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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Payments paid at the end of the year of death

Definition 1
The present value payment of a whole life insurance of a unit
payment made at the end of the year of the death is denoted by Z.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Payments paid at the end of the year of death

Definition 1
The present value payment of a whole life insurance of a unit
payment made at the end of the year of the death is denoted by Z.

Notice that Z, = v, where Kj is the time interval of death of

(x), i.e. Ky = k if the failure takes place in the interval (k — 1, k],
where k =1,2,.... In other words, Ky = k, if T, € (k — 1, k].
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Payments paid at the end of the year of death

Definition 1
The present value payment of a whole life insurance of a unit
payment made at the end of the year of the death is denoted by Z.

Notice that Z, = v, where Kj is the time interval of death of
(x), i.e. Ky = k if the failure takes place in the interval (k — 1, k],
where k =1,2,.... In other words, Ky = k, if T, € (k — 1, k].

Definition 2
The actuarial present value payment of a whole life insurance of a
unit payment made at the end of the year of the death is denoted
by A, ie.

A, = E[Z] = E[v].
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Payments paid at the end of the year of death

Definition 1
The present value payment of a whole life insurance of a unit
payment made at the end of the year of the death is denoted by Z.

Notice that Z, = v, where Kj is the time interval of death of
(x), i.e. Ky = k if the failure takes place in the interval (k — 1, k],
where k =1,2,.... In other words, Ky = k, if T, € (k — 1, k].

Definition 2
The actuarial present value payment of a whole life insurance of a
unit payment made at the end of the year of the death is denoted
by A, ie.

A, = E[Z] = E[v].

The actuarial present value payment of a whole life insurance with
payment C is CA,.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

In general this type of insurance applies when a payment is made
on the first policy anniversary following failure of a certain entity.

Let K be the interval of failure of this entity. The present value of

the benefit payment is Z = vX.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

We have that

Ac=E[Z] =) v"P{K, =k},
k=1
and

E[Z3] = i RP{K, = k}.

k=1
Letting / = 12, we have that
o0
E[Z2] =) (V)P{K, = k}.
k=1

We denote by ?A, the value of A, when twice the force of interest
is used. This means that 2A, is A, when the discount factor is
changed from v to v/ (or the interest rate i is changed from i to
(14 i)% —1). It is easy to see that 2A, = E[Z2]. Hence,

Var(Z,) = 2A, — A2

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Since

P{Ky =k} =P{k—1< Tx<k}=P{k—1< X —x < k|X > x}

s(x + k —1) — s(x + k)
B s(x) = k=1/0x = k=1Px " Gxik—1 = k—1Px — kPx-

we have that:

Theorem 1

A= VP{K, =k} =) v* i ilgw
k=1 k=1

A=Y VFP{K =k} =D v 1l
k=1 k=1

and
Var(Z,) = 2A, — A2
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 1

Jane is 30 years old. She buys a whole life policy insurance which
will pay $20000 at the end of the year of her death. Suppose that
px = 0.9, for each x > 0, and i = 5%. Find the actuarial present

value of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 1

Jane is 30 years old. She buys a whole life policy insurance which
will pay $20000 at the end of the year of her death. Suppose that
px = 0.9, for each x > 0, and i = 5%. Find the actuarial present

value of this life insurance.

Solution: The actuarial present value is

(20000)Aso = (20000) > " v*4_1p30 - G041
k=1

=(20000) > "(1.05)7%(0.9)*"*(1 - 0.9)
k=1

=(20000)(1.05)~*(1 - 0.9) > "(1.05)~(*"H(0.9)*~*
k=1

_ (20000)(1.05)*(1 - 0.9)

= 13333.33333.
1—(1.05)71(0.9)
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.

(i) Find the actuarial present value of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.
(i) Find the actuarial present value of this life insurance.

Solution: (i) The actuarial present value of this life insurance is
[e.o]

losk_1— 1
(50000)Ago = (50000) D vk -SH__ 80+K
e lgo

250 — 217
-1
i 1.
555 T (50000)(1.065)

5161 — 107

250
562 —28

250

,217 — 161

250

107 — 62
+ (50000)(1.065)—4W

5280
250

—(50000)(1.065)
+ (50000)(1.065)

+ (50000)(1.065)

+ (50000)(1.065)
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.

(i) Find the actuarial present value of this life insurance.

1250 — 217 _,217 — 161

+ (50000)(1.065) 555

161 — 107 107 — 62
3101 107 (50000)(1.065)—‘1u

—(50000)(1.065)

+ (50000)(1.065) "

250 250
62 — 28 28— 0
-5 —6
+ (50000)(1.065) > === + (50000)(1.065)° ==

=6197.183099 + 9874.583967 + 8940.770191 + 6995.907818
+ 4963.189688 + 3837.871065 = 40809.50583.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.
(ii) Find the probability that the APV of this life insurance is ade-
quate to cover this insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a whole life policy insurance which will pay
$50000 at the end of the year of his death. Suppose that i = 6.5%.
(ii) Find the probability that the APV of this life insurance is ade-
quate to cover this insurance.

