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Chapter 4. Life Insurance. Section 4.3. Further properties of the APV for discrete insurance

Further properties of the APV for insurance

The following table shows the definition of all the variables in the
previous section:

type of insurance payment
whole life insurance Z, = &
n—year term life insurance Z1 =K *I(Kx < n)
n—year deferred life insurance ,,|Z vExI(n < Ky)
n—year pure endowment life insurance | =v"I(n < Ky)
n—year endowment life insurance Z A = pmin(Kx,n)
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Theorem 1
We have that
Z = Zi g + nlZx,
A, = Al'ﬁl + nlAx,
2A, 2A1 Lt ,,yAX,
Var(Zy) = Var(Zg) + Var(s| Zc) — 2A% 5 - ol Ax

COV(Z;(l:ﬁ\’ "|ZX) = xn| ’ "|AX - <Ax 7l n‘AX2 - AX2> .

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.3. Further properties of the APV for discrete insurance

Proof: We have that
Zj:ﬁ\ + I7|ZX = VKX/(KX < n) + VKX/(I’I < KX) = VKX = Zx-
and

Zia® 4 0|23 = v (K < n) + 0250 (n < Ky ) = v = Z2.

Hence,
A = ALz + nlAc
and
2A = 2A5 5 + 20l A
Thus,

2
:2A3<:5| - (A}(ﬂ) + 2”|AX - (n‘AX) - 2AX nl |AX
) ar(n|Zx) — 2Ax 7 n|Ax
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Since

Zl - nlZe = V(K < ) - 0™ (n < K, ) = 0.
we get that

Cov(Zz), nlZx) = E[ x1ﬁ| 0|2 = E[Z5]E[2] Z:]

= — E[Z}51El|Zd = A Ax.

Xn|

Finally, we have
L 2 2 2
5 (Ax:ﬁ| + n‘AX - AX )

1 2
<Ax 7 ”’sz - (A}(ﬂ + ”’AX) ) = _A}(:ﬁ| ’ n|AX'
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Example 1
Suppose that

E[Z.] = 0.75, Var(Z,) = 0.45, E[Z; ;] = 0.5, Var(Z ;) = 0.2,

X

Find E[,|Zy] and Var(,|Zy).
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Example 1
Suppose that

E[Z] = 0.75, Var(Z,) = 0.45, E[Z};] = 0.5, Var(ZL) = 0.2.

X

Find E[4|Z.] and Var(,|Zy).
Solution: Since Z, = Z%_ + ,|Z,

x:7|
0.75 = A, = AX_ﬁl + n|Ax = (0.5) + ] Ax.
So, »|Ax = 0.25. Since Z2 = (lenl) + (n] Z)?
0.45 +(0.75)* = E[Z7] = E[(Z3)°] + El(a1 Z4)°]
=0.2 + (0.5)% + E[(s] Z0)*]
Hence,
E[(n]Zx)?] = 0.45 + (0.75)® — 0.2 — (0.5)® = 0.5625.

and
Var(,|Z,) = 0.5625 — (0.25)2 = 0.5.
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Theorem 2
We have that

Zx:ﬁ\ = Z)}ﬁ\ + ZX n\’

Ax:ﬁ| | + Ax nl»

2A ‘ 2/41”|_|_2/4XH|7
Var(Z,.7) = Var(ZL, 7)) + Var(Z,

Cov(Zgaps Zea) =

x:Al Cx:
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,‘)sz”‘ A

AX Al - AX Al — <AX ] + Ax:%\z

Section 4.3. Further properties of the APV for discrete insurance

xn|

_ Ax:ﬁﬁ) .
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Proof.
The proof is similar to the proof of the previous theorem. So, we
only sketch the proof. We have

n\ +Z xn\ - KX/(K <n+vI(n<Ky) = pmin(Ken) — Zx:ﬁ|'
and

Zia + Zens = VI (Ke < )42 (n < Ky) = p2minten = 220,

Proceeding as the proof of the previous theorem, the proof
follows. ]
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Example 2
Suppose that

E[Z3 5] = 0.5, Var(Zy;) = 0.35,0" = 0.4, ,p, = 0.6.

Find E[Zm] and Var(Zz).
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Example 2
Suppose that

E[Z3 5] = 0.5, Var(Zy;) = 0.35,0" = 0.4, ,p, = 0.6.
Find E[Z,m] and Var(Z,.z).
Solution: We have that
ZX'F| = Zl-ﬁ| + ZX Al = )}ﬁ| + an(n <K )7
E[Z.m] = E[Z n‘] + v"hpx = (0.5) + (0.4)(0.6) = 0.74.
We also have that
E[an\z] = E[ x| ]+ E[Zxr}2
2
:Var(zizﬁ\) + (E[Zxﬁ|]) + V2n
—0.35 + (0.5)% 4 (0.4)2(0.6) = 0.696.

