required w is even, subtracting if it is odd.
Step 3.

The resulting pattern of numbers will be non-negative integers, zero if on a re-
flection wall, and after shifting the pattern back by subtracting p, we get the level k

fusion product multiplicities.

Example 2.4.2. Consider the modules V* and V* of sl where A\ = A\ + Xy and
p =2\, and let k = 2. The weight decomposition and weight diagram of V> is given
in the previous example. Adding p+ p = 2A1 + A1 + A2 = 3A1 + A\ to all weights in

its diagram, we get
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where the arrows indicate each of the weights that are outside the affine fundamental
domain, and get reflected onto a weight inside the affine fundamental domain. In this
case, 2 outside weights get reflected onto the weight 3\1 + Ay, reducing its multiplicity
by 2, and since the weights on the reflection wall do not contribute to the fusion

product, we are left with the pattern

A1+2A2
[ ]

Subtracting p = A1 + A2 from this weight we get the fusion product

V>\1+>\2 ®9 V2>\1 — V>‘2.

2.5 Notation for the rest of the thesis

Let g be the affine algebra of type Ag\l,)_l built from g = sly. Let A, Ao, ..., Anv_1

denote the fundamental weights of g and let:

N-1
P+ = {Z aj)\j

i=1

0<ac Z} (2.7)

denote the dominant integral weights of g. The irreducible modules V* for § of level

k are indexed by dominant highest weights A = kc + X\ where X is in

N—-1 N-1
P;:{ZajAjeP+ Zajgk}.
j=1

Jj=1
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However, for a fixed level k, we will denote these modules by V* instead, where
A € Pf. These weights are in one-to-one correspondence with the set of N-tuples

: N-1
(ag, a1, ...,an—-1) whose sum is k, where ag =k — > ;" " a;.

Let G be the group Z and let Sy act on it by permuting the k-tuples, so every

orbit of Z& under this action has a unique standard representative in the form
(N —1)av=1 . 19,0%)

where the exponent indicates the number of repetitions of the base.

We get a one-to-one correspondence between Sy-orbits of Z% and N-tuples whose
sum is k, by:

((N — 1)11N—1’ . 1’“,0“0) — (ao,al, ...,CLN,I) (28)

therefore we get a correspondence between weights A € P;f and orbits of Z§ under
the described action of S;. The orbit corresponding to A will be denoted by [A] and

the correspondence is given by

A= iam € PF s [\ = [(N — 1)1, ... 1% 0%)] (2.9)

=1
where ag = k:—z;\;l aj and [((N — 1)*¥-1 ... 191 0%)] denotes the orbit of Z% whose

standard representative is ((N — 1)*~¥-1 ... 19 0%).

A partition is a finite sequence of non-negative integers (g, - .., fin,...) S0 that
p1 > pig > -+ >y > .... The length of the partition p, I[(u), is the number of

NON-Zero fi;'s.

There is also a map between partitions of length at most N and dominant integral
weights of Ay_; given by:

N-1
(s oo ) > A= (5 — pjr1) A € P (2.10)

j=1
and if gy — un < k then X € P.

Note that this map is not one-to-one since given a partition (u) = (u1, ..., py) with

pn # 0, then the partitions () and (1 — pn, pio — N, -, i1 — ov) lead to the same
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weight. However, this correspondence has a right inverse which can be described as
follows. If A = Z;V:_ll aj\; € PT then the partition associated to the weight A, which
will be denoted by (), is given by the map

—1 N-1 N—-1
A= Z aj)\j — ()\) = (Z aj, Zaj, ...,aNl) , (211)
j=1  j=2

Jj=1

and if A € P, then ()\) has largest part at most k.

Another way of defining (2.10) is by defining an equivalence relation ~ on parti-

tions of length at most N by

(1o o) ~ (v1, ...y vw) if and only if p;—pi = vi—viqg for 1 <i < N—1. (2.12)

The equivalence class for (u1, ..., ) has a unique representative in the set of
partitions of length at most N —1 given by (1 — pun, pio — iy -y inv—1 — pn) and it is
clear from (2.10) that both can be used to get the weight associated to (p1, ..., 1w ).
Furthermore two such partitions () and (y') are in the same equivalence class under

~ if and only if u, = p; + ¢ for some integer ¢ and for 1 <i < N.

It is clear that the left hand side of (2.8) is also a partition, as the sequence
is non-increasing, which will be proved to be the conjugate of the partition on the
right hand side of (2.11). Combining (2.9) and (2.11) gives a map from Sy-orbits of
ZE; to partitions of length at most N — 1 with largest part at most k. And from
(2.9) and (2.10) we get a map from partitions (u1, ..., uy) of length at most N with
pr — pn < k to Sp-orbits of ZE,. This will be useful in proving that for specific A to
be described in section 4 below, the operation among Si-orbits defined by Feingold
and Weiner [FW], matches level & fusion Pieri rules for computing fusion coefficients
N )(\12" We will prove that these specific weights include generators of the fusion ring
of type Ay 1 of level k, F(An_1, k). Therefore, using the Jacobi-Trudi determinant,

a simple iteration allows one to compute the rest of the structure constants N ﬁi" for

arbitrary p and v.

This describes a new method of computing type A coefficients which uses only arith-

metic in Z% and an iteration to obtain the whole multiplication table for F(Ay_1, k).
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Chapter 3

Orbits of Z]fv under the action of 5.

In this chapter we follow Feingold and Weiner [FW]. Let G be the group Z%, and for

each N-tuple of nonnegative integers
(ag, a1, ...,an—_1) such that ap+ar+..+an_1 =k
we define the subset of G
[(ag, a1, ...,an—1)] = {z € Z | j occurs a; times in z, 0 < j < N —1}. (3.1)
Then G is a disjoint union of these subsets.

Note that the symmetric group S acts on G by permuting k-tuples, the set of
orbits under this action, O = O(N, k), consists of the subsets (3.1) defined above,

and each orbit contains a unique representative in standard form
(N —1)av=1 . 19,0%) (3.2)
where the exponent indicates the number of repetitions of the base.

Notation 3.0.1. Given x € Z&;, we will denote the orbit of x by [z] and the

representative in standard form of this orbit will be denoted by .

For orbits [al,[b] and [c], we define the set:
T(la], ], []) = {(z,y, 2) € [a] x [b] x [d] | x +y = z}.
Note that o € Sy acts on (z,y, z) € T([al,[b], [c]) by o(z,y, 2) = (ox,0y,0z).
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Definition 3.0.2. Denote by M[(:])E} the number of Sy-orbits of T([a],[b],[c]).

This suggests that we could use these numbers as the structure constants of an
algebra (depending on N and k and over any field of characteristic 0) with basis O,
by defining a bilinear product as follows:

la] x o] =" M. (3.3)

ceO
In [FW], it was shown that for N = 2 and all £ > 1, this product coincides with the
product in the associative fusion algebra F(A;, k), but for N = 3 and all £ > 1 it

N®¥ 11
1] _ (Nux
My —< " > (3.4)

was shown that

Now we proceed to describe how to compute the product of two Si-orbits of Z%;.

This description will be useful in proving some theorems in later chapters.

Definition 3.0.3. Let [a], [b] € O, and assume that [b] = {y1,...,y1}. For1 <i <t
set:

We say that the equation z; = a+y; in the list (3.5) is redundant, if for some i < j
and o € Sy we have

oa = a, oy; =y; and 0zj; = z,

that is, if the triples (a,vi, z;) and (G,y;, z;) are in the same Sk-orbit of T'([al, [b], [z]).

Now we can describe how the product of two orbits can be computed. Let [a],
[b] € O and fix a representative from the orbit [a], say the representative in standard

form, a, and assume that [b] = {y1, ..., y:}. For every y; € [b], set
zi:d—l—yi, 1< <t

Remove all redundant equations from this list, and without loss of generality, assume
that after removing all redundancies, we are left with the first s equations, for some
s < t. That is, the list:

Zi:d+yi7 1§Z§5>

26



has no redundancies. Then
[a] X [b] = [21] + [22] 4. 4 [z3].
Note that several z;’s could be in the same orbit, and for every [c] € O,

M[(a]i)[[g]] = Card{l <i<s|z €|} (3.6)

Remark 3.0.4. From Equation (3.6), we also get that M[(a]?[[g]} can be computed by

removing all redundancies from the list of equations
z=a+y,
where y € [b] and z € [c].

Example 3.0.5. Let a = (2,1,0) and b = (1,1,0) be elements in Z3. Then we have
that a = (2,1,0) and [b] = {(1,1,0),(1,0,1),(0,1,1)}. Now to compute |a] x [b], we
remove all redundancies from the list:

(27 L 0) + (1a L, 0) = (07 2, 0)7

(27 L 0) + (L 0, 1) = (07 1, 1)7

(2,1,0)+ (0,1,1) = (2,2,1).
Since there are no redundant equations in that list, we get that:
[(2,1,0)] x [(1,1,0)] = [(2,2,1)] + [(1,1,0)] +[(2,0,0)]. (3.7)

Example 3.0.6. Now let a = (2,2,1) and b = (1,0,0) be elements in Z3. Then we
have that & = (2,2,1) and [b] = {(1,0,0),(0,1,0),(0,0,1)}. To compute [a] x [b], we
remove all redundancies from the list:

(2,2,1)+ (1,0,0) = (0,2,1),

(2,2,1)+ (0,1,0) = (2,0,1),

(2,2,1) + (0,0,1) = (2,2,2).

We can see that the second equation is redundant, so we can remove it from the list

and we get

(2,2, )] < [(1,0,0)] = [(2,2,2)] + [(2, 1, 0)].
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Example 3.0.7. Now let a = (3,2,1) and b = (1,1,0) be elements in Z3. Then we
have that & = (3,2,1) and [b] = {(1,1,0),(1,0,1),(0,1,1)}. To compute [a] x [b], we

remove all redundancies from the list:

(3,2,1)+ (1,1,0) = (0, 3,1),
(3,2,1) + (1,0,1) = (0,2, 2),

(3,2,1)+ (0,1,1) = (3,3, 2).
There are no redundant equations in this list, so we get:

[(3,2,1)] x [(1,1,0)] =[(3,1,0)] + [(2,2,0)] +[(3,3,2)]. (3.8)

In our next example we show how this product of orbits fails to be associative.

Example 3.0.8. Let a = (2,1,0), b = (1,1,0) and ¢ = (1,0,0) in Z5. An easy
calculation using the results of Examples 3.0.5 and 3.0.6 shows that:

([a] > [8]) < [e] = [(2,2,2)] + [(1, 1, 1)] + 3[(2, 1, 0)] + [(0, 0, 0)]

and

[a] > ([b] x [e]) = [(2,2,2)] + [(1, 1, D] + 4{(2, 1, 0)] + [(0, 0, 0)].

Note that multiplicities of [(2,1,0)] do not match.

Our aim is to prove, once we establish the connection between Young diagrams
and orbits, that the operation (3.3) matches fusion Pieri rules when [b] is the orbit

corresponding to a weight of a certain form.

