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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Whole life annuity

A whole life annuity is a series of payments made while an
individual is alive.

The payments can be made either at the beginning of the year,
either at the end of the year, or continuously.
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Whole life due annuity

Definition 1
A whole life due annuity is a series payments made at the
beginning of the year while an individual is alive.

Definition 2

The present value of a whole life due annuity for (x) with unit
payment is denoted by Y.

YX is a random variable that depends on T,. Recall that K is the
interval of death of (x), i.e. K is the positive integer such that
the death of (x) takes place in the interval (K, — 1, Ky].

Definition 3
The actuarial present value of a whole life due annuity for (x) with
unit payment is denoted by ay.

We have that 3, = E[Y4].
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Theorem 1
(i) Vi = K| = 25*61 vk
(ii) If i # 0,
. 1-v& 1-2Z
YX p— p— ,
d d
o
1— vk 1— A
dx = 2 d k—1|qx - d
k=1
and 2) A, A2
. Var X x —
Var(Yy) = 7 IR

where Z, is the present value of a unit life insurance paid at the
end of the year of death.

(i) IFi =0, Yy = Ke = K(x)+1, 3 = e, + 1 and

Var(Yy) = Var(K(x)).
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Proof: (i) Since death happens in the interval (Kyx — 1, K],

payments of one are made at times 0,1,2,..., K, — 1, i.e. the
cashflow of payments is a Kx—year annuity due Hence,

Ve =g = et vk

(ii) If/ > 0

. 1—vi  1-2Z,

Therefore,
8 = Elagy] = Y _ & P{Kx =
k=1

1-2, 1-— A
“X:E =

'k—1|ar

d Y
1-2Z, Var(Z,) 2A,— A2
Var(Yy) = Var ( 7 ) =g =gz
(i) If i =0, Yy = a3 K| =Ky=K(x)+1 ax =e+ 1 and
Var(Yy) = Var(K(x)).
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Example 1
i =5%. K has probability mass function:

k 1] 2] 3
P{K, =k} || 02| 03| 0.5

Find 3, and Var(Y).
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Example 1
i =5%. K has probability mass function:

k 1] 2] 3
P{K, =k} || 02| 03| 0.5

Find 3, and Var(Yy).
Solution: We have that '!r1| =1, .';'@ = 1.952380952 and
'ég‘ — 2.859410431. The probability mass of Y is given by

k 1 | 1.952380952 | 2.859410431
P{Y, =k} | 0.2 0.3 05

Hence,
3 = (1)(0.2) + (1.952380952)(0.3) + (2.859410431)(0.5) = 2.2154195
E[Y?] = (1)%(0.2) + (1.952380952)(0.3) + (2.859410431)2(0.5)
—5.431651421,
Var(Y,) = 5.431651421 — (2.215419501) = 0.5235678556.
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Example 2

Suppose that px+k = 0.97, for each integer k >0, and i = 6.5%.
Find 3, and Var(Yy).
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Example 2
Suppose that px+k = 0.97, for each integer k >0, and i = 6.5%.
Find 3, and Var(Yy).

Solution: Recall that if py = p, for each k > 1, then A, = qj_i,..
Hence,

g 0.03
" gx+i  0.03+0.065
_1-A, 1-0.3157894737

Ay = 0.3157894737,

3 - — 11.21052632,
? d 0.065/1.065
, G 0.03
A = LS — 0.1826762064,
x+i(2+17)  0.03 + (0.065)(2 + 0.065)
. 2A, — A2 0.1826762064 — (0.3157894737)2
Var(Vy) = x — — 22.2692567
ar(Yx) d2 (0.065,/1.065)2
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Example 3
Assuming i = 6% and the life table in the manual, find 34s.
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Example 3
Assuming i = 6% and the life table in the manual, find 34s.
Solution: We have that

. 1-As 1-0.16657
_ _ — 14.72393.
25 d 0.06/(1.06)
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Example 4

John, age 65, has $750,000 in his retirement account. An
insurance company offers a whole life due annuity to John which
pays $P at the beginning of the year while (65) is alive for
$750,000. The annuity is priced assuming that i = 6% and the life
table in the manual. The insurance company charges John 30%
more of the APV of the annuity. Calculate P.
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Example 4

John, age 65, has $750,000 in his retirement account. An
insurance company offers a whole life due annuity to John which
pays $P at the beginning of the year while (65) is alive for
$750,000. The annuity is priced assuming that i = 6% and the life
table in the manual. The insurance company charges John 30%
more of the APV of the annuity. Calculate P.

