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Chapter 10. Markov chains. Section 10.2. Markov chains.

Markov chains

Definition 1
A discrete time Markov chain {X,:n=0,1,2,...} isa
stochastic process with values in the countable space E such that

for each ig, i, ...,in,J € E,

P{Xot1 =Jj|Xo =0, X1 =i1,..., Xp—1 = ip—1, Xn = in} (1)
= P{Xni1 = j|Xn = in}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Markov chains

Definition 1

A discrete time Markov chain {X,:n=0,1,2,...} isa
stochastic process with values in the countable space E such that
for each ig, i1, ...,in,j € E,

P{Xot1 =Jj|Xo =0, X1 =i1,..., Xp—1 = ip—1, Xn = in} (1)
= P{Xni1 = j|Xn = in}.

Since X, takes values in the countable set E, X, has a discrete
distribution.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Markov chains

Definition 1

A discrete time Markov chain {X,:n=0,1,2,...} isa
stochastic process with values in the countable space E such that
for each ig, i1, ...,in,j € E,

P{Xot1 =Jj|Xo =0, X1 =i1,..., Xp—1 = ip—1, Xn = in} (1)
= P{Xni1 = j|Xn = in}.

Since X, takes values in the countable set E, X, has a discrete
distribution.

The set E in the previous definition is called the state space.
Usually, E ={0,1,2,...} or E ={1,2,..., m}. We will assume
that E ={0,1,2,...}. Each element of E is called a state. If

Xn = k, where k € E, we say that the Markov chain {X,}5%, is at
state k at stage n.
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For a Markov chain the conditional distribution of any future state
Xnh+1 given the past states Xp, Xi, ..., Xh—1 and the present state
X, is independent of the past values and depends only on the
present state. Having observed the process until time n, the
distribution of the process after time n on depends only on the
value of the process at time n. The interpretation of

]P){Xn+l :_/’XO = i07Xl = il) cee 7Xn71 = I.n,]_,Xn - In}
=P{Xp+1 =j|Xn = in}.
is that given the present the future is independent of the past. In

order words, the evolution of the process depends only on the
present and not in the past.
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Definition 2
Given events A, B and C such that P{C} > 0, we say that A and
B are independent given C if

P{AN B|C} = P{A|C}P{B|C).

Theorem 1
Given events A, B and C such that P{B N C} > 0, we have that A
and B are independent given C if and only if

P{A[BN C} = P{A|C}.

Proof: éé\ and B aCre inde;éendent given C if and only if
P{ANB P{ANC} P{B - -
et = HAaE HE ) PLAIB N €} = P(AIC) if and only if
P{ANBNC} _ P{ANC}
P{BNC} — P{C} -
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Section 10.2. Markov chains.

By the previous theorem, for a Markov chain

{Xn:n=0,1,2,...}, for each Iy,
Xn - iny (X07 X17 ceey Xn—l) - (i07
independent.

(©2008. Miguel A. Arcones. All rights reserved.

...,int1 € E, given that
ey in—l) and Xn+1 = in+1 are
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 1
A fair coin is thrown out repeatedly. Let X, be the total number of
heads obtained in the first n throws, n =0,1,2.... Notice that

Xo = 0. X, has a binomial distribution with parameters n and %
The state space is E = {0,1,2,...,}. {Xy}52, is a Markov chain
because for each iy, i1,...,in,J € E,

]P){Xn+1 :J’XO = iOaX1 = il, s 7Xn71 = I.n,]_,Xn = In}
:P{XnJrl :_/’Xn = in}a

3 if j=n,
=93 ifj=i+1,
0 else.
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Chapter 10. Markov chains. Section 10.2. Markov chains.
Let avn(i) = P{X, = i}, i € E.
(awo(i))ick is called the initial distribution of the Markov chain.
(an(7))ick is called the distribution of the Markov chain at time n.
Notice that a,(i) > 0 and Y ;. an(i) = 1.
We will denote to the row vector (an(i))icg by an. For example, if
E=1{0,1,... k},

an = (an(0), an(1),..., an(k)).
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Chapter 10. Markov chains. Section 10.2. Markov chains.
Let avn(i) = P{X, = i}, i € E.
(awo(i))ick is called the initial distribution of the Markov chain.
(an(7))ick is called the distribution of the Markov chain at time n.
Notice that a,(i) > 0 and Y ;. an(i) = 1.
We will denote to the row vector (an(i))icg by an. For example, if
E=1{0,1,... k},

an = (an(0), an(1),..., an(k)).

