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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Future lifetime of a life aged x.

Definition 1
We denote by (x) to a life that survives to age x.

(x) is called a life—age—x or a life aged x.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Future lifetime of a life aged x.

Definition 1
We denote by (x) to a life that survives to age x.

(x) is called a life—age—x or a life aged x.
Definition 2

We denote by T(x) = X — x is the future lifetime of (x), i.e.
T(x) = X — x is time—until-death of an entity with age x.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Future lifetime of a life aged x.

Definition 1
We denote by (x) to a life that survives to age x.

(x) is called a life—age—x or a life aged x.

Definition 2

We denote by T(x) = X — x is the future lifetime of (x), i.e.
T(x) = X — x is time—until-death of an entity with age x.

An alternative notation for T(x) is Tx. Notice that To = X, i.e.
the future lifetime of an entity with age zero is the age—at—failure.
Notice that since T(x) is defined only for a life which survives to
age x, probabilities for T(x) are conditional probabilities.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

The survival function of T(x) is

P{X —x>t,X > x}

P{T(x) >t} =P{X —x>t|X >x} =

P{X > x}
:s(x+ t),t 0.
s(x)
The density of T(x) is
d ds(x+t) fx(x+1)
froon(t) = ——P{T ty = —— = t=>0.
We denote the density of T(x) by
f; t
fx(x+t|X > x) = M,tz 0.

s(x)
The cumulative distribution function of T(x) is

P{T(x) <t} =1-P{T(x) >t} = S(X)_S(SXJF”
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Example 1

. . . 6__ 16
Consider the survival function Sx(t) = gogoﬁt , for 0 < t < 90.

Find the survival function and the probability density function of
T(x).
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 1
Consider the survival function Sx(t) = 90960?6, for 0 < t < 90.
Find the survival function and the probability density function of

T(x).
Solution: The survival function of T(x) is

67X 6
s(x+ 1) U 906 (x4 1)6
s(x) % © 906 — xb

,0<t <90 —x.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 1

Consider the survival function Sx(t) = 90960?6, for 0 < t < 90.
Find the survival function and the probability density function of
T(x).

Solution: The survival function of T(x) is

6_(x41)6
s(x+ 1) U 906 (x4 1)6 o< te00
s(x) % 900 —x6 T T T '

The probability density function of T(x) is

ds(x+1t) d [90% — (x +t)°
freo(t) = —— T 6 _ x6
dt  s(x) dt 900 — x
6(x + t)°
=2 0<t< — X.
955 50 S E< 90— x
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Definition 3
The probability that a life aged x survives t years is denoted by +px.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 3
The probability that a life aged x survives t years is denoted by +px.

Notice that ¢py is the survival function of T(x), i.e.

s(x+t)

thx =P{T(x) >t} =P{X >x+t|X >x} = o)
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 3
The probability that a life aged x survives t years is denoted by +px.

Notice that ¢py is the survival function of T(x), i.e.

s(x+t)
s(x)

The survival function of the age—at—death X is :pg, t > 0.

thx = P{T(x) >t} =P{X > x+t|X >x} =
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 3
The probability that a life aged x survives t years is denoted by +px.

Notice that ¢py is the survival function of T(x), i.e.

s(x+t)
s(x)

The survival function of the age—at—death X is :pg, t > 0.
Since ¢px, t > 0, is the survival function of T(x),

thx = P{T(x) >t} =P{X > x+t|X >x} =

d
fT(x)(t) - _Etpxa t> 07

and -
tPx = / frq(t)ds, t > 0.
t
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Example 2

Suppose that :px =1 — , 0 <t <90 — x, find the probability
that a 25—year—old reaches age 80.
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Example 2
Suppose that ¢px =1 — g5+, 0 < t <90 — x, find the probability
that a 25—year—old reaches age 80.

Solution: The probability that a 25—year-old reaches age 80 is

g 52
80—25P25 = 55P25 = 90 —25 13
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Example 3
Suppose that :px =1 — ,0<t <90 — x, find the density of
T(x).
Solution: The density of T(x).
d 1
= py=— 0<t<90— x.
Frog(t) = —2cepx = gg 50 < £ 90— x
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Theorem 1

m+nPx = mPx " nPx+m-
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Theorem 1

m+nPx = mPx " nPx+m-

Proof: We have that

_s(x+m)s(x+m+n)  s(x+m+n)
mPx * nPx+m = S(X) S(X T m) = S(X) = m+nPx-
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Theorem 1

m+nPx = mPx " nPx+m-
Proof: We have that

_s(x+m)s(x+m+n)  s(x+m+n)
mPx * nPx+m = S(X) S(X n m) - S(X) = m+nPx-

By induction, the previous theorem implies that

Zj’le njpx = mPx " nyPx+n1 * n3Px+ni+ny """ nkPXJijlf:—ll n;*
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Example 4

Suppose that probability that a 30—year—old reaches age 40 is 0.95,
the probability that a 40-year—old reaches age 50 is 0.90, and the
probability that a 50—year—old reaches age 60 is 0.95. Find the
probability that a 30-year—old reaches age 60.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 4

Suppose that probability that a 30—year—old reaches age 40 is 0.95,
the probability that a 40-year—old reaches age 50 is 0.90, and the
probability that a 50—year—old reaches age 60 is 0.95. Find the
probability that a 30-year—old reaches age 60.

