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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Whole life insurance.

Definition 1
The present value of a unit payment whole life insurance paid at

the moment of of death is denoted by Z.
We have that Z, = vTx = e 97T,
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Whole life insurance.

Definition 1

The present value of a unit payment whole life insurance paid at
the moment of of death is denoted by Z.

We have that Z, = vTx = e 97T,

Definition 2

The actuarial present value of a unit payment whole life insurance
paid at the moment of of death is denoted by A,.

We have that

ZX = E[7X] = / l/thX(t) dt = / l/tth/,LX+t dt.
0 0
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Whole life insurance.

Definition 1

The present value of a unit payment whole life insurance paid at
the moment of of death is denoted by Z.

We have that Z, = vTx = e 97T,

Definition 2

The actuarial present value of a unit payment whole life insurance
paid at the moment of of death is denoted by A,.

We have that
ZX = E[7X] = / l/thX(t) dt = / l/tth/,LX+t dt.
0 0
We define

_ —m o0 o0
TA=E[Z,] = / v fr (t) dt = / V™ P fixtt dE.
0 0

We have that Var(Zy) = 24, — A..
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 1
The cumulative distribution function of Z, = e 9T js

0 ifz <0,
Fz (z) = { St (=%) ifo<z<1,
1 ifl<z.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 1
The cumulative distribution function of Z, = e 9T js

0 ifz <0,
Fz (z) = { St (=%) ifo<z<1,
1 ifl<z.

Proof: If0 <z <1,

F; (2) =P{Z <z} =P{e T <z} =P{-In(2)/6 < Ty}

—1
—St. ( 5"Z> .
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 2
Zy is a continuous r.v. with density

Inz

f (_Inz
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 2
Zy is a continuous r.v. with density

f- _Inz
f;X(z) — 7;(626)’ e—(;(w—x) S z S 1'

Proof: For0 <z < 1,

d —Inz 1
5.0 = 5n (757 ) = - 2)0);
Notice that if 0 < z < e %= —(Inz)/§ > w — x and

fr.(~(in2)/5) - =0.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Corollary 1

Under the de Moivre model with terminal age w, Z is a
continuous r.v. with cumulative distribution function

Fz (2) = oo (;(;)jxl)n(z),

e W) <« > <1,

SR S F R
7 (2) 5200 = x)’ e <z<1
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Chapter 4. Life Insurance.

Section 4.6. Level benefit insurance in the continuous case.

Corollary 1

Under the de Moivre model with terminal age w, Z is a
continuous r.v. with cumulative distribution function

Fz.(2) = M&: )_+xl)n(z), e ™) <z <1,

and density function

1 —0(w—x)
<z<l1
fz (2) 520 =)’ e z<1

Proof: We have that [ ° fr,(t) dt
Hence, for e 0(w—x) < z<1,

sz(z):/oo fTX(t)dt:w_X+(an)/5 ~ 6(w—x) +1In(z)

w—X—a

— L if0<a<w-—x.

—(Inz)/6 w— X o d(w—x)
1 —(w—x
%X(Z):F%X(Z):m, e <z <1,
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Corollary 2

Under constant force of mortality u, Zy is a continuous r.v. with
cumulative distribution function

and density function

fz (z) = %z%*l, 0<z<1L

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Corollary 2

Under constant force of mortality u, Zy is a continuous r.v. with
cumulative distribution function

and density function

fz (z) = %z%*l, 0<z<1L

Proof: We have that [° fr, (t) dt = e7#2,if 0 < a < co. Hence,
for0 <z <1,

Fz (2) = / fr.(t) dt = etIn9/0 = 25,
—(Inz)/8
Z, has density

S (2) = FL (2) = %z%—l, 0<z<1.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Suppose that T, has a (1 — p)-th quantile &, such that
IP){Tx < §1fp} =1- p= P{Tx < flfp}

Given b, 6 > 0, h(t) = be %, t > 0, is a decreasing function. By a
previous theorem, the p—th quantile of Z = be %7~ is be %1+
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1

A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if 0 <t <10,
fr(t) = 80 else
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Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Example 1
A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(i) Calculate the actuarial present value of this benefit if i = 0.075.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1

