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Chapter 3. Annuities. Section 3.1. Geometric series.

We use the summation notation Y. x; to mean
Xm + Xm+1 + -+ + Xp—1 + Xp.

Usually arithmetic rules hold. In particular:
> i m(Xi i) = X+ i Vi
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Chapter 3. Annuities. Section 3.1. Geometric series.

We use the summation notation Y. x; to mean
Xm + Xm+1 + -+ + Xp—1 + Xp.

Usually arithmetic rules hold. In particular:
> i m(Xi i) = X+ i Vi

> D iem X = 32 X
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Chapter 3. Annuities. Section 3.1. Geometric series.

We use the summation notation Y. x; to mean
Xm + Xm+1 + -+ + Xp—1 + Xp.

Usually arithmetic rules hold. In particular:
> i m(Xi i) = X+ i Vi

> D iem X = 32 X

> If m< k <n,

n k n
LRI D
i=m i=m

i=k+1
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Chapter 3. Annuities. Section 3.1. Geometric series.

We use the summation notation Y. x; to mean
Xm + Xm+1 + -+ + Xp—1 + Xp.

Usually arithmetic rules hold. In particular:
> i m(Xi i) = X+ i Vi

> D iem X = 32 X

> If m< k <n,

n k n
LRI D
i=m i=m

i=k+1

v

i, l=n—m+1.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 1
The sequence of real numbers °2, = {a+ nd}2 is called an
arithmetic sequence.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 1
The sequence of real numbers °2, = {a+ nd}2 is called an

arithmetic sequence.
The sequence {x,}7°, = {a+ nd}, satisfies that for each n > 1,
Xpn—1 + d = x,. Notice that

Xpm1+d=a+(n—1)d+d=a+ nd = x.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 1

The sequence of real numbers °2, = {a+ nd}2 is called an
arithmetic sequence.

The sequence {x,}7°, = {a+ nd}, satisfies that for each n > 1,
Xpn—1 + d = x,. Notice that

Xpm1+d=a+(n—1)d+d=a+ nd = x.

Theorem 1
If a sequence {x,}32, of real numbers satisfies x, = x,—1 + d, for
each n > 1, then x, = xg + nd for each n > 1.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 1

The sequence of real numbers °2, = {a+ nd}2 is called an
arithmetic sequence.

The sequence {x,}7°, = {a+ nd}, satisfies that for each n > 1,
Xpn—1 + d = x,. Notice that

Xpm1+d=a+(n—1)d+d=a+ nd = x.

Theorem 1
If a sequence {x,}32, of real numbers satisfies x, = x,—1 + d, for
each n > 1, then x, = xg + nd for each n > 1.

Proof.

The proof is by induction on n. The case n = 0 is obvious. Assume
that the case n holds. Then,

Xpt1 =Xn+d =xo+nd +d=x+ (n+1)d. O
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 2
Zf:lj - w
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 2
er]:lj _ n(n2+1)
Proof

2Zn:j:(1+2+---+(n—1)+n)+(1+2+---+(n—1)+n)
j=1

=1+2+---+(n—-1)+n+n+n-1)+---+2+1)
=(1+n+Q2+n—-1)+B+n-2)---+(n+1)
=(n+1)+(n+1)+(n+1)---+(n+1)=n(n+1).
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 2
er]:lj _ n(n2+1)
Proof

2Zn:j:(1+2+---+(n—1)+n)+(1+2+---+(n—1)+n)
j=1

=1+2+---+(n—-1)+n+n+n-1)+---+2+1)
=(1+n+Q2+n—-1)+B+n-2)---+(n+1)
=(n+1)+(n+1)+(n+1)---+(n+1)=n(n+1).

Previous theorem can be proved by induction.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 2
er]:lj _ n(n2+1)
Proof

2Zn:j:(1+2+---+(n—1)+n)+(1+2+---+(n—1)+n)
j=1
=1+2+---+(n—-1)+n+n+n-1)+---+2+1)
=1+n)+2+n-1)+B+n-2)---+(n+1)
=(n+1)+(n+1)+(n+1)---+(n+1)=n(n+1).

O

Previous theorem can be proved by induction.
Note that in the summation Z}'zlj, there are n numbers and the

n(n+1).

- n+l n .
average of these numbers is “5=. Hence, >/, j = =5

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam FM/CAS Exam 2.



Chapter 3. Annuities. Section 3.1. Geometric series.

For an arithmetic sequence,

n

Z(aﬂd):Zn:a+dzn:j:(n+1)a+d”(”2+l).
j=0 j=0

Jj=0
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 1
. 00
Find 320 k.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 1
100
Find 3 —10 k

Solution 1:

Zigo K — Zloo K Zk Lk (100)2(101) (9)&10) — 5005,
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 1
. 00
Find 320 k.

