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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Interpolating life tables.

Life tables only show the values of ¢, whenever x is a nonnegative
integer. In many computations, we need to know ¢, for each
x > 0. We can estimate these values ¢, in several ways.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Uniform distribution of deaths.

The simplest way is to assume a uniform distribution of deaths.
That is, assume that between integer—valued years x and x + 1 the
death rate is constant. This implies that the graph of /¢,

0 < t <1is linear. Hence,

Ueyr = (1—t)lx+tly1 = U+ t(lxs1—lx) =l —t-dy,0 < t < 1.

(1)
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 1

Under a linear form for the number of living, for each nonnegative
integer x and each 0 < t < 1:

(i) tpx =1 — tqx.

(i) tgx = tgx, 0 < t < 1.

(ii) fro(t) = as.

(iv) Hx4+t = 1_q;qx-

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 1

Under a linear form for the number of living, for each nonnegative
integer x and each 0 < t < 1:

(i) epx = 1 — tqx.

(ii) tqx = tqx, 0 <t< 1.

(iii) fT(x)(t) = Qgx-

(’V) Hx+t = 1_q;qx-

Proof: (i) By (1),

Cere  bo—t-dy dy
= _ 1t & 1, 0<t<Ll
Px =7y ‘. ‘. q
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 1

Under a linear form for the number of living, for each nonnegative
integer x and each 0 < t < 1:

(i) epx = 1 — tqx.

(i) tgx = tgx, 0 < t < 1.

(iii) fT(x)(t) = Qgx-

(’V) Hx+t = 1_q;qx-

Proof: (ii)

(Gx = 1 — ¢px = tqx, 0<t<l.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 1

Under a linear form for the number of living, for each nonnegative
integer x and each 0 < t < 1:

(i) epx = 1 — tqx.

(i) tgx = tgx, 0 < t < 1.

(iii) fT(x)(t) = Qgx-

(’V) Hx+t = 1_q;qx-

Proof: (iii)

d
fT(x)(t) = _Etpx = Qx-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 1

Under a linear form for the number of living, for each nonnegative
integer x and each 0 < t < 1:

(i) epx = 1 — tqx.

(ii) tqx = tqx, 0 <t< 1.

(iii) fT(x)(t) = Qgx-

(’V) Hx+t = 1_q;qx-

Proof: (iv)

qx

D rogipe = —Llog(1— tqy) = —F
Hx+t = dt gtPx = g ax —1_th-

dt
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 1
Using the life table in Section 4.1 and assuming a uniform
distribution of deaths, find:

(i) 0.5P35
(i) 1.5p35.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 1

Using the life table in Section 4.1 and assuming a uniform
distribution of deaths, find:

(1) 0.5P35
(ii) 1.5P3s.
Solution: (i) We have that p3s = fzg = 9228 — 0.9987249357 and

05P3s = 1 — 0.5g3s = 1 — 0.5(1 — 0.9987249357) = 0.9993624678.
(i) We have that pss = 722 = 35953 = 0.9986306447 and
05P36 = 1 — 0.5q3 = 1 — 0.5(1 — 0.9986306447) = 0.9993153224.

Hence,

1.5P35 = Pas-0.5P36 = (0.9987249357)(0.9993153224) = 0.9980411311.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 2

Given t > 0, let k be the nonnegative integer such that
k<t<k —|— 1. Under uniform interpolation,

(i) s(t) = % (t— K-

(ii) £x(t ) 7 = klqo-

(iii) frx)(t ) = dx“ = k|gx-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 2
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under uniform interpolation,

(i) s(t) = & — (c— K)%.

(ii) fx(t) = % = klqo.

(iii) fr(x)(t) = dx“ = k| gx-

, 2’ (1 ) gt—{l/(+t7k =l — (t — k) - dk. Hence,
s(t) =g =g —(t— k)7
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 2
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under uniform interpolation,

(i) s(t) = & — (t — k).
(ii) £(t) = %= = il qo.
(iii) fr(t) = Z2£ = gy
y (1 ) O = Lyyr—k = Ly — (t — k) - di. Hence,
()= f =z ~( 0%
(i) Ax(t) = —%s(t) = % = il qo-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 2
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under uniform interpolation,

() s() = & — (£~ k)%,

(ii) fx(t) = % = klqo.