A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(i) Calculate the actuarial present value of this benefit if i = 0.075.
Solution: (i) By the change of variables tIn(1.075) = y,

10
t
(500)Ay = (500) / (1.075)"¢ L gt
A 50

101n(1.075) y
_ v Yy
(500) /0 € 5o(n(L.075))2 ¥

10 101n(1.075)
={nomsyet ¢ .
10

~(In(1.073))2 (1—(1.075)7'°(10In(1.075) + 1)) = 313.3879498.
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Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Example 1
A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(ii) Find the density of present value of this benefit.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1

A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(ii) Find the density of present value of this benefit.
Solution: (ii) Let Z = (500)(1.075)~7 be the present value of the
insurance benefit. We have that T = —™Z/500) " The density of Z

) = (_In(z/500)>

In(1.075) diz <_m>’

_ —In(z/500) 1 _ —In(z/500)
~ 501In(1.075) zIn(1.075)  50z(In(1.075))2’
if 500(1.075)71 < z < 500.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1
A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(iii) Find the 25, 50 and 75 percentiles of the present value random
variable of this benefit.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1

A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

& if0o<t<10
fr(t) =1 s re
0 else.

(iii) Find the 25, 50 and 75 percentiles of the present value random
variable of this benefit.

Solution: (iii) Let (, be the p—th quantile of Z. Since y = h(t) =
(500)(1.075) " is decreasing, we have that (, = h(§1—p), where
C1—p is a (1 — p)—th quantile of T. We have that

G,
100

1-p=P{T <G} =
and §1-p = 104/1 — p. Hence,

Cp = h(&1-p) = h(104/1 — p) = 500(1.075) *OV1=P.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 1

A benefit of $500 is paid at the failure time T of a home electronic
product. The pdf of the time of failure of the product is

L ifo<t<10
fr(t) =1 s re
0 else.

(iii) Find the 25, 50 and 75 percentiles of the present value random
variable of this benefit.
Solution: (iii) Hence,

Cp = h(&1-p) = h(104/1 — p) = 500(1.075) V1P,

The 25 percentile of the benefit is (g5 = 500(1.075)710V0-75 —
200.6742245.

The 50 percentile of the benefit is (o5 = 500(1.075)~ 1005 _
348.2793162.

The 75 percentile of the benefit is (o75 = 500(1.075)~10v0-25 —
417.300441.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Recall that the present value of a continuous annuity with unit rate

1S n 1 —n
— t -V
a=l; = 1% dt: _—

=) 5
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Recall that the present value of a continuous annuity with unit rate

IS n 1 Cn
SRR LV
| /0 5
Theorem 3

For the de Moivre model with terminal age w,

3= B 1 — pw—x B 1 — g 0(w—x)

w—x Sw-—x)  §w-—x)

A =
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Recall that the present value of a continuous annuity with unit rate

IS n 1 Cn
SRR LV
| /0 5
Theorem 3

For the de Moivre model with terminal age w,

1 — pw—x 1 — g 0(w—x)

A Ao—x|i _ _
T w—x  (w—x) d(w — x)

Proof: The density Ty of is f1,(t) = L0 < x <w. Hence,

w—x"'

AX:/ et flxtt) dt:/ vt g
0 0

w —X
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Chapter 4. Life Insurance.

1S n 1 —n
— t -V
a=l; = 1% dt: _—

=) 5

For the de Moivre model with terminal age w,

Theorem 3

3= B 1 — pw—x B 1 — g 0(w—x)

w—x Sw-—x)  §w-—x)

Ax

Proof: The density Ty of is f1,(t) = wlfx 0 < x < w. Hence,

Ax:/ e‘f‘Sf(XH)dt:/ vt L dt
0 s(x) 0

w —X

=1 1 — pw—x 1 — g~ 0(w—x)

w—x Sw-—x)  dw-—x)

By the previous theorem, MA,

(©2009. Miguel A. Arcones. All rights reserved.
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Recall that the present value of a continuous annuity with unit rate



Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-
ance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-

ance.
Solution: (i) The density of Tag is fr,o(t) = &, 0 < t < 60.
Hence,
. %h 1— 67(0'05)(60) 1—¢e3
Ago = = = = 0.31673764309.
07 760 (0.05)(60) 3

The actuarial present value is (50000)(0.3167376439) =
15836.88219.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2
Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.
(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
Solution: (i) We have that

— Fgo(1sip_1  1— e (DO05)(60) 1 =6

Ay = (60) - Bome) ~ 6 - 1062535413,

Var(50000Z49) = (50000)?(0.1662535413 — (0.3167376439)?)

