Math 501. 3—rd Homework. Due Monday, October 15, 2007.

Homework on the ”Lebesgue Measure”.

. (Extended dominated convergence theorem) Let {f,}°2; and let {g,}°2; be two se-
quence of measurable functions on the measure space (€2, F, ). Suppose that:

i) For each w € Q, |fn(w)] < gn(w).
ii) For each w € €2, lim falw) = f(w).
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Show that 711&210/9 (W) du(w) = /Qf(w) du(w)

2. Define f:[0,1] — R by

xzsin:ﬁl2 fo<z<1
0 ifr=0

Show that f is continuous in [0, 1] and differentiable in (0,1). Show that fol f(x)dz
does not exists as a Lebesgue integral.
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4. Let X be a r.v. Show that the following conditions are equivalent:
(i) For each a € R, P{X =a} = 0.
(ii) For any r.v. Y independent of X, P{X =Y} =0.

5. Let X and Y be two independent r.v.’s. Let p > 1. Suppose that E[|X|’] < oo and
E[|Y|P] < co. Show that E[|X + E[Y]]P] < E[|X + Y|?].



10.

Let { X, }22, and {Y},}°°, be independent sequences of r.v.’s. Let 0 < u < ¢. Show that

P{sup | X,| > t} 12f1 P{|Y,| < u} <P{sup|X, +Y,| >t —u}.
n>1 nz n>1

Suppose X and Y are independent continuous r.v.s with corresponding c.d.f.’s F'x and
Fy. Suppose that for each a € R, that F'x(a) < Fy(a). Show that P(X >Y) > 1/2.

Let 1 < p,q < oo such that %—l—é = 1. Let f, g be two nonnegative measurable functions
such that f € L,, g € L,. Prove that

[ 159ldn =171l

if and only if
lglzLF P = 1 Izlgle ae.

Let 1 < p < oo. Let f, g be two measurable functions such that f,g € L,. Prove that
lf+gll, = Ifll, + llgll, if and only if there are nonnegative constants s, ¢, not both
zero, such that sf = tg a.e.

Let X be a r.v. in a probability space (2, F,P). Suppose that for some py > 0,

E[| X "] < oo and E[ﬁ] < 0o. Show that lirr(l)(EHX]p])l/p = ePlos|XT],
p—>



