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Chapter 11. Poisson processes. Section 11.2. Poisson processes.

Poisson processes

Definition 1

A stochastic process {N(t) : t > 0} is said to be a counting
process if N(t) represents the total number of "events” that have
occurred up to time t.

A counting process N(t) must satisfy:

(i) N(t) > 0.

(ii) N(t) is integer valued.

(iii) If s < t, then N(s) < N(t).

For a counting process {N(t) : t > 0} and s < t, N(t) — N(s) is
the number of events occurring in the time interval (s, t].
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Definition 2
A counting process is said to possess independent increments if

foreach0 <t <th <: - <tp,

N(t1), N(t2) — N(t1), N(t3) — N(t2), ..., N(tm) — N(tm—1) are
independent r.v.’s.

Notice that if s < t, N(t) — N(s) is the increment of the process in
the interval [s, t].
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Definition 3

A Poisson process is said to have stationary increments /if for
each 0 < t; < tp, N(t2) — N(t1) and N(t» — t;) — N(0) have the
same distribution.

In other words, a counting process has stationary increments if the
distribution of an increment depends on its length, independently
on its starting time.
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Definition 4

An stochastic process {N(t) : t > 0} is said to be a Poisson
process with rate A > 0, if:

(i) N(0) = 0.

(ii) The process has independent increments.

(iii) For each 0 < s,t, N(s + t) — N(s) has a Poisson distribution
with mean \t.
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Definition 4

An stochastic process {N(t) : t > 0} is said to be a Poisson
process with rate A > 0, if:

(i) N(0) = 0.

(ii) The process has independent increments.

(iii) For each 0 < s,t, N(s + t) — N(s) has a Poisson distribution
with mean \t.

Condition (iii) implies that a Poisson process has stationary
increments.

In the previous definition, we may interpret N(t) as the number of
occurrences until time.

The rate of occurrences per unit of time is a constant. The
average number of occurrences in the time interval (s,s + t] is At.
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Theorem 1
Let {N(t):t > 0} be a Poisson process with rate A > 0. Then, for
each0<ti<th < ---<tpandeach0 <k <k, <--- < kp,

P{N(t1) = ki, N(t2) = ko, ..., N(tm) = km}
e~ At (/\tl)kl ef/\(tzftl) ()\(t2 - tl))kQ—kl
k! (ko — ky)!
‘ e~ AMtm—tm—1) ()\(tm _ fm—1))k"’
k!

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 11. Poisson processes. Section 11.2. Poisson processes.

Proof:

P{N(t1) = ki, N(t2) = ko, .., N(tm) = km}
=P{N(tr) = ki, N(t2) = N(t1) = ko — ka, ...
o N(tm) = N(tm-1) = km — km_1}
=P{N(t1) = ki }P{N(t2) — N(t1) = ko — ky} -~ -
P{N(tm) — N(tm-1) = km — km-1}
a7 ey (M —a) T
ki! (ko — ki)!

. e Mtm—tm-1) (Atm — tm_l))km
Km! '
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:

(i) P{N(5) = 4}.

(i) P{N(5) = 4, N(6) = 9}.

(iii) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.

(v) P{N(5) — N(2) = 3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.
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Example 1

Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:
(i) P{N(5) = 4}.

(if) P{N(5) = 4, N(6) = 9}.

(i) P{N(5) = 4, N(6) = 9, N(10) = 15}.

(iv) P{N(5) — N(2) = 3}.

(v) P{N(5) — N(2) = 3, N(7) — N(6) = 4}.

(vi) P{N(2) + N(5) = 4}.

Solution:

(i)

e710(10)4

P{N(5) = 4} = P{Poiss(10) = 4} = —,
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:
(i) P{N(5) = 4}.
(i) P{N(5) = 4, N(6) = 9}.
(i) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.
(v) P{N(5) — N(2) =3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.
Solution:
(i)
P{N(5) = 4,N(6) =9} = P{N(5) = 4, N(6) — N(5) =5}
=P{N(5) = 4}P(N(6) — N(5) =5}

e—10(10)4 e—2(2)5 .

=P{Poiss(10) = 4}P{Poiss(2) =5} = 4 51
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:

(i) P{N(5) = 4}.

(i) P{N(5) = 4, N(6) = 9}.

(iii) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.

(v) P{N(5) — N(2) = 3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.

Solution:
(iii)
P{N(5) = 4,N(6) =9, N(10) = 15}
=P{N(5) = 4, N(6) — N(5) = 5, N(10) — N(6) = 6}
=P{N(5) = 4}P{N(6) — N(5) = 5}P{N(10) — N(6) = 6}

_1010° —2§e—siﬁ
41 5! 6!
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:

(i) P{N(5) = 4}.