Solution: The probability that a 30—year—old reaches age 60 is

30P30 — 10P30 * 10P40 * 10P50 — (0.95)(0.99)(0.95) = 0.893475.
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Definition 4
The probability that a life aged x will die within t years is denoted

by +qx.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 4

The probability that a life aged x will die within t years is denoted
by +qx.

Notice that +gx is the cumulative distribution function of T(x), i.e.

1ax = P{T(x) < t}=P{X§X“|X>X}:S(X)_S(SX()XH)'
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 4
The probability that a life aged x will die within t years is denoted

by +qx.
Notice that +gx is the cumulative distribution function of T(x), i.e.
iGx = P{T(x) < t} = P{X < x + t|X > x} = S(X)_S(SX()””

It is easy to see that ;gx =1 — ¢px.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 4
The probability that a life aged x will die within t years is denoted

by +qx.
Notice that +gx is the cumulative distribution function of T(x), i.e.

cgx = P{T(x) < t}:IP’{X§X4—t|X>X}:S(X)_S(SX()X+t).

It is easy to see that ;gx =1 — ¢px.
¢+go is the cumulative distribution function of the age—at—death X.
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Example 5

Suppose that +qx = 95%)(, 0 <t <95 — x, find the probability that
a 30-year—old dies before age 75.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 5

Suppose that +qx = 95%)(, 0 <t <95 — x, find the probability that
a 30-year—old dies before age 75.

Solution: The probability that a 30—year—old dies before age 75 is

. R
75—-30930 = 45430 = 05 _-30 13’
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Definition 5
Px Is the probability that a life aged x survives one year, i.e.

s(x+1)

px = P{X >x+1|X > x} = o)
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 5
Px Is the probability that a life aged x survives one year, i.e.
s(x+1)

Notice that py = 1p«.
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Theorem 2

nPx = PxPx+1 - - - Px+n—1-
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Theorem 2

nPx = PxPx+1 - - - Px+n—1-

Proof: We have that

s(x+1)s(x+2)  s(x+n)

PxPx+1 - -+ Px+n-1 = S(X) s(x + 1) ‘ S(X +n— 1)
S(x+n
:! = nPx-
s(x)
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Example 6
Suppose that

k ‘ 29 30 31 32 33 34 35 36
pk‘0.99 098 097 096 096 095 094 0.93

Find the probability that a 30—year old survives to age 35.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 6
Suppose that

k ‘ 29 30 31 32 33 34 35 36
pk‘0.99 098 097 096 096 095 094 0.93

Find the probability that a 30—year old survives to age 35.
Solution: The probability that a 30—year old survives to age 35 is

5P30 = P30P31P32P33P34 = (0.98)(0.97)(0.96)(0.96)(0.95)
=0.832269312.
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Definition 6
gx is the probability that a life aged x will die within one year, i.e.

qX:]P’{ng+1]X>x}:S(X)S(SX()X+1).
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 6
gx is the probability that a life aged x will die within one year, i.e.

qX:]P’{ng+1]X>x}:S(X)S(SX()X+1).

Notice that gx = 19x«.
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Example 7
Consider the survival function Sx(x) = %, for 0 < x < 90.
Find tPx;s tdx; Px; dx-
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 7
Consider the survival function Sx(x) = 90;0_6X6, for 0 < x < 90.
Find tPx, tGx; Px; qx-
Solution: We have that
6__ 6
os(x+t) 87—l 9(0X6+t) B 900 — (x + t)° 0<t<90
thx = s(x) 90;0—6X6 T T 906 _x6 o= t=ETTX
6_ 6 906_ 6
s - slx k) Mgt — S
tdx = S(X) - 906 —xb
900
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Theorem 3

1= gk + prQr+1 + 2Pk Qr+2 + 3Pk i3 + - -
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Theorem 3