=164827015.6.

The standard deviation of 50000Z4 is +/164827015.6 =
12838.4974.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(iii) Find the density of the present value of the benefit of this life
insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2
Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.
(iii) Find the density of the present value of the benefit of this life
insurance.
Solution: (i) The present value is Y = 5000074 =
(50000)e=(09) 7w Let h : (0,60) — ((50000)e3,50000) be de-
fined by h(t) = (50000)e~(©99)t, Then, h~1(y) = —nx/50000) 5y
the density of Y is

W) = Frah D) | 070 = G57508) = 3

if (50000)e3 < y < 50000.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(iv) Find the median of the present value of the benefit of this life
insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 2

Julia is 40 year old. She buys a whole life policy insurance which
will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(iv) Find the median of the present value of the benefit of this life
insurance.

Solution: (iv) Let m be the median of the present value of the
benefit of this life insurance. Let m’ be the median of T4y. We have
that m = h(m’), where h(x) = (50000)e—(%-05)% x > 0. We have

m/

0.5 = P{T40 < m,} = %
and m" = 30. Hence, m = h(m’) = (50000)e~(30)(0-05) —
11156.50801.
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Chapter 4. Life Insurance.

Section 4.6. Level benefit insurance in the continuous case.

Theorem 4

For the constant force of mortality model with mortality rate p,
A — b
AX - m

Proof.

Since f(x) = pe™#*

o t o
A = / e*t‘sM dt = / e e Mt dt
0 s(x) 0

_Me_t(u+6) o0 /“L
ot d |y ptd
Ol
By the previous theorem,
3 H
TA = ———.
w4+ mé
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality
of 0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality
of 0.05.

(i) Find the APV of the benefit of the a life insurance to (x) with
unity payment paid the time of the death.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality
of 0.05.

(i) Find the APV of the benefit of the a life insurance to (x) with
unity payment paid the time of the death.

Solution: (i) We have that

A, =M 0.05 ) 4545454545,

A, = =
[+6  0.05+0.06
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality

of 0.05.
(ii) Find the variance of the present value of the benefit of a life

insurance to (x) with unity payment paid the time of the death.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3
The force of interest is 0.06. (x) has a constant force of mortality

of 0.05.
(ii) Find the variance of the present value of the benefit of a life

insurance to (x) with unity payment paid the time of the death.
Solution: (ii) We have that

e S 0.05
X7 pw+20 0.05+ (2)(0.06)

= 0.2941176471.

and

Var(Z,) = 0.2941176471 — (0.4545454545)? = 0.08750607689.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality

of 0.05.
(iii) Find the density of the present value of the benefit of a life

insurance to (x) with unity payment paid the time of the death.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality
of 0.05.

(iii) Find the density of the present value of the benefit of a life
insurance to (x) with unity payment paid the time of the death.
Solution: (i) Z, = e (©0)Tx et h: (0,00) — (0,1) be defined

by h(t) = e~ (009)t. Then, h=1(z) = 522, Hence, the density of
Z, is
£5.(2) = Fro(h"1(2) | LA (2)| = (0.05)e 0 78 !
‘ © dz ' 2(0.06)
-1/6
=5Z6 ,0<z<1
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3
The force of interest is 0.06. (x) has a constant force of mortality

of 0.05.
(iv) Find the first and third quartile of the present value of the

benefit of a life insurance to (x) with unity payment paid the time
of the death.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 3

The force of interest is 0.06. (x) has a constant force of mortality
of 0.05.

(iv) Find the first and third quartile of the present value of the
benefit of a life insurance to (x) with unity payment paid the time
of the death.