Theorem 2

an(i) > 0 and Za,,(i) =1.

icE
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Chapter 10. Markov chains. Section 10.2. Markov chains.
Let avn(i) = P{X, = i}, i € E.
(awo(i))ick is called the initial distribution of the Markov chain.
(an(7))ick is called the distribution of the Markov chain at time n.
Notice that a,(i) > 0 and Y ;. an(i) = 1.
We will denote to the row vector (an(i))icg by an. For example, if
E=1{0,1,... k},

an = (an(0), an(1),..., an(k)).

Theorem 2

an(i) > 0 and Za,,(i) =1.
icE

Proof: a,(i) =P{X, =i} > 0. We also have that
dan(i)=> P{Xy=i}=P{X,c E} =1.

i€E i€E
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Let Qn(i,j) = P{Xn41 =Jj|Xn =i}, where i,j € E. Qn(i,j) is
called the one—step transition probability from state / into state
J at stage n. We have that (Qn(/,/))ijee is a matrix. If
E={0,1,,...,k}, then

Q”(O’O) Qn(O,l) Qn(O,
(Qn(iuj))i,jeE: 1,0) Qn(1,1) --- Qn(1,

Q(k0) Qu(k1) - Qulk,K)
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The row of the matrix @, for the i entry is formed by conditional
probabilities given X, = i, the departing state. The column of the
matrix Q, for the j entry consists of conditional probabilities for
Xn = J, the arriving state. If we write the states in the matrix Q,,
we have

arriving states
0 1 . k

0 Qn(O;O) Qn(oal) Qn(O,
1 Q,,(].,O) Qn(lvl) QH(L

departing states

l.< Q,,(.k,O) Qn(.k,l) Q,,(;<,k)

To find Qu(7,/) in this matrix, we need to look for i in the rows
and j in the columns.
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Example 2
Consider a Markov chain with E = {0,1,2} and
02 03 05
Q=103 05 0.2
0.1 0.1 038

Find:

(i) P{X = j|Xs =0}, =0,1,2

(i) P{Xz = 1|Xs = j}, j = 0,1,2.

Solution: (i) We have that
P{X7 = 0|Xs = 0} = 0.2, P{X; = 1|Xs = 0} = 0.3
and P{X7 = 2|Xs =0} = 0.5.

(ii) We have that
P{X; =1|Xs =0} = 0.3,P{X; = 1|Xg = 1} = 0.5
and P{X7 =1|Xe =2} =0.1.
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In the previous example, P{X7 = j|Xs = 0}, j = 0,1,2, are all the
transition probabilities from state 0 at time 6 to another state at
time 7. In the previous problem, P{X7; = j|Xs =0}, j =0,1,2, are
all the transition probabilities from time 6 to time 7 arriving at
state 1.
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Theorem 3
The one—step transition probabilities Qn(i,j) satisfy that

Qn(i,J) = 0and Y Qa(i,j) =1,

JEE

i.e. the sum of the elements in each row is one.
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Theorem 3
The one—step transition probabilities Qn(i,j) satisfy that

Qn(ij) > 0and Y Qn(i,j) =1,
jEE
i.e. the sum of the elements in each row is one.

Proof.
Since Qx(7,J) is a conditional probability, Q,(/,/j) > 0. We also
have that

> Qn(i) =D P{Xny1 = j|Xn =i} =P{Xp11 € E[X, = i} =1.

JEE JEE

O
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Example 3

Which of the following are legitime one-step transition probability
matrices

(1) Qo = <5§ 0%5)'
wa- (03 07)
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Example 3
Which of the following are legitime one-step transition probability
matrices

. -1 2
(i) Qo = <0.5 0.5)'

.. 0.3 0.7
(i) Qo = (0.4 o.7>'
Solution: (i) The matrix is not a legitime transition probability
because the entry (1, 1) is negative.
(i) The matrix is not a legitime transition probability because the
elements of the second row do not add to one.
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We define QS¥)(i,j) = P{Xpsk = jIXn = i}. Q¥(i.j) is called the
k—step transition probability from state i into state j at time n.