Solution:  (ii)) We have that 40809.50583 is adequate if
40809.50583 > (50000)(1.065)~ ¥, which is equivalent to K, >
— In(40809.50583/50000) _ 3 225226088. The probability that the APV

) In(1.065)
is adequate is

107
P{K, >4} = P{T, > 3} — 2%0 _ 0.428,
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 2
Under the de Moivre model, if w — x is a positive integer,

aa——zi:
w—x|I
A= L
W —X
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 2
Under the de Moivre model, if w — x is a positive integer,

Proof: The density of T is fr,(t) = -1, if0 <t <w—x.
Hence,
k

1 1
dt =

k—1 W —X w—X

P{K =k} =P{k—1< T, <k} =

and

w—Xx

o0 w—X
1 as—xli
Ac=S FP{K, =k} = k= =2l
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 2
Under the de Moivre model, if w — x is a positive integer,

Proof: The density of T is fr,(t) = -1, if0 <t <w—x.
Hence,
k

1 1
dt =

k—1 W —X w—X

P{K =k} =P{k—1< T, <k} =

and

o0 w—X
1 ao=x|i
Ac=Y VP{K =k} =) v " = 2
=D VK= k=) v = o
k=1 k=1
It follows from the previous theorem that

ao=x|(1+i)m—1
w—x

mAX:
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 3

Rose is 40 years old. She buys a whole life policy insurance which
will pay $200,000 at the end of the year of her death. Suppose
that the de Moivre model holds with terminal age 120. Find the
mean and the standard deviation of the present value of this life
insurance under the annual effective rate of interest of i = 10%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 3
Rose is 40 years old. She buys a whole life policy insurance which
will pay $200,000 at the end of the year of her death. Suppose
that the de Moivre model holds with terminal age 120. Find the
mean and the standard deviation of the present value of this life
insurance under the annual effective rate of interest of i = 10%.
Solution: The actuarial present value of this life insurance is
930/0.1
80
The second moment of the present value of this life insurance is
2980|(1.1)2-1
80
The variance of the present value of this life insurance is

Var(Zy) = 2380951814 — (24987.79535)2 = 1756561898.

The standard deviation of the present value of this life insurance is

V1756561898 = 41911.35763.

(200000)A40 = (200000) = 24987.79535.

(200000)? - 2A40 = (200000) — 2380951814.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 3
If the probability function of time interval of failure is is

P{K =k} =p“'(1-p), k=12

gLy e

then

A=E[Z]= 1
q+1

where g =1 — p.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 3
If the probability function of time interval of failure is is

P{K =k} =p“'(1-p), k=12

gLy e

then

A=E[Z]= 1
q+1

where g =1 — p.
Proof: We have that

A= i(l + i) P{K = k} = i(l + i) "kpk1(1 = p)

k=1 k=1
_(A-pQ+Ht _ 1-p _ 1-p _ g
1-(1+i)tp 1+i—-p 14+i—p q+i
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 3
If the probability function of time interval of failure is is

P{K =k} =p“t1-p),k=1,2,...

then
q

A=E[z)= 1,
q—+i
where g =1 — p.

Proof: We have that

A= (1+)*P{K =k} =) (1+i) " p* (1~ p)
k=1 k=1
_(A-p@a+it  1-p  1-p _ g
1-(1+i)tp 1+i—-p 14+i—p q+i
By the previous theorem,
m q
A_q+u+0m—r
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 4

A benefit of $500 is paid at the end of the year of failure, of a
home electronic product. Let K be the end of the year of failure.
Suppose that P{K = k} = (0'1995)k, k=1,2.... The annual
effective interest rate is i = 6%. Calculate:

(i) The actuarial present value of this benefit.

(ii) The standard deviation of the present value of this benefit.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 4

A benefit of $500 is paid at the end of the year of failure, of a
home electronic product. Let K be the end of the year of failure.
Suppose that P{K = k} = ©. 95) , k=1,2.... The annual
effective interest rate is | = 6% Calculate

(i) The actuarial present value of this benefit.

(ii) The standard deviation of the present value of this benefit.
Solution: (i) For this distribution, P{K = k} = p*~*(1 — p) holds
with p = 0.95. Let Z = (500)vX be the present value of this
benefit. We have that

0.05
Elz ————— = 227.2727273.
2] = (500) == —I— i (500)0.05 + 0.06 3
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 4

A benefit of $500 is paid at the end of the year of failure, of a
home electronic product. Let K be the end of the year of failure.
Suppose that P{K = k} = (O'fg‘r’)k, k=1,2.... The annual
effective interest rate is i = 6%. Calculate:

(i) The actuarial present value of this benefit.

(ii) The standard deviation of the present value of this benefit.
Solution: (ii) We have that

0.05
E[Z?] = (500)? 9 = (500)2 = 72004.60
1271 = 00 =1 =~ 00 55 oz — 1

Var(Z) = 72004.60829 — (227.2727273)% = 20351.71572.

The standard deviation is +/20351.71572 = 142.6594396.
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Corollary 1
Under a constant force of mortality pu,
gx et —1

Ay = = .
it g edtr—1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Corollary 1
Under a constant force of mortality pu,
gx et —1

Ay = = .
it g edtr—1

Proof: Under a constant force of mortality p,
P{Ky =k} =p5s (1 - po), k=1,2,...
Hence, Theorem 3 applies and

1-px  ax

A, = - = - .
X 1+i—px I+ gx

Using that g, = 1 — e™#, we get that

ax 1—e™# et —1
itqg e —14+1—er eHn_1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 5

Mariah is 40 years old. She buys a whole life policy insurance
which will pay $150,000 at the end of the year of her death.
Suppose that the force of mortality is u = 0.01 and 6 = 0.07. Find
the mean and the standard deviation of the present value random
variable of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 5

Mariah is 40 years old. She buys a whole life policy insurance
which will pay $150,000 at the end of the year of her death.
Suppose that the force of mortality is u = 0.01 and 6 = 0.07. Find
the mean and the standard deviation of the present value random
variable of this life insurance.

