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Chapter 3. Life tables. Section 3.3. Continuous computations.

Continuous computations

Although, a life table does not show values of ¢, for non integers
numbers, we will assume that ¢, is known for each x > 0. In the
next section, we will discuss how to estimate ¢, for non integers.
Knowing ¢, for each x > 0, we can get

S(X):Z,

d A
) = 2 (logft)) = — =,
o * fy
ey = —dx,
b b
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Definition 1
T is the expected number of years lived beyond age x by the
cohort group with /[ members.

Theorem 1
(i) Tx = J5* besr dt and e, = E[T(x)] = 7.
(ii)

El(T(y) = 2 EXTY v

Notice that the expected number of years lived beyond age x by an
individual alive at age x is gx. The expected number of individuals
alive at age x is {x. Hence, T, = KXgX.
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Proof.
(i) We have that

T = LoE[(X — x)I(X > x)] = oP{X > x}E[X — x|X > X]

=0 E[T(x)] :ex/ tPx dt:/ Cyse dt.
0 0

(ii) Using that Ty = [ luse dt = [° 0, dt, we get that

0 0 e’} [e%} t

X X y X X
:2/ (t — x)l; dt:2/ ulyy, du.

X 0

So,

QIXKXTYdy B /0°° 2u - upx du = E[(T(x))?].
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Example 1
Suppose {x = lg (1 - 572) for 0 < x < w. Find &, E[(T(x))?]
and Var(T(x)) using Theorem 1.
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Example 1

Suppose Uy = {o (1 - §) for 0 < x < w. Find &, E[(T(x))?]
and Var(T(x)) using Theorem 1.

Solution:

We have that

e’} w—X 2
T :/ €X+tdt:/ o (1 _ (X+2t)> dt
0 0 w

3wt — (x + )3 [“7F 3w (w — x) — w3 4 x3
—{, 2 — . —
w 0 3w
2w3 — 32 3
=€0< w 3w2x+x),0§x§w
3w
Hence
o _B_2w3—3w2x+x3_2w2—wx—x2_(w—x)(2w—|—x)
ol 3w?—-x2) 3w+ x) 3wt x)
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Example 1
Suppose Uy = {o (1 - §) for 0 < x < w. Find &, E[(T(x))?]

and Var(T(x)) using Theorem 1.

Solution:
We also have that

o0 w 2w3—3w2y+y3
/X Tydy:/x £0< 32 )dy

- 8wdy — 6w?y? + y*\ |¥
()|,

_8w4 — 6w* + w* — 8w3x + 6w?x? — x*
- 1202

_3w4 — 8w3x + 6w?x% — x*

1202
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Example 1
Suppose bx = o (1= %), for 0 < x < w. Find &, E(T(x))’]
and Var(T(x)) using Theorem 1.
Solution:
2[FT,dy 3w*—8uwix 4 6w?x? — x*
21 _ X Y _
E[(T ()] = 22 = 2Bt
3w —B5wx +wx? +x3 (w—x)?(3w + x)
6(w + x) B 6(w+x) '
(w — x)?(3w + x) (w — x)(2w + x)\?
T(x)) = _
Var(T()) 6(w + x) 3(w+ x)
_ (w- x)? 2
~18(0 £ x)? (3(w + x)(Bw + x) — 2(2w + x)?)
_ (w- x)? 2 2
=180 1 X (w® + dwx + x%) .

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.3. Continuous computations.

Definition 2
nLx is the expected number of years lived between age x and
age x + n by the /, survivors at age x.

Theorem 2

n
nkx = Tx — Txyn = exex:ﬁ\ = / €X+t dt.
0
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Definition 2
nLx is the expected number of years lived between age x and
age x + n by the /, survivors at age x.

Theorem 2
° n
nkx = Tx — Txyn = exex:ﬁ\ = / €X+t dt.
0

Proof: (i) Since the deceased at age x do not live between age x
and age x + n, ,Ly is the expected number of years lived between
age x and age x + n by the initial ¢y lives. So,

an = Tx - Tx+n-
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Definition 2
nLx is the expected number of years lived between age x and
age x + n by the /, survivors at age x.

Theorem 2
° n
nkx = Tx — Txyn = exex:ﬁ\ = / €X+t dt.
0

Proof: (i) Since the deceased at age x do not live between age x
and age x + n, ,Ly is the expected number of years lived between
age x and age x + n by the initial ¢y lives. So,

an = Tx - Tx+n-

(i) Since 2X:ﬁ| is the expected number of years lived between age x
and age x + n by a live aged x,

(e}
nlx = Exex:ﬁ| :

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.3. Continuous computations.

Definition 2
nLx is the expected number of years lived between age x and
age x + n by the /, survivors at age x.

Theorem 2
° n
nkx = Tx — Txyn = exex:ﬁ\ = / €X+t dt.
0

Proof: (i) Since the deceased at age x do not live between age x
and age x + n, ,Ly is the expected number of years lived between
age x and age x + n by the initial ¢y lives. So,

an = Tx - Tx+n-

(i) Since 2X:ﬁ| is the expected number of years lived between age x
and age x + n by a live aged x,

(e}
nlx = Exex:ﬁ| :

(iii) Lxexn = bx Jy epx dt = [§ bxye dt.
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We will abbreviate L, = 1Ly, i.e. Ly = fol Uyt dt is the expected
number of years lived between age x and age x + 1 by the /4
survivors at age x. Previous equation display implies that

1
LX:/ £x+tdt:Tx_ x+1-
0
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Corollary 1
(i) T = z:zx L.
(ii) & = Zkzxtt,

x+n 1
(”I) ex nl = Z
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Chapter 3. Life tables.

Corollary 1

(i) T =2z L
(i) &y = Zizslb,

(iii) &y. = w
Proof:

(i)

Section 3.3. Continuous computations.

00 o) o k+1 o 1
TX:/ £X+tdt:/ Etdt:Z/ Etdt:Z/ Ujqe dt
0 X k—x k k—x 0

x+n—1 k+1 et dt

o _ Jo beredt [0 dt

o ly B Oy
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