Theorem 4

Q¥(i,j) > 0and S QWi /) =1.

jeE
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Lemma 1
Successive conditioning rule. For each B, A1, As, ..., A, C Q,

P{A1NAyN---NA,B}
:P{A1|B}P{A2 | BﬂAl}'--P{An | BNnAiNnAn--- ﬂAn_l}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Lemma 1
Successive conditioning rule. For each B, A1, As, ..., A, C Q,

P{A1NAyN---NA,B}
:P{A1|B}P{A2 | Bn Al} .- -P{An | BNAiNAn---nN A,,_l}.
Proof:

]P){A]_‘B}]P){Az ’ BﬂAl}P{An | BNAiNAs ﬂ"-ﬁAn_l}
CP{BNA}P{BNA1NA} P{BNAINAN---NA,_1NA}

P{B} P{BN A} P{BNAINAN---NA,_1}
CP{BNA1NAN---NA_1NAR}
a P{B}

:P{Al NAN--- ﬂAn|B}.
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Corollary 1
For each A1, Az, ..., Ay C Q,

P{AlﬂAgﬁ--~ﬂAn}
:P{Al}P{A2 | Al} .. P[An | AiNAnN---N An—l}-
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Corollary 1
For each A1, Az, ..., Ay C Q,

P{AlﬂAgﬁ--~ﬂAn}
:P{Al}P{A2 | Al} .- P[An | AiNAnN---N An—l}-
Proof: By Lemma 1,

P{A1NAyN---NA,B}
:]P){A]_‘B}]P){A2 | BﬂAl}"-P{An | BNnAiNnAn--- ﬁAn_l}.

Taking B = Q, we get

P{AlﬂAgﬂ"'ﬂAn}
:P{Al}P{AQ | Al} .- ~P{An ’ AiNAN---N A,,,l}.
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Example 1

From a deck of 52 cards, you withdraw three cards one after
another. Find the probability that the first two cards are spades
and the third one is a club.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 1

From a deck of 52 cards, you withdraw three cards one after
another. Find the probability that the first two cards are spades
and the third one is a club.

Solution: Let A; = {first card is a spade}, let

Az = {second card is a spade} and let
A3 = {third card is a club}. We have that

P{Al NAN A3} = P{Al}P{AQ‘Al}P{A?,‘Al N A2}

_131213 ) 01520411765.

- 525150

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 10. Markov chains. Section 10.2. Markov chains.

Theorem 5
(Basic theorem for Markov chains)

(i)
P{Xo = ity Xt = ity s X1 = i1, X = in}
=ao(io) Qo(io, i1) Q1(i1, i2) -+ Qn—1(in-1, in)
(ii)
an(in) = P{Xn = in}
= > ao(io)Qulio, 1) Q1(ir, 2) -+ Qu-1(in—1, in).

i05015--5in—1€EE

(©2008. Miguel A. Arcones. All rights reserved.
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Proof: (i) Using Corollary 1 and the Markov property,

P{Xo = io, Xi = i1, s Xp1 = in—1, X = in}

—P{Xo = io}P{Xi = | Xo = i0}P{Xo = io| Xo = i, X1 = i}
P Xy = in|Xo = iy Xt = i1y ey X1 = in_1)

“P{Xo = i)P{Xe = it|Xo = i0}P{Xo = | X4 = i}
cP{Xp = in| Xn—1 = ip-1}

= (io) Qo(io, 1) RQ1(i1, i2) - - Qn—1(in—1, in)-
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(ii) Notice that

{Xn = in}
=Uipir,inacE 1Xo =lo, X1 = i1, ..., Xoe1 = in—1, Xn = In},

where the union is over disjoint events. Hence,

an(in) = P{Xp = in}
= Z P{Xo = io, X1 = i1, ..., Xp—1 = in—1,Xn = in}

05015+ yin—1€E

= Z ag(ip) Qo(io, 1) Qi(ir, i2) - - Qn—1(in—1, in).

i05015-+5in—1€E
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an(in) = Z ao(io) Qo(io, 1) @1(i1, 2) - Qn—1(in—1, in)

i05i1500erin_1€E
implies that
ap=0ayQ@1 - Qn-1.
Matrix multiplication is used in the previous formula. For example,
if E={0,1,...,k},

o Qo

QO(O;O) QO(OJ 1) QO(ka)

= (a(0), ap(1), ..., ap(k)) QO.(.]"O) QO.(.]-a]') o Qo(Ll, k)

Qo(k.,O) Qo(k.’l) Qo(k, k)

k

k k
= <Z ag(1)Qo(i,0), >~ ao(1)Qo(i, 1), .., > an(i)Qo(/, k)))
i=0 i=0

i=0
=Qq,
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a0 Qo1 = a1@q

k k k
- (Zzanmo(molo, 0).e, 3 (i) Qo(i ) Q. k))

i=0 j=0 i=0

=Q.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(i) P{Xo = 1}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(i) P{Xo = 1}.
Solution: (i) P{Xo =1} = 0.4.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(i) P{X; = 1}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(ii) P{Xy = 1}.
Solution: (ii) We have that