In Examples 3.0.5, 3.0.6 and 3.0.7 we computed the product of two orbits where
one of the orbits consisted of only zeroes and ones and we always got multiplicity
1 for every one of the orbits in the product. The next lemma, which is essential in
meeting our aim, shows that this is always true. (In general, multiplicities could be

higher than one. See Example 3.0.11 at the end of this chapter.)

Theorem 3.0.9. Let [a],[c] € O and [b] = [(1™,0F=™)] for some m < k. Suppose
(F)[e] (k)] _
that M[a},[b] %0 then M[a],[b} = 1.
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Proof. Let’s assume that the representative in standard form, a, of the the orbit [a]
is

a=((N—1)"-1 .. 19 0%). (3.9)
The following claim is the key of the proof.

Claim: If z € [c] and y € [b] satisfy the equation
z=a+vy, (3.10)
then there exists o € Si so that oca = a,
oy = (1my-1 QWv-1—mN-1 mLga=mL jmo (ao—mo)

and

oz = (OmN—l’ (N _ 1)‘1N—1_mN—1+mN72 . 1al—m1+m0, an—mo)

) ’

where mg, my,...,my_y are integers such that 0 < m; <a;, for 0 <7< N —1 and

mo +m1 + +mN_1 = m.
Proof of the claim:
Consider the bijection:

. 7k aN —1 a1 ao
oLy — Ly~ X X Ly X Ly

pr—— (pN—17 "'7p17p0)

where py_1 consists of the first ay_; entries of p, py_s contains the next ay_, entries
of p and so on, until finally py contains the last ag entries of p. Let (yn_1, .., ¥1,%0) €
ZaX ™ X .. x 25 x 73 be the image of y under this map. Note that for every
0 <j < N -—1,y;is an a;-tuple consisting of only 0’s and 1’s. Let m; be the number
of I’s in y; (hence Y m; =m), and let o; be a permutation in the symmetric group
Sq; so that

oy = (170%™ (3.11)

Now, let each of the o; act on p € ZE, by

o;p = a py_1, cees OjDjy ey D15 Do),
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Q>
S~—

where (py_1,...,P1,P0) = a(p). and set 0 = Gg...0x_1. Let (ay_1,...,a1,00) = o

so equation (3.9) gives a; = (j%) and o stabilizes a, that is,
o4 = a. (3.12)
From (3.11) and the definition of o, we get that:

oy = o(Yn_1, - Y1, Yo) (3.13)

— (1mN—1 QeN-1"MN-1 1™ (er—m1 qmo 00’0*7720)
) ’°t) ) Y Y °

We can write @ as follows:

a=((N—1)"-1,.,1%,0%) (3.14)
— ((N o 1)mN_1, (N - 1)aN_1me_1

RS L NN

Now since the action of Sy, on Z%; is linear, we get from equations (3.10), (3.12), (3.13)

and (3.14) that:

oz =a+ o0y (3.15)
— (‘]\/'mel7 (N _ 1)‘1N—1_mN71’ s 271117 1al—m1’ ]_mo7 an—mo)
— (NmN—l, (N _ 1)a1v_rmzv_1+mzv_2, s 1a1fm1+mo, Oarmo)

— (OmN‘l, (N _ 1)a1v_rmzv_1+mzv_27

ai1—mi+mo apg—mo
ol ,0 )

which finishes the proof of the claim.
Now, to complete the proof of the theorem we see that from Remark 3.0.4 we have
that

M[(a]?[[g]] = the number of non-redundant equations of the form (3.10) ,

where y € [b] and z € [].

Since M[EZI?[[IJC}] # 0, there exists y € [b] and z € [¢] satisfying (3.10). We have to
prove that if ' € [b] and 2’ € [¢] also satisfy (3.10), then there exists v € S so that

/ !

Ya = a, Yy =1y and vz =2

30



From the claim we have that since z = a + y, then there exits ¢ € Sy such that
oa = a,
oy = (1IMN-1 QaN-1TmN-L T Qe e (90T (3.16)
and
oz = (Omel’ (N _ 1)‘1N—1_mN—1+mN—2, . 1‘11—7711-1-77107 an—mo) , (317)
for some integers mg, my,...,mpy_1 such that 0 <m; <a;, for 0 <7 < N —1 and
Mo +mi+...+My_1=m.
From Equation (3.17) it follows that the representative in standard form, ¢, from
the orbit [¢] = [0z] = [2] has the form

&= ((N _ 1)‘1N—1_mN—1+mN72’ s 1(11—m1+m0, an—m0+mN71) ) (318)

!/

Now, since z/ = a + v/, the claim also guarantees the existence of a permutation

o' € Sg so that o'a = a,
o_lyl _ (1t1v71’ OaNfl_thl’ . 1t1, Oal_tl, 1t0’ 0“0_t0) (3.19)

and

O'/Z, — (OtN_l, (N o 1)aN—1*tN—1+tN—2, . 1a17t1+t0’ anfto) (320)

for some integers tg, tq,...,ty_1 such that 0 <t; <a;, for 0 <i< N —1 and

to+t1 + ... + ty_1 = m. From Equation (3.20) it follows that
&= ((N . 1)aN—1*tN—1+tN—2’ . 1a17t1+to’ 0a07t0+t1\]_1) ) (321)

Since the representative in standard form ¢ of the orbit [c] is unique, from Equations

(3.18) and (3.21), we get the system of equations

an—1 —tn—1 tin_2 =an—1 — MN_1 +MN_2

anN—2 —tn_2 tin_3=an_2— MN_2 +MN_3

ay —ty +tg=ar —my +myg
ap —top+tn_1 =ag —mo+my_1

t0+t1+...+tN,1=m:m0+m1+...+mN,1.
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Which is equivalent to the system

—in1+iny2=—mny 1+ My 2
—In2+in_3=—MmNn_2+MN_3
—tl + to =-—m; + myo
—to+In-1=—mo+mn-1

t0+t1+...+tN_1:m:m0+m1+...—|—mN_1,

and it can be easily seen that this system has as unique solution ¢; = m; for i =

0,1,..,N —1.

Therefore we have that ca = @ = ¢’a, from Equations (3.16) and (3.19) we have
that oy = @ = o'y’ and from Equations (3.17) and (3.20) we have that 0z = a = 0’2",

1

Hence by letting v = 0~ "0’ we get

yva=a =y and 2 =z

Thus we have M[ES)[[I)C]] =1. O

Corollary 3.0.10. Let [a] € O, assume that a = ((N —1)*N=1 ... 1% 0%) and let
[b] = [(1™,0%=™)]. Then for [c] € O we have

;

1, ifc= ((N _ 1)aN—1me_1+mN_2, s 1a17m1+mo’ anfmo+mN_1)’
N-1
. for some integers mg, mq,...,my_1 such that Z m; =m
NPl _ { g

and 0<m;<a; ,for 0<i<N-—-1

0, otherwise.

\

We finish the chapter with an example showing that the coefficient M[(a?[[bc]] could

be more than 1.

Example 3.0.11. Let a = (2,1,0) € Z3. Then we have that & = (2,1,0) and
la] = {(2,1,0),(2,0,1),(0,2,1),(0,1,2),(1,0,2),(1,2,0)}. To compute [a] X [a], we
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remove all redundancies from the list:

(2,1,0) + (2,1,
(2,1,0) + (2,0,
(2,1,0) + (0, 2,
(2,1,0) + (0,1,
(2,1,0) + (1,0,
(2,1,0) + (1,2,

We can see that there are no redundant equations in that list, so we get
[(2,1,0)] x [(2,1,0)] = [(2,2,2)] + [(1,1,1)] + 3[(2, 1, 0)] + [(0, 0, 0)].

Note that the orbit [(2,1,0)] has multiplicity 3 in the product.
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Chapter 4

Young diagrams and Pieri rules

4.1 Symmetric polynomials and fusion algebras

N—

Given a dominant integral weight of g = sly, p = Ejzll a;\;, we have associated to

it a partition, denoted by (u), given in (2.11) by:

N-1 N-1
(/J) = (Z Qj, Zajv ---;aN—l) = (M17M27 "'7MN—1) (4'1)
7=1 7j=2

where j;, 1 <t < N — 1, is the " part of the partition (u). To such partition we
can associate a Young diagram which is defined as the set of unit squares centered at
the points (s,t) € Z% for 1 < s < y; and 1 <t < I(u), where [(u) denotes the length
of (1), the largest value of ¢ such that u; # 0. The Young diagram associated to the

partition (4.1) is given below.

aN-1

an—2 +an_1

N-1
ijz a;

N-1
Zj:l a;

where the label at the end of every row means the length of the row.
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Definition 4.1.1. Given a Young diagram associated to a partition (u) =

(1, pi2, .., i), we define the conjugate Young diagram to be the diagram obtained
from the Young diagram of (u) by interchanging rows and columns. The partition
associated to the conjugate Young diagram will be denoted by (ii) = (fix, fiz, ---, fit)
where t = 1 and will be called the conjugate of (u).

Example 4.1.2. Let (u) = (5,4,1,1). Below we have the diagrams of (u) and its
conjugate (fi).

(1) (i)

Then the conjugate of (u) is the partition (i) = (4,2,2,2,1). Note that the length

of (i) equals py.

The following definitions are important to describe the product of symmetric

polynomials.

Definition 4.1.3. If (v) and (u) are partitions so that p; < v; for all i, the set
difference between (v) and (u) is called a skew partition denoted by (v)/(n) and its

diagram is called a skew diagram.

Example 4.1.4. Let (u) = (3,2,1,0) and (v) = (5,4,1,1), the Young diagrams for
(v), (n) and (v)/(p) are below
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where (v) is the whole diagram, (u) is the diagram formed by the crossed bozes and

the skew diagram (v)/(u) is formed by the empty bozes.

Definition 4.1.5. A skew diagram is called an m-column strip if it has m boxes
with at most one box in each row, and is called an m-row strip if it has m bozes

with at most one box in each column.

Example 4.1.6. Let (1) = (3,2,1,0) and (v) = (4,3,1,1)

The skew diagram (v)/(p) in this example is both a 3-row strip and a 3-column

strip.

Definition 4.1.7. A tableau of shape (v)/(u) is a filling of the diagram (v)/(w)
with positive integers nondecreasing in rows and strictly increasing in columns. The
content of a tableau is the sequence (by, ba,...) where i appears b; times in the filling

for every i > 1.

Example 4.1.8. Let (1) = (2,2) and (v) = (5,4,1,1). The following fillings of the

skew diagram (v)/(p) give two tableaux

4 3
3 2

These two tableauz have both content (1,2,3,1).

Young diagrams are closely related to the algebra of symmetric polynomials, since

a very important basis for this algebra is indexed by partitions. We describe the
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algebra of symmetric polynomials as well as its basis formed by Schur polynomials in

the following paragraph.

The algebra of symmetric polynomials in NV variables is the algebra of polynomials
f € Qzy,xs,...,xy] invariant under the action of the symmetric group Sy that

permutes the variables. This algebra is denoted by Ax = Q[x1, X3, ..., Xn]5N.

For 0 < m < N define the elementary symmetric polynomial

Em = E Lig oL s

1<i1<...<im <N

and e,, =0 for m > N.

For m > 0 we define the homogeneous symmetric function
hm = E LiyeoLipy, »
1<y ... i <N

and we define e,, = 0 = h,,, for m < 0. We also define eg = 1 = hy.