Solution: (iv) Let £, be the p-th percentile of T,. We have that

p=P{Ti <&} =1-e 0P,

So, &p = _Ig&l)s_p). Let (, be the p—th percentile of Z, = e (0:06) T

Then, (, = e (0:060)6—p — e—(0~06)$ = p%>5. The first quartile
of Z, is (0.25)%/> = 0.1894645708138. The third quartile of Z, is
(0.75)%/> = 0.708065633471176.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

n—year term life insurance.

For an n—year term life insurance, a payment is made if the failure
happens within the n—year term of an insurance commencing at
issue. So, a payment is made only if the failure happens before n
years.

Definition 3

The present value of a unit payment n—year term life insurance
paid at the moment of of death is denoted by 7>1<;ﬁ|-

We have that
v if T, <n
0 if n< Ty

=1
Zx:ﬁ| = VTX/(TX < n) =
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Definition 4
The actuarial present value of a unit payment n—year term life

insurance paid at the moment of of death is denoted by ﬁ)lcﬁ
We have that

Ax n| — E[ZX n\] _/0 thTx(t) dt:/O VtthNX+t dt.

We denote by MA, to the APV of a unit payment n—year term life
insurance paid at the moment of of death at m times the original
force of interest. We have that

—1 m n n
mAx n| — E[Zx:ﬁ| ] = / thfo(t) dt = / thtpx;ux+t dt
0 0
It is easy to see that

Var(ZX n\) 2Ax nl AX n|
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 5 .
The cumulative distribution function of Z, .5 = e 0TxI(T, < n)is

0 ifz <0,
p ifo<z<e ™,
Ffl.f (Z) = Qe —Inz £ —nd
x:n| \ST)< (T) if e S z S 1,
1 ifl1 <z
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Proof: If 0 < z < 1, then
Fpi (2)=P{Z,5<2)
=P{e T I(T,  <n) <z} =P{T, > n} +P{T < ne’Tx <z}
=P{Tx>n}+P{Tx <n, e 0Tx < z}
=P{T«>n} +P{Tx < n,—In(z)/6 < T}
=P{—In(z)/0 < T < n} +P{n < T,}.

fo<z< e~ then

Fp (2) =B{~In(2)/5 < T < ) + B{n < T} = P{n < T} = ps.

all
fe M <z<1,

Fa (2) =P{=In(2)/0 < Tx < n} + P{n < T}

7|

=P{—In(2)/6 < Ty} = St. <_ ';Z) .
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 6 )
Suppose n < w — x. 7X:ﬁ| has a mixed distribution. The

. . . . S
probability density function of the continuous part of Z, .z is

fr,(=(nz)/8) .- _ns
£ (2) = N if e <z<1,
Zyenl 0 else.

.. . . =1 .
The probability mass function of the discrete part of Z, 5 is

poi (Z): nPx ifz=0,
Zl 0 else.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 7
Under the de Moivre model, if n < w — x,

1 an| 1-v" 1—e0n
Ax:ﬁ\ = =

w—x dw-x) §w-x)

Proof: The density T, of is f1,(t) = —L1_0< x<w. Hence,

— n f t n 1

Ai.m :/ e_t‘sw dt:/ vt dt
' 0 s(x) 0

L T e Z 1—e0n

Tw—x fw—-x) dw-x)
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Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Example 4

Julia is 40 year old. She buys a 15—year term life policy insurance
which will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 4

Julia is 40 year old. She buys a 15—year term life policy insurance
which will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-
ance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 4

Julia is 40 year old. She buys a 15—year term life policy insurance
which will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-

ance.
Solution: (i) The density of Tag is fr,o(t) = &, 0 < t < 60.
Hence,

1 31— e (19005 ] _ o075

Ago1s) = 60' - oo~ 3 - Ol7serreise.