Solution: We have that

. 1-Aes 1037610
_ - — 11.0222333333333.
365 d 0.06/(1.06)

The APV of this is this annuity is P3gs = (11.0222333333333)P.
We have that 750000 = (1.3)(11.0222333333333)P and

_ 750000 —
P = (1.3)(11.0222333333333) 52341.7586505226.
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Theorem 2
Ifi #0, ) )
Sz 2Y, — (2 —d)-2Y;
X d
and ( 0) )
. 23, — (2 —d)-23
E[Y?] = ==X X
V2] .
Proof.

From VX = 17dZX, we get that Z, =1 — dVX. Hence,

g2 _1-2Z4%Z 1-201-dY)+1-d(2—d)-?Y,

d? d?
2V —(2—d)- %Y,
- y _
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Example 5
Suppose that i = 0.075, 3, = 8.6 and 23, = 5.6.
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Example 5
Suppose that i = 0.075, 3, = 8.6 and 23, = 5.6.

(i) Calculate Var(Yy) using the previous theorem.
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Example 5
Suppose that i = 0.075, 3, = 8.6 and 23, = 5.6.

(i) Calculate Var(Yy) using the previous theorem.
Solution: (i) We have that

—(2—d) 23, 2(8.6) — (2 — (0.075/1.075))(5.6)
d B 0.075/1.075

L
E[V?] = ==

=91.6,
Var(Yy) = 91.6 — (8.6)> = 17.64.
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Example 5
Suppose that i = 0.075, 3, = 8.6 and 23, = 5.6.
(ii) Calculate Var(Yy) using Ay and 2A,.
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Example 5

Suppose that i = 0.075, 3, = 8.6 and 23, = 5.6.

(ii) Calculate Var(Yy) using Ay and 2A,.

Solution: (ii) Using that 3, = 17dAx, we get that A, =1 —d3, =
1 — (0.075/1.075)(8.6) = 0.4. Since 2A, uses a discount factor of

v2,

2A, =1—(1-v?)-23, = 1—(1—(1.075)72)(5.6) = 0.2458626284.

Hence,

2A, — A2 0.2458626284 — (0.4)?

d2 (0.075/1.075)2 = 17.63999999.

Var(Yy) =
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Chapter 5. Life annuities.

Theorem 3
(current payment method)

0
0o 00
_ E. — k
dx = kEx = Vo kPx
k=0 k=0

Manual for SOA Exam MLC.
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Chapter 5. Life annuities.

Theorem 3
(current payment method)
o0
_ 1
Y= Z ZX k|’
k=0
e¢] e}
ax = ZkEx = ka k Px
k=0 k=0

Y, =

Manual for SOA Exam MLC.
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Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a due life annuity which will pay $50000 at
the end of the year. Suppose that i = 6.5%. Calculate the single
benefit premium for this annuity.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 6
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

An 80-year old buys a due life annuity which will pay $50000 at
the end of the year. Suppose that i = 6.5%. Calculate the single
benefit premium for this annuity.

Solution:
=/ 217 161
. k £80+k —1 -2

= SO 1 4 (1.065) 12 4 (1.065) 72—
380 kz_:ov loo T (1085) T o0g + (1.065) o

107 62 28

1.065) 3 >— + (1.065)*— + (1.065)°—

+ (1.065) 250+( 065) 250+( 065) 550

=1+ 0.81502347418 + 0.5677885781 + 0.35431941129
+0.19277612654 + 0.08174665369 = 3.011654244,
(50000)3g0 = (50000)(3.011654244) = 150582.7122.
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Remember that a decreasing due annuity has payments of
n,n—1,...,1 at the beginning of the year, for n years. The
present value of a decreasing due annuity is

. n — ag|;
(Da)g; —

Il
<
==
—
S
|
Pl
~
Il

Theorem 4
Suppose that the mortality of (x) follows De Moivre's model with
integer terminal age w, where x and w are nonnegative integers.
Then,

(D3) ;=

(I) éx - w—X

(i) If i #0, 35 = %.
aes . . w—x—+1

(iii) If i = 0, & = <=5+
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w—X w—X
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Example 7

Suppose that i = 6% and De Moivre's model with terminal age
100.

(i) Find 530 using A30.

weX—agTy

(II) Find 530 using éx = W
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Example 7
Suppose that i = 6% and De Moivre's model with terminal age
100.
(i) Find 530 using A30.
weX—agTy

(II) Find ;3-30 USing éX = W
Solution: (i) We have that

do—x|i _ @70lo.
Asg = —w=xli _ T101006 _ 3 5340649124
w— X 70
Hence,
1—A 1 — 0.2340649124
B = = o = 13.53151988.

1.06
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Example 7

Suppose that i = 6% and De Moivre's model with terminal age
100.

(i) Find 530 using A30.

weX—agTy
dw—x)

Solution: (i) We have that

(ii) Find a3g using ax =

do—x|i _ @70lo.
Asg = —w=xli _ T101006 _ 3 5340649124
w— X 70
Hence,
1—A 1 — 0.2340649124
B = = o = 13.53151988.

