Math 501. 2—nd Homework. Due Wednesday, September 26, 2007.

Homework on ”Chapter 3”.

Definition 1.1. Let (2, F,P) be a probability space. Let Cq,...,Cy, be collections of
measurable subsets of 2. We say that Cq,...,C,, are independent, if for each Cy €

Ci, ..

1.

O €Ch, Cy,...,C,, are independent events.

Let (Q, F,IP) be a probability space. Let Cy,...,C,, be independent collections of
measurable subsets of 2. Suppose that C; is a m—class for each 1 < ¢ < m. Let
1 <k < m. Show that o(C; U---UCg) and 0(Cg41 U ---UC,,) are independent

collections of events.

. Let X, Y and Z be three independent r.v.’s. Let h : R?> — R be a Borel function.

Show that X and h(Y, Z) are independent r.v.’s.

Let (Q, F,P) be a probability space. Let Cy,...,C,, be independent collections of
measurable subsets of 2. Suppose that C; is a m—class for each 1 < ¢ < m. Let
1 <k <l<m. Show that o(C;U---UCy), 0(Cry1 U---UC) and o(Cryqy U---UCp)

are independent collections of events.

Let C be a class of sets of a universal set €). Suppose that C is a m—class and a
A—class. Show that C is a o—field.

Let y; and p15 be two measures on (R?, B(R?)). Suppose that for each bounded closed
triangle T of R?, py(T) = puz(T) < oo. Show that py = pg, i.e. pui(A) = pa(A), for
each A € B(R?).

Let A be a Borel set of R? and let a € R% Let m be the Lebesgue measure in
(R4, B(RY)). We define

a+ A= {r € R": there exists b € A, such that z = a + b}.

(i) Prove that a + A is a Borel set of R%.
(i) Prove that m(A) = m(a + A).

Let A and B be two Borel sets of R?. We define
A+ B = {z € R?: there exists y € A,z € B,such that x = y + z}.

Prove that A + B is a Borel set of R%.



8. Let Xi,..., X, be independent identically distributed r.v.’s. Show that for each set

10.

A € B(R"™) and each permutation o of {1,...,n},

P{(X1,...,X,) € A} = P{(Xoqr),- - . Xom)) € A}.

Let Xi,..., X, ber.v.’s. Suppose that for each set A € B(R") and each permutation
oof {1,...,n},

P{(X1, ... X,) € A} = P{(Xoqr),- - . Xo)) € A}.

(i) Show that X7, ..., X, are identically distributed r.v.’s.
(ii) Find r.v.’s X3, ..., X,, which are not independent and for each set A € B(R")

and each permutation o of {1,... ,n},

P{(Xl, Ce ,Xn) € A} — ]P){<XO'(1)7 cee ;Xa(n)) € A}

Given a probability measure P on a measurable space (2, F), the outer measure P*
of P is defined as

P*(E)=inf{P(A): EC AJ/Ae F},E C (.

(i) Show that P* is an outer measure, i.e. it satisfies the conditions in Definition
3.4.1.

(ii) Show that for each set £ C €2, there exists a set A € F such that £ C A and
P*(E) = P(A).