A basis for Ay is given by the Schur polynomials S(,) indexed by partitions (u) =
(/ulnu% st /uN) with l(/u) < N: defined by

hul hul-i-l Tt hul-i—N—l
B, — h ... h _
S = det(hy, i) =| 7 . e (4.2)
h,uNfNJrl h,uNfN+2 s h,uN

if 1 <I(p) < N. Note that S(,) = hy, if (1) = (m) consists of a single part.

The elementary symmetric polynomials are also generators of the algebra of Ay,
since Schur polynomials can also be expressed as a determinant of them. If (u) =
(1, pi2, -, iy ) and its conjugate partition is (1) = (fi1, fig, ..., fiz) Where t = py, then
the Schur polynomial S(,) is also given by

€ €+l --- Chitt-1
€1 € N
2 2 p2+t—2
Sty = det(eq,—itj) = (4.3)
€a—t+1 Cag—t+2 - .- €
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Note that S, = em if (1) = (1™).

Equations (4.2) and (4.3) are known in the literature as the Jacobi-Trudi deter-

minants.

It was proved by Goodman and Wenzl [GW] that the fusion algebra F(Ay 1, k)
associated to sl ~ on level k is isomorphic to the quotient algebra of symmetric poly-

nomials Ay /I™F) where

JWNK) — <S(1N) —1, S(H) | 1 — py =k + 1>.

This condition on partitions in 7"¥) limits the shape of Young diagrams that are
relevant to the quotient algebra Ay /IV*). The following definition exactly describes

these diagrams.

Definition 4.1.9. Let () be a partition so that puy — uy < k, then we say that (u) is
(N, k)-restricted. The set of (N, k)-restricted partitions will be denoted by TINK).

Example 4.1.10. The Young diagrams for the partitions in the definition are exactly
the ones whose distance between the first column of height N —1 and the last column,

15 less than or equal to k, as the next diagram shows.

BN

HN-1

M2

H1

<k

After giving some definitions we present below some results of Goodman and
Wenzl, (see [GW] or [Tu]) which provide the multiplication in the fusion algebra
F(AN_1,k).

Definition 4.1.11. We call a skew diagram (v)/(u) a (N, k)-cylindric m-row

strip if it is an m-row strip for some m and vy — uy < k.
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Example 4.1.12. Let yu = (3,2,1) and v = (4,3,2) be partitions, N = 3 and k = 3.
The skew partition v/u is a (3,3)-cylindric 3-row strip, since vy — pug = 3. This can

be visualized from the diagram

In fact v/u is a (3, k)-cylindric 3-row strip for any k > 3 and it is not a (3,2)-

cylindric 3-row strip.

The isomorphism Ay /INF) = F(Ay_y, k) gives the following dictionary

ASN /TR s F(An_1, k) (4.4)
S «— V*#

WS = Z N Sw) = Vi@ V= P NEVY,

v

where the left hand side is indexed by partitions (u) = (uy,..., un) € IV*) and
the right hand side is indexed by weights u = Z;.\;l(/ucj — pir1)A; € PF. The
correspondence (2.10) allows us to move from left to right in the dictionary and
the right inverse (2.11) of (2.10) allows us to move in the opposite direction in the

dictionary. We also get an equality of structure constants in both rings, i.e., IV, (( )) ((/\)) =

k)v
N

4.2 Fusion Pieri rules

From the equivalence relation ~ defined in (2.12) we know that given a weight u =
Z;V 11 a;j\; € P there are infinitely many partitions in V) that correspond to
W, since the correspondence (2.11) is onto but not one-to-one. The next lemma says

that the Schur polynomials corresponding to partitions that are equivalent under ~
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are equal in the quotient Ay/I™*). Just recall that two partitions (p) = (1, ..., tin)
and (v) = (v, ...,vn) are equivalent under ~ if and only if there exists a positive
integer ¢ such that y; = v; +c for e = 1,..., N. Then it would be sufficient to prove
the following.

Lemma 4.2.1. Let (p) = (pi1, ..., i) € TTNVE) then in Ay /TNF) we have
S(M) - S(Hl—uNr--,#Nfl—#N)'

To prove this lemma we need the following result due to Goodman-Wenzl (see

[GW] or [Tu]).
Theorem 4.2.2. [GW] (Fusion Piert rule for multiplication by e,,)

Let (p) € ™K and m < N. Then in Ay /TN we have

S(u)em = Z Sw)- (4.5)

(v)ell(NV:k)|
(v)/(p) is an m-column strip

Corollary 4.2.3. For (p) = (p1, ..., pn) € IIW*) we have the equality in Ay /TN
Stu) = S 1, un+1)-

Proof. From Theorem 4.2.2 we have

Swen = > S()-

(v)ell(V:k) |
(v)/(n) is an N-column strip

The partition (u) has length at most NV, so its Young diagram has at most N rows,
therefore the only (v) € MIW*) such that (v)/(u) is an N-column strip is the one

obtained by adding one box on each row, so we get

SweN = S(u+1,.un+1)-

(N.k)

Now, since ey — 1 is in V%) we get the desired equality in Ay /INF). O

Lemma 4.2.1 is a direct consequence of this corollary. It can be also proved directly

using (4.3).
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Example 4.2.4. Let N =4, k =3 and () = (5,4,4,3). From Lemma 4.2.1 we have
that in Ag/T*%)
Sw = Se1)-

We can actually see this equality by using the definition of the Schur polynomial in
terms of the elementary symmetric polynomials and the fact that e, = 1 in the quotient
algebra Ay /T*3). The conjugate of (1) = (5,4,4,3) is the partition (fi) = (4,4,4,3,1)
so from the Jacobi-Trudi determinant given by (4.3) we get

eq €5 eg er eg
€3 €4 €65 € €7
S =detles,—irj) =|ex es es e5 el

€o €1 €2 €3 €4

€_3 €9 €_1 1 €1
Using the relations e_1 = e_o =e_3 =e5 =eg =e; =eg =0 and eg = 1 in Ay and

eq = 1 in Ag/I™%) | this determinant simplifies to

1 0 0 0 O
es 1 0 0 O
€3 1
Sy = det(ep—ivj) =le; e3 1 0 0=
1 €1
1 €1 €2 €3 1

0 0 0 1 e

The congjugate of the partition (2,1, 1) is the partition (3,1), and from (4.3) we get
€3 1
S(aa,1) = det(ep, irj) =
€1

This example shows how Lemma 4.2.1 yields the equality in a much simpler way.

(V:k) we can remove all of the

Lemma 4.2.1 says that from a Young diagram in II
columns of height N, and the Schur polynomials corresponding to the original diagram

and the new diagram are equal in Ay /I(MF).

The next theorem illustrates another result of [GW], connected to the orbits prod-
uct from Theorem 3.0.9. We will see some examples of how the connection works in

this chapter and we will give the proof in the next chapter.
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Theorem 4.2.5. [GW] (Fusion Piert rule for multiplication by hy,)
Let (p) € INK) and m < k. Then in Ay /I™F) we have

S(uyhm = > S(w)- (4.6)

(V)GH(N’k),
(v)/(p) is an (N,k)-cylindric m-row strip

Example 4.2.6. Let N =4, k=3 and (p) = (3,3,1,1). Using the previous theorem
we get that Sy hy equals the sum of Sy ’s so that (v) is a (4,3)-cylindric 1-row strip.

The diagram below shows all possible (v)’s.

Therefore in the algebra Ay/I™3) = Q[zy, 29, 23, 24]% /I3 we get that
Si3,1,1)h = S33,2,1) T S4,3,1,1)-
From Lemma 4.2.1 we know that we can remove the column of length 4 from each of
the Young diagrams, so we get
See2)h1 = S(2,2,1) + 5(3,2)- (4.7)

Now using the Dictionary (4.4), this product translates into the fusion product in
I(Afia 3)

V2/\2 ®3 V)\l — V>\2+/\3 D V/\1+2>\2.
Example 4.2.7. Let N =4, k =3 and (1) = (3,2,2,1). To find the product S(,)hi,
we use the diagram below, which shows all diagrams (v) € II*®) where (v)/(u) is a

(4,3)-cylindric 1-row strip
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Therefore, in the algebra Ay/I™%) | we get that
S@22nht = Se222) + 53321 + Sa221)
By removing all columns of height 4 in each of the diagrams on both sides we get
Se1,1)h = Sa) + Sz + 531,10 = h + See1) + S, (4.8)
which, by the Dictionary (4.4), translates into the fusion product in F(As,3)

VArtAs 3 VM = A g Aetds gy 1720

The previous theorem can be simplified. Note that since u is a weight of Ay_1, we
can take the Young diagram for () to be inside the rectangle (N —1) x k, without loss
of generality. Then (v) in the right hand side of (4.6) has to be inside the rectangle

N x k. We prove this statement in the following lemma after setting up some notation.

Notation 4.2.8. For a partition (1) € TI™F)  we write (1) C r x k when the Young

diagram of (u) is contained in the rectangle r X k.

Lemma 4.2.9. Let (u) € (N — 1) x k and let (v) € TINH® | where (v)/(1) is a
(N, k)-cylindric m-row strip for m < k, then (v) C N x k.

Proof. Let (1) € (N — 1) x k and assume that (v) € II™F where (v)/(u) is a
(N, k)-cylindric m-row strip. Thus (u) is a partition of length at most N — 1, say
(u) = (p1,...,un—1). Note that since (u) € (N — 1) x k and (v)/(p) is an m-row
strip, then the height of any column of (v) is at most N. That is, (v) is a partition
of length at most N, say (v) = (v1, ..., Un).

We claim that (v) cannot have rows of length > k, because otherwise vy — uy =
vy > k which means (v)/(u) is not (N, k)-cylindric. Therefore (v) is inside the
rectangle N x k.

O

Remark 4.2.10. The condition (v)/(u) is (N, k)-cylindric is implied from the as-

sumption that (v) C N X k. This is clear because vy < k implies vy — uy < k.
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Lemma 4.2.9 and Remark 4.2.10 allow us to rewrite Theorem 4.2.5 and equa-

tion (4.6) as follows:

Theorem 4.2.11. (Fusion Pieri rule for multiplication by h,,)

Let (1) € (N —1) x k and let m < k. Then in Ay/I™F we have

Swhm = > S(w)- (4.9)

(V)TN xk,
(v)/(p) is an m-row strip

Remark 4.2.12. Theorem 4.2.5 seems a little more general than this last theorem,
since it applies to partitions (p) in TIVK | but in general if (1) = (p1, pioy ..., i) €
IR we can apply Theorem 4.2.11 to the partition (1 —pin, o — N -y fin—1— ) C
(N — 1) x k and we get the same result.

Theorem 4.2.11 will be useful to prove our main result (Theorem 5.1.4). Here we
show some examples of how this theorem applies.

Example 4.2.13. Let (u) = (2,1), N = 3 and k = 3. Using Theorem 4.2.11 to

compute S, hy we get

that is, in the algebra As/I®%  we have that:
Senh2 = Sie21) + Se11) + S3,2)-

Now, the weight associated to the partition (1) = (2,1) is pp = A + A2 and the weight
associated to hy = S(20,0) 15 2A1. Then the above equation translates into the fusion

product in F (A, 3)
V)q—i—)\z ®3 VQ)\l — V/\z D V2/\1 D V/\1+2/\2.

