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Chapter 5. Life annuities. Review.

Whole life annuity due

Payments at 0, 1, . . . ,Kx − 1,

Ÿx =
1− vKx

d
=

1− Zx

d
,

äx =
∞∑

k=1

1− vk

d
· k−1|qx =

1− Ax

d
= äx =

∞∑
k=0

kEx =
∞∑

k=0

vk · kpx .

and

Var(Ÿx) =
Var(Zx)

d2
=

2Ax − A2
x

d2
,

Under constant force of mortality, äx = 1
1−vpx

.
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Whole life annuity immediate

Payments at 1, . . . ,Kx − 1,

Yx = Ÿx − 1.
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Whole life continuous annuity

Continuous payments from 0 to Tx

Y x = aTx | =
1− vTx

δ
=

1− Z x

δ
,

ax = E

[
1− Z x

δ

]
=

1− Ax

δ
=

∫ ∞

0
v t · tpx dt,

Var(Y x) = Var
(

1− Z x

δ

)
=

Var(Z x)

δ2
=

2Ax − A
2
x

δ2
.

Under constant force of mortality µ, ax = 1
µ+δ .
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Due n–year deferred annuity

If Kx ≥ n + 1, unit payments at times n, · · · ,Kx − 1 are made.

n|Ÿx = vnäKx−n|I (Kx > n),

n|äx =
∞∑

k=n+1

vnäk−n| · k−1|qx =
∞∑

k=n

vk · kpx = nEx äx+n.

Under constant force of mortality µ, n|äx = vnpn
x

1−vpx
= e−n(δ+µ)

1−e−(δ+µ) .
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Due n–year deferred immediate

If Kx ≥ n + 2, unit payments at times n + 1, · · · ,Kx − 1 are made.

n|Yx =
∞∑

k=n+1

Z 1
x :k| = n+1|Ÿx ,

n|ax =
∞∑

k=n+1

vk · kpx = n+1|äx = nExax+n.
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n–year deferred annuity continuous

If Tx > n, continuous payments in the interval [n,Tx ].

n|Y x =

∫ Tx

n
v s dsI (Tx > n) = vnaTx−n|I (Tx > n)

=

∫ ∞

n
vnat−n| · tpx · µx+t dt = nEx · ax+n

Under constant force of mortality,

n|ax =
e−n(µ+δ)

µ + δ
.
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Due n–year temporary annuity.

If Kx ≤ n, benefit payments are made at times 0, 1, . . . ,Kx − 1.

Ÿx :n| = ämin(Kx ,n)|,

äx :n| =
n∑

k=1

äk| · k−1|qx + än| · npx

=
n−1∑
k=1

äk| · k−1|qx + än| · n−1px =
1− Ax :n|

d
=

n−1∑
k=0

vk
kpx ,

äx = äx :n| + n|äx = äx :n| + nEx äx+n,

Var(Ÿx :n|) =
2Ax :n| − (Ax :n|)

2

d2
.

Under constant force of mortality,

äx :n| =
1− vnpn

x

1− vpx
.
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The actuarial accumulated value at time n of n–year term
temporary due annuity is defined by

s̈x :n| =
äx :n|

nEx
=

äx :n|

vn
npx

=

∑n−1
k=0 vk

kpx

vn
npx

=
n−1∑
k=0

1

vn−k
n−kpx+k

=
n−1∑
k=0

1

n−kEx+k
.
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Immediate n–year temporary annuity

If 2 ≤ Kx ≤ n + 1, payments are made at times 1, . . . ,Kx − 1.

Yx :n| = amin(Kx−1,n)| = Ÿx :n+1| − 1,

ax :n| = äx :n+1| − 1 = ax = n|ax + ax :n| = n|ax + nExax+n,

Var(Yx :n|) = Var(Ÿx :n+1|)
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Continuous n–year temporary annuity

Continuous payments in the interval [0,min(Tx , n)].

Y x :n| = amin(Tx ,n)| =
1− Z x :n|

δ
,

ax :n| =

∫ n

0
at| · tpxµx+t dt + an|P{Tx > n} =

∫ n

0
v t · tpx dt,

Var(Y x :n|) =
2Ax :n| − (Ax :n|)

2

δ2
.