2
P{X; =1} =) ao(j)Qi(j,1) = (0.3)(0.3) + (0.4)(0.5) + (0.3)(0.1),
Jj=0

= 0.32, which is the second entry in the vector

0.2 0.3 05
(0.3,0.4,0.3) | 0.3 0.5 0.2 =(0.21,0.32,0.47).
0.1 0.1 0.8
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2
(i) P{X; = 1}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(i) P{Xp = 1}.
Solution: (iii) We have that

0.2 03 05 0.1 0.1 0.8

(0.3,0.4,0.3) | 0.3 0.5 0.2 0.3 05 0.2
0.1 0.1 038 0.3 05 0.2

0.1 0.1 0.8

—(0.21,0.32,0.47) | 0.3 0.5 0.2
0.3 05 0.2

=(0.258,0.416, 0.326), and P{X, = 1} = 0.416.

Manual for SOA Exam MLC.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(iv) P{Xo =1, X; = 2}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(iv) P{Xo = 1, X1 = 2}.
Solution: (iv) 1 — 2,

P{Xo = 1,X1 = 2} = ag(1)Qo(1,2) = (0.4)(0.2) = 0.08.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(v) P{Xo =1, X; = 0}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(v) P{Xo = 1,X; = O}.
Solution: (v) 1+ 0,

P{Xo =1, X; = 0} = a(1)Qo(1,0) = (0.4)(0.3) = 0.12.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(Vi) P{Xo =1, X =2, X, = 2}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(vi) P{Xo = 1, X1 = 2, Xo = 2}.
Solution: (vi)
P{Xo =1,X1 =2,X2 =2} = ap(1)Qo(1,2) Q1(2,2)
—(0.4)(0.2)(0.2) = 0.016.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(vii) P{Xo = 2, X; = 1, X, = 0}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(vii) P{Xo = 2, X1 = 1, X, = O}
Solution: (vii) 2+— 1+~ 0,

P{Xo=2,X;1 =1,X2 =0} = ap(2)Qo(2,1)Q:1(1,0)
=(0.3)(0.1)(0.3) = 0.009.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(viil) P{Xo = 1, X, = 2}.
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Example 4
Consider a Markov chain with E = {0,1,2}, ag = (0.3,0.4,0.3),
0.2 03 05 0.1 0.1 0.8
Q=1{03 05 02]|,Q:=103 05 0.2
0.1 0.1 038 0.3 05 0.2

(viii) P{Xo = 1, X, = 2}.
Solution: (viii)

P{Xo=1,% =2} =) P{Xo=1,X =j,X3 =2}
j=0
=(0.4)(0.3)(0.8) 4 (0.4)(0.5)(0.2) 4 (0.4)(0.2)(0.2) = 0.152.
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Suppose that the annual effective rate of interest is i. Consider the
cashflow
payments ‘ G G - G
Time (in years) ‘ t1 tb -ty

The present value of the former cashflow at time t is
n
> G+
j=1

If the time at which the present value is omitted, we assume that
the time is time zero. The present value of the former cashflow is

n
Y G+
j=1
The annual interest factor is 1 + /.

The annual discount factor is v = (1 4 i)7L.
The annual effective rate of discountisd =1 —v = .
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Suppose that the payments in a cashflow happen with certain
probability. We have

Probability that a paymentismade | p1 p2 -+  pn
payments G G - G
Time (in years) t1 tb -ty

Then, the actuarial present value of the former cashflow is

S Gp(1+i)7Y.
j=1
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Example 5

An actuary models the life status of an individual with lung cancer
using a non—homogenous Markov chain model with states: State
1: life; and State 2: dead. The transition probability matrices are

0.6 04 0.4 0.6 0.2 0.8

01
Suppose that changes in state occur at the end of the year. A
death benefit of 100000 is paid at the end of the year of death.
The annual effective rate of interest is 5%. The insured is alive at

the beginning of year zero. Calculate the actuarial present value of
this life insurance.
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Solution: Since at the beginning the individual is alive,
ap = (1,0). We have that

a0 = aoQo = (1,0) <0(')6 014) — (0.6,0.4),
a1 = OéoQle = (0.6,0.4) <004 016> = (0.24,0.76),

0.2 0.8

ap = apQo@Q1 Q2 = (0.24,0.76) < 0 1

) — (0.048,0.952),

a3 = apQoQ1 Q2 Q3 = (0.048, 0.952) <8 1) =(0,1).