Under the correspondence (2.9) we have that the orbits corresponding to the weights

A1+ A2, 201, Ao and A\ +2)\y are respectively [(2,1,0)], [(1,1,0)], [(2,0,0)] and [(2,2,1)].
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Looking at (3.7) in Example 3.0.5 we see that this fusion product agrees with the orbit
calculation from that example. This is not a coincidence, it follows from (3.4) proved

by Feingold and Weiner in [FW].

In the next example we see another fusion product done via Pieri rules whose
outcome agrees with an orbit calculation for N = 4. This does not follow from (3.4),

but it is not a coincidence either as we will see in the next chapter.

Example 4.2.14. Let (p) = (3,2,1), N =4 and k = 3. Using the Theorem 4.2.11

we get

This shows that Sz21)he = S(33,2) + S3,3,1,1) + S(3,2,2,1) where the computation is
done in the algebra A4/I(4’3). By taking away columns of length 4 we get

Saanhe = Si32) + S22 + Se)-
By the Dictionary (4.4) we get the fusion product
V)\1+)\2+)\3 ®3 V2>\1 — V)\2+2>\3 D V2A2 D V)\1+>\3‘

Under the correspondence (2.9) we have that the orbits corresponding to the weights
A +Aa+ A3, 2A1, Ae+2A3, 2Xo and A+ A3 are respectively [(3,2,1)], [(1,1,0)], [(3,3,2)],
[(2,2,0)] and [(3,1,0)]. Looking at (3.8) from Ezample 3.0.7, we see again that the

orbit computation gives exactly the same answer as the Pieri rule computation above.

Example 4.2.15. Let (u) = (3,2,1), N =4 and k = 3. Let us compute the product
Si2,1h2hy by iteration. In the previous example we found that S(z2,1)he = S(33.2) +
S2,2) + S(2,1,1), therefore we have

Sa21)heht = S z2)h1 + Si2)ht + Se11)h
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The products S 20h1 and Skt were already computed in (4.7) and (4.8) from
Ezamples 4.2.6 and 4.2.7, so we only need to compute the product Sz 32)hi. The
diagram below shows all diagrams (v) C N X k such that (v)/(p) is a 1-row strip,

giving the answer according to Theorem 4.2.11

Therefore S2,1,1)h1 = S3,3,2,1)+953,3,3) = S2,21)+53,3.3)- Now putting this together
with (4.7) and (4.8), we get

S@2nhaht =3502.21) + S35 + S6,2) + Se1,1) + A (4.10)

4.3 Iterative fusion Pieri rules

The next theorem illustrates how the iterative product of S, by several h,,’s, as in
the previous example, can be done without iteration if instead of using diagrams we

use tableaux. We need a definition before stating the theorem.

Definition 4.3.1. Let (u) € (N — 1) x k, (v) € I™K and € = (e, €, ...,€.) be
a sequence of nonnegative integers. A tableau of shape (v)/(u) is called an (N, k)-
cylindric tableau if for each 1 < p < vy the entry in the top row and column p of
(v)/(p) is strictly less than the entry in the bottom row and column k+p. We denote
by K8 the number of (N, k)-cylindric tableaux of shape (v)/(p) and content €.

)/ (1)se

The number Kgﬁ%ﬁ is called the (N,k)-fusion skew Kostka number and for
(k)

(1) =0, the number K" is called the (N, k)-fusion Kostka number.

Example 4.3.2. Let (1) = (3,2,1), (v) = (4,2,2,1), N =4, k=3 and ¢ = (2,1).
Below we draw all tableaux of shape (v)/(1) and content € and indicate whether each

tableau is (4, 3)-cylindric or not
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2 1 1
(3,4) — cylindric not (3,4) — cylindric  not (3,4) — cylindric

y (473) J—
This shows that K(4,272,1)/(372,1),(271) =1.

Example 4.3.3. This ezample shows the dependence on k of the fusion skew Kostka
number. Let (), (v), N and € be as in the previous example and let k = 4. One can
see that all diagrams above are (4,4)-cylindric, therefore we have that

4,4
K((4,2,)2,1)/(3,2,1),(2,1) = 3.

Example 4.3.4. Let () = (3,2,1), (v) = (3,3,2,1), N =4, k=3 and e = (2,1).
Below we show all tableauz of shape (v)/(p) and content €, all of them are (4,3)-

cylindric

(4,3) _
Therefore we have K(3’3,2’1)/(3,2’1)7(2,1) = 3.
Theorem 4.3.5. Let i € Pf, € = (€1,€2,...,6) a sequence of nonnegative integers
and he = he, -+ - he.. Then we have
_ (IN,k)
Suwyhe = KV/M6 Sw)-
(v)ETI(N,K)

Example 4.3.6. Let us use this theorem to compute the product S(321)hohy, with
N =4 and k = 3. We want to verify that our result matches the answer in Example
4.2.15. According to last theorem, we need to list all diagrams (v) € II"%) such that
(v)/(p) is a (4,3)-cylindric tableau with content (2,1). Then it is clear that (v)/(p)
consists of 8 bozves. We show below all diagrams (v) € TI*%) such that (v) /(1) consists
of 8 boxes:
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(1) (2) (3) (4) ()

Now we have to look at all possible fillings of these skew diagrams that make them
into a (4,3)-cylindric tableau. Examples 4.53.2 and 4.3.4 above show the number of
(4, 3)-cylindric tableauz for the shapes (1) and (4), and it is easily seen that for the

rest of the diagrams the Kostka skew number is equal to 1, so we have:

S(,u)h2h1 = 5(4,2,2,1) + 5(4,3,1,1) + 5(3,3,3) + 35(3,3,2,1) + 5(3,2,2,2)
= S3,1,1) + 532 + 5333 + 35221 + S0

= S3,1,1) T 5@3,2) + 53,33 +3S2.2,1) + ha.

Just note that this matches (4.10) from Ezample 4.2.15.

4.4 Rank-level duality

Several authors have stated the famous type A rank-level duality, see for instance
[Ful], and many have tried to prove that F(An_1, k) = F(Ag_1, N), which is actually
not true (for instance F (A, 3) is not isomorphic to F(As, 2), in fact they do not even
have the same dimensions which are 4 and 6, respectively. However see [Tu| or [GW]
for a proof). The isomorphism we are going to prove in this section was stated without

proof in [Ful].

Before we start the proof of the isomorphism let’s introduce some notation. We

have

F(Ax 1,k) = Ay /TNH = Q[zy, 23, ..., 2]V /T
is the algebra defined in Section 4.1 and
F(Ap 1, N) = Ak/f(k’N) = Qly1, v, ---;yk]sk/l(k’N)-
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We keep the notation S(,) for Schur polynomials in Ay /I (Nk) - To avoid confusion
the Schur polynomials in A/I*") will be denoted by S(z)- We have to use (1) to
index Schur polynomials in Ay, because Ay /I™F) is indexed by partitions inside the
rectangle N x k while A /I (k:N) is indexed by partitions inside the rectangle k x N. We
also keep the notation h,, = hp,(z1, z9, ..., zx) and e; = es(xy, T, ..., zx ) for h,, and e,
in Ax /TN but we will use ', to denote hy(y1, ¥, ..., yx) and €' for eq, (y1, Yo, ..., Y)

in Ay/I*N) where 1 <s < N and 1 <m < k.
Let (1) € (N — 1) x k be a partition. Equation (4.5) from Theorem 4.2.2 says
that in Ay /I™F) we have

S(uem = > Stw)-

(V)EH(N’k),
(v)/(p) is an m-column strip

The following remark will be the key in the proof of the rank-level duality isomor-

phism.

Remark 4.4.1. If we assume that py < k, that is, if (u) € (N —1) x (k — 1), then

the partitions (v) on the right hand side of the equation above satisfy (v) C N X k.

Proof. Assume that v; > k+ 1, then since p; < k—1 we have that vy — p; > 2. That
means the bottom row of the Young diagram of (v) has at least two more boxes than
the bottom row of the Young diagram of (x). This contradicts the fact that (v)/(u)

is an m-column strip. |

From this remark we get the following

Lemma 4.4.2. If (1) C (N —1) x (k— 1) then

Swyem = > Stw)- (4.11)

(V)TN xk,
(v)/(p) is an m-column strip

Consider the partition (1™,0Y~™). Since e,, = Sum) and the conjugate of (1™) is
the partition (17”) = (m,0,0,...), applying conjugate to the equation (4.11) we have
S(y i, = > S(s)- (4.12)

(7)Chx N,
(#)/(R) is an m-row strip
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This equation is exactly the result obtained in Theorem 4.2.11. This suggests that
there might be a an algebra map from Ay /IM*) to Ay /I*N) defined by “conjugation”

S(#) — SEﬁ)'
This map fails to be an algebra homomorphism since ey = Siyvy =1 € Ay /TIVF) is
mapped to SEFV) = Sy = hiy but hyy # 1 in Ag/T%®N) . But if we modify the ideal
Ik by adding the relation hy, = 1 and modify the ideal I*") by adding the relation

h'y = 1, we will see how the above map becomes an isomorphism between the two

new quotient algebras.

Consider the ideal I™V*) of Ay = Q[z1, T3, ..., zx] ™ defined by
j(N’k) = <S(1N) — ].,S(N),hk —1 | M1 — UN = k+ 1>
and the ideal I®™) of Ay, = Qly1, 2, ..., yx|°* defined by

TN = (85 = 1,80, by = 1| fu = fi = N +1).

Then we get a homomorphism

Ay /TNF) A /TN (4.13)

S(/L) — Séﬁ)'

The map sends hy, = Sy to Séﬁz) = SEW) =e, for 0 <m < k—1and e, = Sum
to SEm) = h!, for 0 < m < N — 1. Moreover, by Theorem 4.2.11 and Lemma 4.4.2
we get that the product S(,)hn, in Ay /I matches the product S{; ey, in Ay/T*N)
(See (4.11) and (4.12)). We also get that the product Sizye, in Ay /I™®) matches the
product S¢, hy, in Ay JI%®:N) - Therefore, the homomorphism above sends generators
to generators and the corresponding multiplication by each generator in both rings
agrees, therefore we have an isomorphism between both algebras. This isomorphism

is known as the Type A rank-level duality.

Using the notation for fusion algebras, the Dictionary (4.4) relates hy = Skp..)
with VFM in F(Ay 1, k) and by = Sno...) with VN in F(Ag 1, N), so we get an
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isomorphism between the algebras
F'(An 1, k) = F(Ar 1, N),

where

F'(An_1,k) = F(An_1, k) /(VF* — VO

and

F(Ap_1,N) = F(Ap_1, N)/ (VN VO,

4.5 Simple currents

In the particular case when m = k of Equation (4.9) in Theorem 4.2.11 we get that
for (u) C(N —1) x k

Suwhe = > Stw)-
(v)CN xk,
(v)/(n) is a k-row strip

Looking at the right hand side of this equation, we get that there is a unique partition
(v) € N x k so that (v)/(p) is a k-row strip, namely if (p) = (u1, pio, .., v—1) then

(v) = (k, p1, 2, -, iv—1). Therefore the equation above becomes
S(/J’)hk = S(kﬂJl:/J’?a"-al/’Nfl) = S(k_ﬂNfl7/~L1_/J'N—l7”2_/J'N717-“7/J'N72_/J/N71)' (414)

The basis elements with this property are called simple currents. We establish the

precise definition of a simple current next.