Solution: The actuarial present value is

Jx (150000)(1 — e~ 001)
150000)A40 = (150000 = = 18100.34985.
( )As0 = ( Vot T 1 e 00§ 007 ]

We have that

(150000)? - 2Age = (150000)2 9

g+ (1+1)? -1

(150000)(1 — e~9-01)
1— 001 ¢ e(2)(0.07) _ 1
Var((150000)Z40) = 1397286233 — (18100.35)% = 1069663568,

v/ Var((150000) Z40) = V1069663568 = 32705.71155.

= 1397286233,
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 4
For each x > 0,
Ax = Vqx + UpxAxi1

and
2AX = qux + V2Px : 2Ax+1'
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 4
For each x > 0,

Ax = vqx + UpxAxt1
and
2AX = qux + V2Px : 2Ax+1'

Proof: By the change of variables k = j + 1, and using
jPx = Px * j—1Px+1,

00 00
k k
Ax = E V' k—1Px * Qx+k—1 = Vqx + E V' k—1Px * Qx+k—1
k=1 k=2

o oo

=vqx + Z VH_ljpx “Qx4j = Vqx T VPx ZVJ " j=1Px+1 - Qx+;j
j=1 Jj=1

—G + P A1,
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 6

Jess and Jane buy a whole life policy insurance on the day of their
birthdays. Both policies will pay $50000 at the end of the year of
death. Jess is 45 years old and the net single premium of her
insurance is $25000. Jane is 44 years old and the net single
premium of her insurance is $23702. Suppose that i = 0.06. Find
the probability that a 44—year old will die within one year.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 6

Jess and Jane buy a whole life policy insurance on the day of their
birthdays. Both policies will pay $50000 at the end of the year of
death. Jess is 45 years old and the net single premium of her
insurance is $25000. Jane is 44 years old and the net single
premium of her insurance is $23702. Suppose that i = 0.06. Find
the probability that a 44—year old will die within one year.
Solution: We know that Az = 23702, Azs = 25000 and / = 0.06.
We need to find qs4. Using that

23702 = (50000)Ag4 = (50000)2/gasq + (50000)rpagAss
=(50000)(1.06) "1 (1 — pas) + (1.06) "1 p44(25000),

we get that
- (50000)(1.06) " —23702 __ 50000—23702(1.06) __
P44 = (50000)(1.06) 1—(1.06) 1(25000) — 50000 25000  — 0-9950352

and g42 = 0.0049648.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year term life insurance.

Definition 3
A life insurance policy is called an n—th term life insurance
policy if it pays a face value if the insured dies within n years of

the issue of the policy.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year term life insurance.

Definition 3

A life insurance policy is called an n—th term life insurance
policy if it pays a face value if the insured dies within n years of
the issue of the policy.

Definition 4

The present value of an n—th term life insurance policy which pays
a unit face value at the end of the year of the death is denoted by
Zl

x|
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year term life insurance.

Definition 3

A life insurance policy is called an n—th term life insurance
policy if it pays a face value if the insured dies within n years of
the issue of the policy.

Definition 4

The present value of an n—th term life insurance policy which pays

a unit face value at the end of the year of the death is denoted by

z_.
X7l

We have that

v if K < n,
0 if n < K,.

7 =

Zt o =vMI(K < n) = {
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year term life insurance.

Definition 3

A life insurance policy is called an n—th term life insurance
policy if it pays a face value if the insured dies within n years of
the issue of the policy.

Definition 4

The present value of an n—th term life insurance policy which pays

a unit face value at the end of the year of the death is denoted by

z_.
X7l

We have that

v if K < n,
0 if n < K,.

7 =

Zt o =vMI(K < n) = {

In Z)}:ﬁl, the upper index ' means that the future lifetime of x must

fail before n years.
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Section 4.2. Payments paid at the end of the year of death.

Chapter 4. Life Insurance.

Definition 5
The actuarial present value of an n—th term life insurance policy

which pays a unit face value at the end of the year of the death is
AL .
X:n

Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Definition 5
The actuarial present value of an n—th term life insurance policy
which pays a unit face value at the end of the year of the death is
Al _

X:n

Theorem 5

n n
Axn\ - [Z)}ﬁ|] :ZykP{KX: k}:Zyk-kilqu’
= k=1
n
R R ST S
k=1

Hence, Var(Zp,) =2A, 5 — AL, 2
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 7
Suppose that i = 0.05, g = 0.05 and qx41 = 0.02. Find Al 5 and

|
Var( Z;é' )
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Section 4.2. Payments paid at the end of the year of death.

Chapter 4. Life Insurance.