The probability that an individual dies in the n—th year is
P{X, =2} — P{X,_1 = 2}.
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Hence,
dead 1 2 3 4
happens
at the end
of year
Probab. | 0.4 076 —-0.4 0.952-0.76 1-—0.952
0.4 =0.36 =0.192 = 0.048

The actuarial present value of this life insurance is

100000(0.4)(1.05)~* 4 100000(0.36)(1.05) 2
4 100000(0.192)(1.05) =3 + 100000(0.048)(1.05)~*
—01282.95309.
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Theorem 6
(i)
P{X1=i1,..., Xo1 = in-1,Xn = in| Xo = i0}
(ii)
Q" (o, in) = > Qolioy ) @i, i2) -+ Qn-1(in-1, in)-

I.1,...,I'n71€E
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Proof.
(i) Using Theorem 5, we have that
P{Xi=i,...,Xn—1=in—1,Xn = in|Xo = i0}
:P{Xo = io,Xl = i1, . ,Xn,1 = I'nfl,X,, = in}

P{Xo = io}
_ 0(io) Qo(io, 1) Qu (i1, 22) - - - @n-1(in—1, /)
ao(io)

=Qo(fo, 1) Q1(i1, 2) - - Qn—1(in—1, in).
(i) Noticing that
{Xo=in} =i, i 1ee{ Xt = i1, .., Xn—1 = In—1, Xn = in},

where the union is over disjoint events, we get that

A iovin) = Y Qolio, i) Qulir. i2) -~ Quot(in—1, in).

ilv--ainfleE
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Using matrix notation, Theorem 6 (ii) states that

Qon) = QoQ1 - Qn-1. (2)

This equation is one of the Kolmogorov—Chapman equations of
a Markov chain.
For example, Q(gz) = (o Q1. Notice that

Qo1
Q0(0,0) -+ Qo(0,k) @1(0,0) -+ @1(0,k)
| @(1.0) o Qo(Lk) | [ @(1,0) - Qu(L,k)
Qo(k,0) - Qo(k,k)) \Qu(k,0) -+ Qu(k,k)
Zf(:OQo(O,I)Ql(I,O) 25000(071)(?0(’71()))
S o Qolk, N(N)QL(,0) - Yk g an(i)Qolk, k)
=QP.
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Example 6
Consider a Markov chain with E = {1,2},

05 0.5 02 0.8
Qo = <0.3 o.7> = <0.6 o.4> '

Suppose that Xy = 1.
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Example 6
Consider a Markov chain with E = {1,2},

05 0.5 02 0.8
Qo = <0.3 o.7> = <0.6 o.4> '

Suppose that Xy = 1.
(i) Find the probability that at stage 2 the chain is in state 2.
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Example 6
Consider a Markov chain with E = {1,2},

0.5 05 0.2 0.8
Qo = <0.3 o.7> = <0.6 o.4> '
Suppose that Xy = 1.
(i) Find the probability that at stage 2 the chain is in state 2.

Solution: (i) The Markov chain can be at stage 2 in state 1, if any
of the following transitions occur

1—1—2 1—2—2.
The probabilities of the previous occurrences are
(0.5)(0.8) = 0.4 and (0.5)(0.4) =0.2.

The probability that at stage 2 the chain is in state 1 is 0.4 4 0.2 =
0.6.
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Example 6
Consider a Markov chain with E = {1,2},

05 0.5 02 0.8
Qo = <0.3 o.7> = <0.6 o.4> '

Suppose that Xy = 1.
(i) Find the probability that at stage 2 the chain is in state 2.

Solution: (i) We need to find Q(()z)(l,2) =P{Xx = 1|Xp = 1},
which is the element (1,2) of the matrix:

000y — 05 05) (0.2 0.8\ (04 06
01 =103 0.7/ \0o6 0.4)  \048 052

The answer is 0.6.
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Example 6
Consider a Markov chain with E = {1,2},

0.5 0.5 0.2 0.8
Qo = <0.3 o.7> = <0.6 o.4> '
Suppose that Xy = 1.