The actuarial present value is (50000)(0.1758778158) =
8793.89079.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 4

Julia is 40 year old. She buys a 15—year term life policy insurance
which will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 4
Julia is 40 year old. She buys a 15—year term life policy insurance
which will pay $50,000 at the time of her death. Suppose that the
survival function is s(x) = 1 — 155, 0 < x < 100. Suppose that the
continuously compounded rate of interest is 6 = 0.05.
(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
Solution: (i) We have that

Aoy 1 e (1DR00) 1 15

2—1
Asods = = = = 0.12947830
40:15] 60 (60)(2)(0.05) 6

Var(500007‘110:ﬁ|) = (50000)2(0.1294783066 — (0.1758778158)?)
—246363251.273553.

The standard deviation of 500007}10:1*5‘ is v/246363251.273553 =
15695.9628973043.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 8
Under constant force of mortality p,

-1 (1 — e_n(ﬂ+5))u
szﬁ\ = :
T )
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 8
Under constant force of mortality p,

—1 - (1 — e_”(ﬂ'i";))u
xn| — L + 0 :

Proof:
1 n n
Ao = [ e O ipant)de = [ e at
0 0

_ /n lue—t(5+u) e — ,U'(]- _ e—”(#+§)) '
0 W+ 0
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 5

Find the APV of a 15-year term life insurance to (x) with unity
payment if § = 0.06 and (x) has a constant force of mortality
u = 0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 5

Find the APV of a 15-year term life insurance to (x) with unity
payment if § = 0.06 and (x) has a constant force of mortality

u = 0.05.
Solution: We have that
Zlf _ (0.05)(1 — e—(15)(0.05+0.06)) B (0.05)(1 — e_(15)(0_11))
s 0.05 + 0.06 - 01l

=0.3672500415.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

n—year deferred life insurance.

In the case of n—year deferred life insurance, a payment is made
only if the failure happens at least n years following policy issue.

Definition 5
The present value of a unit payment n—year deferred life insurance
paid at the moment of of death is denoted by ,|Z.

We have that

_ 0 if T, <n
Z.=e T (n< T, = =
nlZx (M<T)=3 T it neT.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Definition 6
The actuarial present value of a unit payment n-year deferred life
insurance paid at the moment of of death is denoted by ,|Ax.

We have that

VA= ELZ = [

n

o
e Otfr (t) dt:/ e O Dufix st dt
n

We denote by ™A, to the APV of a unit payment n-year deferred
life insurance paid at the moment of of death at m times the
original force of interest. We have that

mn|ﬂx - E[n’?xm] = / eim&fTX(t) dt = / eim&tpxﬂx—i—t dt

It is easy to see that

Var(n|Zx) = 2n|Ax — ol Ax .

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 9 B
The cumulative distribution function of ,|Z, = e %™ I(n < Ty) is

0 ifz <0,
F7.(2) = { ngx + S7, (79%) if0O<z<e ™™,
1 if1<z.
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Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Proof: f0<z<e ",

F |7X(Z) =P{,|Z <z} =P{eTxI(n< T}) < z}

=P{T, <nt+P{n< Ty,e '™x <z}
=P{T, < n}+P{n< Ty, —In(2)/§ < T.}.
fo<z<e ™,
Fz.(2) =P{T, < n} +P{n < T,,—In(2)/6 < T}
=P{T, < n} +P{—In(z)/0 < Tx}

—Inz
—nqx+5Tx< 5 )

If e < z <1,

F z,(2) =P{Tc <n} +P{n < Tr,—In(2)/5 < T.}
=P{T, <n}+P{n< T, }=1

Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 10

n|Zx has a mixed distribution. The probability density function of
the continuous part of p|Zx is

w ife (W0 < 7 < g=nd

f=(z)= ’
”|ZX( ) 0 else.

The probability mass function of the discrete part of p|Zy is

(2) ndx ifz=0,
—(2) =
PalZx 0 else.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 11
Under De Moivre's model, if n < w — x,

_ as——hli
—né Yw—x—nli

nlAx = e " ————.
w — X
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 11
Under De Moivre's model, if n < w — x,

_ as——hli
—né Yw—x—nli

oAy = e—ré Soxnli,
W —X

Proof: The density T, of is fr (t) = 0 < x < w. Hence,

wx'

= YTl YT s L o—né o=l
nlAx = e —dt = e —dt = .
n 0 w

w w — X
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 6

Julia is 40 year old. She buys a 15-year term deferred life policy
insurance which will pay $50,000 at the time of her death. Suppose
that the survival function is s(x) = 1 — 155, 0 < x < 100. Suppose
that the continuously compounded rate of interest is § = 0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 6