(if) P{N(5) = 4, N(6) = 9}.

(iii) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.

(v) P{N(5) — N(2) =3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.

Solution:

(iv)
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:

(i) P{N(5) = 4}.

(i) P{N(5) = 4, N(6) = 9}.

(iii) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.

(v) P{N(5) — N(2) = 3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.

Solution:
v)
P{N(5) — N(2) = 3, N(7) — N(6) = 4}
—B{N(S) - N(2) = 3P(N(T) ~ N(E) = 4} = O 322
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Example 1
Let {N(t) : t > 0} be a Poisson process with rate A\ = 2. Compute:
(i) P{N(5) = 4}.
(i) P{N(5) = 4, N(6) = 9}.
(i) P{N(5) = 4, N(6) = 9, N(10) = 15}.
(iv) P{N(5) — N(2) = 3}.
(v) P{N(5) — N(2) =3, N(7) — N(6) = 4}.
(vi) P{N(2) + N(5) = 4}.
Solution:
(vi)
P{N(2) + N(5) = 4} = P{2N(2) + (N(5) — N(2)) = 4}
=P{N(2) =0, N(5) — N(2) = 4} + P{N(2) = 1, N(5) — N(2) = 2}
+P{N(2) =2,N(5) — N(2) =0}
a o a4 4® ¥,

=e e H—Fe ﬂe E—i—e je
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Theorem 2
For each t > 0,

E[N(t)] = At and Var(N(t)) = At.

Proof.
N(t) has a Poisson distribution with mean At. O
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Theorem 3
For each 0 <s <t,

Cov(N(s), N(t)) = As.
Proof.
Since N(s) and N(t) — N(s) are independent,
Cov(N(s), N(t) — N(s)) = 0. So,

Cov(N(s), N(t)) = Cov(N(s), N(s) + N(t) — N(s))
=Cov(N(s), N(s)) + Cov(N(s), N(t) — N(s)) = Var(N(s)) = As,
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Example 2

Let {N(t): t > 0} be a Poisson process with rate A\ = 2. Compute:
(i) E[2N(3) — 4N(5)].

(ii) Var(2N(3) — 4N(5)).

(iii) E[N(5) — 2N(6) + 3N(10)].

(iv) Var(N(5) — 2N(6) + 3N(10)).

(v) Cov(N(5) — 2N(6),3N(10)).
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Example 2
Let {N(t) : t > 0} be a Poisson process with rate A = 2. Compute:

(i) E[2N(3) — 4N(5)].
(ii) Var(2N(3) — 4N(5)).

(iii) E[N(5) — 2N(6) -+ 3N(10)].
(iv) Var(N(5) — 2N(6) + 3N(10)).
(v) Cov(N(5) — 2N(6),3N(10)).
Solution:

(i)

E[2N(3) — 4N(5)] = 2E[N(3)] — 4E[N(5)]
=(2)(2)(3) — (4)(2)(5) = -
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Example 2
Let {N(t) : t > 0} be a Poisson process with rate A = 2. Compute:

(i) E[2N(3) — 4N(5)].
(ii) Var(2N(3) — 4N(5)).

(iii) E[N(5) — 2N(6) -+ 3N(10)].

(iv) Var(N(5) — 2N(6) + 3N(10)).

(v) Cov(N(5) — 2N(6),3N(10)).

Solution:

(i)
Var(2N(3) — 4N(5)) = Var(—2N(3) — 4(N(5) — N(3)))
—(—2)Var(N(3)) + (—4)2Var(N(5) — N(3))
=(=2)*(2)(3) + (—4)*(2)(5 — 3) = 88.
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Example 2
Let {N(t) : t > 0} be a Poisson process with rate A = 2. Compute:
(i) E[2N(3) — 4N(5)].
(ii) Var(2N(3) — 4N(5)).
(iii) E[N(5) — 2N(6) + 3N(10)].
(iv) Var(N(5) — 2N(6) + 3N(10)).
(v) Cov(N(5) — 2N(6),3N(10)).
Solution:
(iii)
E[N(5) — 2N(6) + 3N(10)] = (5)(2) — (2)(6)(2) + (3)(10)(2)
=10 — 24 + 60 = 46.
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Example 2

Let {N(t) : t > 0} be a Poisson process with rate A = 2. Compute:
(i) E[2N(3) — 4N(5)].

(ii) Var(2N(3) — 4N(5)).

(iii) E[N(5) — 2N(6) + 3N(10)].

(iv) Var(N(5) — 2N(6) + 3N(10)).

(v) Cov(N(5) — 2N(6),3N(10)).