1.06

70 — az006 70 — 16.38454387

0.06 - 0.06
1.06 70 1.06 70

= 13.53151988.

asg =
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Theorem 5
(Iterative formula for the APV of a life annuity—due)

ax = 1+ vpxax+1-
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Theorem 5
(Iterative formula for the APV of a life annuity—due)

ax = 1+ vpxaxi1.
Proof: We have that
o oo
ax = Z vk kPx =1+ Z Vkpx * k—1Px+1
k=0 k=1

oo
=1+ vpx Z VA1
k=1

oo

=1+ vpx Z kapx+1 =1+ vpxax+1-
k=0
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Example 8
Suppose that 3, = ay4+1 = 10 and gx = 0.01. Find i.
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Example 8
Suppose that 3, = ay4+1 = 10 and gx = 0.01. Find i.

Solution: Using that 3, = 1 4 vpxax+1, we get that
_ . 0.99)(10

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Theorem 6
If the probability function of time interval of failure is

P{Ky =k} =pk (1 —pe), k=1,2,...

then 1 o
.. . I

a = E[Z] = = - .

1 — vpx I+ Qgx
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Theorem 6
If the probability function of time interval of failure is

P{K, = k} = p’X‘_l(l —pe)k=1,2,...

then 1 o
.. . I

a = E[Z] = = - .

1 — vpx I+ Qgx

Proof 1. We have that .

kPx = P{K > k+1} = Zf.ik+1 p{:l(l—px) = (l_px)lf);,x = P)I:-
So,

o0 o . .

. 1 1+ 1+
k k k

aX: \74 = 14 — — - = - .

kz—o kP kZ_O Px 1—vpx 14i—px i+49gx
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Theorem 6
If the probability function of time interval of failure is

P{K, = k} = p’X‘_l(l —pe)k=1,2,...

then 1 o
.. . I

a = E[Z] = = - .

1 — vpx I+ Qgx

Proof 1. We have that .

kPx = P{K > k+1} = Zf.ik+1 p{:l(l—px) = (l_px)lf);,x = P)I:-
So,

00 00 . .

. 1 14 14
k k k

aX: \74 = 14 — — - = - .

kz_o kP kZ_O Px 1—vpx I+17—px I+ qx

Proof 2. Since K, has a geometric distribution, K, and K11 have
the same distribution and 3y = 3x41. So, 3x = 1 + vpyax and

ax = Ty
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1
1—v-

For a whole life annuity, we need to

1
1—vpx'

Recall that 355 = % =

discount for interest and mortality and we get 3, =
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Example 9

An insurance company issues 800 identical due annuities to
independent lives aged 65. Each of of this annuities provides an
annual payment of 30000. Suppose that pyx = 0.95 for each
integer k >0, and i = 7.5%.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Example 9

An insurance company issues 800 identical due annuities to
independent lives aged 65. Each of of this annuities provides an
annual payment of 30000. Suppose that pyx = 0.95 for each
integer k >0, and i = 7.5%.

(i) Find ax and Var(Y).
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Example 9

An insurance company issues 800 identical due annuities to
independent lives aged 65. Each of of this annuities provides an
annual payment of 30000. Suppose that pyx = 0.95 for each
integer k >0, and i = 7.5%.

(i) Find 4, and Var(Y).

Solution: (i) We have that

5 1 1 1.075
T vp 1 (L075)1(0.95) 1075005 O

: 0.05
= qxq+ i = 00754005 Oh
R 7(X2 +i)  0.05+ (0.0(;5?)5(2 T o.075) 02444988,
Var(¥.) = 2Axdz A 053247958/81;)7(3;)2 = 17.35981.
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Example 9

An insurance company issues 800 identical due annuities to
independent lives aged 65. Each of of this annuities provides an
annual payment of 30000. Suppose that pyx = 0.95 for each
integer k >0, and i = 7.5%.

(i) Using the central limit theorem, estimate the initial fund needed
at time zero in order that the probability that the present value of
the random loss for this block of policies exceeds this fund is 1%.
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Example 9

An insurance company issues 800 identical due annuities to
independent lives aged 65. Each of of this annuities provides an
annual payment of 30000. Suppose that pyx = 0.95 for each
integer k >0, and i = 7.5%.

(i) Using the central limit theorem, estimate the initial fund needed
at time zero in order that the probability that the present value of
the random loss for this block of policies exceeds this fund is 1%.
Solution: (ii) Let Y’XJ, ol 3@300 be the present value per unit face
value for the 800 due annuities. Let @ be the fund needed.

