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Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Due n—year deferred annuity

Definition 1

A due n—year deferred annuity guarantees payments made at the
beginning of the year while an individual is alive starting in n years.
The present value of a due n—year deferred annuity is denoted by
n‘ Yx-

Definition 2

The actuarial present value of a due n—year deferred annuity for
(x) with unit payment is denoted by ,|3x.

We have that |3, = E[,| Yi].
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Theorem 1

0 if Kx < n,

. .
nYx = V0ag— 1Ky > n) = . .
nl v”am| if Ky > n,

and
00
. N
n’ax = g v ak_,,| : kflqu-
k=n+1

Proof: If K, < n, then T, < n and no payment is made. If
Ky > n+1, then T, € (Kx — 1, K«] and unit payments at times

n,--- , Ky —1 are made. The present value of a unit annuity paid
at times n,--- , K, —1is v”ém|. Hence,

,,]\"/X = Vn-;.KX—7”|I(KX > n) and

(e o) o0
alae= Y Ve P{Ke= kb= Y v ko1lae
k=n+1 k=n+1
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Theorem 2
Ifi #0,
. X:ﬁl‘ n| Zx
n‘y - d
and
’a AX:%| - n’AX . AX;%|(1 Ax+n)
n X — d - d
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Theorem 2
Ifi #0,
1y, = Zonl ol
n a d
and ) .
’a Ax:ﬁ| ”’AX . Ax:ﬁ|(1 Ax+n)
n X — d - d
Proof:
1— Kx—n
ol Vie = V0 (K > n) = v" (Vj I(Ky > n)
n__ Kx ,1 — nlZx
=Y d" I(Ky > n) = =71 } |
So,
’a o AXZ%I ”‘AX o Ax:%| AX'%|AX+" - Ax n|(1 - AX+”)
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Example 1
Suppose that A, 1 = 0.3, Axp = 0.6 and i = 0.05. Find ,|ax.
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Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Example 1
Suppose that A, 1 = 0.3, Axp = 0.6 and i = 0.05. Find ,|ax.
Solution: We have that d = I#Jr, = % = 2—11 and

nlAc = AgAxin = (0.3)(0.6) = 0.18,

Adi—alAc 03-018

= = 2.52.
d 1/21

n’éxz
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Theorem 3
(current payment method)

ol Ve =) VFI(K, > k) = f:zx:kl|

k=n k=n
and
00
_— k _ E
n|ax = V' kPx = nExax+n-
k=n
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Theorem 3
(current payment method)

ol Ve =) VFI(K, > k) = f:zx:kl|

k=n k=n
and
00
_— k _ E
n|ax = V' kPx = nExax+n-
k=n

Proof: Given k > n, a payment at time k is made if and only if the
individual is alive at time k. An individual is alive at time k if and
only if T, > k. Hence,

o o0
al Y=Y VKI(Ty > k) = ZZX:%‘.
k=n k=n
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Theorem 3
(current payment method)

ol Ve =) VFI(K, > k) = f:zx:kl|

k=n k=n
and
00
_— k _ E
n|ax = V' kPx = nExax+n-
k=n
Proof: Thus,
00 ) S
. k k k
n‘ax:ZV 'kpx:ZV +n'k+npx:ZV +n'npx'kpx+n
k=n k=0 k=0
00
k ..
=v" - npx Z VS kPxtn = nEx - 3xtn-
k=0
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Theorem 4
Ifi= 0, n‘éx = an(l + ex+n)-
Proof: ,|ax = nExaxt+n = nPx(1 + €xtn).
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Example 2
Suppose that AX%' = 0.3, Axtn = 0.6 and i = 0.05. Find ,|ax.
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Example 2
Suppose that AX%' = 0.3, Axtn = 0.6 and i = 0.05. Find ,|ax.

Solution:

1-0.6
Sein = = 8.4,
Ixtn = gy =0
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Theorem 5

3 [(nmﬂ — V" peE {(Vmﬂ

B V2. nPx(23x+n — (2 —d) - 2.55><+n)

N d
Proof: Using that Ky — n|Kx > n and K4, have the same
distribution.