(iii) fr(t) = Z2£ = gy

g’k( ) O = Lyyr—k = Ly — (t — k) - di. Hence,

s(t) =4 =% — (t— k)%
(i) fx(t) = —gs(t) = & = klao
(iii) freo(t) = fxs(?;gt = Lok = |g,
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate dy, x =81,82,...,86.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate dy, x =81,82,...,86.
Solution: (i) Using that dy = ¢x — {x4+1, we get that

x || 80 | 81 | 82 | 83 | 84 | 85| 86
ly || 250 | 217 | 161 | 107 | 62 | 28 | O
de | 33 | 56 | 54 | 45 | 34|28 | O
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(ii) Using linear interpolation, calculate fgp4¢, 0 < t < 6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(ii) Using linear interpolation, calculate fgp4¢, 0 < t < 6.
Solution: (ii) Using that lyys =0 —t-dy, 0 <t <1,

250 — 33t if0<t<1,
217 —56(t — 1) ifl1<t<2,
161 — 54(t —2) if2<t<3,
107 —45(t—3) if3<t<4,
62 — 34(t — 4) if 4 <t<5h,
28 —28(t—5) if5<t<6.

lgott =
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Using linear interpolation, calculate ¢pgg, 0 < t < 6.
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Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Using linear interpolation, calculate +pgp, 0 < t < 6.
Solution: (iii) Using that :px = %

'25‘;5033: | ifo<t<l,

217-56(t—1 .

IS

the0 = W7-45(t-3)  if3 <t <4,
i s
50— if 5<t<6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iv) Using linear interpolation, calculate the density function of the
future life Tgo.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iv) Using linear interpolation, calculate the density function of the
future life Tgo.

Solution: (iv) Using that fr,,(t) = —%'

2 ifo<t<l,
2 ifl<t<2,
555 if3<t<4,
o if4<t<b,
|75 if5<t<6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 3

Under a linear form for the number of living,
() L= b — % = b + § = dp=t,

(i) Te =% + 300 i1 bk

(i) my = 117—*%.

(iv) ex = ex + 3.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 3

Under a linear form for the number of living,
() Lo = b — & = by + & = OFlat,

(i) Tx =% + 3% i1

(i) my = 117—*%.

(iv) ex = ex + 3.

Proof:

(i)
X_/ EXHdt—/(é Ctody)dt = by — % %

—€x+1 + 7
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.
Theorem 3

Under a linear form for the number of living,
() Lo = by~ % = oya + % = &t

(i) Tx = % + Zzozx-i—l L.

(i) my = 117—*%.

(iv) ex = ex + 3.

Proof:

(i)
X_/ EXHdt—/(é —t-dx)dtzzx—%:%

—€x+1 + 7

(i) T = X0 ke = S0 (5538 ) = § + i o
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.
Theorem 3

Under a linear form for the number of living,
() Lo = by~ % = oya + % = &t

(i) Tx = % + Zzozx-i—l L.

(i) my = 117—*%.

(iv) ex = ex + 3.

Proof:

(i)
x—/ €x+tdt—/(é Cted)dt =~ b

2 2
—€x+1 + 7
e ZX [X X
(i) T = X0 ke = S0 (5538 ) = § + i o
_ dX _ dx o %
(iii) my = 7 = e = li’%x.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.
Theorem 3

Under a linear form for the number of living,
() Lo = by~ % = oya + % = &t

(i) Tx = % + Zzozx-i—l L.

(i) my = 117—*%.

(iv) ex = ex + 3.

Proof:

(i)
X_/ EXHdt—/(é —t-dx)dtzzx—%:%

—€x+1 + 7

() T = S L = i (254) = & + X e

d.
(iii) my = Lx ZinX = li’XLX.
2

o TX_ V4
(|v)eX:—X 2—|—Zk ol = eX—I—%.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(i) calculate the complete expected life at 80 using that gx =
Jo~ tfrg(t)dt.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(i) calculate the complete expected life at 80 using that gx =

Jo~ tfrg(t)dt.
Solution: (i) By Example 2,

2 ifo<t<l,
s fl1<t<2
555 if3<t<4,
25 if4a<t<b,
2 if5<t<6.
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Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(i) calculate the complete expected life at 80 using that gx =

Jo~ tfrg(t)dt.
Solution: (i) So,

gx—/ootfrso(t)—/lt%+/2t56+/3t54+/4t45
0 o 250 J; "250 "), "250 ' J; "250
+/5t34+/6t28

. 250  J, "250

(133 35 554 745 034 1128
2250 2250 2250 2250 2250 2 250°
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(ii) calculate the complete expected life at 80 using that gx =
fOOO thdt-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(ii) calculate the complete expected life at 80 using that gx =

fOOO thdt-
Solution: (ii) By Example 2,

033t ifo<t<1,

217—-56(t—1) .