1= gk + pPrQi+1 + 2Pk Gr+2 + 3Pk Gi+3 + - - -
Proof: We have that g, = P{X < k},

PkQk+1 = (k) _S(Sk()k i 1)s(k) = s(k)—s(k+1) = P{k < X < k+1},

_ s(k+2)s(k+1)—s(k+2)
2Pkdhr2 = =3 Skt 2) )
=s(k+1)—s(k+2)=Plk+1< X < k+2}

and so on. Hence,

gk + PkQk+1 + 2Pkqk+2 + 3Pk Gk+3 + -
“P{X <k} +Plk< X <k+1}+P{k+1< X <k+2}+---=1.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 7
Given x,s,t > 0, s|tqx represents the probability of a life just
turning age x will die between ages x +s and x + s+ t, i.e.

s(x—l—s)—s(x—i—s—l—t).

s(x)

S‘qu = P{S < T(X) <s+ t} =
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 7
Given x,s,t > 0, s|tqx represents the probability of a life just
turning age x will die between ages x +s and x + s+ t, i.e.

s(x—l—s)—s(x—i—s—l—t).

s(x)

sltgx =P{s < T(x) <s+t} =

The symbol 5|+ means deferred for s years and happening within
the next m years.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Definition 7
Given x,s,t > 0, s|tqx represents the probability of a life just
turning age x will die between ages x +s and x + s+ t, i.e.

s(x+s)—s(x+s+1t)
s(x) '

sltgx =P{s < T(x) <s+t} =

The symbol 5|+ means deferred for s years and happening within
the next m years.
We abbreviate ¢|gx = ¢|t+19x-
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Example 8

Consider the survival function Sx(x) = 90;0_6X6, for 0 < x < 90.
(i) Find s|¢qx, for 0 < x,s,t and x + s + t < 90.

(ii) Find the probability that a 30-year-old dies between ages 55

and 60.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 8

Consider the survival function Sx(x) = 90;0_6X6, for 0 < x < 90.
(i) Find s|¢qx, for 0 < x,s,t and x + s + t < 90.

(ii) Find the probability that a 30-year-old dies between ages 55
and 60.

Solution: (i) We have that

90°—(x+s)% _ 90— 6
s(x+s) —s(x+s+1t) 9(0X6+5) - (QXJESH)
sledx = s(x) = 006_x6
906

(x+s+1)° —(x+5)°
006 — x6 '
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 8

Consider the survival function Sx(x) = 90;0_6X6, for 0 < x < 90.
(i) Find s|¢qx, for 0 < x,s,t and x + s + t < 90.

(ii) Find the probability that a 30-year-old dies between ages 55
and 60.

Solution: (i) We have that

90°—(x+s)% _ 90— 6
s(x+s) —s(x+s+1t) 9(0X6+5) - (QXJESH)
sledx = s(x) = 006_x6
906

(x+s+1)° —(x+5)°
006 — x6 '

I e probability that a 30—year-o ies between ages 55 an
ii) The probability that a 30 Id dies b d
60 is
_(60)° —(55)°
25/5G30 = (90)6 — (30)6 0.03575453.
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Theorem 4

s‘th = sPx — s+tPx = sPx ' tdx+s-
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Theorem 4

s‘th = sPx — s+tPx = sPx ' tdx+s-
Proof: We have that
sltgx =P{s < T(x) <s+t}=P{s < T(x)} —P{s+t < T(x)}
=sPx — s+tPx

and

. _ s(x+5s)s(x+s)—s(x+s+t)
sPx * tQx+s = S(X) S(X+ S)

_s(x+s)—s(x+s+t)
- D = dled
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Example 9

Suppose that:

(i) The probability that a 30—year—old will reach age 60 is 0.90.

(ii) The probability that a 30—year—old will reach age 50 is 0.95.
Find the probability that a 30—year—old will die between age 50 and
60.
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Chapter 2. Survival models. Section 2.2. Actuarial notation for survival analysis.

Example 9

Suppose that:

(i) The probability that a 30—year—old will reach age 60 is 0.90.

(ii) The probability that a 30—year—old will reach age 50 is 0.95.
Find the probability that a 30—year—old will die between age 50 and
60.

Solution: We have that

20/10G30 = 20P30 — 30P30 = 0.95 — 0.90 = 0.05.
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Example 10

Suppose that:

(i) The probability that a 30—year—old will reach age 50 is 0.90.

(ii) The probability that a 50-year—old will reach age 60 is 0.95.
Find the probability that a 30—year—old will die between age 50 and
60.
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Example 10

Suppose that:

(i) The probability that a 30—year—old will reach age 50 is 0.90.

(ii) The probability that a 50-year—old will reach age 60 is 0.95.
Find the probability that a 30—year—old will die between age 50 and
60.

Solution: We have that

20/10930 = 20P30 - 10g50 = (0.90)(1 — 0.95) = 0.045.
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