Under constant force of mortality,

ax :n| =
1− e−n(µ+δ)

µ + δ
.
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ax = ax :n| + n|ax = ax :n| + nExax+n,

ax :m+n| = ax :n| + mEx · ax+m:n|.
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The actuarial accumulated value at time n of an n–year term
temporary continuous annuity is

sx :n| =
ax :n|

nEx
=

ax :n|

vn · npx
=

∫ n
0 v t · tpx dt

vn · npx

=

∫ n

0

1

vn−t · n−tpx+t
dt =

∫ n

0

1

n−tEx+t
dt.

1
n−tEx+t

is the actuarial factor from time t to time n for a live age x .
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n–year certain life annuity–due

Payments are made at times 0, 1, . . . ,max(n − 1,Kx−1),

Ÿx :n| = ämax(n,Kx )| = än| + n|Ÿx ,

äx :n| = än| + n|äx ,

Var(Ÿx :n| ) = Var(n|Ÿx).
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n–year certain life annuity–immediate

Payments are made at times 1, . . . ,max(n,Kx − 1),

Yx :n| = amax(n,Kx−1)| = an| + n|Yx = Ÿ
x :n+1| − 1,

ax :n| = an| + n|ax = ä
x :n+1| − 1,

Var(Yx :n| ) = Var(n|Yx).
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n–year certain life continuous annuity

Continuous payments at unit rate are made in the interval
[0,max(n,Tx)].

Y x :n| = amax(n,Tx )| = an| + n|Y x ,

ax :n| = an| + n|ax = an| +

∫ ∞

n
v t · tpx dt,

Var(Y x :n| ) = Var(n|Y x).
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Whole life annuity due paid m times a year

Let J
(m)
x = dmTxe, i.e. J

(m)
x is the integer such that if

Tx ∈
(

J
(m)
x −1
m , J

(m)
x
m

]
.

A whole life annuity due paid m times a year makes payments of 1
m

at times 0, 1
m . . . J

(m)
x −1
m .

Ÿ
(m)
x =

1

m
ä
J

(m)
x

∣∣ i(m)

m

=
1− Z

(m)
x

d (m)
=

1

m

∞∑
k=0

Z 1

x : k
m

∣∣,
ä
(m)
x =

1− A
(m)
x

d (m)
=

1

m

∞∑
k=0

v
k
m · k

m
px ,

Var(Ÿ (m)
x ) =

2A
(m)
x − (A

(m)
x )2

(d (m))2
.
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Whole life annuity immediate paid m times a year.

Payments of 1
m at times 1

m , 2
m . . . J

(m)
x −1
m .

Y
(m)
x = Ÿ

(m)
x − 1

m
=

1

m
a
J

(m)
x −1

∣∣ i(m)

m

=
1

m

∞∑
k=1

Z 1

x : k
m

∣∣,
a
(m)
x = ä

(m)
x − 1

m
=

1

m

∞∑
k=1

v
k
m · k

m
px ,

Var(Y (m)
x ) =

2A
(m)
x − (A

(m)
x )2

(d (m))2
.
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n–year term life annuity due paid m times a year..

Payments of 1
m at times 0, 1

m , 2
m , . . . , min(J

(m)
x ,nm)−1

m .

Ÿ
(m)
x :n| =

1

m
ä
min(J

(m)
x ,nm)

∣∣ i(m)

m

=
1− Z

(m)
x :n|

d (m)
=

1

m

nm−1∑
k=0

Z 1

x : k
m
|
,

ä
(m)
x :n| =

1− A
(m)
x :n|

d (m)
=

1

m

nm−1∑
k=0

v
1
m · k

m
px ,

Var(Ÿ (m)
x :n| ) =

Var(Z (m)
x :n| )

(d (m))2
.
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n–year term annuity immediate paid m times a year.

Payments of 1
m at times 1

m , 2
m , . . . , min(J

(m)−1
x ,nm)
m .

Y
(m)
x :n| =

1

m
a
min(J

(m)
x −1,nm)

∣∣ i(m)

m

=
1

m

nm∑
k=1

Z 1

x : k
m

∣∣ = Ÿ
(m)
x :n| −

1

m
+

1

m
Z 1

x :n|,

a
(m)
x :n| =

1

m

nm∑
k=1

v
k
m · k

m
px = ä

(m)
x :n| −

1

m
+

1

m
· nEx .
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Due n–year deferred annuity paid m times a year..