AT jf g <p <,

JoLo4t2)  jf2<t<s,

tP80 = § 107-45(t—3) cn _ , _

m if 3 S t S 47
—34(t— .

m |f 4 S t S 5,
—28(t— .

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(ii) calculate the complete expected life at 80 using that gx =

fOOO thdt-
Solution: (ii) So,

00 1 2
o 250 — 33t 217 — t—1
ey = / tpxdt = / M dt +/ 56( ) dt
0 0 1

250 250
3 4
161 — 54(t — 2) 107 — 45(t — 3)
dt dt
+/2 250 + /3 250
5 6
62 — 34(t — 4) 28 — 28(t — 5)
+/4 50 dt +/5 50 dt
=2.8
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(iii) calculate the complete expected life at 80 using that gx = ex+%.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(iii) calculate the complete expected life at 80 using that gx = ex+%.
Solution: (iii) We have that

o
V4 217 + 161 + 107 + 62 + 28
68022 80+k _ + + + 62 4 _ 93
k=1

lgo 250

So, egg = 2.3+ 0.5 = 2.8.

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,

(iv) calculate 8803‘.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 3
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming linear interpolation,
(iv) calculate 8803‘.
Solution: (iv)

2504-217 2174161 161+107
$2ll 4 2L74161

o Lgo + Lg1 + Lgo _ 5 _ 9906

680:§| = /50 - 250

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 4

For each x,

() P{K(x) = k} = &, k=0,1,2...

(ii) Sx has a uniform distribution on the interval (0, 1).
(i) K(x) and Sy are independent r.v.’s.
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Proof: For each x, each k >0 and each 0 <t <1,

Cerk — b td
P{K(x) = k, S, < t} = P{k < T(x) < k+t} = =& ; thtt ;k‘

Letting t — 1, we get that

P{K(x) = k} = Gtk

We also have that

P{S, < t} = iP{K( =k, S <t} = Z theik _

k=0

Hence, for each k > 0 and each 0 < t <1,
P{K(x) = k,Sx < t} = P{K(x) = k}P{S5« < t}

which implies that K(x) and Sy are independent r.v.'s.

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Corollary 1

Under the assumption of uniform distribution of deaths:
(i) ex = ex + 1.

(i) Var(T(x)) = Var(K(x)) + 5.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Corollary 1

Under the assumption of uniform distribution of deaths:
(i) ex = ex + 1.

(ii) Var(T(x)) = Var(K(x)) + %

Proof: (i) Since T(x) = K(x) + S,

ex = E[T(x)] = E[K(x)] + E[S] = ex + &.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Corollary 1

Under the assumption of uniform distribution of deaths:

(i) ex = ex + 1.

(ii) Var(T(x)) = Var(K(x)) + 12

Proof: (i) Since T(x) = K(x) + S,

. = E[T()] = EIK()] + E[S] = e + 1.

(i) Since T(x) = K(x) + Sx and K(x) and S are independent,
1

Var(T(x)) = Var(K(x)) + Var(S(x)) = Var(K(x)) + Pt
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Exponential interpolation.

Under exponential interpolation, we assume that ¢, ; = ab?, for
0 <t <1, where a and b depend on x. Since ¢, = ab® and

lys1 = abl, we get that a = {,, b= % = p,, and

Cer\' _
e = bt =t = b (52} = (0 )

We will see that force of mortality is constant between x and x + 1.
The form obtained using exponential interpolation is also called the
constant force of mortality form of the number of living.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 5

Under a exponential form for the number of living, for each
nonnegative integer x and each 0 <t < 1:

(i) tPx = px-

(ii) eqx = 1 = (1 — qx)".

(i) fr,(t) = —pt log px.

(iv) pixt = — log px.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 5

Under a exponential form for the number of living, for each
nonnegative integer x and each 0 <t < 1:

(i) tPx = px-

(ii) eqx = 1 = (1 — qx)".

(iii) fr.(t) = —px log px.

(iv) pixt = — log px.

Proof: (i) ¢px = ZX“ = pt.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 5

Under a exponential form for the number of living, for each
nonnegative integer x and each 0 <t < 1:

(i) tPx = px-

(ii) eqx = 1 = (1 — qx)".

(i) fr,(t) = —pt log px.

(iv) pixt = — log px.