800
E[>30000Y,] = (30000)(800)(8.6) = 206400000,
j=1
800 ~
Var(d_30000Y,,;) = (30000)(800)(17.35981) = 1249906320000,
j=1
Q = 206400000 + (2.326)+/12499063200000 = 214623343.702743.
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Theorem 7
For the constant force of mortality model,

1 1+ 1

3 = =
x i+qx 1—e(0+n)’

:1_VPX

where g, =1 — e™H.
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Theorem 7
For the constant force of mortality model,

R SR Y
T l—vp itge 1—e(6+n)’

where g, =1 — e™H.

Proof: We have that
P{Ky = k} = e #k=1)(1 — e #) k =1,2,... Theorem 6 applies
1 1

with p, = e™*. We have that 3, = T=vpr = =07
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Whole life discrete immediate annuity

Definition 4
A whole life discrete immediate annuity is a series payments
made at the end of the year while an individual is alive.

Definition 5

The present value of a whole life immediate annuity for (x) with
unit payment is denoted by Y.

Notice that Y is a random variable. Y depends on Ti. It is easy
to see that Y, = Y, — 1.

Definition 6
The actuarial present value of a whole life immediate annuity for
(x) with unit payment is denoted by ay.

We have that ay = 3, — 1.
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Theorem
(i) Ye = ag =7 and ax = > 42, apy) - k-1lax.

(i) If i # 0,

Yy =

and Var(Yy) =

i - d d?
where Z, is the present value of a life insurance paid at the end of
the year of death.

(i) If i=0, Yx = Ky — 1 = K(x), ax = e and

Var(Yyx) = Var(K(x)).

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Theorem 8

(i) Vi = ag =1 and ax = 3325 ag—g) - k-1lax-
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Theorem 8

(i) Yi = ag g and ax = 3247, ag— * «k-1[x-

Proof: (i) Since death happens in the interval (Kx — 1, K], pay-
ments of one are made at times 1,2, ..., K, —1, payments of one are
made at times 1,2,..., Ky — 1, i.e. the cashflow of payments is an
annuity immediate. Hence, Yy = g IfKe=1, Yy = ag = 0.
Therefore,

ax = Elag—y] = D apq P{Kx = K} = 3 a5 w1l
k=2 k=2

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 8

(i) If i #0,
v — 2y v—A _2Ax—A>2<

YX = ——, dx = TX and Val"(YX) = T,

where Z, is the present value of a life insurance paid at the end of
the year of death.
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Theorem 8

(i) If i #0,

~Z — Ay 24, — A2
v - v and Val"(YX) == TX,

where Z, is the present value of a life insurance paid at the end of

the year of death. .
-1
(i) If i #0, a1 = 1= Hence,

1-vh1l 1-(1+)z. v—2Z

Y= K1 = i N i - d

_E|:V—ZX:| _ v — A,
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Theorem 8

(i) IF i =0, Yy = Ky — 1 = K(x), ax = e and Var(Yy) =
Var(K(x)).
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Theorem 8

(i) IF i =0, Yy = Ky — 1 = K(x), ax = e and Var(Yy) =
Var(K(x)).
(i) 1 § # 0, Yy = ag—y = Kx — 1 = K(x).
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Example 10

Suppose that pyyx = 0.97, for each integer k > 0, and i = 6.5%.
Find ay and Var(Yy).
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 10

Suppose that pyyx = 0.97, for each integer k > 0, and i = 6.5%.
Find ax and Var(Yy).

Solution: We have that

G 1-0.97

A, = — = 0.3157894737,
gx+i 1—0.97 + 0.065
v—A, (1.065)71 —0.3157894737

. d 0.065/1.065

2 9x 1097 = 0.1826762064

AX = — —
gx + (2+1i)i 1 —0.97 + (2 + 0.065)(0.065)
2A,— A2 0.1826762064 — (0.3157894737)2

X

P (0.065,1.065)2

Var(Yy) =

=22.26925679.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 11

Suppose that i = 6% and the De Moivre model with terminal age
100. Find d3Q.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 11

Suppose that i = 6% and the De Moivre model with terminal age
100. Find d3Q.

Solution: We have that

o
Agg = 1006 _ 4 5340649124
70
Hence,
—A 1.06)~1 — 0.2340649124
a3y = L A30 _ (1.06) — 12.53151988.

d (0.06)(1.06) 1
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 9
IfFi #0,
y2 2Y, — (2+1)-2Yx
i
and N
E[v?] = 2a, — (2 + i) - “ax
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 9
IfFi #0,
ya_ 2Yam (241) 2V,
i
and N
R

I.
Proof: We have that Y, = =02 Hence, (1+1)Z, = 1 - iY,.
Similarly, 2Y, = % and (1 +i)2Ze=1—i(2+1)-?Y,.
Therefore,
V2 _ 1-2(1+)Z+ (1 +0)?-2Z
X 12

12— i)+ 1—-i(2+14)- 2Y,

2
2Y, — (2+1) -2V,

/ .
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 12

Suppose that i = 0.075, a, = 7.6 and %a, = 4.6.
(i) Calculate Var(Yy) using the previous theorem.
(ii) Calculate Var(Yy) using Ay and ?A,.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 12

Suppose that i = 0.075, a, = 7.6 and %a, = 4.6.
(i) Calculate Var(Yy) using the previous theorem.
(ii) Calculate Var(Yy) using Ay and ?A,.
Solution: (i) We have that

ax — (2+1i)-%ax  2(7.6) — (2.075)(4.6)
i N 0.075
Var(Yy) = 75.4 — (7.6)? = 17.64.