(ii) Find the probability that the first time the chain is in state 2 is
stage 2.
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Example 6
Consider a Markov chain with E = {1,2},

0.5 0.5 0.2 0.8
Q= <0.3 o.7> Q= <0.6 o.4> '

Suppose that Xy = 1.
(ii) Find the probability that the first time the chain is in state 2 is

stage 2.
Solution: (ii) If the first time the chain is in state 1 is stage 2, then
the Markov chain does 1 +— 1 — 2, which happens with probability

P{X; =1,X = 2|Xo = 1} = Qo(1,1)Q1(1,2) = (0.5)(0.8) = 0.4
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Theorem 7
(i)
P{Xn = in7Xn+1 = in+1> vy Xn = in+m}
:an(in)Qn(ina in+1)Qn+1(in+17 in+2) T Qn+m—1(in+m—17 in—i—m)'
(ii)
an+m(in+m)

= Z an(in)Qn(ina in+1) cet Qn+mfl(in+mfla in+m)-

’.nain+17~~~:’.n+m71€E
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Proof: (i) Using Theorem 5,

P{Xn = iny Xnt1 = in+1y -, Xn = intm}
= Z P{XOZ/.O,-“aXn—l:in—laXn+1:in—&-la”an:in—i-m}

10501 5--+5in—1

= Y ao(io)Qulio,it) - Qa-1(in-1,in)

105150 5in—1
X Qn(im in+1)Qn+1(in+17 in+2) ot Qn+m—1(in+m—17 in+m)
:an(in)Qn(ina in+1)Qn+1(in+17 in+2) T Qn+m—1(in+m—17 in—i—m)'

(i) follows noticing that

{Xn—i-m — in—i—m}

= Ui,,,in+1,...,i,,+m,1€E {X = ina Xn+1 = in+17 cee aXn—i-m = in-i—m}’

where the union is over disjoint events.
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In matrix notation

an+m(in+m)

= Z an(in)Qn(ina in+1) cet Qn+m—1(in+m—17 in+m)-

Inyint1se-sintm—1€E

says that
Apt+m = Qp Qn Qn+1 T Qn—i—m—l-
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'

Find:
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{X; = 2, X4 = 1}.
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{X5 =2,Xs = 1}.
Solution: (i)

P{Xs =2, X3 = 1} = a3(2)Qs(2,1) = (0.8)(0.3) = 0.24.
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{Xs =1, X4 = 1, X5 = 2}.
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{X3 =1, X3 = 1, X5 = 2}.
Solution: (ii)
P{X3 =1,X =1,X =2} = a3(1)Q3(1,1)Qa(1,2)
=(0.2)(0.6)(0.8) = 0.096.
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{Xs = 2}.
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Example 7
Consider a Markov chain with E = {1,2}, a3 = (0.2,0.8),

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 0.3)'
Find:

(i) P{Xs = 2}.
Solution: (iii) We have that

0.6 0.4) (0.2 08
as = a3@3Q4 = (0.2,0.8) <0 30 7) <0 70 3)

0.2 0.8

=(0.36,0.64) (0'7 03

) = (0.52,0.48).

Hence, P{Xs = 2} = a5(2) = 0.48.
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Next theorem shows that for a Markov chain, given the present,
the future is independent of the past, where future means events

involving Xy+1, ..., Xntm, present means events involving X,, and
past means events involving Xp, ..., X,_1.
Theorem 8

Let {X,:n=0,1,2,...} be Markov chain such that for each
iO:’.l,---,inajl;---aij E,

P{Xn+1 =Jj1, Xnt2 = j2, - s Xoem = Jm|Xo = fo, - . ., Xn = in}
:Qn(ina in+1)Qn+1(in+la in+2) te Qn—l—m—l(in—i-m—la in—i—m)
=P{Xnt1 = j1, Xn+2 = J2, - - s Xntm = Jm|Xn = in}.

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 10. Markov chains. Section 10.2. Markov chains.

Proof: By Lemma 1 and the definition of Markov chain, we have
that

P{Xn+1 = Jj1, Xo2 = 2, - - s Xokm = jm|Xo = fo, .- -, X = in}
=P{Xn11=1|Xo = io, X1 = i1,..., Xn = in}

X P{Xni2 = p|Xo=lo, X1 =i1,..., Xp = iny, Xnt1 = j1}

“ ...

X P{Xntm = jm|Xo = io, X1 = i1, ..., Xogm—-1 = jm—1}
=P{Xn11 = 1| Xn = in}P{Xp42 = 2| Xnt1 = ja} -

X IP){Xn—l-m :jm‘Xn+m—1 :jm—l}
=Qn(iny fn1) Qni1(int1, inv2) - - Qurm—1(intm—1, Inym)-
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By Theorem 7,

IP){)<n—|—1 :j17Xn+2 :j27 o 7Xn+m :jm’Xn - ’n}
:]P{X = inaXn+1 :j17Xn+2 :j2> s >Xn+m :_/m}

P{X, = in}
:an(in)Qn(in, in+1)Qn+1(in+1a in+2) e Qnerfl(inerfla in+m)
an(in)