Proof: (i) ¢px = ZX“ = pt.

X

(i) tagx =1—tpx=1—pr=1—(1—-qx)"
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 5

Under a exponential form for the number of living, for each
nonnegative integer x and each 0 <t < 1:

(i) tPx = px-

(ii) eqx = 1 = (1 — qx)".

(i) fr,(t) = —pt log px.

(iv) pixtt = —log px.

Proof: (i) ¢px = Zz“ = pL.

(”) th—l—th—l—Px—1_(1—CIx)t-

(i) (0 (£)(t) = =5 log(epx) = —pL log P
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 5

Under a exponential form for the number of living, for each
nonnegative integer x and each 0 <t < 1:
(i) tPx = px-

(ii) eqx = 1 = (1 — qx)".

(i) fr,(t) = —pt log px.

(iv) pix+e = — log px.

Proof: (i) ¢px = Zz“ = pL.

(”) th—l—th—l—Px—1_(1—CIx)t-
(i) (0 (£)(t) = =5 log(epx) = —pL log P
(iv) fixye = — 5 log(epx) = — log px.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 4

Using the life table in Section 4.1 and exponential interpolation,
find:

(i) 0.75Ps0

(ii) 2.25Pso-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 4

Using the life table in Section 4.1 and exponential interpolation,
find:

(i) 0.75Ps0

(ii) 2.25Pso-

Solution: (i) We have that

g1\ 7° 50087 *-7°
0.75P80 = Pg(')75 = (é:) = (53925> = 0.958852885.

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 4

Using the life table in Section 4.1 and exponential interpolation,
find:

(i) 0.75Ps0

(ii) 2.25Pso-

Solution: (i) We have that

g1\ 7° 50087 *-7°
0.75P80 = Pg(')75 = (é;) = (53925> = 0.958852885.

(i) We have that

0.25
B _ lg1lgn (lg3
2.25P80 = P80P81 - 0.25P82 = —— | 7
lgo g1 \ g2

50987 47940 (44803

0.25
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 6
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under exponential interpolation:

(i) s(t) = 2pt "
(i) f(t) = % pi(~ log py).
(i) Fr(1)(1) = kb - Py (— 108 Prik), 0 < £ < 1.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 6
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under exponential interpolation:

(i) s() = P "

(ii) £x(t) = #pk(—log pr).

(iii) fr(x)(£)(£) = kPx - Peyi(— 108 Pxtk), 0 < T < 1.
Proof: (i) By (2), for each integer x and each 0 < t <1,

€x+t éx £X+1 ‘ Zx t
t) = = — = — .
sbet o) to to < tx > to Px

Hence, for t > 0 and k <t < k+1,

s(t) =s(k+t— k)= E—kpi_k.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 6
Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under exponential interpolation:
(i) s(t) = &pf*.
(ii) £x(t) = #pk(—log pr).
(iii) fr(x)(£)(£) = kPx - Peyi(— 108 Pxtk), 0 < T < 1.
Proof: (ii)
d Ly
fx(t) = ——s(t) = —pp(—1 :
x(t) = = g;s(t) = 7 pil= log pi)
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 6

Given t > 0, let k be the nonnegative integer such that
k <t < k+ 1. Under exponential interpolation:

(i) s(t) = pi

(ii) £x(t) = #pk(—log pr).

(I”) fT(X)(t)(t) = kPx - p>€+k(_ log px+k)' 0<t<l
Proof: (iii)

ex+k t

fx(x + t 7o Pk (— 108 Piik)
froo(t) = (S(X) ) _ o P 7 = kPx * Pxik(— 108 pxtk)
Lo
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Using exponential interpolation, calculate fgoi¢, 0 < t < 6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Using exponential interpolation, calculate fgoi¢, 0 < t < 6.
t
Solution: (i) Using that £+ = ¢y ( X“) ,0<t <1,

250 (1) ifo<t<1,
217 (B if1<r<2,
faoss — 161 (1 7)2:2 if2<t<3,
107 (£2) if3<t<4,
62(8)™"  ifa<rt<s,
0 if5<t<6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(ii) Using exponential interpolation, calculate tpgp, 0 < t < 6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(ii) Using exponential interpolation, calculate +pgp, 0 < t < 6.
Solution: (ii) Using that ;px = f;ﬂ

X

220 (555) ifo<t<l,

27 (L1 iy <<
eyt iy < p <3,
tPgo = %(17027)1'73 If3§t§4,
82 (8)F ifa< <5,

0 if 5<t<eo.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Using exponential interpolation, calculate (804 t), 0 < t < 6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5

Consider the life table
X 80 | 81 | 82 | 83 | 84| 85| 86
|| 250 | 217 | 161 | 107 | 62 | 28| O

(iii) Using exponential interpolation, calculate (804 t), 0 < t < 6.