Hence,
Var(Z!_) = 0.696 — (0.74)* = 0.1484.
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Theorem 3
We have that
n|Ax = AX:%‘AX-"-H = nExAx—i-n‘

Proof: By the change of variables k = j — n,

00 00
1 _ § : k _ E +k
AX;H‘AX-}—H - Vnan v k—l‘qx-‘,-n - V" n+k—1’qx
k=1 k=1

o0

= Z Vk : k—1|qx = n|AX'

k=n+1
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Theorem 3
We have that

n|Ax = AX:%‘AX-"-H = nExAx—i-n‘
Proof: By the change of variables k = j — n,

00 00
1 _ § : k _ E +k
AX;H‘AX-}—H - Vnan v k—l‘qx-‘,-n - V" n+k—1’qx
k=1 k=1

o
= Z Vk : k—1|qx = n|AX'
k=n+1

Corollary 1

Ac = Al + nExAxin.
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Chapter 4. Life Insurance.

Example 3

An insurance company offers a 10—year deferred life insurance for
an individual aged 25, which will pay $250000 at the end of the
year of his death. Suppose that p, = 0.95, for each x > 0, and
6 = 0.065. Find the actuarial present value of this life insurance.
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Example 3

An insurance company offers a 10—year deferred life insurance for
an individual aged 25, which will pay $250000 at the end of the
year of his death. Suppose that p, = 0.95, for each x > 0, and

6 = 0.065. Find the actuarial present value of this life insurance.

Solution: We have that
Ox+n 1-0.95 0.05

A = = = .
T geen+i 1 —0.954 0065 _ 1~ 0065 _ .95

and

(250000)10|Ax = (250000)10 ExAx10

0.05
10 .—(10)(0.065
—(250000)(0.95)10e (10X )760'065 g5 — 3334869979,
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Example 4
Using i = 6% and the life table in the textbook, find:
(i) A 40117”. (ii) 10|Ago. (iii) A}mm. (iv) Ay 10
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Example 4
Using i = 6% and the life table in the textbook, find:

(i) A4O:%0|. (ii) 10|Ago. (iii) A}mm. (iv) Ay 10
Solution: (i) We have that

¢ 03735
A 1 10 — (1.06)7102%% — (1.06)"1022"22 _ 0.5422906406.
aoizo) = ¥ 10pe0 = (1.06) 77 " = (1.06) oo

(ii)
10]Ag0 = 10Ea0As0 = (0.5422996406)(0.20696) = 0.1122343.
(iii)
Ao, = Ao — 10/Aso = 0.13264 — 0.1122343 = 0.0204057.
(iv)
Agoto = AgogH10Ea0 = 0.0204057+0.5422996406 = 0.5627053406.
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Example 5

Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.
Calculate:
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(i) Ax and Var(Zy).
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(i) Ax and Var(Zy).
Solution: (i) We have that

et —1 60'03 -1
Ax= 51 = soortogs ] = 0-4200151407,
w_ 0.03 _
= S0 S ;= 0.2610112429,

X T edtu — 1 e(2)(0:04)+0.03 _
Var(Z,) = %A, — (Ax)? = 0.2619112429 — (0.4200151407)>
—0.08549852448.
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(ii) Ax:%l and Var(ZX:%‘).
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Example 5

Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.
Ca/culate

(i) A 10| and Var(Z_ 10‘)

Solution: (i) We have that

Ao =e Yop = e~ (10)(0.04) o =(10)(0.03) — =07 — () 4965853038,
2Ax }OI _ 6710(2)510/& — o (10)(2)(0.04) ,—(10)(0.03) _ ,—0.11
—0.3328710837,
24 1 12 2
Var(Z, 45) = *A 15 — A.qg = 0-3328710837 — (0.4965853038)

=0.08627411975.
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(III) 10’AX and Var(lo\ZX).
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.
Calculate:

(iii) 10| Ax and Var(10]Zx).
Solution: (iii) We have that
10| Ax = nExAxin = (0.4965853038)(0.4200151407) = 0.2085733462,
210|/Ax = 2hEx - 2Acin = (0.2619112429)(0.3328710837)
=0.08718267926,
Var(19|Ax) = 0.08718267926 — (0.2085733462)? = 0.04367983851.
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(iv) Aim and Var(Z;).
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Example 5

Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.
Calculate:

(iv) Aim and Var(Z;).

Solution: (iv) We have that

A 15 = Ax — 10/Ax = 0.4200151407 — 0.2085733462 = 0.2114417945,

2Ai:1—0| =2A, —210|A, = 0.2619112429 — 0.08718267926
=0.1747285636,

Var(Zg5) = *Ag — Aimz = 0.1747285636 — (0.2114417945)°

=0.1300209311.
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Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(V) AX:TOl and Var(x:T0|)'

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.3. Further properties of the APV for discrete insurance

Example 5
Suppose that § = 0.04 and (x) has force of mortality ;i = 0.03.

Calculate:
(V) AX:TOl and Var(x:TO|)'
Solution: (v) We have that

= 0.2114417945 + 0.4965853038

1
Ax:10| A x:10| + AX 10 —

=0.7080270983,
2 241 241 _
A5 = AL + 2A L = 0.1747285636 + 0.3328710837
=0.5075996473,
1
Var(Z; 10|)
=0.006297275373.

251 1 _ 2
Al 1o — Al = 05075996473 — (0.7080270983)
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