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Chapter 5. Life annuities. Review.

Whole life annuity due

Payments at 0,1,..., K, — 1,

Y=g =g . N
aX:Z]-_de k—1|qX— 1_dAX :aX:ZkEX:ZVk k Px
k=1 k=0 k=0
and ) )
V&I‘( Yx) = VaICI!(ZZX) = Ax d; AX;

Under constant force of mortality, 3, = -

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Whole life annuity immediate

Payments at 1,..., Ky — 1,

Y, =Y, —1.
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Whole life continuous annuity

Continuous payments from 0 to T

:1—VTX 1-2Z,

0 6
a=E [1 5ZX] _ 1! ;AX — /ooo Vi py dt,
Var(Yy) = Var (1 _5ZX) = Valzs(zZX) = 2AX5; Zi.
Under constant force of mortality p, ax = ﬁ.
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Due n—year deferred annuity

If Ky > n+ 1, unit payments at times n,--- , Ky — 1 are made.

| Y =" ag | (K« > n),

) )
. k — E;
n|3x = v a | Ck— 1|qx = V" kPx = nExdx+n-
k=n+1 k=n

vipl e n(6+u)
1-vpy = 1—e—(0+p)"

Under constant force of mortality p, |ax =
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Chapter 5. Life annuities. Review.

Due n—year deferred immediate

If Ky > n+ 2, unit payments at times n+1,--- , K, — 1 are made.

oo
B 1 .
n|Yx - Z Zx:ﬂ - ”+1|YX’
k=n+1
oo
k .
n’ax - g V' kPx = n+1‘ax - nExax+n-
k=n+1
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n—year deferred annuity continuous

If T4 > n, continuous payments in the interval [n, Ty].
JR— TX
n‘YX = / VS dSI(TX > n) = anai_’_x_ml(TX > n)
n

00
:/ Vnaﬁ‘ CtPx * Mx+t dt = E, - ax+n
n

Under constant force of mortality,

e_n(ll'"'é)

[T )

n’éx -
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Due n—year temporary annuity.

If Ky < n, benefit payments are made at times 0,1,..., K, — 1.
YX3ﬁ| = min(Kx,n)|’
n
éx:ﬁ| = Z aﬂ ' k—1|qX + aﬁ| * nPx
k=1

n—1 |

. . X n

= aﬂ : k—1‘qx + an| * n—1Px = Z V' kPx,

k=1

éx = éx:ﬁ| + n|éx = éx:ﬁ\ + nEXax+na
. 2A, 51 — (Avs))?

Var( Yx:ﬁ|) _ X7 d2( x.n\)

Under constant force of mortality,
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Chapter 5. Life annuities. Review.

The actuarial accumulated value at time n of n—year term
temporary due annuity is defined by

o éx:ﬁ| o éx:ﬁ| Zk 0 vk k Px
Sxa| = E. ~—yn n
nEx V= nPx V= nPx
n—1 1
=0 Vn_kn kPx+k Z n—kEx+k
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Immediate n—year temporary annuity

If 2 < Ky < n+ 1, payments are made at times 1,..., K, — 1.

= = a8 T, = _—
YX-”| min(Kx—1,n)| Yx:n+1| 1,

x| = éx;n+1| —l=a,= n|3x + x| = n|ax + nExax+na

Var( Yx:ﬁ\) = Var( Yxm‘)
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Continuous n—year temporary annuity

Continuous payments in the interval [0, min( T, n)].

Y = o 1- 7X:ﬁ|
x| = amin(Tx,n)| - K ’

n n
5x:ﬁ| = / §f| * tPxMx+t dt + EH\P{ T > n} = / vi tPx dt,
0 0

2Z)<:ﬁ| - (Ax:ﬁ| )2
2 '

Var(vx:ﬁ\ ) =

Under constant force of mortality,

1— e—n(,u—i—&)
T )

Axa| =

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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ax = 5x:ﬁ| + I1|5X = 5x:ﬁ| + nExaxin,

5x:ern\ = axn + mEx - A+ m:n|-
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Chapter 5. Life annuities. Review.

The actuarial accumulated value at time n of an n—year term
temporary continuous annuity is

— — n ¢
s _9xn| _ 9xnm| fo vh - epx dt
x:n| — - -
| nEx v nPx v nPx

n 1 n 1
0 n—tPx+t 0 n—tEx+t

is the actuarial factor from time t to time n for a live age x.

1
n—tEx+t
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n—year certain life annuity—due

Payments are made at times 0,1,...,max(n — 1, K\_1),
Y7ﬁ| = ‘?“max(n,Kx)\ = as| =+ n‘ Y,

bmy = B + ol

x:7|

Var(¥, ) = Var(s| Y).
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n—year certain life annuity—-immediate

Payments are made at times 1,...,max(n, Ky — 1),

Y—

— = a0 N = — —
x:n| max(n,Kx—1)| an| + "‘ Yx Y]

xntl| 1,

2X:ﬁ| = an| + ”‘ax - xin+1| 1,

Var( YA ) = Var(,| Yx).
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n—year certain life continuous annuity

Continuous payments at unit rate are made in the interval
[0, max(n, Ty)].