Julia is 40 year old. She buys a 15-year term deferred life policy
insurance which will pay $50,000 at the time of her death. Suppose
that the survival function is s(x) = 1 — 155, 0 < x < 100. Suppose
that the continuously compounded rate of interest is § = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-
ance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 6

Julia is 40 year old. She buys a 15-year term deferred life policy
insurance which will pay $50,000 at the time of her death. Suppose
that the survival function is s(x) = 1 — 155, 0 < x < 100. Suppose
that the continuously compounded rate of interest is § = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-

ance.
Solution: (i) The density of Tag is fr,o(t) = &, 0 < t < 60.
Hence,
15[ Ay = e_(15)(0'°5)560_15|i _ &,—(15)(0.05)1 — e~ (49)(0.05)
x (0.05)(60)
e—075 _ o3

T T—— 0.1408598281.

The actuarial present value is (50000)(0.1408598281) =
7042.991405.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 6

Julia is 40 year old. She buys a 15-year term deferred life policy
insurance which will pay $50,000 at the time of her death. Suppose
that the survival function is s(x) = 1 — 155, 0 < x < 100. Suppose
that the continuously compounded rate of interest is § = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 6

Julia is 40 year old. She buys a 15-year term deferred life policy
insurance which will pay $50,000 at the time of her death. Suppose
that the survival function is s(x) = 1 — 155, 0 < x < 100. Suppose
that the continuously compounded rate of interest is § = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.

Solution: (i) We have that

—(15)(2)(0.05) 36015/ (1+7)>~1 —(15)(0.05)

_ 1_ e—(45)(2)(0.05)
15|Ac=e ——=e
60 (2)(0.05)(60)
—1.5 e—6
= = 0.03677523466,
Var(50000 - 15/Z,) = (50000)2(0.03677523466 — (0.1408598281)2)
—42334358.72.

The standard deviation is v/42334358.72 = 6506.485896.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 12
Under constant force of mortality p,

oA = et _H
w490
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 12
Under constant force of mortality p,

oA = et _H
w490

Proof:

= X i (uts) M
A, = e e thdt = e M)
I1| X /n Iu’ M_i_(s
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 7

Find the APV of a 15-year term deferred life insurance to (x) with
unity payment if § = 0.06 and (x) has a constant force of mortality
p = 0.05.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 7

Find the APV of a 15-year term deferred life insurance to (x) with
unity payment if § = 0.06 and (x) has a constant force of mortality
p = 0.05.

Solution 1: We have that

_ 0.05)
A, = ~s)005+005)__(005) 56790541301,
15| A = € 0.05 + 0.06
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 7

Find the APV of a 15-year term deferred life insurance to (x) with
unity payment if § = 0.06 and (x) has a constant force of mortality
p = 0.05.

Solution 1: We have that

_ 0.05)
A, = ~s)005+005)__(005) 56790541301,
15| A = € 0.05 + 0.06

Solution 2: We have that

15 ’ZX = / VtthMx+t dt = / e_(0.06)te_(0’05)t(0'05) dt
15 15

(0.05)6_(15)(0'11)

= 0.08729541301.
01l 0.0872954130
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

n—year pure endowment life insurance.

In the case of an n—year pure endowment life insurance, a payment
at the end of n years is made if and only if the failure happens at
least n years after issuing the policy. The present value of the
benefit payment is

0 if T, <n,
v oif n< Ty

Zx:%| = an(n < TX) = {

Notice that this is exactly the insurance as in the discrete case, i.e.

ZX 7= 7)( 7~ There is no difference between the discrete and

continuous case. We have that
AL E[ZX,,|]—1/”IP>{T > n},

x| =

Cy = = E[Z, .} = ] = v2"P{T, > n},

and o
Var(Zx:ﬁ|) 2Ax nl Ax n| = V2 * nPx * nQx-
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 8

Find the APV of a 15-year pure endowment life insurance to (x)
with unity payment if § = 0.06 and (x) has a constant force of
mortality pu = 0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 8

Find the APV of a 15-year pure endowment life insurance to (x)
with unity payment if § = 0.06 and (x) has a constant force of
mortality pu = 0.05.