Solution: (iii) Using that p(80 + t) = —w,

(80 + t) =

(©2008. Miguel A. Arcones. All rights reserved.

if0<t<l1,
ifl<t<2,
if2<t<3,
if3<t<4,
if 4 <t<B5,
if 5 <t <6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iv) Using exponential interpolation, calculate the density function
of the future life Tgg.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 5
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iv) Using exponential interpolation, calculate the density function
of the future life Tgg.

Solution: (iv) Using that fr,,(t) = _w,

%(%Y(;'og(%)) ifo<t<i,
AT (3 (—log (32)) if1<t<2,
froo () () (~log (1)) if2<t<3,

T, = 3 _
; %(Wzﬁt“ (—log (&) if3<t<4,
82 (28 (L1og (2))  if4<t<5,
0 if 5 <t <6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 7
Under an exponentia/ form for {xt,

(i) Lx Ingx J

(i) Tx = Zk:ngpk‘
(iii) my = — log px.-

(IV) eX - Ek =x —lx log px Iogpk
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 7
Under an exponentia/ form for {xt,

(i) Lx Ingx

(”) Tx= Zk =x 7|ogpk
(iii) my = — log px.-

(’V) eX - Ek =x —fy log px Iogpk
Proof: (i)

! ! tpt [P b(pe—1
LX:/ Exﬂdt:/ Gupt dt = xXPx. _ &P 1)
0 0 log px |o log px

gx Ax dX

—logpx  —logpx’
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 7
Under an exponentia/ form for {xt,

(i) Lx Ingx
(”) Tx= Zk =x 7|ogpk

(iii) my = — log px.-
(’V) eX - Ek =x —fy log px Iogpk
Proof: (i)

! ! tpt [P b(pe—1
LX:/ Exﬂdt:/ Gupt dt = xXPx. _ &P 1)
0 0 log px |o log px

gqu — dX
—logpx  —logpy
(i) Tx e L=,
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 7
Under an exponentia/ form for {xt,

(i) Lx Ingx
(”) Tx= Zk =x 7|ogpk

(iii) my = — log px.-
(’V) eX - Ek =x —fy log px Iogpk
Proof: (i)

! ! tpt [P b(pe—1
LX:/ Exﬂdt:/ Gupt dt = xXPx. _ &P 1)
0 0 log px |o log px

gqu — dX
—logpx  —logpy
(i) Tho= 300 Lo = 300, =2
(iii) my = & = —log px.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 7
Under an exponentia/ form for {xt,

(i) Lx Ingx
(”) Tx= Zk =X 7|ogpk

(iii) my = — log px.-
(’V) eX - Ek =x —fy log px Iogpk
Proof: (i)

! ! tpt [P b(pe—1
LX:/ Exﬂdt:/ Gupt dt = xXPx. _ &P 1)
0 0 log px |o log px

gqu — dX
—logpx  —logpy
(ii) Tx L= 30,
(iii) my = & = —log px.

(' ) eX - fx Zk =X —leogpk

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,

(i) calculate the complete expected life at 80 using that gx =
fOOO thdt-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,

(i) calculate the complete expected life at 80 using that gx =

fOOO thdt-
Solution: (i) By Example 5,

29 (355) ifo<t<l,

27 (L1 <<

CJ Ll o< p <3,
PO Lo (02)% p3 < ag
82 (8t ifa<t <,

\0 if 5<t<eo.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,

(i) calculate the complete expected life at 80 using that gx =

fOOO thdt-
Solution: (i) So,

° o 1250 /217\° 2917 /161\ !
ex—/o tpxdt—/o 250<250) dt—i—/1 250 (217> dt
YT [ ()7

, 250 \ 161 5 250 \ 107

5 62 /28)\¢*
< (= — 2.712484924.
+/4 2 (62) dt = 2.7124849
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,
(i) caIcuIate the complete expected life at 80 using that gx =

Zk =x —lx log px Iogpk
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,
(i) caIcuIate the complete expected life at 80 using that gx =

Zk =x —Ay log px Iogpk
Solution: (ii) Using that dy = ¢x — {x41 and py = e}f, we get that

x || 80 | 81 | 82 | 83 | 84 | 85| 86
ly || 250 | 217 | 161 | 107 | 62 | 28

0
de || 33 | 56 | 54 | 45 | 34|28 | O
207 Il [TI07 62 28 [ g [

Px |l 550 | 217 | 161 | 107 | &2
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,
(i) caIcuIate the complete expected life at 80 using that gx =

Zk =x —Ay log px Iogpk
Solution: (ii) Hence,

%07 2o i, log pi

k=80
B 33 n 56 n 54
250 (— log (%)) 250 (— log (%)) 250 (— log (%))
45 34

= 2.712484924.