E[v3 =2

= 75.4,
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 12

Suppose that i = 0.075, a, = 7.6 and %a, = 4.6.
(i) Calculate Var(Yy) using the previous theorem.
(ii) Calculate Var(Yy) using Ay and ?A,.

1-(1+0)Ax l—iax _
1

Solution: (ii) Using that ay = =
W = 0.4. Since 2A, uses a interest factor of (1 + /)2,

, we get that A, =

_1-i(2+i)-2a, _ 1—(0.075)(2 + 0.075)(4.6)
@+ (1.075)2
—0.2458626284.

2AX

Hence,

2A, — A2 0.2458626284 — (0.4)?

dz (0.075/1.075)2 = 17.63999999.

Var(Yy) =
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 10

(current payment method) Y, = > 72 1Z i and

0o 00
QX—ZAXH ZkE :Zykkpxa
k=1 k=1

where ZX%‘ =v"I(n < Ky) is the present value of an n-year pure

endowment life insurance
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 10

(current payment method) Yy = >\, Z .. and

0o 00
BX—ZAXH ZkE :Zykkpxa
k=1 k=1

where ZX%‘ =v"I(n < Ky) is the present value of an n-year pure
endowment life insurance
Proof: The payment at time k is made if and only if k < T.

Hence,

X_Zu"lk<T :i Z 4

k=1

and -
aX_ZAxk\ ZkE:Z”kkPX'

k=1 k=1
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 11
If the probability function of time interval of failure is is

P{K = k} = pX¥" 11— py), k=1,2,...
then

VPx :l_q
1 — vpx q+i

ay =E[Z]=
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 11
If the probability function of time interval of failure is is

P{K = k} = pX¥" 11— py), k=1,2,...

then

v, 1-—
a = E[Z] = 1—p\jp - q+7'
X

Proof: We have that xp, = P{K > k + 1} = pX. So,

[e.e]

o0 1_
B e e

=1 — VPx 147 —px qx + 1
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 13

Suppose that pyx = 0.95, for each integer k > 0, and i = 7.5%.
Find a,.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 13

Suppose that pyx = 0.95, for each integer k > 0, and i = 7.5%.
Find a,.

Solution: We have that

p 0.95

1+i—p. 1.075-0095

ax
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 12
For the constant force of mortality model,

_ovpx 1—gx e~ 1)
S l—vpe gxti 1—e ()

ax
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 12
For the constant force of mortality model,

_ovpx 1—gx e~ 1)
S l—vpe gxti 1—e ()

ax

Proof: Previous theorem applies with p, = e™*. So,

Y 1—gx B e~ (0t
S l-vpe geti 1—e (0t

ax
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 13

ay = Upx(1 + axy1).
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 13

ay = Upx(1 + axy1).

Proof: We have that
o0 o0
ax = Z vk kPx = Z VkPx * k—1Px+1
k=1 k=1
o
=vpx [ 1+ Z 1Pt
k=2

o0
—vpx(L+ Y *uprst) = vpx(L + axi1).
k=1
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 14

Using i = 0.05 and a certain life table azg = 4.52. Suppose that an
actuary revises this life table and changes p3g from 0.95 to 0.96.
Other values in the life table are unchanged. Find a3y using the
revised life table.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 14

Using i = 0.05 and a certain life table azg = 4.52. Suppose that an
actuary revises this life table and changes p3g from 0.95 to 0.96.
Other values in the life table are unchanged. Find a3y using the
revised life table.

Solution: Using that

452 =azy = Vp30(1 + 831) = (105)71(095)(1 + 831), we get that
ag = 2L _ 1 _ 3995780474, The revised value of as is
(1.05)71(0.96)(1 + 3.995789474) = 4.567578948.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Whole life continuous annuity

Definition 7
A whole life continuous annuity is a continuous flow of
payments with constant rate made while an individual is alive.

Definition 8
The present value random variable of a whole life continuous
annuity for (x) with unit rate is denoted by Y .

Definition 9
The actuarial present value of a whole life continuous annuity for
(x) with unit rate is denoted by a.