Solution:
(iv)
Var(N(5) — 2N(6) + 3N(10))
=Var(2N(5) + (N(6) — N(5)) + 3(N(10) — N(6)))
—=4Var(N(5)) + Var(N(1)) 4 9Var(N(4))
=(4)(5)(2) + (2)(1) + (9)(4)(2) = 114.
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Example 2

Let {N(t): t > 0} be a Poisson process with rate A\ = 2. Compute:
(i) E[2N(3) — 4N(5)].

(ii) Var(2N(3) — 4N(5)).

(iii) E[N(5) — 2N(6) + 3N(10)].

(iv) Var(N(5) — 2N(6) + 3N(10)).

(v) Cov(N(5) — 2N(6),3N(10)).

Solution:

(v)
Cov(N(5) — 2N(6),3N(10)) = (3)(5)(2) — (6)(6)(2) = 30 — 72 — 42.
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Theorem 4

Let {N(t):t > 0} be a counting process such that:

(i) N(0) = 0.

(ii) The process has independent stationary increments.

(i) P{N(h) > 2} = o(h).

(iv) P{N(h) = 1} = Ah + o(h), where X\ > 0.

Then, {N(t) : t > 0} is a Poisson process with rate A > 0.
Reciprocally, a Poisson process {N(t) : t > 0} with rate A\ >0 is a
counting process satisfying (i)—(iv).

Proof: See Arcones's manual.
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Theorem 5

(Markov property of the Poisson process) Let {N(t):t > 0} be a
Poisson process with rate A\. Let0 <t < th < - - < t, <s and
let ki < ko < --- < ky, < j. Then,

P{N(s) = jIN(t1) = ki, ... N(tm) = knm}
=P{N(s) = jIN(tm) = km}.

Previous theorem says that a Poisson process is a Markov chain
with continuous time and state space E = {0,1,... }.
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Proof.

Since N(t1), N(t2) — N(t1),--- , N(tm) — N(tm—1), N(s) — N(tm)
are independent,

P{N(s) = jIN(t;) = k1, ..., N(tm) = km}
_ P{N(t

1) k17~~~gN(tm) km:N(S):j}
- P{N(tl)zkl,...7N(fmg=km
_ P{N(t1)=ki,N(t2)—N(t1)=ko—ki,...,N(tm)—N(tm—_1)=Km—km— 1,N() N(l’m)—j km}
P{N(t1)=ki,N( z)—N(tl):kz—kl, N (&) —N(tm—1)=km

 P{N(t) =t }PUN(e2) - N(tn ) o — Ko b PRI ()~ N 1) i — ko I}P{N(s) N(tm)=j—km}
- PAN(t) =k } P{N(2) - N(t1)=ko—ka } -+ P{N(tm) = N(tm—1)=hkm—km—1}
=P{N(s) = N(tm) =j — km}
and

P{N(s) = jIN(tm) = km} = P{N(s) — N(tm) = j — km|N(tm) = km}
=P{N(s) — N(tm) =j — km}

(©2008. Miguel A. Arcones. All rights reserved.
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Previous theorem implies that for
0<thH<b< - <th<s <S$<- 5y and for
kl < k2 <...< km §J1 < "'.jny

P{N(Sl) =J1 s N(Sn) :J.n’N(tl) =ki,..., N(tm) = km}
:[P{N(Sl) =j1,..., N(Sn) :_].,,’N(tm) = km}
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Theorem 6

Let {N(t): t > 0} be a Poisson process with rate \. Let tg > 0
and let j > 0. Then, the distribution of {N(t) — N(tp) : t > to}
conditional on N(ty) = j is that of a Poisson process with rate \.

In particular, for each tg < s; < --- < s, and each
./Skl é""kmr

P{N(s1) = ki,..., N(sm) = km|N(to) = j}
:]P{N(Sl — to) =ki—J,. .., N(Sm — to) =k, —_j}

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 11. Poisson processes. Section 11.2. Poisson processes.

Proof: Since a Poisson process has independent stationary
increments,

P{N(s1) = ki, . N(sm) = k| N(to) = j}
—P{N(s1) — N(to) = k1 — Jj, N(52) — N(51) = km — km_1, .- -
N(sm) — N(sm-1) = km — km-1|N(t0) = j}
:P{N(Sl) — N(to) = kq —j}]P){N(Sz) — N(Sl) = ky — kl} e
P{N(sm) — N(sm_1) = km — km_1}
:P{Pois()\(sl — to)) =k *j}P{POiS()\(SQ — 51)) = ky — kl} <.
P{Pois(A(sm — Sm—-1)) = km — km—1}
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and

P{N(s; —to) = ki —j,..., N(sm — to) = km — j}
—P{N(sy — to) = ky — j, N(52 — to) — N(s1 — to) = ko — ks ...,
N(sm — to) — N(Sm—1 — to) = km — km—1}
:P{N(Sl — to) = ky —j}P{N(S2 — to) — N(Sl — to) =ky — kl} <o
P{N(Sm — to) — N(Sm,1 — to) =kn — kmfl}
=P{Pois(A(s1 — to)) = k1 — j}P{Pois(A(s2 — s1)) = ko — k1 } - -~
P{Pois(A(Sm — Sm-1)) = km — Kkm—1}-
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It follows from the previous theorem that the distribution of
N(s + t) given N(s) = is that j 4+ Poisson(At). So,

E[N(s + t)|N(s) = j] = j + At and Var(N(s + t)|N(s) = j) = At.