T 250 (—log (£2)) - 250 (— log (33))
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,

o
(iii) calculate egy ).
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Assuming exponential interpolation,
(iii) calculate 8803'.
Solution: (iii)

82

03 = D rleamn
803 o, —teolog pi

B 33 . 56 n 54
250 (— log (%)) 250 (— log (%)) 250 (— log (%))
=2.211545729.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Harmonic interpolation.

Under harmonic interpolation, we assume that ¢, ; = for

1
a+tb’
0 <t <1, where a and b depend on x. This implies that ﬁ is a
linear function. Hence,

1 1

=(1-1t)—
( t)£X+t£X+1

and

(3)

’ 1

X+t = 1 1
(I-t)g +t

A function of the form ﬁ is called a hyperbolic function.

Harmonic interpolation of the number of living is also called the

hyperbolic form of the number of living. If the number of living

follows harmonic interpolation, we say that it satisfies the

Balducci assumption.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 8

Under the Balducci assumption for fx ¢,
1—qgx

(I) Px = 1 f)Px = 1—(1—q1:)qx’ 0<t<1.

(ii) qx—%*)x,ogtgl.

1—px _ Ax
(iii) prxe = t+(1-t)px ~ 1-(1-t)gx"

. ) 17 X X 17 X
() froot) = EHa=tpy = alina 0 E< 1
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 8
Under the Balducci assumption for fx ¢,

1—gx
(i) .px = 1 t)px = 1_(1_qt)qX, 0<t<1.

(ii) qx—%x)x,ogtgl.

—Px _ Ax
(iii) prxe = t+(1—t)px — 1I-(1-tgx"

. ) 17 X X 17 X
() froo(t) = GHa—dpy = alina 0t <1

Proof: (i) We have that

p_gx—&—t_ 1 _ 1 _ Px
T (1—t)+t£fﬁ (1-t)+ty t+(1-t)p

and

Px _ 1—qgx _ 1—gx
t+(1—t)px t+(1—-t)(1—-gx) 1—(1—1t)gx
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 8

Under the Balducci assumption for fx ¢,
1—qgx

(I) Px = 1 f)Px = 1—(1—q1:)qx’ 0<t<1.

(ii) qx—%*)x,ogtgl.

—Px _ Ax
(iii) prxe = t+(1—t)px — 1I-(1-tgx"

. ) 17 X X 17 X
() froo(t) = GHa=dpy = wlina 0 E< 1
Proof: (ii)

—1_ 1 —qgx _ tqx

—1- - .
e tPx 1-(1-0)ge 1—(1-t)ax
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 8

Under the Balducci assumption for fx ¢,
1—qgx

(I) Px = 1 f)Px = 1—(1—q1:)qx’ 0 <t< 1.

(i) qx—% 0<t<LlL

(III) Hx+t = t+(1 t)Px = 1—(1qit)‘7x'

I x (1 X x(1—qx
(iv) frin(t) = 28p), = =3, o<r<1

Proof: (iii) We have that

_ 9 I .
luX+t - dt gth - dt g + (1 _ t)px
d 1_px
=—log(t+ (1 —t)px) = — o,
g o8t + (1= 1)p) TRy
= iIo ——ilo —1_qx
Hx+t = dt g tPx = dt g].—(].—t)qx
d 9x
= log(l—(1—t)gy) = — .
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 8
Under the Balducci assumption for fx ¢,
1—qgx

(I) Px = 1 f)Px = 1—(1—q1:)qx’ 0<t<1.
(ii) qx—%x)x,osz‘gl.
(iii) pix+t = t+(1_p§)(lix :) 1_(1qit)qx(.1 |
(iv) fT(x)(t) = (tf_x(l_t,)ylxaxy = (1jx(1_t(;);x)2: 0<t<L

. H — _ X(lf x) _ x(lf x)
Proof: (iv) fr((t) = tpxfixst = (tf—(l—ti))px)2 = (li(l—t()’qx)z'
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 9
Under the Balducci assumption, 1—+qx+t = (1 — t)gx.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 9
Under the Balducci assumption, 1—+qx+t = (1 — t)gx.