:Qn(im in+1)Qn+1(in+1a in+2) T Qn+m—1(in+m—17 in+m)-
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Previous theorem implies that:

Theorem 9

P{Xn+m:jm|x :in}
= > Qulin)Qni1(in,f2) -+ Qutm-—10im—1,Jm)-

j17“'7jm71€E

Proof:

]P){Xn—irm :jm|X = in}
= Z P{Xn+1 :.j17 Xn+2 :_j2a cee aXner :Jm|X = ’n}

Jiyedm—1€E
= Z Qn(in,jl)Qn+1(jl,./'2) T Qn-i—m—l(_l.m—l).jm)'
J1yeeedm—1€E
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Previous theorem in matrix notation says that:

Theorem 10

Qr(im) = QnQn—H to Qn—&—m—l'

Proof.
We have that
Qi) = P{Xnim = j|1Xn = i}
= Z Qn(iajl)Qn+1(jlyj2) T Qn+m—1(.jm—1’j)~

Jiseem—1€E

O

So, Q' = Qu@ni1- Qrim-1.
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Equation
r(rm) = Qn Qn+1 ce Qnerfl

is one of the Kolmogorov—Chapman equations.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'

Find:
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'
Find:

(i) P{Xs = 2|1 X3 = 1}.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'
Find:

(i) P{Xy = 2| X3 = 1}.
Solution: (i) P{Xs =2|X3 =1} = Q3(1,2) = 0.4.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'
Find:

(i) P{Xs = 2, X5 = 1|X3 = 1}.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 02 0.8
Qs = <0.3 o.7> Qs = <o.7 o.3>'
Find:

(i) P{Xs = 2, X5 = 1|X3 = 1}.
Solution: (ii)

P{Xs =2,Xs = 1|X3 = 1} = Q3(1,2)Q4(2,1) = (0.4)(0.7) = 0.28.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'
Find:

(i) P{Xs = 1| X5 = 1}.
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Example 8
Consider a Markov chain with E = {1,2},

0.6 0.4 0.2 0.8
Qs = <0.3 o.7> Q= <o.7 o.3>'
Find:

(i) P{Xs = 1|X3 = 1}.
Solution: (iii) We have that

@ _ _ (06 0.4\ (02 08\ (040 0.60
@ _0304_(0.3 0.7)\0.7 03)  \0.55 0.45

P{Xs = 1|Xs = 1} = QP(1,1) = 0.4.

and
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For a Markov chain, given the present, the future is independent of
the past, where present means X,,, past means events involving
Xo, - .-, Xn—1 and future means events involving X,11, ..., Xptm-

Theorem 11
Let {X,:n=0,1,2,...} be Markov chain. Then, for each A € R"

and B e R™

Xnim) € B|(Xos .., Xn_1) € A, Xp = in}
; Xntm) € B|Xn = in}

P{(XnJrl?
:P{(XnJrl?

The proof of the previous theorem is in Arcones’ manual.
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Example 9
Consider a Markov chain with E = {1, 2},

0.4 0.6 0.3 0.7
@ = (0.1 0.8> Qs = <0.6 0.4>'

Find P{Xe = 1|/Xs = 2, X7 = 1}.
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Example 9
Consider a Markov chain with E = {1, 2},

0.4 0.6 0.3 0.7
@ = (0.1 0.8> Qs = <0.6 0.4> '
Find P{Xg = 1|Xs = 2, X7 = 1}.
Solution: We have that

@ _ ~ (0.4 06\ (03 07\ (048 052
@ _Q7Qs_<o.1 0.8) \0.6 0.4) (051 0.39
and

P{Xo=1|Xs =2, X; = 1} = P{Xo = 1]X; = 1} = Q{’)(1,1) = 0.48.
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A Markov chain satisfying that P(X,+1 = j| X, = i) is independent
of n is called an homogeneous Markov chain. We define

P(i,j) = P{Xp+1 = j|Xn = i}. P(i,Jj) is called the one-step
transition probability from state 7 into state j. Notice that P(i, )
does not depend on n.

We denote P = (P(i,j))ijce the matrix consisting of the one-step
transition probabilities. The matrix P must satisfy that

(i) for each i,j € E, P(i,j) > 0.

(ii) foreach i € E, > ;g P(i,j) = 1.
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We define P (i, j) = P{Xuyn = j| Xk = i}. P(i,j) is called the
n—step transition probability from state / into state j. Notice that
P(i,j) does not depend on k. We denote P(") = (P(") (i, j)); jce
the matrix consisting of the n—step transition probabilities. We
have that P(1) = P. The matrix P(") must satisfy that:

(i) for each i,j € E, P("(i, ') > 0.