Example 7
Suppose that i = 0.05, gx = 0.05 and gx41 = 0.02. Find Ai_zl and

Var(Zjé').
Solution: We have that
A>1<:§| =VQqx + V2pqu+1
=(1.05)71(0.05) + (1.05)2(1 — 0.05)(0.02) = 0.06485260771,
2A)1<:§‘ = V2qx + V4pqu+1
=(1.05)72(0.05) + (1.05)~*(1 — 0.05)(0.02) = 0.06098282094,
2
1 241 1
Var(zx:§|) = AX:E‘ o (Ax:§|>
—=0.06098282094 — (0.06485260771)? = 0.05677696021.

Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 8
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three—year life policy insurance which will
pay $50000 at the end of the year of his death. i = 6.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 8
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three—year life policy insurance which will
pay $50000 at the end of the year of his death. i = 6.5%.
(i) Find the actuarial present value of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 8
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three—year life policy insurance which will
pay $50000 at the end of the year of his death. i = 6.5%.

(i) Find the actuarial present value of this life insurance.
Solution: (i) The actuarial present value of this life insurance is

3

lsorp1—F
1 _ k*80+k—1 80+k
(50000)A80:§‘ = (50000)§ v »
k=1
250 — 217 217 — 161
:(50000)(1.065)—1T + (50000)(1.065)—2T
161 — 107
1. -3
+ (50000)(1.065) 550

=6197.183099 + 9874.583967 + 8940.770191 = 25012.53726.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 8
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three—year life policy insurance which will
pay $50000 at the end of the year of his death. i = 6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 8
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three—year life policy insurance which will
pay $50000 at the end of the year of his death. i = 6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.

Solution: (ii) 25012.54 is adequate if

25012.53726 > (50000)(1.065) % /(K < 3).

25012.54 > (50000)(1.065)" %< is equivalent to K, >

—In(25012.54/50000) — 10.999. The probability that the APV is ad-

equate is P{K, > 4} = P{T, > 3} = 3L = 0.428.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 6
Under the de Moivre model, if n < w — x,

aﬁl
Al = .
w— X
Proof: The density of T, isf—rx(t)—ﬁ, if0<t<w-—x,and
B{K,— K} =Pk 1<To<kl= [ 1 g 1
A = liw—x T w—x

Hence,

AL _Zyk]P’{KX_k} Zu il
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 9

Abigail is 45 years old. She buys a whole life policy insurance
which will pay $250,000 at the end of the year of her death if
death happens before 20 years. Suppose that the de Moivre model
holds with terminal age 110. Find the mean and the standard
deviation of the present value of this life insurance under i = 7.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 9

Abigail is 45 years old. She buys a whole life policy insurance
which will pay $250,000 at the end of the year of her death if
death happens before 20 years. Suppose that the de Moivre model
holds with terminal age 110. Find the mean and the standard
deviation of the present value of this life insurance under i = 7.5%.

Solution: The actuarial present value of this life insurance is

0
(250000) Al 5, = (250000) 20'605'075 — 39209.58215.

The second moment of the present value of this life insurance is

dsn _
)2 F20|(1.075)2 -1 _ pa3eq48503.

(250000)? - 2AL

45,35 = (250000

The variance of the present value of this life insurance is
Var(Zy) = 5836148593 — (39209.58215)2 = 4298757261.

The standard deviation of the present value of this life insurance is

V4298757261 = 65564.90876.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 7
If the probability function of time interval of failure is is

P{Ky =k} =p- (1 —-po), k=1,2,...
then

q
A>1<:ﬁ| =(1- PQVn)r_Xi_i-
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 7
If the probability function of time interval of failure is is

P{Ky =k} = p< 11 —p), k=1,2,...
then q
=(1-p =
xn| ( )qx—i-i

Proof: We have that

= 3R =) = 3= )

k=1
(1 v (v = (1 - px)vll‘_(v”x)"
—1 VPx
—(1- ()P (1 pren) &

1+7— py gx + 1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Corollary 2
Under a constant force of mortality p and force of interest 0,
1 gy amn(urey 1T
Ax:ﬁ|_(1 PxVv )qx+’_(1 € )e‘s—e*l“
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Corollary 2
Under a constant force of mortality p and force of interest 0,
1 _onomy O o —n(p+d) 1—e™®
Ax:ﬁ|_(1 PxV )qx+l_(1 € )e‘s—e*l“
Proof: In this case, py = e #and 1+ = e?. So,
gx i —n( _,’_5) 1—e#
Al —(1- — = (1- K
an ( )qx+l ( € )l—e_“+65—1
1—e™#

=(1 — e~ "(utd)y

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 10
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

: 1 1
Find Ax:ﬁ\ and Var(ZX:El).
Solution:
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 10
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Find Aim and Var(lem)_
Solution:
We have that
Al — (1 — e nluto)y_9x
0 e )qX +i
=(1- e_(lo)(0.03+0.04)) 1 — 003
- 1 — e 003 4 g0.04 _ 1

1— e—0.03

_ -0.7 _
241 _ _ o—n(u+26) gx
A —=(1
x:10| ( € )qx + (1 + 1)2 -1
—0.03
—(1 — e (10(003+(2)(0.04))) l1—e
1_ e 003 o(2)(0.04) _
1 — 003
—(1—e M) & _ .1747285636,

20.08 _ ¢—0.03
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 10
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

: 1 1
Find Ax:ﬁ\ and Var(ZX:El).
Solution:
1 _ 241 1 2
Var(zx:ﬁ|) - AX:T0| - AXITO|