We have that 3, = E[Y].
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Thciorem 14
(i) If 6 # 0,
_7 _A o 24 _ A2
Yx= %, ay = % and Var(Yy) = %

(iii) IfF 6 =0, Y = Ty and 3y = e,.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Thciorem 14
(i) If 6 # 0,
_7 _A o 24 _ A2
Y, = %, ax = % and Var(Yy) = %

(iii) IfF 6 =0, Y = Ty and 3y = e,.

Proof: (i) Since payments are received at rate one until time T,
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Thciorem 14
(i) If 6 £ 0,

v, - 1= ax = L= A nd Vaf(yx):%'

(iii) IfF 6 =0, Y = Ty and 3y = e,.
Proof: (ii) If 6 #0, 35; = @,

_ _ X X _
YX:aTX‘: = 7aX_E|:
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

X

Thciorem 14
(i) If 6 # 0,
_ 7 _ A 23 R
Y= 1= 2« 5ZX, a = 1= A 5AX and Var(Yy) = 7AX52 A

(iii) IfF 6 =0, Y = Ty and 3y = e,.
Proof: (iii) If 6 =0, a5; = t. Hence, Y, = Ty and 3, = e,.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 15

Suppose that v = 0.92, and the force of mortality is pix++ = 0.02,
for t > 0. Find 3y and Var(Y,).
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 15
Suppose that v = 0.92, and the force of mortality is pix4++ = 0.02,
for t > 0. Find 3y and Var(Y,).

Solution: Using previous theorem,

- 0.02
A, =

—1n(0.92) + 0.02
_ 1—-A, 1-0.1934580068
5 —In(0.92)
- 0.02

2
A, = = 0.1070874674,
(2)(= In(0.92)) + 0.02

Var(Zy) %A, - A ~0.1070874674 — (0.1934580068)?
2 82 (—1n(0.92))2
=10.01963899.

— 0.1934580068,

= 9.672900337,
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

We define ™Y, as the present value of whole life continuous
annuity with unit rate at a force of interest m times the original
force, i.e. MY, = mTXm(S We define 3, = E [mY ]

It is not true that ™a, = E [(Y)™].
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 15
If6 #0,

E[V’] = M.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 15
If6 #0,

-2, 2(3x —%ax)
E[V.] = =25

1-"A

md
— 1-27.\? 1-2Z,+22Z,
E[YX]_EK : ) _5[52}

_F {1—2(1 —0a,) + 1 —25-2ax] ~ 2(a—%ay)

Proof: From M3, =
Hence,

, we get that "A, =1—md - "a,.

2 o
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 16

Suppose that a, = 12, 23, = 7 and 6 = 0.05.
N _ — A2

(i) Find Var(Yx) using that Var(Yy) = 2&67;%\*.

(ii) Find Var(Yy) using previous theorem.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 16

Suppose that a, = 12, 23, = 7 and 6 = 0.05.
_ _ .
(i) Find Var(Yx) using that Var(Yy) = %.

(i) Find Var(Y ) using previous theorem.
Solution: (i) We have that

Hence, ,
- A, — A, 03-—(0.4)?
Var(Yy) = 52 = T o0)E 56.
(ii) We have that
— 2(3x —%3y)  2(12-—
E[YV3] = (3x —7a) _2(12-7) = 200,

5 005
Var(Y,) = 200 — (12)? = 56.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 16
(current payment method)

oo oo
ay = / Vt * tPx dt = / tEx dt.
0 0

Proof: Let h(x) = v*, x > 0. Let
H(x) = [; h(t) dt = [ v! dt = 35, x > 0. By a previous theorem,

EYV.] = Elor] = EIM(T)] = [ he)sr.(0)de= [ vtape
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 17
Suppose that 6 = 0.05 and pyx = 0.01te Lt t > 0. Calculate ay.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 17
Suppose that 6 = 0.05 and pyx = 0.01te Lt t > 0. Calculate ay.
Solution: Using that [* the=t/B dt = 5:1,

ax = / vl ipdt = / e (009t 0101t gt
0 0

=/ 0.01te %15t dt = 0.01 = 0.444444444,
0 (0.15)2
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Section 5.1. Whole life annuities.

Chapter 5. Life annuities.

Theorem 17 o
The cumulative distribution function of Y, = éf‘ is
0 ify <0,
Fy (y) =1 Fr. (—7"1(155”) if0 <y <a;—,

Proof.

The function y = H(x) ax| = 1_%_6X is increasing. If

y =H(x) = o , then dy = 1— e 9%, e_éle—éy and

= —M Hence the inverse function of H is
Hl(y) = M , ¥y > 0. Hence, if 0 < y,

Fy () =P{Yx <y} =P{H(T:) <y} =P{Tx < H'(y)}

Manual for SOA Exam MLC.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 18 B
The probability density function of Y, = éfl is

fr. (_In(lgéy)) B

fp(z)={ " To if0<y<ag=,
0 else.