Definition 4.5.1. Let B = {z, | a € A} be a basis for a fusion algebra F. We say
that x4, € B is a simple current if for any element x, € B the product x,xp, = x. € B

for some c € A.

From equation (4.14) we get that hj and therefore ht for t > 1 are simple currents

in Ay/I™F) . In fact, multiplying S(u) iteratively by hy we get

Sthi = Sqw) (4.15)
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where

(1) =(k — pn—t + UN—(t=1)s k — IN—t T UN—(t=2)s - k — Nt + N1,k — pin s,

P = Nty ey N (t41) — UN—¢)- (4.16)

In particular, if (1) = (k), since Sy = hy we get ALt = S(ke+ny and therefore
hy = Sgny =11in Ay/I™®) | since the partition (k") consists of k columns of height

N.

It is also known that the set of simple currents of the basis for Ay /IV*) indexed
by partitions whose Young diagram are inside the (N — 1) x k rectangle, is the set
{ht | t > 0} and that this set actually spans a sub-algebra of Ay/I*). Moreover,
since hy = 1in Ay/I (N:k) we get that the set of simple currents forms a cyclic group

under multiplication isomorphic to Zy and the sub-algebra they span is the group

algebra Q[Zy].

So we can see that the algebra Ay /I*) can be obtained from the fusion algebra
An/I™N*) by identifying simple currents with 1, in other words by making the quotient
by the ideal generated by hy — 1, (h — 1).

We conclude the chapter by recalling a known characterization of the fusion coeffi-

cients N (fc)

\ #" when A is a multiple of the first fundamental weight A\; of type Ax_1, and

an extension of it using the theory of simple currents. The precise characterization is

as follows (see [Tu]):

1, if there exists () C N X k such that (v)/(u) is an m-row strip

NIE?:M = and (7) ~ (v),

0, otherwise,
(4.17)

where m < k and ~ is the equivalence relation defined in Equation (2.12) and (u)

and (v) are the partitions corresponding to p and v.

Let (u') be the partition from Equation (4.16) and let (\) be the partition such
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that Sy = hjhy, for m <k and 0 <t <N — 1. Then we get

Sy Sy =S ltchm

=S fm
Therefore we get
k)v k)v
NBr = NGV . (4.18)
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Chapter 5

Connection between Young

diagrams and Sj-orbits of Zlfv

5.1 Main theorem and results

Let A = a1 A1 +as o +...+any_1An_1 be a dominant integral weight for g = sl of type
An_;. The orbit in standard form associated to A is given by (3.2) and the partition

is given by (4.1). These two points of view are related as the following lemma shows.

Lemma 5.1.1. The orbit in standard form (3.2) is a partition whose conjugate is

given by (4.1).

Proof. Consider the diagram

aN-—1

anN—2

D)

ai
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where the label a; on top equals the number of columns in that block, and the subscript
i, equals the height of each column in that block. This means that, there are ay
columns of height N — 1, ay_s columns of height N — 2,..., as columns of height
2 and a; columns of height 1. Reading the diagram from left to right we get the
partition (3.2), and reading the diagram from bottom to top, we get the following:

The first row has length ay_1 + ay_o + ... + a1 = Z;V:_ll a;. The second row has

length ay_1 + an_2 + ... + as = Z;\Sl a;, and the last row has length ay_;, that
is, the diagram above corresponds to the partition (4.1). Thus (3.2) and (4.1) are

conjugates of each other. O

Remark 5.1.2. This lemma says that from a Young diagram (u) € (N — 1) x k,
we can associate with (u) a k-tuple whose jth entry is given by the height of the j-th
column of the diagram. This k-tuple is actually the representative in standard form

of the orbit in Z% whose corresponding partition is (n). This k-tuple will be denoted
by [i.

Remark 5.1.3. If (v) = (v1,...,vn) C N X k we can also associate with (v) a k-tuple
in ZX;, by letting the j-th entry of the k-tuple be the height of the j-th column of
(v) modulo N. This k-tuple is a representative from the orbit [v] associated to the
partition (v), but is not necessarily in standard form. We denote this k-tuple by
v. The representative in standard form for the orbit [v] can be obtained directly as
follows: Let (V') = (11 — vn, ..., Un—1 — VN), then (V') C (N — 1) x k, so the k-tuple
whose j-th entry is the j-th column of the Young diagram for (V') is the representative
in standard form of the orbit [v] associated to the partition (v). Therefore V' € [v].

We also get that (v) ~ (7) ~ (V') where ~ is the equivalence relation defined in (2.12).

Seeing the standard form of an orbit in Z% as a partition will help us prove why, in
some special cases, the orbit product (3.3) matches the Pieri rules. The next theorem

illustrates some of these cases.

Theorem 5.1.4. Let A = m\; be a multiple of the first fundamental weight for Ay _1,

m <k, p=a\ + ... + an_1An_1 any other weight of level k and [\] and [u] their
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corresponding orbits in Z%,. Then NIETC))\V = M[(:])m for any weight v of level k. In other
words, the product of the orbits [p] x [A| matches Pieri rules for the multiplication

Swhm, (4.9).

Proof. The first step of the proof is to prove the following claim
Claim: N(;\ =1 if and only if M k])[:} =1
The theorem will follow from this claim, Corollary 3.0.10 and Equation (4.17).

Proof of the claim: Let’s assume that N I(LkA)V = 1. From Equation (4.17), we know that
there is a partition (¢') C N X k so that (¢')/(u) is an m-row strip, and (') ~ (v),
then from Remark 5.1.3 we get that [v] = [V/]. Since (v') C N x k and (v')/(p) is
an m-row strip, (') can be obtained from (u) by adding m boxes with no two in the

same column, hence there exists y € [(1™,0*~™)] so that

~ /

vV+y=v.

Now since y € [(1™,0¥™)] and (V) € [V'] = [v] we have that M(k] [K] # 0, then from

Corollary 3.0.10 we get M[(k])[[ﬂ =1
In the other direction, let’s assume that M[(:})& = 1. Then from Corollary 3.0.10

we have that v = ((N — 1)“”*1_mN*1+mN*2, ceny LArmmatmo (ao=motmN—1) - for some in-

tegers mq, mq,...,my_1 such that Z o "Ymi=mand 0 <m; <a; for 0 <i<N—1.
Consider the k-tuple 7 € ZE, defined in Remark 5.1.3,

7= (OmN—l, (N _ 1)aN—1*mN—1+mN—2’ . 1a1*m1+m0, OQO*WO)

so 7 € [v]. Define the Young diagram (v') whose first my_; columns have height N

and for j > my_1, the j®* column has height equal to the j* entry of 7.

Now since the k-tuples /i and /' satisfy the equation

N-1
s ey 10 0%7™0) = 1)/ where E m; =m,
i=0

ﬂ + (1mN_1, OGN—1+mN*1

then we have that (¢')/(u) is an m-row strip and since (V') ~ (7) ~ (v), then we get
1

from (4.17) that NS))‘" O
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Note that in general multiplication of two orbits gives a linear combination of
orbits. The orbit [k\;] is special since every product of this orbit with any other gives

a single orbit as an answer. We encode this result in the following lemma.

Lemma 5.1.5. Let [i] be any Si-orbit of Z5;. The product [kA1] x [u] equals a single

orbit.

Proof. Since the k-tuple (1¥) is fixed by the action of Sk, the orbit of [kA] = [(1¥)]

consists of a single k-tuple. The result easily follows from this fact. O

Although the product defined on orbits is not associative, as shown in exam-
ple 3.0.8, we can prove associativity in the special case when one of the orbits involved

is [(#*)], 1 <t < N — 1. We state the result in the following lemma.

Lemma 5.1.6. Let [a] and [b] be Sg-orbits of Z%,, and let 0 <t < N — 1. Then we

have:

([a] x [(#)]) x [b] = [a] x ([(£*)] = [o]) - (5.1)

Proof. From lemma 5.1.5, the products [a] x [(t*)] and [(t¥)] x [b] each consists of a
single orbit. If a = (ay,...,ax) is a representative from the orbit [a], then a repre-
sentative of the orbit [a] x [(t*)] is given by (a1 + t,...,ar +t) (where every entry is
considered modulo N). Let us denote by [a +t] the orbit of [a] x [(t*)], and since the
same applies to the orbit [(t*)] x [b], we denote this orbit by [b + t], that is,

[a] < [(t")] =[a+1t] and [(t*)] x [b] = [b+t]. (5.2)
Then from (5.1) and (5.2) all we have to do is prove the following equation:
[a+t] x [b] = [a] x [b+t].
This is equivalent to proving that for any orbit [c] of Z% we have that:

B _ (k)]
Mig ) = Mol ot (5.3)
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To prove this equality, first observe that there is a one-to-one map given by:

T(la+ 1], 0], [c]) — T(lal, [b + 1], [c]) (5.4)

(Z’,y,Z) — (x_tvy+tac)

where x — t is the k-tuple obtained from z by subtracting ¢ from every entry of z
and y + t is defined by adding t to every entry of y, that is, z —t = = — (¢*) and
y+t=1y+ (tF). Let 0 € Sy. Since the action of S, on k-tuples is linear, we have
that o(x — t) = o(z — (tF)) = oz — o(tF) and o(y +t) = o(y + (t*)) = oy + o(t¥).
Therefore the map (5.4) is invariant under the action of Si. Thus the equality (5.3)
follows. O]

These lemmas are useful to find other orbits whose fusion product can be computed

by the orbits method, and those are given below.

Theorem 5.1.7. For m < k let [m\;] and [k)1] be the orbits in Z%, corresponding to
the weights mAy and kAy, respectively. For 0 <t < N — 1 let A be the weight whose
corresponding orbit in Z is given by [\] = [mA1] x [kA1]!, and let p be any other

weight on level k. Then for every weight v on level k we have

B o (R
Ny = M-

Proof. Since [k\;]! = [(t*)], for an orbit [u], we have:
(A} x [u] = (ImMi] x [kM]) x [p] = [mAa] x ([RAd]" x [u]). (55)

From Lemma 5.1.5 the orbits product [kA1]* X [u] = [p + ] gives a single orbit. Let
1’ be the weight so that [p/] = [p + t]. Then from (5.5) we get

[A] % [u] = [mA] > [i].

Therefore M [(f])[[:} =M, [(YI:L))\[':]],[H,], for all weights v.

From Theorem 5.1.4, we have M, [(:L))E’:]} ) = N, r(: ))\'1/ v for all weights v. This combined
with (4.18) gives us

N = 0

= [mAa],[w']"
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Therefore we get

(kv __ qr(k)[v]
NA,M - M[/\],[u]'

OJ

We get the following characterization of these special level k fusion coefficients.