—=0.1747285636 — (0.2114417945)% = 0.1300209311.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 8
Forn>1,
A>1(:ﬁ| =vqxtv pXAiH:ﬁr

Proof: By the change of variables k = j + 1,

X,,|— g vk k—1Px * Qx+k—1
k=1

=vqx + Z Vkpx * k—2Px+1 " Qx+k-1
k=2
n—1 )
=vqx + Z VH_IPX *j—1Px+1 " Qx+j
j=1
n—1 )
=Vqx + VPx Z Vo o1Px41 Qe 141
j=1

=VGsx + VDA, 1)
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 11

Using i = 0.05 and a certain life table A§7;To| = 0.52. Suppose

that an actuary revises this life table and changes ps7 from 0.95 to

0.96. Other values in the life table are unchanged. Find Aé?:m

using the revised life table.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 11
Using i = 0.05 and a certain life table Aé?:To| = 0.52. Suppose
that an actuary revises this life table and changes ps7 from 0.95 to

0.96. Other values in the life table are unchanged. Find A;YEI
using the revised life table.
Solution: We have that
Aé?:ﬁ\ - V(]' - P37) + Vp37A§8:§\‘
Hence, under the old table
Al 052 (1.05)71(1 — 0.95)
38:9| (1.05)~1(0.95)

does not depend on ps7, using the revised life table

= 0.5221052632.

. 1
Since A38:§|

A§8:§| = 0.5221052632. Hence, using the revised life table

Asz.10) = (1.05)71(1 — 0.96) + (1.05)7*(0.96)(0.5221052632)

=0.5154486216.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year deferred life insurance.

Definition 6
A life insurance policy is called an n—year deferred life insurance
if it pays a face value if the insured dies at least n years after the

issue of the policy.

Definition 7

The present value of an n—year deferred life insurance with unit
payment paid at the end of the end of the year of death is denoted
by n|Zx.

We have that

0 ifKy<n

Z.=v%I(n < K,) =
|2 = v ) {VKX if n< K.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Definition 8
The actuarial present value of a n—year deferred life insurance with

unit payment paid at the end of the end of the year of death is
denoted by ,|Ax.

Theorem 9
o0 o
A= ElZd = > vVP{Ke=k}= > v*ilgy
k=n+1 k=n+1
oo o0
2alAc=ELIZ2 = ) PKe=kb= > v g
k=n+1 k=n+1

Var(n|Zy) = 20| Ax — nl A
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 12
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80—-year old buys a three—year deferred policy insurance which
will pay $50000 at the end of the year of his death. Suppose that
i =6.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 12
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80—-year old buys a three—year deferred policy insurance which
will pay $50000 at the end of the year of his death. Suppose that
i =6.5%.

(i) Find the actuarial present value of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 12
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80—-year old buys a three—year deferred policy insurance which
will pay $50000 at the end of the year of his death. Suppose that
i =6.5%.

(i) Find the actuarial present value of this life insurance.

00 ) Ly
(50000)3|Ago = (50000) " pk-S0HL__“80+k
k=4 €80
107 — 62 62 — 28
=(50000)(1.065) ~* —=-— + (50000)(1.065) > —-
28 -0
50000)(1.065) ®=2——
* )(1.065) 35

=6995.907818 +- 4963.189688 + 3837.871065 = 15796.96857.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 12
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80—-year old buys a three—year deferred policy insurance which
will pay $50000 at the end of the year of his death. Suppose that
i =6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 12
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80—-year old buys a three—year deferred policy insurance which
will pay $50000 at the end of the year of his death. Suppose that

i =6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.

Solution: (i) We have that 15796.96857 is adequate if
15796.96857 > (50000)(1.065) %< I(3 < K,). If K, > 4,
15796.96857 > (50000)(1.065)~%</(3 < Ky) is equivalent to
K, > —n(I5796.96857/50000) _ 1829628616. So, 15796.96857 is

In(1.065)
adequate when K, < 3. The probability that APV is adequate is

250 — 107
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 10
Under the De Moivre model, if n < w — x,

n
Vias=x=n|i
nAx=——7-

w—X

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam M



Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 10
Under the De Moivre model, if n < w — x,
n
Vias=x=n|i
n’Ax — .
w— X
Proof:
oo w—X w—X—n
Z Z k1 k1
n‘AX: v 'kflqu: v =v" v
w— X w— X
k=n+1 k=n+1 k=1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 13

Rose is 40 years old. She buys a 25-year deferred life policy
insurance which will pay $200,000 at the end of the year of her
death. Suppose that the De Moivre model holds with terminal age
120. Find the mean and the standard deviation of the present
value of this life insurance under the annual effective rate of
interest of i = 10%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 13

Rose is 40 years old. She buys a 25-year deferred life policy
insurance which will pay $200,000 at the end of the year of her
death. Suppose that the De Moivre model holds with terminal age
120. Find the mean and the standard deviation of the present
value of this life insurance under the annual effective rate of
interest of i = 10%.

Solution:
The actuarial present value of this life insurance is

2
55/0.1
)v25 |

(200000)25|As0 = (200000 = 2205.195308.