Proof: We have that

os(x+t)—s(x+1) 1 Px
1-tQx+t = s(x 1) = D

t+(1—t¢
—1-p IO (g

Px
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 7
Using the life table in Section 4.1 and harmonic interpolation, find:

(i) 0.75P80
(ii) 2.25Pso-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 7

Using the life table in Section 4.1 and harmonic interpolation, find:
(1) 0.75P30

(ii) 2.25Ps0-

Solution: (i) We have that

Le1 50987

Zso 53925
) _ — 0.9585734295.
0.75P80 = 1 75+ (1 — 0.75)  0.75 + (0.25) 2305

(ii) We have that

fg3
lg1 Lgo 7a

£50 051 0.25 + (1 — 0. 25)7

2.25P80 = P80Ps1 * 0.25P82 =

50987 47940 aag0

~ 5392550987 0.25 + (0.75) 42593

= 0.8737185905.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 10
Given t > 0, let k be the nonnegative integer such that
k<t<k + 1. Under the Balducci assumption

(i) s(t) = 501 = t+k)(1 Pi)

1
(i) (t) = & a2y

_ otk (1—Pxik)
(I”) fo(t) = kPx * (1_(f_;:k)([;jpkx+k))2, 0 S t S ]_
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 10

Given t > 0, let k be the nonnegative integer such that
k<t<k + 1. Under the Balducci assumption

(i) s(t) = % Wkélpg)

(i) £x(1) = & =@ e por

X (17 X )
(I”) fo( ) = kPx * (1_(f_;:k)([;jpkx+k))2, 0 S t S ]_

Proof: (i) For each integer x and each 0 <t <1,

Ex—&-t gx 1 gX Px
six+1t)= = — - =
bt o) lo lo(l—t)+t7 lo(I—t)pctt
Ox Px

Thol-(1-6)(1-p)

Hence, for t > 0 and k <t < k + 1,

¢ p
s(t):s(k—l-t—k):él_(l_t:k)(l_pk).
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 10
Given t > 0, let k be the nonnegative integer such that
k<t<k + 1. Under the Balducci assumption

(i) s(t) = 501 = t+k)(1 Pi)

1
(i) (t) = & a2y

_ otk (1—Pxik)
(I”) fo( ) = kPx * (1_(f_;:k)([;jpkx+k))2, 0 S t S ]_
Proof: (ii)

felt) =~ Ss(e) = kPl =P

" T A — (-t A —p)?
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 10
Given t > 0, let k be the nonnegative integer such that
k<t<k + 1. Under the Balducci assumption

(i) s(t) = ZOW
(i) fx(t) = & G erm iy

_ otk (1—Pxik)
(I”) fo( ) = kPx * (1_(f_;:k)([;jpkx+k))2, 0 S t S ]_

Proof: (iii)
+k Px+k(1 Px+/<)
i (£) = fx(x + t) _ fx(x+k+t—k) _ o (I—(I—t+K)(1—prrp))?
& s(x) s(x) L

= Px - pX+k(1_px+k)
A At K - pen)?
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate lgp4+t, 0 < t < 6.

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate lgp4+t, 0 < t < 6.
t
Solution: (i) Using that ly4: = {x (821) ,0< <1,

( 1 )
(=) +t5 ifo<t<l,
1 ey

(17(t71))%+(t,1)%1 if1<t<2,
if2<t<3,

(1—(t—3))11%+(t—3)é t3<t=<4,
(1—(t—4) & +(t—4)% if 4 <t<5,
0 if 5 <t <6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate ¢pgo, 0 < t < 6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate ¢pgo, 0 < t < 6.
Solution: (ii) Using that ;px = %

( 1 .
(1—+)280 | 4250 fo<t< 17
(1-t) §§8+f1§?9 Sts
ifl1<t<2,

(1—(t— 1))§§13 (-1 <t<

if2<t<
po = { T (EDEHEDE ff <t<3,
(1—(—3)) B0+ (t—3) 20 if 3<t<4,

1 .