Theorem 5.1.8. Let pu and v be arbitrary weights on level k, for 0 <t < N —1
and m < k let X\ be the weight associated to the orbit [mA1] x [kM]%, let ' be the
weight whose corresponding orbit is 1] = [u] X [kA1]', and assume that 1 = (N —
L)en-1 .. 1% 0%). Then we have

.
1, ifv= ((N — 1)bN—1*mN—1+mN—2 . 1brm1+mo, 0607mo+mzv_1)

’ ’

N-1
where my, ..., my_1 are integers such that Zmi =m,
=0
(R _
My = S iy ifi>t

QN —(t—i) ifi <t

0, otherwise

\

As a summary of the results in this section, more precisely, from Theorem 5.1.7,
we get an algorithm to compute fusion coefficients via orbits for Young diagrams of

the form
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whose corresponding weights are

;

m)\l, t= 0,
A= < (k’ — m))\t + m)\t+1, 1 S t S N — 2, (56)
(k_m))\Nflv :N_17

\

for 0 < m < k. The corresponding orbits are

t+1)m k™)), 0<t< N -2,
0 = [((t+1) )] 65
[(N—=1)km™0m), t=N-—1.

Example 5.1.9. For Az level 3 (N = 4 and k = 3), let A = 2X3 + \g and let
p = 2XA1 + Xo. The weight X has the form (5.6) with t =2 and m = 2. Theorem 5.1.7
says that we can compute the fusion product V> @3 V# via orbits of Z3. The orbits
associated to A and p are [N = [(3,3,2)] and [p] = [(2,1,1)]. To compute their

product, we have to remove the redundant equation from the list

(3,3,2)+(2,1,1) = (1,0, 3),
(3,3,2)+(1,2,1) = (0,1, 3),

(3,3,2)+(1,1,2) = (0,0,0).
The second equation on this list is redundant, therefore we get
[A] % [u] = [(3,1,0)] +[(0,0,0)].

The weights associated to [(3,1,0)] and [(0,0,0)] are vy = Ay + A3 and v» = 0, so we
get
V2@ Vi =V g Ve,

We can verify this result using the characterization (5.1.8). Note that
a3:0, GQZ]_, a1:2, GOZO,
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There are two different sets of integers {mg, my, ma, ms} satisfying the conditions of

Theorem (5.1.8), namely:
{mo=1,m1 =0,my=0,m3 =1} and {my=0,m]=0,my=0,m;=2}.
For the set on the left, {mg =1,m; = 0,my = 0,m3 = 1}, we get
Dy = (3P matme pbammatmn bimmadmo gbommotms) — (3 (),
and for the set {my = 0,m! = 0,m}, = 0,mf = 2}, we get
Dy = (37 matmy gbammaytmy qbimmidmy gho—motma) — () () (),
which are the representatives in standard form of the orbits we got, and Theorem

(5.1.8) predicts coefficient zero for the rest of the orbits, which matches the result

found in this example.

5.2 What goes wrong with orbits

The orbits product [a] x [b] = }7/,c0 M[Eﬁ?[[g]} [c] does not match Pieri rules for all cases,

as we show in this section.

Example 5.2.1. Consider the weight A = A\ + Ay of As on level 3. The partition
associated to A is (\) = (2,1,0). By applying iterative Pieri rules (Theorem 4.3.5) to
compute S(\)S(n) and the fact that Sixy = hihy — h3, we get:
SnSy = S3+ 533 + 250 + S0
= h3 + S(33) + 250 + L.
From the Dictionary (4.4), this translates into the fusion product
VA @3 VA = V3N g V3 g oyt g 10, (5.8)

This result does not match the result gotten from the orbits point of view. To see this,
first note that the orbit corresponding to X = A\ + A\g in Z3 is the orbit of [(2,1,0)],

and by a simple calculation of orbits we get that:
1(2,1,0)] x [(2,1,0)] = [(L,1, 1)] + [(2,2,2)] + 3[(2, 1,0)] + [(0,0,0)].
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The orbits in this product represent respectively the weights 3\, 3\2, A1 + A2 and 0,
which are exactly the same weights we got in (5.8), however multiplicities do not all

match.

Example 5.2.2. Consider the weights A\ = A\ + Ao and p = 2)\y of Az on level
3. The partitions associated to A and p are (A) = (2,1,0) and (n) = (2,2). Using
theorem 4.8.5 to compute the fusion product between the Schur polynomials S(x) and

S and the fact that S,y = h3 — hihs, we get:
SO = S22 +Sean + Sy + Sa.

Using the correspondence between orbits and partitions defined in the last section of

Chapter 2 and given more explicitly below in (5.11) we get
VA ®3 VH = Y ALH2As ® V2A2tAs ® YALtA2 ® Vs

Now performing the orbit computation [\ = [(2,1,0)] times [u] = [(2,2,0)] in Z3, we
get:
[(2,1,0)] x [(2,1,0)] = [(3,2,2)] ®[(2,1,0)] ® (3,0, 0)].

The orbits in this product represent, respectively, the weights 2o + A3, A1 + Ao and
A3. Observe that the orbit corresponding to the weight \y + 23 is missing in the orbit

computation.

5.3 How the orbits method can be fixed

Note that the Schur polynomial corresponding to weight mA; is Sim.,....0) = hm, that
is, weights that are multiples of the first fundamental weight \; correspond to the ho-
mogeneous symmetric polynomials. According to the Jacobi-Trudi determinant (4.2),
these polynomials, generate the quotient ring Ay/IN*) = Q[zy, 2o, ..., z5] N /TR,
Therefore for the rest of the weights of level £ whose Young diagram is not of the
form (5.6), we can compute the fusion products via orbits by alternating iteration
using the information from the Jacobi-Trudi determinant. In the following example

we show how this process can be done.
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Example 5.3.1. Consider the weight A = A\; + A2 of Ay on level 3, note that this
weight is not of the form (5.6). If we want to compute the fusion product of V* with
itself on level 8 (V* ®3V?*), we may use the fact that Sy = hihy — hs and compute:

V3@ VA =V @; (V@ V2 —V3N)
— V)\ ®3 (V)\l ®3 VQ)\l) - V/\ ®3 V3)\1
= (V}@; VM) @3 VP — VA @, V3N

Now from Theorem 5.1.4 this can be done iteratively via orbits.

To “fix” the orbits method, we construct an algebra A(O(N,k)) over Q whose
basis is O(N, k) where the addition is formal addition and we define a new product
of orbits [a] - [b] by using the information from the Jacobi-Trudi determinant (4.2).

We define this “new product” as follows.

Let @, b be the standard form of two orbits [a],[0)] € O. Let (A\) = a and (p) =
b= (51, . Z;N_l) be the conjugates of @, b considered as partitions. The product
Sn)S(w can be computed using Pieri rules iteratively with the help of the Jacobi-
Trudi determinant, (4.2). Let H = (h,;ﬁiﬂ)fj;ll = (h”)fvj;ll then S(,) = det(H) €
Ay /TR 50

S S = S det(H). (5.9)

By Theorem 5.1.4 we know that each individual product Sy h;, ;. ; can be computed
via orbits by performing the product [A]x[(1%=# 0k=8i+i=7)] provided that b;—i+j <
k. Therefore, we get that we can multiply any two Schur polynomials via orbits and
by the results of this chapter, product (5.9) is equivalent to compute the following

orbit product and then translating the results via the Dictionary 5.12

;

[a] x [b], if [b] is an orbit
[a] - [b] = < of the form (5.7),

Z sign(o)((([a] - [h1,01]) - [P202]) - - [AN-1,0(v—1)])  Otherwise,

\ oceESN_1

(5.10)
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where [h; ;] = [hg, ;5] b= (by,...,by_1) is the conjugate of b considered as partition,
and

" [(1h=iti oh=bi=iti)] i 0<b—i+j<k

b; —i+j]
0 otherwise,

is of the form (5.7). We extend this product linearly to all A(O(N, k)).

From Lemma 5.1.1 we know that the the standard form of an Sj-orbit is a partition
whose conjugate is a partition contained in the (N — 1) x k rectangle. The explicit

correspondence between these two objects is given by
N-1 N-1
(N —1)ext 19 0%)] «—s (Z a, Yy ai,... ,a1> . (5.11)
i=1 =2

This gives a dictionary between the algebras A(O(N, k)) and Ay/I™F) as follows

A(O(N,k)) +— Ay /INHK) (5.12)
[A] <= Si),
] = [(17,057™)] ¢ hy,

(Al - [1] <= Sn) S

where the left hand side is indexed by orbits and the right hand side is indexed by

partitions and the correspondence (5.11) allows us to move from left to right.

According to the results in this chapter, we get the product (5.10) after translating
to Schur functions using Dictionary 5.12, matching the associative product S»)S(,).

Therefore (5.10) is an associative product. Thus (5.10) gives a structure of associative

algebra to A(O(N, k)) and this algebra is isomorphic to Ay/INH®) = F(Ax_1, k).
Example 5.3.2. Continuing with Example 5.3.1 we want to compute the fusion prod-
uct V* @3 V* where A = \j + Xy of Ay on level 3.

The orbit corresponding to X is [A] = [(2,1,0)] and the conjugate of X is b = (2,1).

Hence Equation (5.10) gives

[hg,] [halﬂ]‘
[he,—1]  [hs,]

[(27 L, O)] : [(27 L, O)] = [(27 L, 0)] )
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Since by = 2 and by = 1, we get

[hg,] = (1, 1, 0)],
[hg,2] = [(1, 1, 1)),
(3,1 = [(1,0,0)],
7541 = 1(0,0,0)].

Therefore we get

(1,1,0
[(27 L, 0)] ’ [(2> L, 0)] = [(27 L, 0)] ’

From Example 3.0.5 we know that
12,1,0)] - [(1,1,0)] = [(2,1,0)] x [(1,1,0)] = [(2,2, 1] + [(1,1,0)] + [(2,0,0)]
and it is readily checked that

[(27 2, 1)] ’ [(L 0, 0)]
[(1’ L 0)] ’ [(17 0, O)]

[(2,2,1)] x [(1,0,0)]

[(2,2,2)] +[(2,1,0)],
(1,1, D] +[(2,1,0)],

[(2,1,0)] +1(0,0,0)]

[(1,1,0)] x [(1,0,0)]

[(2,0,0)] - [(1,0,0)] = [(2,0,0)] x [(1,0,0)]

and
[(2,1,0)]-[(1,1,1)] = [(2,1,0)] x [(1,1,1)] = [(2,1,0)].

Therefore we get
[(2,1,0)]-[(2,1,0)] = [(2,2,2)] + [(1,1,1)] + 2[(2, 1,0)] + [(0,0,0)],
which translates into the fusion product

V)\1+)\2 ®3 V)\1+)\2 — V3)\2 D V3)\1 D 2V>\1+)\2 D VO‘
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5.4 Rank-level duality from the orbits point of view

The sub-algebra of simple currents of F(Ay_1, k) is the sub-algebra with basis {h} |
0 <t < N—1}. The orbit corresponding to the partition (k, 0, ...,0) is the orbit [(1¥)]
and by multiplying this orbit by itself iteratively we get that [(1%)]' = [(¢¥)]. Therefore
the orbits corresponding to the simple currents of F(Ax_1,k) have the form [(t*)].
Now, let [b] = [(t*)] be the orbit of a simple current and [a] = [(my, ..., mi)] € O(N, k).