The second moment of the present value of this life insurance is

o
(200000)? - 55[2 Ago = (200000)2\/50% — 20281697.51.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 13

Rose is 40 years old. She buys a 25-year deferred life policy
insurance which will pay $200,000 at the end of the year of her
death. Suppose that the De Moivre model holds with terminal age
120. Find the mean and the standard deviation of the present
value of this life insurance under the annual effective rate of
interest of i = 10%.

Solution:
The variance of the present value of this life insurance is
Var(,|Z) = 20281697.51 — (2295.195308) = 15013776.01.

The standard deviation of the present value of this life insurance is

v15013776.01 = 3874.761413.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 11
Under constant force of mortality u,

A — e—nlu+d)_9x
o= Gt i
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 11
Under constant force of mortality u,

n|Ax == e_"(‘H'E) 7qx

Gx + i
Proof:
o o
n’AX = Z vk k*l‘qx = Z eiképf:iqu
k=n+1 k=n+1
o oo
_ Z e—(k+n)6 )l:-&-n—qu _ e—n(u—i—&) Z e_k(spf_qu
k=1 k=1
1 q
—e (utd) g =0 — e n(ptd) _Hx
o 1- qxeié qx + i
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

0 = 0.065.
(i) Find the expected value and the variance of the present value of

this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

6 = 0.065.

(i) Find the expected value and the variance of the present value of
this life insurance.

Solution: (i) The expected value is

(250000)e~(0-005)(10)(0,95)10(0.05)
€0-065 _ 1 1 0.05

(250000)2e~2(0-065)(10)(0.95)19(0.05)
e(2)(0-065) _ 1 4 0.05

(250000) - 10| Azs = — 33348.70,

(250000)? - ?10| A5 =

—2700448959,
50

Var [ Y 10|12, | = 2700448959 — (33348.70) = 1588313181
j=1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

d = 0.065.
(i) Find the mean and the variance of the present value of the

aggregate present value for 50 insurance contracts.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

d = 0.065.
(i) Find the mean and the variance of the present value of the

aggregate present value for 50 insurance contracts.
Solution:  (ii) The aggregate APV of these 50 lives is
2?21(250000)10|ij, where 10|Z; are i.i.d.r.v.’s.

50
E | 10lZg | = (50)(250000) - 10]Azs = (50)(33348.70)
j=1
—1667434.99,
Z 10/Z; | = (50)(1588313181) = 79415659050.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

d = 0.065.
(iii) Using the normal approximation, calculate the amount such that

the probability that the aggregate APV of these 50 lives is less than
this amount is 0.95.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 14

An insurance company offers a 10—year deferred life insurance for
individuals aged 25, which will pay $250000 at the end of the year
of his death. Suppose that p, = 0.95, for each x > 0, and

d = 0.065.
(iii) Using the normal approximation, calculate the amount such that

the probability that the aggregate APV of these 50 lives is less than
this amount is 0.95.

Solution: (iii) The amount is the 95 percentile of a normal dis-
tribution with mean E[Z?gl 10/Zx;] and variance Var(zfgl 10/ Zx;),
which is

(1667434.9895) + (1.6448536)1/79415659050 = 2130967.63.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of dea

Theorem 12
For each x > 0,

_ +1
n|Ax =" nPx * Qx+n + n+1|Ax
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 12
For each x > 0,

n|Ax = Vn+1an *Qx+n + n+1|AX
Proof: We have that

o0
K
nlAx = g VK 1Px * Qxtk—1
k=n+1

00

—,,n+1 k

=V"""nPx " Gx+n + E V' k—1Px * Qx+k—1
k=n+2

1
:Vn+ nPx * Qx+n + n+1|AX'
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 12
For each x > 0,

n|Ax = Vn+1an *Qx+n + n+1|AX
Proof: We have that

o0
K
nlAx = g VK 1Px * Qxtk—1
k=n+1

00

—,,n+1 k

=V"""nPx " Gx+n + E V' k—1Px * Qx+k—1
k=n+2

1
:Vn+ nPx * Qx+n + n+1|AX'
It follows from the previous theorem that

2n’Ax = V2(n+1)an “Qx4n t+ 2n—&—l‘Ax-
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 15

Suppose that 14|Ass = 0.24, i = 8%, 14p35s = 0.7, qag = 0.03.
Find 15|A35.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 15
Suppose that 14|Ass = 0.24, i = 8%, 14p35 = 0.7, qa9 = 0.03.
Find 15|A35.
Solution:
n|Ax = VI e Gun—1 + n+1]Ax,
we get that

0.24 = (1.08)715(0.7)(0.03) + 15| Ass

and 15Ass = 0.24 — (1.08)715(0.7)(0.03) = 0.233379924195716.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year pure endowment life insurance

Definition 9

A life insurance policy is called an n—year pure endowment life
insurance if it pays a face value in n years when the insured dies
at least n years from the issue of the policy.

Definition 10
The present value of an n—year pure endowment life insurance with
unit payment is denoted by Z 1

x:nl|”
We have that

0 if Ki<n
v oif n < Ky

Zyq =v"1(n < Ke) = {
We use the upper index ! to mean that the n—th term must fail

before x.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Definition 11
The actuarial present value of a n—year pure endowment life
insurance with unit payment is denoted by A, ‘ and by ,E.