e T4stss,
(0 if 5 <t <6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Calculate the density function of Tgo.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 8
Using harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Calculate the density function of Tgo.
Solution: (iii) Using that fr,,(t) = _dipd

dt
( 250 _ 250 ¢
217 _ 250 H
—2 ifo<t<l1
(0% 20y ’
1ol 217 ifl<t<?2
((1—(e-1)) 20 +(e-1) B2)° -
167 01 f2 3
107 161 H < t <
250 2502 ! =" ="
freo(t) = ((=(e= 2)25&612+5£t 2)5%7)
62107 if3<t<4
((1=(e-3)) 20 +-(:-3)22)° -
250 250 ¢
28 62 fa<t<h
( (t—4)) 250+(t 4)250) - =
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 11
Under the Balducci assumption for £y,
() L, — estbse,
(i) T = S0, — 282,
2
(iii) my = — %
(iv) &x = Y00~ 7ot Pe.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 11
Under the eBallducci assumption for £y ¢,
(i) L = iz

ax
ORPEDIES S

2

(i) my = 7_,& oz o
(iv) &x = Yoo, “Hhiioepe.
Proof: (i)

1 1 1
LX:/ Ly dt:/ dt
o o (1—t)¢ —|—t£

_ )L 1 1 1
_log ((]‘ t)fx + tlx+1> IOg m — IOg 7.
B 1 _ 1 o 1 _ 1
£x+1 ex 0 ex+1 ‘ex
Lx
_fx€x+1 log 757 —lyi1log px
gx — €X+1 qx '
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 11
Under the Balducci assumption for £y,
(i) L = ~leesloze:

I

(i) T = Y2, ~herlogne,

(iii) my = =% .

(v) & = Y5, ~tisalonne,

Proof: (i) Tx => 00 i = e, —lisalogpe

qk
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 11
Under the Balducci assumption for £y,
(i) L = ~leesloze:

ax
- _ oo —4iqqlog pi
(”) Tx = Zk:x qk .
e q2
J— X
(i) my = T
212 x~oo —fkqlog pi
(IV) eX - Zk:x gqu .
. _ dx _ dqu _ Zxdqu _ q>2(
Proof: (iii) my = = —Tdogp = Tl legp. = “pileap:-
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Theorem 11
Under the Balducci assumption for £y,
(i) L = ~leesloze:

ax
(i) T = o5, “theslogee,
(iii) my = %
(iv) &x = T3, T,
Proof: (iv) e, = EL: =, *szi("i’gpk.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate egy using that e, = Jo” epxdt.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate egy using that e, = Jo” epxdt.
Solution: (i) By Example 5,

( 1 H
5 D fo<t<l1
(1—t)%+t1§% ’

ifl1<t<2,

(1—(t-1)) 57 +(t-1) 32

1 .
ey 2sts3

tP8o0 = ; .
= 135t<4
1 .
e Dr—am T4St<5
(0 if 5 <t <6.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(i) Calculate egy using that e, = Jo” epxdt.

o 1 1 2 1
630:/ dt+/ dt
o (1—1)2%+1t29 1 (L= (t—1)29 + (t—1)22

217
3 1
. "
2 (1—(t—2)E% + (t—2)%0
4 1
. "
3 (1—(t—3))% +(t—3)%2
5
1
+/ dt = 2.681292266.
s (1—(t—4)22+(t-4)%
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

—{k+1 log pk

(i) Calculate egy using that e, = S22 ™
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

—{k+1 log pk
Lxqk ’

Solution: (ii) Using that dx = lx — {41, px = Z}—j and g, =
éX_Z)H»l
7

'
X

(i) Calculate egy using that e, = S22

we get that

x || 80 | 81 | 82 | 83 | 84 | 85| 86
ly || 250 | 217 | 161 | 107 | 62 | 28
de || 33 | 56 | 54 | 45 | 34| 28
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(ii) Calculate ego using that e, = D hex _Zke%;:gpk'
Solution: (ii)Hence,
B = 3 lernlogpe
o leodk
—(217)log (27)  —(161)log (381)  —(107)log (127)
250)( 30) (250 ( ) (250) (357
62 28
g4( 107) 4+ = Sﬁ 2) _ 2.681292266.
(250 (167) 250 ) (%)
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Calculate 280:§|.
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Chapter 3. Life tables. Section 3.5. Interpolating life tables.

Example 9
Use harmonic interpolation for the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

(iii) Calculate 280:§|.
Solution: (iii)

—(161) log (381)
(250 (217)

= +
k—80 laok (250) (250)

—(107) log (}%)

(250) ( 161 )
—2.197149575.

82 7
o — 217) | e
ee03 = Z Ly 41 log pi —(217) log (2 )
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