Then the product [a] - [b] can be easily described as
[a] - [b] = [(m1 + £, ..., m + 1)),

where every entry is considered modulo N. By abuse of notation we are going to

denote the orbit on the right hand side by [a + ¢].

This product gives an action of Zy on O(N, k). This action breaks the set O(N, k)
into “orbits”, that we call SC-orbits, to avoid confusion with Si-orbits of Z§; and as

an abbreviation for simple current orbits.

Note that for 0 < m < k the product of any element in the SC-orbit of [(1™, 0F~™)]
by any SC-orbit is independent of the choice of representative. In fact, let 0 < t,t; <
N —1 and [a] € O(N, k), then [a + t,] is in the SC-orbit of [a] and [((t + 1)™,t*=™)]
is in the SC-orbit of [(1™,0¥"™)] and is one of the orbits of the form (5.7), therefore

[a+ta] - [((¢ + 1), ¢57™)] =[a] - [(£7)] - [(1™, 0°™)] - [(t")] (5.13)

=[a] - [(1™, 0™ - [((t +#2)")].

This defines a product on the set of SC-orbits of O(N, k), and it is equivalent to
the product in the algebra A'(O(N,k)) = A(O(N,k))/SC, where SC is the ideal of
A(O(N, k)) generated by [(t*)] — [(0%)]. This algebra is isomorphic to F'(Ayx 1, k).

To see the rank-level duality from the orbits point of view, first observe that any
SC-orbit of O(N, k) has a representative of the form [((N — 1)*¥-1,...,0%)] where
ap > 0, since for any orbit [(my,...,my)] € O(N, k) we can add (¢¥) enough times to

make one of the entries zero.
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Example 5.4.1. Consider the set O(4,3). The SC-orbit of the element [(2,2,1)]
is the set {[(2,2,1)],[(3,3,2)],[(3,0,0)],[(1,1,0)]}. Note that in fact this SC-orbit

contains two elements with at least one zero entry.

Let O'(N,k) = {[a] = [(a1,...,ar)] € O(N,k) | a; = 0 for some 7,1 < i <
k}, the set of Sy-orbits of Z§ with at least one zero entry. We have a one-to-one

correspondence given by

O'(N, k) —s O'(k, N)
N-1 N-1

( A, aiv"'va(N—l)v())] ’
=1 1=2

This map sends SC-orbits of O(N, k) to SC-orbits of O(k, N), and since the map

(N = 1)owv=n 19 0%0)]

where ag > 0 and ZZ 0 @i = k.

is defined by conjugation of the orbits considered as partitions, it follows that the
map is just a different way of defining the rank-level duality map defined in Section

4.4 and Equation (4.13).
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Chapter 6

Application to tensor product

6.1 Classical Pieri rules

Irreducible modules V* for the finite dimensional Lie algebra g = sly, are indexed by
weights A € P* and form a basis of an associative algebra over Q, called the tensor
algebra and denoted by T(Ay_;), with associative product of V* and V* defined
by the tensor product of the two modules V* ® V#. This product is a well defined
product in T'(Ax_1) since given modules V* and V* for sly, with g and A € PT, the
tensor product V# ® V? is completely reducible and it is given by

VAV =" Multy,(v)V" (6.1)

vepP+

where Multy ,(v) is given by the Racah-Speiser formula (2.6).

The Littlewood-Richardson coefficients are the structure constants for the algebra
of symmetric polynomials Ay with respect to the basis given by Schur polynomials
indexed by partitions of length at most N. If (1) and (\) are partitions of length at
most N and S,y and S5 are the Schur polynomials as defined in (4.2) (or in (4.3)),

then we have

_ (v)
SoyS = Z C(A),(M)S(V)' (6.2)

(v) is a partition of length at most NV

There is a relation between these two algebras. In fact, it is well known that there
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is an isomorphism between the tensor algebra T'(Ay_ 1) and the quotient algebra

AN/<S(1N) — ]_>, given by

An/(Sany = 1) «— T(An-1) (6.3)
S(M) +— VH
SoS) = CEI;;,(u)S(V) VeV = @ MultA,u(u)V”,
v) v
where the left hand side is indexed by partitions () = (1, ..., ) of length at most
N, and the right hand side is indexed by weights p = Z;.V:_ll(uj —ij+1)A; € Pt where
P is the set of dominant integral weights defined in (2.7). The correspondence (2.10)

allows one to move from one side to the other and c% w =M ulty (V).

Particular cases of the product (6.2) can be computed using Pieri rules. The

following results are known as classical Pieri rules.
Theorem 6.1.1. (Classical Pieri rules for multiplication by h,,)

Let (1) be a partition of length at most N and m a positive integer, then in
An/(Sany — 1) we have

S(uhm = > S)-

(v)/(p) is an m-row strip

Theorem 6.1.2. (Classical Pieri rules for multiplication by e, )

Let (u) be a partition of length at most N and 0 < m < N an integer, then in
An/(Sany — 1) we have

S(wem = > Stw)-

(v)/(u) is an m-column strip

It is also known that the Littlewood-Richardson coeflicients CE:; () are at most one

when (\) = (m) is a partition with a single part and when (\) = (1™) is a partition

with only ones. The characterization is given by
(

1, if there exists a partition () of length at most N,
C(,&(m) = 3 such that (7)/(u) is an m-row strip and (7) ~ (v), (6.4)

0, otherwise,

\
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where ~ is the equivalence relation defined in Equation (2.12), and

)
1, if there exists a partition (v) of length at most N,

Clu),am) = such that (7)/(u) is an m-column strip and (7) ~ (v), (6.5)

0, otherwise.

\

We are going to use Equation (6.4) to prove that we can compute the weight
decomposition of V#* @ V™M via orbits, but since there is no level k condition for
tensor products, the sum Z;V;ll a; and m can be arbitrarily large. Therefore, our 1-1
correspondence between weights and orbits, given by (2.9), has to be modified, and

we also have to modify our group G.

6.2 S,-orbits of .-, Zy

Let G = Gy = @5, Zn = {(z1,72,...) | i € Zy,z; = 0 for j >> 0} and let S,
the group of permutations of {1,2,...} which fix all but finitely many numbers, act
on Gy by permuting the coordinates. For z € Gy, define the element in standard

form Sy.-equivalent to x to be
z=((N-=1)*-1..10,...)

where 7 occurs aq; times in x.

There is a 1-1 correspondence between dominant weights of Ay 1 and S.-orbits

of G as follows:
AL+ ... tan_1AN_1 € Pt & [((N — 1)aN71, ey 1910, )] , (66)

where the bracket on the right means the S,-orbit of the element in standard form.

The correspondence between partitions of length at most N and weights of Ay_;
given by (2.10) and the correspondence (6.6), gives us a correspondence between
partitions of length at most N and orbits of G. In this chapter will use the same

notation as before for weights and partitions, that is, if p is a weight, then (u)
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denotes its corresponding partition, but for this chapter, [x] will denote the S-orbit
in G corresponding to the weight u and the representative in standard form of [u] in

G will be denoted by fi. The set of Sy.-orbits of G' will be denoted Oy, = O (N).

Now we extend the definition of the set T'([a], [b], [¢]) to Se-orbits [a], [b] and [c]

of G:
T(la), [b], [c]) = {(z,y,2) € [a] x [b] X [c] | z +y = 2},

and define M . as the number of So-orbits of T([a], [8], [c]).

[a],[b]
The number M[[j ) can be also used to define a product of Ss-orbits of Gy as

follows

= > Mgyl

[c]eO

The procedure to compute the number M[[;]] 0 is similar to the one we used to
compute the number M[(])[[g]] In fact, since elements in G have a finite number of
non-zero entries, we can follow exactly the same procedure to compute M[( ])[[g]], with

k >> 0, as follows.

Definition 6.2.1. Let [a], [b] € O, and assume that & = (N — 1)*~¥-1, ..., 1%0,...)
b= ((N=1)-1,..,1%,0,..), and set k to be any integer such that k > Zﬁzl(ai—i-bi).
Let {y1,...,y} C [b] be the set of orbits of b obtained by letting Sy, act on the first k

entries of 13, and for 1 <1 <t set:

We say that the equation z; = a+y; in the list (3.5) is redundant, if for some i < j

and o € Sy we have
oa = a, oy; =Yy and 0z = z,

that is, if the triples (a,v;, z;) and (G,y;, 2;) are in the same Sk-orbit of T'([al, [b], [2]).

Then it is easily seen that

M M ) €quals the number of non-redundant equations of the form (6.7) . (6.8)

From this, it follows that M ]

o )] = M[a] B for £ >> 0.
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Example 6.2.2. Let a = (2,1,0,...) and b = (1,1,0,...) be elements in G3. Then
we have that & = (2,1,0,...) and b= (1,1,0,...). So the least k we can choose to
compute the orbit product [a] x [b] is k = 4. By letting S4 act on the first four entries
of b we get the subset of 0]

{b=(1,1,0,...),(1,0,1,0,...),(1,0,0,1,0,...),

(0,1,1,0,...),(0,1,0,1,0,...),(0,0,1,1,0,...)}.

Now we have to remove all redundancies from the list:

(2,1,0,...)+ (1,1,0,...) = (0,2,0,...),
(2,1,0,...) + (1,0,1,0,...) = (0,1,1,0,...),
(2,1,0,...)+(1,0,0,1,0,...) = (0,1,0,1,0,...),
(2,1,0,...) +(0,1,1,0,...) = (2,2,1,0,...),
(2,1,0,...)+(0,1,0,1,0,...) = (2,2,0,1,0,...),
(2,1,0,...)+(0,0,1,1,0,...) = (2,1,1,1,0,...).

The third and the fifth equations are redundant in that list. So we get:

(2,1,0,...)] x [(1,1,0,...)] =[(2,2,1,0,...)] +[(1,1,0,...)] (6.9)

+1(2,0,0,..)] +[(2,1,1,1,0,...)].

Later we will see how this corresponds to a tensor product decomposition for A,

of VMth g V2h

Example 6.2.3. Now let a = (2,2,1,0,...) and b = (1,0,0,...) be elements in Gs.
Then we have that a = (2,2,1) and b= (1,0,0,...). We can take k = 4 to compute
[a] x [b]. By letting Sy act on the first four entries of b we get the subset of [b]

{(1,0,0,...),(0,1,0,...),(0,0,1,0,...),(0,0,0,1,0,...)}.
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Then we remove all redundancies from the list:

1,0,0,...) = (0,2,1,0,...),

(

(0,1,0,...) = (2,0,1,0,...),
(0,0,1,0,...) = (2,2,2,0,...),
(

0,0,0,1,0,...) =(2,2,1,1,0,...).

We can see that the second equation is redundant, so we can remove it from the list

and we get
[(2,2,1,0,...)] x[(1,0,...)] =1(2,2,2,0,...)] +[(2,1,0,...)] + [(2,2,1,1,0,...)].