Theorem 13
We have that

n nS(X + n) n
Axn\ EX:E[ZX:ﬁl‘]:U P{Ky > n} =v W:V * nPx;

S(X + n) — 1/2n
s(x)

Var( X: ”\) 2Ax al Ax n| =2 nPx " nQx-

2
2AX n E[Zxﬁl| ] = Vzn]P){KX > n} = U2n " nPx;
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 16

An insurance company has 100 clients age 30 which will receive a
payment of 50,000 at the end of 10 years if they are alive. Suppose
that the probability that a life age 30 will die within 10 years is
0.02. The current annual effective rate of interest is 9%.

Find the mean and the variance of the present value of the total
payments which the insurance company will made.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 16

An insurance company has 100 clients age 30 which will receive a
payment of 50,000 at the end of 10 years if they are alive. Suppose
that the probability that a life age 30 will die within 10 years is
0.02. The current annual effective rate of interest is 9%.

Find the mean and the variance of the present value of the total
payments which the insurance company will made.

Solution: We have that
A v = V"P{K, > n} = (1.09)7'%(0.98) = 0.4139626,

Var(Z, 4) = (1.09)72%(0.98)(1 — 0.98) = 0.003497266.

Let Y be the total of amount of payments made at the 100 clients.
We have that

E[Y] = (100)(50000)(0.4139626) = 2069813,
Var(Y) = (100)(50000)2(0.003497266) = 874316500.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

n—year endowment life insurance.

Definition 12

A life insurance policy is called an n—year endowment life
insurance if it makes a payment when either death happens before
n years, or at the end of the n years if death happens after n years.

Definition 13

The present value of an n—year endowment life insurance with unit
payment paid at end of year of death is denoted by Z,.5.

Notice that the payment is paid at the end of year of death or in n
years whatever comes first. We have that

n _ v it K, <n
v if n< K,
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Definition 14
The actuarial present value of an n—year endowment life insurance
with unit payment paid at end of year of death is denoted by A,.5.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 14 n
Acr = E[Zea] = Y vV P{Ky = k} + v"P{K, > n}
k=1

n—1

=) v P{K. = k} + v"P{K, > n}
k=1

= Z ka—1|qx + Vnnpx
k=1

2Ax:ﬁ| = E[me] = Z V2k[P){K = k} + V2n[P{KX > n}
k=1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of dea

> Z.3 =v. S0, A g =v, %A =v*and Var(Z g) = 0.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

> Z.3 =v. S0, A g =v, %A =v*and Var(Z g) = 0.
> Z5 = vI(Te < 1)+ v21(Ti > 1). So, A, 1 = vgx + 1°px,
and Var(Z, 7)) = v2(1 — )% pxqx.

X
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 17

Suppose that i = 0.05, gx = 0.05 and gx+1 = 0.02. Find AX;§| and
Var(zx:§|)'
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Section 4.2. Payments paid at the end of the year of death.

Chapter 4. Life Insurance.

Example 17
Suppose that i = 0.05, gx = 0.05 and gx+1 = 0.02. Find AX:§| and
Var(zx:§|)'
Solution: We have that
A,z = VGx + 2 px = (1.05)71(0.05) + (1.05) (1 — 0.05)
=0.9092970522,
Var(Z, 5) = (1.05)"%(1 — (1.05)"1)?(0.05)(1 — 0.05)
=0.000097695860391.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 18
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three-year endowment policy insurance
which will pay $50000. Suppose that i = 6.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 18
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three-year endowment policy insurance
which will pay $50000. Suppose that i = 6.5%.
(i) Find the actuarial present value of this life insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 18
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three-year endowment policy insurance
which will pay $50000. Suppose that i = 6.5%.

(i) Find the actuarial present value of this life insurance.
Solution: (i) The actuarial present value of this life insurance is

3
lgoik_1— L l
(50000) Agg3, = (50000) > kSt —80HE 4 (50000)p2" 22
k=1 680 630

=(50000)(1.065) + (50000)(1.065) 250

161 — 107 107
+ (50000)(1.065) > ————— + (50000)(1.065)—32—50

=6197.183099 + 9874.583967 + 8940.770191 4 17715.97056 = 42728.50
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 18
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three-year endowment policy insurance
which will pay $50000. Suppose that i = 6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 18
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a three-year endowment policy insurance
which will pay $50000. Suppose that i = 6.5%.

(ii) Find the probability that APV of this life insurance is adequate
to cover this insurance.

Solution:  (ii)) We have that 42728.50782 is adequate if
42728.50782 > (50000)(1.065)~ Min(Kx3) - which is equivalent to
min(Ky, 3) > —MA220SEEA/S0000) — 2.495548689. The probability
that the APV is adequate is

161
P{K, >3} = P{T, > 2} = % _ 0.644.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 15
Under the De Moivre model, if n < w — x,

aﬁ“ nw—X_n

A

XAl = X w— X
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 15
Under the De Moivre model, if n < w — x,
as|i w—XxX=—n
Ax:ﬁ| = " .
w— X w— X

Proof:
n 1 1 Ww—X—n
k n k n* AT
AX:H\ZE v k—l’qx+v 'anZE v +v
w—X w— X
k=1 k=1
anli Ww—X—n
_ | 0 '
w—X w— X
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 19
A 10-year endowment insurance pays $20000 at the end of the
year of failure, or $20000 for survival to time 10, whichever occurs

first. Find the actuarial present value of this endowment insurance
for a 40—year old if s(x) = 101%6)(, 0 < x <100, and i = 7.5%.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Example 19

A 10-year endowment insurance pays $20000 at the end of the
year of failure, or $20000 for survival to time 10, whichever occurs
first. Find the actuarial present value of this endowment insurance

for a 40—year old if s(x) = 101%6)(, 0 < x <100, and i = 7.5%.