In(1—6
P : . S G et ) A O fr, (—1052)
v )= ~dy [ ) N 1—dy '
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Corollary 1

Under the De Moivre model with terminal age w, Y is a
continuous r.v. with cumulative distribution function

In(1 — dy) , _
Fs = 0 <a—.
Yx(y) 5(&) _ X) Y / < .y —_ aw—x|
and density function
fy (v) = . ifO0<y<a;—
VT A= Gy w = %) Y= =
Proof: The claims follows noticing that Fr,(t) = =t and

fr(t) =L if0<t<w-—x
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Corollary 2
Under constant force of mortality j1, Y is a continuous r.v. with
cumulative distribution function

I3
8

Fg (y)=1-(1-dy)s, 0<y<

SN

and density function

B 1
fr (v) = n(l - Sy)s~Lo<y< 5
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Chapter 5. Life annuities.

Section 5.1. Whole life annuities.

Proof: Since Fr (t) =1— e #, if 0 < t < oo; we have that for
0<y<i,

o) = P (S00) g (=50
=1—(1—6y)s.
Y, has density

w_ 1
fr,(Y) = Fy (y) =n(1=dy)5 7%, 0<y<

(©2009. Miguel A. Arcones. All rights reserved.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

The present value of a continuously decreasing annuity is

n — ap;

(Da); = /O"(n_ vt de = "

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 19
Under De Moivre's model with terminal age w,

__w-x-3 (D3
I Slw—x) w-—x

w—x|i
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 19
Under De Moivre's model with terminal age w,

W= X—agTy (D3)

- _ oxli
I I(w — x) w—Xx
Proof: We have that
O 1-A 11— w-x—3,
WS 5 5(w —x)
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 18

Suppose that i = 6.5% and deaths are uniformly distributed with
terminal age 100. B
(i) Calculate the density of Y .

(ii) Calculate 340 using that a, = 175Ax.

w—x—aﬂ‘

(iii) Calculate asq using that a, = EICEE
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 18

Suppose that i = 6.5% and deaths are uniformly distributed with
terminal age 100.

(i) Calculate the density of Y s0.

(ii) Calculate 340 using that a, = 175Ax.

(iii) Calculate g using that 3, = “5“=.
Solution: (i) We have that
o) = g = 1
Yo' 77 (1 5y)(w — x) _ (60)(1 — y In(1.065))
, 1 — (1.065)~%0
c 1= (1069) ™ 15 51640052,
0 <y < (T.065) >-o104095
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 18

Suppose that i = 6.5% and deaths are uniformly distributed with
terminal age 100.

(i) Calculate the density of Y s0.

(ii) Calculate 340 using that a, = 175Ax.

w—x—aﬂ‘

(iii) Calculate asq using that a, = EICEE

Solution: (ii) We have that

355(0.065 1 — (1.065)~%

Ao = = = 0.2586068254.
40 60 (60) In(1.065)
Hence,
_ 1—Asp 1-—0.2586068254
— — = 11.77285493.
240 5 In(1.065) 85493
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 18

Suppose that i = 6.5% and deaths are uniformly distributed with
terminal age 100. B
(i) Calculate the density of Y .

(ii) Calculate 340 using that a, = 175Ax.

(iii) Calculate g using that 3, = “5“=.
Solution: (iii) We have that
1 —(1.065)%°
5 = 1= (L0657 5 51640052,

In(1.065)
Hence,

100 — 40 — 35545, 60 — 15.51640952

%0 = T(1n(1.065))(60)  (In(1.065))(60) = 11.77285493.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 20
Under constant force of mortality p, ay = ﬁ.
Proof.
We have that
. 1A 195
s 5§  p+d
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 19

Suppose that § = 0.07 and the force of mortality is 0.02.
(i) Calculate the density of Y 40.

(i) Calculate asp.

(iii) Calculate the variance of Y 9.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 19
Suppose that § = 0.07 and the force of mortality is 0.02.
(i) Calculate the density of Y 40.
(i) Calculate asp.
(iii) Calculate the variance of Y 9.
Solution: (i) The density of Yyq is
1

_5
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 19
Suppose that § = 0.07 and the force of mortality is 0.02.
(i) Calculate the density of Y 4.
(i) Calculate asp.
(iii) Calculate the variance of Y 4.
Solution: (i) The density of Yyq is
o (t) = (0.02)(1 — 0.07y) 7,0 < y < ﬁ
(i) 30 = ggrigge = 11.1111111111111

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 19
Suppose that § = 0.07 and the force of mortality is 0.02.
(i) Calculate the density of Y 4.
(i) Calculate asp.
(iii) Calculate the variance of Y 4.
Solution: (i) The density of Yyq is
o (t) = (0.02)(1 — 0.07y) 7,0 < y < ﬁ

(i1) 240 = ggragge = 11.1111111111111

(iii)

_ 0.02

Ao = —— = (0.222222222222222
40~ 0.02+0.07 0 ’

- 0.02

A= —— o =0.125
07 0.02 + (2)0.07 ’

- ,_  0.125-— (0.222222222222222)?