= amax(n, T.)|

= §ﬁ| + I7|VX;

x:A|
x:7|

S
a;:an|—i_n’ax:an|+/ Vt‘tpxdtv
n

Var(Y—= ) = Var(,|Yx).

x:n|
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Whole life annuity due paid m times a year

Let J(m) = [mT 1, ie. Jﬁ’") is the integer such that if

T m m

A whole I|fe annuity due paid m times a year makes payments of %

at times 0, % L,i:l
m _ 1, _1—Zx("’)_1§’:Z
T m [T () T m e k|
S _ 1= A1 &« )
X N = m -k Px;
d(m) — m
2 p(m) (m)y2

< (m) Ax - (Ax )

Var(¥x™) (d(m)2
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Chapter 5. Life annuities. Review.

Whole life annuity immediate paid m times a year.

. (m) _
Payments of % at times #, % JXm 1
1 1 1 &
y(m):y(m)_ — m:7§ Zl
X X m m Jim)—l"( ) mk . X%|’

k=1
m 2A£< )_ Agm) 2
Var(vi") = (d(m())2 )
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n—year term life annuity due paid m times a year..

Payments of = at times 0, ,17 57, ,M
Yx(n’f:\) - ;émin(Ji"’),nm)|"(,’:) - 1 :/(i)g "\) - nilz K
ainr?| - ;(2({:’)' = ;”:z:%l VI iy,
Var({/x(;rg? ) V?;E,f%z))
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n—year term annuity immediate paid m times a year.

. (m)—1
Payments of L at times L 2 .. w
(m _ 1 1 _pm 11
e = — _t o ts
YX A m min(J)Em)fl,nm m) ZZ K Yx 7| m + mZx:n|7
(m) LS _=(m) 1 1
xn|_ E Vm‘kpx—axn|_5+;'nEx-
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Due n—year deferred annuity paid m times a year..

If J)Em) > nm, payments of + are made at times

m

nm nm+1 J)Em)—l
m?’ m """ m
. 1] X
m 1
AW == 3" 7 4,
m x:;‘

k=nm
) =(m)

(m
n‘ax = nEx- Ay i'ns

™ =00 4 ool = 5T+ BT,
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Chapter 5. Life annuities. Review.

Immediate n—year deferred annuity paid m times a year.

If J)Em) > nm + 1, payments of % are made at times

nm+1 nm+2 Jim)—l
o
1 o0
A= 3 2
k=nm+1 m
3 1.,
:n|Y>$m) - sz:ﬁ ’
1 > K 1
n‘a>(<m) = ; Z vm - g Py = nEX ' a&i)n = n‘a)(<m) - ;nEX;
k=nm+1
o™ =l 4 ofal™ = ™)+ Eal]),
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Chapter 5. Life annuities. Review.

Increasing life due annuities.

A unit annually increasing due whole life annuity has payments
1,2,..., at the beginning of the year and actuarial present value

(13), = S (k + V¥ - ep.
k=0

A unit annually increasing n—year term due life unit annuity has
payments 1,2, ..., n at the beginning of the year and actuarial

present value
n—1

(18)n = (K + 1)V .

k=0
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Increasing life immediate annuities.

A unit annually increasing immediate whole life annuity has
payments 1,2, ..., at the end of the year and actuarial present
value

(la), = Z kvk - px.
k=1

A unit annually increasing n—year term life immediate annuity has
payments 1,2, ..., n at the end of the year and actuarial present
value

(Ia)x:ﬁ| = Z kvk " kPx-
k=1
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Decreasing life annuities.

A unit annually decreasing n—year term due life annuity due has
payments n,n —1,...,1 at the beginning of the year and actuarial

present value
n—1

(Dé)x:ﬂ = Z(n - k)vk * kPx-
k=0
A unit annually decreasing n—year term life immediate annuity has
payments n,n — 1,...,1 at the end of the year and actuarial
present value
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Continuously increasing life annuities.

A continuously increasing whole life unit annuity paid at the time
of death has an actuarial present value of

(Ta). :/ £V pydt
0

A continuously increasing n—year term life unit annuity paid at the
time of death with rate of payments t has an actuarial present

value of ,
(TE)X:H = / tovh tPx dt.
0
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Annually increasing life annuities.

An annually increasing whole life unit annuity paid at the time of
death has an actuarial present value of

(13), — /Ooom vty dt,

An annually increasing n—year term life unit annuity paid at the
time of death has an actuarial present value of

(Ia)x:ﬁ‘ - An[t1 : Vt *tPx dt.
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Continuous decreasing life annuities.

A continuously increasing decreasing n—year term life unit annuity
paid at the time of death has an actuarial present value of

n
(D), = / (n— 1) vi- pydt.
' 0

An annually decreasing n—year term life unit annuity paid at the
time of death has an actuarial present value of
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To find the different values of a(mland 3, we interpolate the
corresponding values of A(™ and A and get the values of al™ and
3, using relations between a's and A's.
Theorem 1
Assuming a uniform distribution of deaths, we have that:
(i) A= 5A
—1
(”) Ax:ﬁ\ = éA}(ﬂ
(iii) n|Ax = 5 - nlAx-
(iv) Acq) = 5A1 7+ AX =

Theorem 2

Assuming a uniform distribution of deaths, we have that:
(i) A(’") = 5 As

(i) AX ﬁ\ AX A

(iii) n\A /(m < n|Ax.

(iv) Ain:,‘ = ’ AT AX -
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