Solution: We have De Moivre's law with terminal age 100. The
actuarial present value of this insurance is

10}i
(20000)A,0.35 = (20000)—23

=2288.026985 + 8086.565472 = 10374.59246.

1060 — 10
60

+ (20000)v
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

m—year deferred n—year term life insurance.

Definition 15

A life insurance policy is called an m—year deferred n—year term
life insurance if it makes a payment if death happens during the
period of n years that starts m years from now.

Definition 16
The present value of an n—year deferred n—year term life insurance
with unit payment paid at end of year of death is denoted by

m‘an-

vHix if m+1< K, <n,

mlnZx = VKX/(m+ 1<K.<n)=
0 else.

Definition 17
The actuarial present value of an m—year deferred n—year term life
insurance with unit payment paid at end of year of death is m|pAx.
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 16

m-+n
m‘nAx = E[m‘an] = Z Vk : kfl‘qm
k=m+1
m+n
2m|nAx:ﬁ| = E[(m‘nZX)2] = Z Vi k—1/Gx-
k=m+1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 16
m-+n
m‘nAx = E[m‘an] = Z Vk : kfl‘qm
k=m+1
m+n
2m|nAx:ﬁ| = E[(m‘nZX)2] = Z Vi k—1/Gx-
k=m+1
Proof: We have that
m—+n m—+n
mlnAx = ElmlnZd = Y VP{Kc=k}== > vF-iilgx
k=m+1 k=m+1
m-+n m-+n
2m’nAx:m = E[(mlsZx)?] = Z V2kP{KX =k} = Z AR
k=m+1 k=m+1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 16
m-+n
m‘nAx = E[m‘an] = Z Vk : kfl‘qm
k=m+1
m+n
2m|nAx:ﬁ| = E[(m‘nZX)2] = Z Vi k—1/Gx-
k=m+1
Proof: We have that
m—+n m—+n
mlnAx = ElmlnZd = Y VP{Kc=k}== > vF-iilgx
k=m+1 k=m+1
m-+n m-+n
2m’nAx:m = E[(mlsZx)?] = Z V2kP{KX =k} = Z AR
k=m+1 k=m+1

Var(m|nZx) = m‘nzAx:m - m’nAx2-
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 17
Under De Moivre's law, if n+ m < w — X,

m
an|
m|nAx — .
w— X
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 17
Under De Moivre's law, if n+ m < w — X,
Vm&n|
m|nAx i
w— X
Proof:
m—+n m—+n 1 n
k k
m‘nAx* E v 'kflquz g v X =
k=m+1 k=m+1 k=
n m
1 V' as
_Vm § vk _ n|
w—X w—X
k=1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of deat!

Theorem 18

m|nAx = mExA1

x+m:A|
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 18

m|nAx — mExA1

x+m:A|

Proof: By a previous theorem, mpx - k—1|Gx+m = m+k—1|dx-

Hence,
n n
1 _..m k _ m+k
mEXAx+m:ﬁ| =V mPx E Ve k1] Garm = E v * mtk—1Gx-+m
k=1 k=1
m+n
_ k _ A
— v 'kflqu*m’n X
k=m+1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 19
Under the constant force of mortality model,

m|nAx = e—m((5+,u,) (1 - e—n((s—l—u)) qij_
qx — 1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 19
Under the constant force of mortality model,

m|nAx = e—m((5+,u,) (1 - e—n((s—l—u)) qij_
qx — 1

Proof:

_ 1 _ amm(d+p) (1 amn(0+p)) _9x
mlAs = mEx Ay = 7O (1 e C0) Gt i
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of deat!

Theorem 20
m|nAx — m‘Ax - m+n|Ax-
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 20
m|nAx — m‘Ax - m+n|Ax-
Proof: We have that

oo 0
m‘AX_m+n|AX: Z Vk'k—1|qx_ Z Vk'k—l‘qx
k=m+1 k=m-+n+1
m-+n
= Z Vk : k—1|qx = m’nAx~
k=m+1
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of deat!

Theorem 21
AX — A}(ﬁ| + m|nAX + m+n‘Ax-
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 21
AX — A}(ﬁ| + m|nAX + m+n‘Ax-
Proof: We have that

A}(ﬁl + m‘nAx + m+n|AX = A}cﬁ\ + m|Ax - m+n’Ax + m+n‘Ax = A}(ﬁ| +
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of deat!

Theorem 22

m|nAx = Al Al

xim+n| — Txml
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Chapter 4. Life Insurance. Section 4.2. Payments paid at the end of the year of death.

Theorem 22

_al 1
m’”AX - Ax:T—i—n| - Ax:ﬁ\‘
Proof: We have that
m-+n m
1 1 _ k k
Ax:m+n| B Ax:ﬁ\ = Z v kcalax — Z Ve k1]gx
k=1 k=1
m+n
_ k _ A
- v 'k—l’qx—m‘n ’e
k=m+1
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