If J
(m)
x > nm, payments of 1

m are made at times

nm
m , nm+1

m , . . . , J
(m)
x −1
m .

n|Ÿ (m)
x =

1

m

∞∑
k=nm

Z 1

x : k
m

∣∣,
n|ä(m)

x = nEx · ä(m)
x+n,

ä
(m)
x = ä

(m)
x :n| + n|ä(m)

x = ä
(m)
x :n| + nEx ä

(m)
x+n.
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Immediate n–year deferred annuity paid m times a year.

If J
(m)
x > nm + 1, payments of 1

m are made at times

nm+1
m , nm+2

m , . . . , J
(m)
x −1
m .

n|Y (m)
x =

1

m

∞∑
k=nm+1

Z 1

x : k
m

∣∣
=n|Ÿ (m)

x − 1

m
Z 1

x :n|,

n|a(m)
x =

1

m

∞∑
k=nm+1

v
k
m · k

m
px = nEx · a(m)

x+n = n|ä(m)
x − 1

m
nEx ,

a
(m)
x = a

(m)
x :n| + n|a(m)

x = a
(m)
x :n| + nExa

(m)
x+n.
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Increasing life due annuities.

A unit annually increasing due whole life annuity has payments
1, 2, . . . , at the beginning of the year and actuarial present value

(I ä)x =
∞∑

k=0

(k + 1)vk · kpx .

A unit annually increasing n–year term due life unit annuity has
payments 1, 2, . . . , n at the beginning of the year and actuarial
present value

(I ä)x :n| =
n−1∑
k=0

(k + 1)vk · kpx .
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Increasing life immediate annuities.

A unit annually increasing immediate whole life annuity has
payments 1, 2, . . . , at the end of the year and actuarial present
value

(Ia)x =
∞∑

k=1

kvk · kpx .

A unit annually increasing n–year term life immediate annuity has
payments 1, 2, . . . , n at the end of the year and actuarial present
value

(Ia)x :n| =
n∑

k=1

kvk · kpx .
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Decreasing life annuities.

A unit annually decreasing n–year term due life annuity due has
payments n, n − 1, . . . , 1 at the beginning of the year and actuarial
present value

(Dä)x :n| =
n−1∑
k=0

(n − k)vk · kpx .

A unit annually decreasing n–year term life immediate annuity has
payments n, n − 1, . . . , 1 at the end of the year and actuarial
present value

(Da)x :n| =
n∑

k=1

(n + 1− k)vk · kpx .
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Continuously increasing life annuities.

A continuously increasing whole life unit annuity paid at the time
of death has an actuarial present value of

(
I a

)
x

=

∫ ∞

0
t · v t · tpx dt.

A continuously increasing n–year term life unit annuity paid at the
time of death with rate of payments t has an actuarial present
value of (

I a
)
x :n| =

∫ n

0
t · v t · tpx dt.
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Annually increasing life annuities.

An annually increasing whole life unit annuity paid at the time of
death has an actuarial present value of

(I a)x =

∫ ∞

0
dte · v t · tpx dt.

An annually increasing n–year term life unit annuity paid at the
time of death has an actuarial present value of

(I a)x :n| =

∫ n

0
dte · v t · tpx dt.
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Continuous decreasing life annuities.

A continuously increasing decreasing n–year term life unit annuity
paid at the time of death has an actuarial present value of

(
Da

)
x :n| =

∫ n

0
(n − t) · v t · tpx dt.

An annually decreasing n–year term life unit annuity paid at the
time of death has an actuarial present value of

(Da)x :n| =

∫ n

0
dn − te · v t · tpx dt.
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To find the different values of a(m) and a, we interpolate the
corresponding values of A(m) and A and get the values of a(m) and
a, using relations between a’s and A’s.

Theorem 1
Assuming a uniform distribution of deaths, we have that:
(i) Ax = i

δAx .

(ii) A
1
x :n| =

i
δA1

x :n|.

(iii) n|Ax = i
δ · n|Ax .

(iv) Ax :n| =
i
δA1

x :n| + A 1
x :n|.

Theorem 2
Assuming a uniform distribution of deaths, we have that:

(i) A
(m)
x = i

i (m) Ax .

(ii) A
(m)

1
x :n| =

i
i (m) A

1
x :n|.

(iii) n|A(m)
x = i

i (m) · n|Ax .

(iv) A
(m)
x :n| =

i
i (m) A

1
x :n| + A 1

x :n|.
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