Solution 1:
Z}(OO K — Zloo K Zk K (100)2(101) (9 )glo) — 5005

Solution 2: By the change of variables k = j + 9,

100 91
S k=>(i+9)= (91)2(92) + (9)(91) = 5005.
k=10 j=1

Notice that if kK = 10, then j = 9; and if kK = 100, then j = 91.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 2
The sequence {ar"}°° , is called a geometric sequence.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Definition 2
The sequence {ar"}°° , is called a geometric sequence.

The geometric sequence {ar”}°° , satisfies that for each n > 1,

rxp_1 = rar" 1 = ar" = x,, Where X, = ar”.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam FM/CAS Exam 2.



Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 3
If a sequence satisfies x, = rx,_1, for each n > 1, then x, = xgr"
for each n > 1.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 3
If a sequence satisfies x, = rx,_1, for each n > 1, then x, = xgr"

for each n > 1.

Proof.

The proof is by induction on n. The case n = 0 is obvious. Assume
that the case n holds. Then,
Xpt1 = MXn = rxor” = xor"™ = x,11. O
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 4
For any r € R,

Proof.

Z}’:Orj(r—l):(1+r+r2+---+r”)(r—1)
=(r+rP4+ ) QA r 24 )=t 1
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Chapter 3. Annuities. Section 3.1. Geometric series.

In particular, we that

(2 1) = (x— 1)(1+x),
(x3—1) = (x —1)(1+x+ x?),

(x* —1) = (x = 1)1+ x + x*> + x3),

(x® = 1) = (x = 1)(1 + x + x> + x> + x%).
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 1

(i) I r#1, ¥]_or = 2251,
(i) Ifr=1%"or =n+1.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 1
1

(i) Ifr #1, ZJ'-’:O rj.: —
(i) Ifr=1%"or =n+1.

Proof. _
(i) If r#1, from r"*1 —1=(r —1) 37 ; ¥/, we get that

1 g

er: r—1 -~

(i) If r =1,

zn:rjzzn:lzn—l-l.

j=0  j=0

O
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 2
Find 372 5 2.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 2

: 20
Find >3~ ¢ 2%.
Solution:

2211 2°-1

sz sz sz: P =221 _25 —2097120.
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Chapter 3. Annuities. Section 3.1. Geometric series.

We also have that for 1 < m < nand r # 1,

[y

n _
n+1 1 m_1 rn+1 rm

n
, . . r _
;rJ_JZrJ_ r= r—1  r—1  r—1

i=0 j=0
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Chapter 3. Annuities. Section 3.1. Geometric series.

We also have that for 1 < m < nand r # 1,

[y

n _
n+1 1 m_1 rn+1 rm

n —
;rJ_JZrJ_ZrJ_rr—l S R |

i=0 j=0

Example 3
Find 372 ¢ 2K,
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Chapter 3. Annuities. Section 3.1. Geometric series.

We also have that for 1 < m < nand r # 1,

|_l

m—

ZrJ_ZrJ r= r—1 T -1 r—_l

j=0 j=0

Example 3
Find 372 ¢ 2K,
Solution: Y20, 2k = 222 — 921 _ 25 — 2097120,
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 5
For|r| <1, 2, = =

—r"
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 5
For|r| <1, 2, = =

Proof.

If |r| <1, then In(|r|) < 0 and |r"+1] < |r|"*1 = e(rt1)In(r]) — 0,
as n — 0o. Hence,

n—00 4 n—oo r—1 1—r

x n+1
; ) ; LT -1 1
g r = lim r = lim =
j=0 j=0
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 2
For |r| <1,
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 2
For |r| <1,
o n
St
; 1—r
Jj=n
Proof.
By the change of variables j = k + n,
[e.e] [e.e] o0 rn
J _ k+n _ _n k _
LD SICTETE) Pr
j=n k=0 k=0
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 4
Find Y32 937K
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 4

Find Y32 937K

Solution:
iyk = 3 = 0.0000762079.
pard 1-(1/3)
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 6
Forr #1,
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Chapter 3. Annuities. Section 3.1. Geometric series.

Theorem 6
Forr #1,
zn: oo — (n+ )"ty
jr =
Proof.

Taking derivatives with respect to r in the inequality

; n+1
Sl or =72, we get that

n . j— n+1)r"(r—1)—(r"t1-1 nrttl—(n+1)r"+1
S 1_ (nt1) ((r—2)2( ) _ (r(—B2) +
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 3
For |r| < 1, Ef’iljrf = ﬁ
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Chapter 3. Annuities. Section 3.1. Geometric series.

Corollary 3
For|r| <1, 332, jr = ﬁ
Proof.
If |r| <1, then
0 n n+2 _( n+1

i _ y .nr n+ )"+ r r

J — J — —

L]
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 5
Find 5°5° , ka=k.
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Chapter 3. Annuities. Section 3.1. Geometric series.

Example 5
Find 30° , k4.
Solution:
0 -1
4 4
ka=k = 1 — ° — (0.4444444444.
Skt = =

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam FM/CAS Exam 2.