Solution: We have that

A1) = V%15px = e~ (009)15)e=(0.05)15) — 01920499086
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

n—year endowment life insurance.

In the case of an n—year endowment life insurance, a payment is
made at either the time of death or in n years, which ever comes
first.

Definition 7
The present value of a unit payment n—year endowment life

. . . =1
insurance paid at the moment of of death is denoted by Z, 5.
We have that

v if T, <n,

v it n< Ty

ZX:ﬁ| =V

min(Tx,n) _
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Definition 8
The actuarial present value of a unit payment n—year endowment
life insurance paid at the moment of of death is denoted by A, 5.

We have that
ﬂxﬂ = E[?Xiﬁ” = /0 thTx(t) dt + VHP{ TX > n}

n
= / Vtth/JfX—i-t dt + Vnan-
0

We denote by ™A, 7 to the APV of a unit payment n-year
endowment life insurance paid at the moment of of death at m
times the original force of interest. We have that

MR = E[Z7] = / VT Er () dt + V™P{ Ty > n}
0

n
:/ thtpx#x+t dt + anan~
0

It is easy to see that Var(Z,) = 2As — Zx:ﬁf.
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Chapter 4. Life Insurance.

Section 4.6. Level benefit insurance in the continuous case.

Suppose that n < w — x. The cumulative distribution function of

Theorem 13
Zx:ﬁ| — ef6min(TX,n) is
0
F?x.n\(z) - STX (7
1

(©2009. Miguel A. Arcones. All rights reserved.

ifz<e™M,
) ifer™<z<1,
ifl <z
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Chapter 4. Life Insurance.

Proof: Since e~ < e=0min(Tn) < 1

né

)

Fz

. (z)=0,if z< e
and

F> (z)=1if1<z.

x|

If e=™ < z <1, then

F? 7 (Z) = ]P){?Xlﬁ| < Z} = P{e—émin(TX,n) < Z}

=P{—1In(z/6) < min(Tx,n)} =P{—1In(z/0) < Ty}

—Inz
‘ST*< ; )

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 14 B
Suppose that n < w — x. Z,. has a mixed distribution. The
probability density function of the continuous part of 7X:ﬁ| is

fr.(=(nz)/8) .- —ns
x if e <z<1,
o ( )_ 0z

fz

_(z
x| 0 else.
The probability mass function of the discrete part of 7X:ﬁ| is

(Z) nPx Ifz= e—né’

x| 0 else.
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Section 4.6. Level benefit insurance in the continuous case.

Chapter 4. Life Insurance.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

Manual for SOA Exam MLC.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-
ance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

(i) Find the actuarial present value of the benefit of this life insur-

ance.
Solution: (i) The density of Tug is fr,,(t) = g5, 0 < t < 60.

o 15 1 -1
Arots :/0 e—t(0.05)%dt+ o~ (15)(0.05) 00 — 15

60
_e—t(0.05) |15 0.75 1 — —(15)(0.05)
= “00.75) = ————— + e %75(0.75
60)005) |, ¢ O = "eoyoesy T 07
1— 670.75
——3—+ e275(0.75) = 0.5301527303.

The APV is (50000)(0.5301527303) = 26507.63652.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.

Solution: (ii) We have that

_ 15 1 B
2A401T5| - /0 eft(z)(o'%)@ dt + e*(15)(2)(0.05)606705

_e—t(2)(0.05) (15 s 1 — e—(15)(2)(0.05)

——° | 4e15(0.75) = + e 12(0.75
(60)(2)(0.05) |, (0.75) (60)(2)(0.05) (0.75)
1— e—1.5

— e 15(0.75) = 0.2968259268.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 9

Julia is 40 year old. She buys a 15—year endowment policy
insurance which will pay $50,000 at the time of her death, or in 15
years whatever comes first. Suppose that the survival function is
s(x)=1-— 105, 0 < x < 100. Suppose that § = 0.05.

(ii) Find the standard deviation of the present value of the benefit
of this life insurance.