Previous theorem says that the number of occurrences from one
moment on is a Poisson process. In some sense, the process starts
anew at every time. Given a particular time, future occurrences
from that time on follow a Poisson process with the same rate as
the original process.
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).

Solution:

(i) P{N(5) = 7IN(3) = 2} = P{N(5) = N(3) =7 = 2|N(3) = 2} =
P{N(2) =5} = e %%,
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).

Solution:

(ii) E[2N(5)=3N(7)IN(3) = 2] = (2)(2+(3)(2)) - (3)(2+(3)(4)) =
—26.
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).

Solution:
(iii)
Var(N(5)|N(2) = 3) = Var(N(5) — N(2) + 3|N(2) = 3)
=Var(N(5) — N(2)|N(2) = 3) = Var(N(3)) = (3)(3) = 9.
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).

Solution:

(iv) Var(N(5)—N(2)|N(2) = 3) = Var(N(5)—N(2)) = (3)(5—2) =
0.
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Example 3

Let {N(t):t > 0} be a Poisson process with rate A\ = 3. Compute:
(i) PAN(5) = 7|N(3) = 2}.

(i) E[2N(5) — 3N(7)|N(3) = 2].

(iii) Var(N(5)|N(2) = 3).

(iv) Var(N(5) — N(2)|N(2) = 3).

(v) Var(2N(5) — 3N(7)|N(3) = 2).

Solution:
(v)

Var(2N(5) — 3N(7)|N(3) = 2) = Var(2(N(2) +2) — 3(N(4) + 2))
=Var(2N(2) — 3N(4)) = Var(—N(2) — 3(N(4) — N(2)))

=Var(—N(2)) + Var(3(N(4) — N(2))) = (2)(3) + (3)%(3)(4 — 2) = 60.
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Theorem 7

Let {N(t):t > 0} be a Poisson process with rate . Let s,t > 0.
Then,

P{N(t) = KIN(s + t) = n} = (Z) <tis>k <tis)n_k,

i.e. the distribution of N(t) given N(s + t) = n is binomial with
parameters n and p = . So,

EIN()INGs + &) = n] = "
and , <
Var(N(t)|N(s+t) =n) = et
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Proof:

PIN(E) = KIN(s + ) = n) =~ et 0 =)
CP{N(t) = k, N(s + £) — N(t) = n — k}
- P{NGs + 1) = n}

e—At(Aktl)k e—As (Xs)" X

_ mrr _ (n\ [t N s \"F
- e A(s+1) AE1)” \k) \t+s t+s ’
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Previous theorem says that knowing that n events are recorded
until time s + t, each of these events is recorded before time t with

probability ?tt independently of the rest of events.
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Chapter 11. Poisson processes. Section 11.2. Poisson processes.

Previous theorem says that knowing that n events are recorded
until time s + t, each of these events is recorded before time t with
probability ?tt independently of the rest of events.

Previous theorem can be extended as follows, given

0<t;1 <th<---< tm, the conditional distribution of

(N(t1), N(t2) — N(t1), ..., N(tm) — N(tm-1)) given N(tn) = nis
multinomial distribution with parameter (tt—;, t2t;t1,..., t’"_t;m’l).
Given N(tn,) = n, we know that events happens in the interval

[0, tm], each of these events happens independently and the
probability that one of these events happens in particular interval is
the fraction of the total length of this interval.
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Example 4

Customers arrive at a store according to a Poisson process with a
rate 40 customers per hour. Assume that three customers arrived
during the first 15 minutes. Calculate the probability that no
customer arrived during the first five minutes.
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Chapter 11. Poisson processes. Section 11.2. Poisson processes.

Example 4

Customers arrive at a store according to a Poisson process with a
rate 40 customers per hour. Assume that three customers arrived
during the first 15 minutes. Calculate the probability that no
customer arrived during the first five minutes.

Solution: Let N(t) be the number of customers arriving in the first
t minutes. N(t) is a Poisson process with rate 2/3. We have that

P{N(5) = O|N(15) = 3} = (g) (155>0 <1g)3 — 0.2062062963.
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