Var(Y40) (0.07)2 = 15.4320987654321.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Theorem 21
Suppose that T, has a p—th quantile {, such that

P{T <&} =p=P{T, <&}

Given b,6 > 0, the p—th quantile of b1=¢"" js pl=e "
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 20

Suppose that i = 6% and De Moivre model with terminal age 100.
(i) Calculate the 30% percentile and the 70% percentiles of Y 3.
(i) Calculate a3p.

(iii) Calculate the variance of Y3p.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 20

Suppose that i = 6% and De Moivre model with terminal age 100.
(i) Calculate the 30% percentile and the 70% percentiles of Y 3.
(i) Calculate a3p.

(iii) Calculate the variance of Y3p.

Solution: (i) Let &30 the 30% percentile of T3p. We have that
0.3 = Fryp(€0.30) = 2. So, &30 = 21. The 30% percentile of

Vo = 00 s 000 S — 1211357171,

Let &o.70 the 70% percentile of Tzg. We have that 0.7 =
Fry(60.70) = 5%%- So, .70 = 49. The 70% percentile of

Va0 = RO is 1RU00L" — 16.17422339.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 20
Suppose that i = 6% and De Moivre model with terminal age 100.
(i) Calculate the 30% percentile and the 70% percentiles of Y'3.
(i) Calculate a3p.
(iii) Calculate the variance of Y3g.
Solution: (ii) We have that

— azi  1—(1.06)"7

Az — - — 0.2410186701
07 W= x ~ (70)In(1.06)

and

 1—-As  1-0.2410186701
_ _ — 13.02549429.
30 5 In(1.06) 3.02549429

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 20
Suppose that i = 6% and De Moivre model with terminal age 100.
(i) Calculate the 30% percentile and the 70% percentiles of Y'3.
(i) Calculate a3p.
(iii) Calculate the variance of Y3g.
Solution: (iii) We have that

_ g (14ip—1 1 —(1.06)~(A(0)

2A30 = = = 0.1225492409
30 w— x (70)(2) In(1.06)

and

?Aso — (As0)® _ 0.1225492409 — (0.2410186701)
52 (In(1.06))2

Var (730) =

=207.8908307.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 21

Suppose that v = 0.92 and that the force of mortality is
s+t = 0.02, for t > 0.

(i) Calculate the density of Y .

(ii) Calculate the first, second and third quartiles of Y .
(iii) Calculate ay.
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 21

Suppose that v = 0.92 and that the force of mortality is
s+t = 0.02, for t > 0.

(i) Calculate the density of Y .

(ii) Calculate the first, second and third quartiles of Y .
(iii) Calculate ay.

Solution: (i) We have that

— 002y

fr () = (1 — 8y) 51 = (0.02)(1 + In(0.92)y) "6+

1
if <
H0<y= =00
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 21

Suppose that v = 0.92 and that the force of mortality is

px+t = 0.02, for t > 0.

(i) Calculate the density of Y .

(ii) Calculate the first, second and third quartiles of Y .

(iii) Calculate ay.

Solution: (ii) Let &, the 100(p)% percentile of Y. We have that

p=Fy({,)=1—(1- 5§p)% = (1 +1n(0.92)¢, )7&092)
—In(0.92) o
S0, §p = %. The first quartile of Yy is
(0 92)
1—(1-0.25)"0
= =8.37 1.
€0.25 ~1n(0.92) = 8.37853689
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 21

Suppose that v = 0.92 and that the force of mortality is
px+t = 0.02, for t > 0.

(i) Calculate the density of Y .

(ii) Calculate the first, second and third quartiles of Y .
(iii) Calculate ay.

Solution: (ii)

The median of Y, is

1_ (1 0. 5) |n(0 92)
= — = 11.3263815.
b05 —1n(0.92)
The third quartile of Y is
0 92)
1—(1-0.75)"5
— = 11.95599338.
So75 - |n(o.92)
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Chapter 5. Life annuities. Section 5.1. Whole life annuities.

Example 21

Suppose that v = 0.92 and that the force of mortality is
px+t = 0.02, for t > 0.

(i) Calculate the density of Y .

(ii) Calculate the first, second and third quartiles of Y .
(iii) Calculate ay.

Solution: (iii) We have that

1 1

3 = - — 9.672900338.
T 16 0.02—In(0.92)
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