Solution: (ii)

Var(50000Z 40.75) = (50000)%(0.2968259268 — (0.5301527303)?)
—39410023.39.

The standard deviation of 50000740:E| is v39410023.39 =
6277.7403009.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 10

Find the APV of a 15—year endowment life insurance to (x) with
unity payment if 6 = 0.06 and (x) has a constant force of mortality
w=0.05.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Example 10

Find the APV of a 15—year endowment life insurance to (x) with
unity payment if 6 = 0.06 and (x) has a constant force of mortality
@ = 0.05.

Solution: We have that

15
AX2E| = / Vtth:U’Xth dt + V1515PX
0

15 o
_ e (0:06)to=(0.09)t () 05) gt 4 ¢~ (0-06)(15) e~ (0:09)(0.05) dt
0 15
—(0.11)(15
:(0-05)(1(6 i1)( )19) | o (0.06)(15) o—(0.05)(15) _ () 9793453216.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

m—year deferred n—year term life insurance.

Definition 9

An m-year deferred n—year term life insurance if it makes a
payment if death happens during the period of n years that starts
m years from now.

Definition 10
The present value of an m—year deferred n—year term life insurance
with unit payment paid at time of death is denoted by m|nZx.

We have that

_ o iftm< T, <
mlnZx =vXI(m< Ty < m+n) = v mms le<mtn,
0 else.

Definition 11

The actuarial present value of an m—year deferred n—year term life
insurance with unit payment paid at end of year of death is
denoted by m|nAx.
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

We have that

_ _ m+n m—+n
mlnAx = E[m|nZx] = / thTx(t) dt = / VtthMx—H dt,

m m

m—+n m-—+n

V2thX(t) dt = / V2ttpxﬂx+t dt,

m

m‘nzzx = E[(m’nfx)z] = /

m
and - B .,
Var(m‘nzx) = m‘n2Ax - (m|nAx) .
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 15
Under De Moivre's law,
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 15
Under De Moivre's law,

Proof:
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous cas

Theorem 16

m|nﬁx = mEx ' Zl

x+m:7|*
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 16

— —1
m|nAX = mEx - Ax+m:ﬁ|'

Proof: By a previous theorem, mpx - k—1|Gx+m = m+k—1|dx-
Hence,

n
mExAX+m;ﬁ| = mvam/o V' e Pxtmixtm+t dt

n m-+n o
:/ Vm+tm+tpx,ux+m+t dt = / Vttpx/lx+t dt = m|nAx-
0

m
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 17
Under the constant force of mortality model,

Ay = &) (1 o)
I
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 17
Under the constant force of mortality model,

Ay = &) (1 o)
I

Proof:

A 71 —m 6 —n 1 H
m’nAx . mExAerm:ﬁ‘ =€ (H+ ) (1 — e ('u+ )> m
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous cas

Theorem 18

ITI‘HZX — m|Zx - m+n|zx-
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 18

ITI‘HZX — m|Zx - m+n|zx-

Proof: We have that

o o oo oo
m‘AX - m+n|AX = / Vttpx/lx+t dt — / Vtth,uert dt
m m-+n
m-+n o
:/ Vttpx,ux+t dt = m|nAx-
m
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous cas

Theorem 19

J— 71 J— J—
Ax — Ax;m\ + m|nAx + m+n|Ax-
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 19
P 71 P P
Ax — Ax;m\ + m|nAx + m+n|Ax-

Proof: We have that

Ax:ﬁ| + m’nAX =+ m+n‘Ax = Ax:m| + m‘Ax - m+n|Ax + m+n’AX

:ﬁi:m + mmx = ZX'
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous cas

Theorem 20

1

_ 71 J—
m’nAx = Ax:m| - Ax:ﬁ\'
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Chapter 4. Life Insurance. Section 4.6. Level benefit insurance in the continuous case.

Theorem 20

Proof: We have that
1 1 m—+n m )
AX:TM| - Ax:m\ = / VtthHX-H dt _/ v tthHX-H dt
0 0

m+n .
_/ Vttpxﬂx—l—t dt = m‘nAx-

m
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