Theorem 6.2.4. Let [a],[c] € O and [b] = [(1™,0,...)]. Suppose that M[[;]],[b} #0

[ _
then M[a],[b] =1.

Proof. Since for k£ >> 0 we have M[[:}] W = M[EZI?[[Z,C}], the proof follows from Theorem
3.0.9. 0

We also get the following characterization of orbits products similar to Corollary

3.0.10 in Chapter 3.

Corollary 6.2.5. Let [a] € O, assume that a = ((N —1)¥-1,...,1%0,0,...) and let
[b] = [(1™,0,...)]. Then for [c] € O we have

.

1, if¢=((N —1)wv-r1-my-1tmy—2  la—mitmo (- )
N-1
d for some integers mg, my,...,my_1 such that Z m; =m
G =3 i=0
[a],[b]

and 0<m; <a; ,for 1<i<N—1,

0, otherwise.
\

(v

It is well known that for k& >> 0 the coefficients c N (k)(”)), see [Fe|, Theorem

)
m,(A) T T (w),(A
6.1. Then we have the following result.

Theorem 6.2.6. For 1 < m € Z let A = mAy be a multiple of the first fundamental

weight for Ax_1, p = a1\ + ... + ay_1An_1 any other dominant weight and [\ and
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(1] their corresponding orbits in G. Then CE:; 0 = M[[:}] o for any dominant weight
v. In other words, the product of the So-orbits [\] X [u] matches classical Pieri rules

for the multiplication S,)hy,, Theorem 6.1.1.

W R (v) _ yE®)
Proof. For k >> 0 we have M[u],[k] = M[u],[k} and Cnn) = N(u),(/\)' Now from

Theorem 5.1.4 we have that M [(“k])[[ﬂ =N, ((5)) ((l;\)) from where the theorem follows. O

Example 6.2.7. Let (n) = (2,1) and N = 3. Using Theorem 6.1.1 to compute Sy hs

we get

that is, in the algebra As/(Ss)y — 1), we have that:
Seph: = Sezy + Sy + 562 + 5@y

Now, the weight associated to the partition (1) = (2,1) is p = A + A2 and the weight
associated to hy = S(2,0,0) @5 2A1. Then the above equation translates into the tensor

product in T(As)
V)\1+)\2 ®3 V2)\1 — V}\z @ V2)\1 @ V)\1+2)\2 @ V3)\1+)\2‘

Under the correspondence (2.9) we have that the orbits corresponding to the weights
A1+ A9, 201, Ao, A1+ 2Xe and 3\ + Ay are respectively [(2,1,0,...)], [(1,1,0,...)],
[(2,0,...)], [(2,2,1,0...)] and [(2,1,1,1,0...)]. Looking at Ezample 6.2.2 we see that

this tensor product agrees with the orbit calculation from that example.

6.3 Weight space decomposition of modules

In this section we are going to describe how we can use Young tableaux to find the

weight decomposition of an irreducible module for sly.
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We start by noticing that the map (2.11) between integral dominant weights of
Apn_1 and partitions of length at most N can be extended to a map from the set of

sequences of non-negative integers of length N to the weight lattice P of Ay_1

(B) = (w1, pun) —r = Z_(m = Mit1)Ai- (6.10)

The map is not one-to-one but it has a right inverse given by

N-1 N-1 N-1
H= ZaMi — (1) = <C+Zai,c+zai---,c+0N1>C> ;
i—1 i—1 i—2

where ¢ = min {Zfi}l a;, ngl Aiyer oy AN_1, 0}.
Let V = V? be an irreducible finite dimensional module for sly where \ =

Zfi}l a;\; € PT. Let

be the weight space decomposition of V* where
Vi ={a|h-a=p(h)z, forall h € h}.

Let (\) = <Zf\:11 Qiyo oo  AN_1, 0) be a partition associated to A\. The set of Young
tableaux of shape () filled with numbers from 1 to N is in 1-1 correspondence with
the set of weight spaces of V* including multiplicities. The correspondence is as

follows:

The number of Young tableaux of shape (\) and content (u) = (p1,...,uN) iS
equal to Multy(8) where 8 = S0 (1 — pig1)i-

Example 6.3.1. Consider the module V* for Ay, where X\ = \; + Ay, the well known
adgjoint representation of sls. The partition associated to X is (A) = (2,1,0). Below
we show the set of Young tableauz of shape (\) filled with numbers from 1 to 3, and
underneath the each tableau we have the content and the weight associated to the

content.

2 3 2 3
111 1)1 1]2 1]2

(2,1,0)  (2,0,1)  (1,2,0)  (1,1,1)
MAX 20 =X —M+2% 0
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2 3 3 3

13 13 212 213
(1,1,1) (1,0,2) (0,2,1) (0,1,2)
0 A =2 2+ XA A — A

Therefore we have that (leaving off the superscript Ay + Ay from the weight spaces
on the right hand side)

VAT = 1 0 ® Van e @ Voason @2V O Vi, 00, © Vooain ® Vo, -

Now, we discuss how we can use this to implement the Racah-Speiser algorithm.

The Weyl group W = Sy of sly acts on sequences of length N as permutations,

with the simple reflections acting as transpositions

T’l(/jll,,/LN):(///l,,/J/Z+1,/,LZ,,/j/N), Z:]_,,N—]_ (611)

This action allows one to get a version of the Racah-Speiser algorithm from the Young

tableau point of view as follows.

Let V* and V# be irreducible finite dimensional modules of type Ax_1, (1) and
(1) the partitions associated to A and p respectively. The decomposition of the tensor

product VA ® V# into irreducible modules can be computed by doing the following.

Step 1. List all contents of the Young tableaux of shape (\) whose fillings are

with numbers from 1 to N.

Step 2. Add (u) + (p) to all contents from step 1, where (p) = (N — 1, N —

2,...,1,0).

Step 3. Apply the action of the Weyl group (6.11) to all sequences that are not in
standard form from step 2 to write them in standard form, with positive multiplicity
if the number of transpositions is even and negative multiplicity if the number of

transpositions is odd and we drop the sequences that are fixed by any transposition.

Step 4. Subtract (p) from all partitions left in step 3 and use the correspondence
(6.10) to get the weights A associated to the partitions from step 3. The direct
sum of the irreducible modules indexed by these weights equals the tensor product

decomposition of V* @ V~.
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Example 6.3.2. Let V122 gnd VM be drreducible modules for Ay. The weights
of VM2 were given in Ezample 6.3.1 as well as all contents of tableauz of shape
(A1 4+ X2) = (2,1). If we add (2X\1) + (p) = (2,0,0) + (2,1,0) = (4,1,0) to all these

weights we get the sequences
(6,2,0), (6,1,1), (5,3,0), 2(5,2,1), (5,1,2), (4,3,1), (4,2,2),

where the coefficient 2 in front of (5,2,1) is the number of tableaux of shape (A\1+\2) =
(2,1) and that content.

The sequences (6,1,1) and (4,2,2) are fized by the action of ry, therefore they do
not count for the tensor product. The weight (5,1,2) is not in standard form, but if
we apply ro to it, we get ro-(5,1,2) = (5,2, 1), so it reduces the multiplicity of (5,2,1)

to 1. So we are left with the sequences
(6,2,0), (5,3,0), (5,2,1), (4,3,1).
By subtracting (p) = (2,1,0) from these weights we get
(4,1,0), (3,2,0), (3,1,1), (2,2,1)
and using the map (6.10) we get that the weights associated to these sequences are
31+ Ao, A1+ 2, 2)\q, Ag.
Therefore the tensor product decomposition of V 122 @ VM s given by

V)\l—‘r/\z ® V2/\1 — V3>\1+)\2 D V)\1+2)\2 D V2>\1 D V>\2.

The advantage of this method over the geometrical one, presented in section 2.4,
is that we can compute tensor product decompositions by hand for ranks higher than

2 on a piece of paper.

Now we present a version of the Kac-Walton algorithm from the tableau point of

view. For a given k£ > 0, the affine reflection ry acts on the finite dimensional weight
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lattice P, and therefore on sequences of non-negative numbers of length at most N.

This action is defined by

(

(k+N+ay 1,a1,...,an 2,00 —k — N),

if ao—aN_IZk—i—N,
TO'(a0>"'7aN—l):<
(k+N+ay 1+ca+c¢...,axy 2+c,a0—k—N +c),

if CLO—(IN71<]€+N,
(6.12)

where c=k+ N —ag if aqg — k — N < 0 and ¢ = 0 otherwise.

With the level k£ action of the affine Weyl group W defined this way, we get the
following algorithm for fusion products. Note that the fundamental region for the
action of W defined by (6.11) and (6.12) on length N sequences of non-negative
integers is the set of partitions (ao,...,an_1) of length at most N such that ag —

any—1 < N + k. We denote this set by Hyyy. That is

Hy g :{(ao,...,aN,l) GZJZVO | ag > -+ >ay_1 and apg — ay_1 SN—i—k}

Let VA and V* be irreducible highest weight modules of type Ag\l,ll on level k, ()
and (u) the partitions associated to A and p respectively. The level k fusion product

VA ®; V# into irreducible modules can be computed by doing the following.

Step 1. List all contents of the Young tableaux of shape (A) whose fillings are

with numbers from 1 to N.

Step 2. Add (u) + (p) to all contents from step 1, where (p) = (N — 1,N —

2,...,1,0).

Step 3. Apply the action of the affine Weyl group defined by (6.11) and (6.12) to
all sequences from step 2 to get them into the fundamental region Hy x, with positive
multiplicity if the number of reflections is even and negative multiplicity if the number

of reflections is odd and drop the sequences that are fixed by any reflection.

Step 4. Subtract (p) from all partitions left in step 3 and use the correspondence

(6.10) to get the weights A associated to the partitions from step 3. The direct sum
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of the irreducible modules indexed by these weights equals the level k& fusion product

vA Qi VH.

Example 6.3.3. Let V2 and VM be irreducible modules for Agl) and k =2. The
weights of VM2 were given in Ezample 6.3.1 as well as all contents of tableauz of
shape (A1 + X2) = (2,1). If we add (2X\1) + (p) = (2,0,0) + (2,1,0) = (4,1,0) to all

these weights we get the sequences
(6,2,0), (6,1,1), (5,3,0), 2(5,2,1), (5,1,2), (4,3,1), (4,2,2),

where the coefficient 2 in front of (5,2,1) is the number of tableauz of shape (A1+X2) =
(2,1) and that content.

The sequences (6,1,1) and (4,2,2) are fized by the action of o, and (5,3,0) is
fized by ro, therefore they do not count for the fusion product. The weights (5,1,2)
and (6,2,0) are outside the fundamental region Hs. Applying ro to (5,1,2), we get
re - (5,1,2) = (5,2,1), and applying r¢ to (6,2,0) we get o - (6,2,0) = (5,2,1).
Therefore the multiplicity of (5,2,1) reduces to 0. So we are left with the sequence

(4,3,1).
By subtracting (p) = (2,1,0) from this sequence we get
(2,2,1)

and using the map (6.10) we get that the weight associated to this sequence is As.

Therefore we get the fusion product

V)\1+>\2 ®q V2A1 — V)\2‘

In future work we plan to investigate the dependence of the fusion coefficients on

level k by using these techniques.
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