(i) for each i € E, ZeEP )(i,j) = 1.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Theorem 12
For an homogeneous Markov chain, we have

(i)
P{X = inaXnJrl = in+1a v aXnerfl = in+m717Xn+m = in+m}
:oz,,(i,,)P(i,,, i,,+1)P(i,,+1, in+2) T P(’.nerfl’ in+m)-
(ii)
IP){)<n+1 = in+17 cee 7Xn+mfl = in+m717Xn+m = in+m|Xn = ’n}
=P(in, in+1) P(in+1, in+2)  * * Plintm—1, Int-m)-

(iii)

(iv)
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(i) PO,
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10
Suppose that an homogeneous Markov chain has state space

E = {1,2,3}, transition matrix

1/3 2/3 0
P=112 0 1/2],
1/4 1/4 1/2
and initial distribution oy = (1/2,1/3,1/6). Find:
(i) PO,
Solution: (i)

1/3 2/3 0 1/3 2/3 0

P =112 0 1/2|(1/2 0 1/2

1/4 1/4 1/2) \1/4 1/4 1)2
0.4444444 0.2222222 0.3333333
— | 0.2916667 0.4583333 0.2500000
0.3333333 0.2916667 0.3750000

Manual for SOA Exam MLC.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(i) PO,
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10
Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=112 0 1/2],
1/4 1/4 1/2
and initial distribution oy = (1/2,1/3,1/6). Find:
(i) PO,
Solution: (ii)

1/3 2/3 0\ [0.4444444 02222222 0.3333333
P =12 0 1/2] (0.2916667 0.4583333 0.2500000
1/4 1/4 1/2) \0.3333333 0.2916667 0.3750000

0.3425926 0.3796296 0.2777778
= [ 0.3888889 0.2569444 0.3541667
0.3506944 0.3159722 0.3333333
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(i) P{X, = 2}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=112 0 1/2],
1/4 1/4 1/2
and initial distribution oy = (1/2,1/3,1/6). Find:
(i) P{X, = 2}.
Solution: (iii)

0.4444444 0.2222222 0.3333333
aoP® = (1/2,1/3,1/6) | 0.2916667 0.4583333 0.2500000
0.3333333 0.2916667 0.3750000

=(0.375,0.3125,0.3125).

So, P{X, = 2} = 0.3125.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(iv) P{Xo = 1, X3 = 3}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(iv) P{Xo = 1, X3 = 3}.
Solution: (iv)
P{Xo=1,X; =3} = P{Xo = 1}P{X; = 3| Xo = 1}
—ag(1)PB)(1,3) = (0.5)(0.2777778) = 0.1388889.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(V) P{X; = 2, X = 3, X3 = 1|Xo = 1}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(V) P{Xy = 2, X = 3, X3 = 1|Xp = 1}.
Solution: (v)

P{X; =2,X,=3,X3=1|Xp = 1}
=P(1,2)P(2,3)P(3,1) = (2/3)(1/2)(1/4) = 1/12.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(vi) P{X, = 3|X, = 3}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(vi) P{X; = 3|X1 = 3.
Solution: (vi)

P{X, = 3|X; =3} = P(3,3) = 1/2.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(vii)) P{Xp2 = 1|1 X5 = 3, X10 = 1}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(vii) P{X12 = 1|X5 = 3, X10 = 1}
Solution: (vii)
P{X12 = 1| X5 = 3, X30 = 1} = P{X(12) = 1|X(10) = 1}
=P?)(1,1) = 0.444444.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(viii) P{X3 = 3, X5 = 1|Xp = 1}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(viii) P{X3 = 3, X5 = 1|Xo = 1}.
Solution: (viii)
P{Xz =3,Xs = 1|Xg = 1} = P{X3 = 3|Xo = 1}P{Xs = 1| X3 = 3}
=P©)(1,3)P(?)(3,1) = (0.277778)(0.3333) = 0.09258341.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(ix) P{X; = 3|Xo = 1}.
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Chapter 10. Markov chains. Section 10.2. Markov chains.

Example 10

Suppose that an homogeneous Markov chain has state space
E = {1,2,3}, transition matrix

1/3 2/3 0
P=|[12 0o 1,2},
1/4 1/4 1/2

and initial distribution oy = (1/2,1/3,1/6). Find:
(ix) P{Xs = 3|Xo = 1.
Solution: (ix)

P{X3 = 3|Xo = 1} = P)(1,3) = 0.277778.
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