E [(anxﬂ —E [v% (gm‘)z 1(Ky > n)}
=v2". pE [(am)z ' Ky > n}

=v2" . opiE {(%I)Z] = v peE |:YX2+n:|

v2n. npx(2éx+n - (2 - d) : 2éx+n)
g .
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Example 3

Suppose that v = 0.91 and px4x = 0.97 for each integer k > 0.
Find 40’5)( and Var(40\ YX)
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Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Example 3

Suppose that v = 0.91 and px4x = 0.97 for each integer k > 0.
Find 40’5)( and Var(40\ YX)

Solution: We have that

nEx = (0.97)%°(0.91)*° = 0.006800252887,

. 1

et = 1(0.97)(0.91)

20|3x = nEx - 3x:n = (0.006800252887)(8.52514919)
=0.05797317039.

= 8.52514919,
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Example 3
Suppose that v = 0.91 and px4x = 0.97 for each integer k > 0.
Find 40’5)( and Var(40\ YX)
Solution:
25 1
X1 —(0.97)(0.91)2

(o]

(0.91)8°(0.97)°((2)(8.52514919) — (2 — 0.09)(5.082772958))
0.09

— 5.082772958,

=0.01275747064

(0.91)8°(0.97)°((2)(8.52514919) — (2 — 0.09)(5.082772958))
0.09

—0.01275747064
Var(s0| Yx) = 0.01275747064 — (0.05797317039)2 = 0.009396582155.
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Theorem 6
Under De I\/Ioivre 's model and integers x and w,

Da)UJ X—n
(i) nlax = :

w—X

(il) I i 0, |5, = 2@ 3cm)

(w—x)d
(i) If i = 0, o|3, = Wox=mlw—x—ntl)

2(w—x)
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Theorem 6

Under De I\/Ioivre 's model and integers x and w,

(I) n| 3, = Da)w x—n| )
N o VM w—x—n—d5—)
(i) If i #0, plax = @=d .

.. . « _ (w—x—n)(w—x—n+1)
(i) If i =0, plax = 2(o—x) .

Proof: (i) We have that

,w —x — n(Da)g==

v (D3)

n’éx:nEx'éx—l—n:V
w— X w—X—n

w—x—n|

w—X
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Theorem 6
Under De I\/Ioivre 's model and integers x and w,
Da)w x—n|
(i) ot = =
(i) IF i # 0, o) = 7S]
(ii) IF i = 0, |3, = Lx=plosentl),
Proof: (ii) If i # 0, (D), = "™ So,
.. v (Dé)w—x—n\ V,,W—X—" dw = n‘)
n|3x = =
w—X w—X
Vn(w_x_n_aw —X— n|)

(w—x)d
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Theorem 6

Under De I\/Ioivre 's model and integers x and w,
Da)w x—n|

(i) ol = =

(i) IF i # 0, o) = 7S]

(ii) IF i = 0, |3, = Lx=plosentl),

Proof: (iii) If i =0, (D3), = "5 So,
5= v (D3) ;== _ (w—x—")(;—x—nﬂ)
e w—x w—x
(w=—x—n)(w—x—n+1)

N 2(w — x)
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Example 4

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’;9'40.
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Example 4

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’;9'40.

Solution 1: We have that / = 1;" = 9%. Hence,

40 — 355
(D3)z010/01 = 0783'9/91 — 334.6822869,
oln0 = (0.91) Eso Jaojo/o1 _ (0.91) (320.68 869) _ ) pucas11048.
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Example 4

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’;9'40.
Solution 1: We have that j = 1;" = 9%. Hence,

40 — 35/9/01

(D3)igojor = —g g9 = 3346822869,
0.91)2° (D3)z5 0.91)2°(334.6822869
20|3a0 = (0.91) Eso Jaojoon _ (091 - ) _ 0.8458311048.

Solution 2: We have that

60 — 20
20Ea0 = v¥%20pa0 = (0-91)207
arn
09/ _ 3 2460648546,
. _ 1—Aq _ 1-0.2469648546
0=y = 0.09
20| 340 = 20Es0360 = (0.1010966087)(8.367057171) = 0.8458811048.

= 0.1010966087,

Aeo =

— 8.367057171,

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Theorem 7

. . n.n —n 6+
Under constant force of mortality 1, p|ax = 7= e~ r0+n)

1-vpy = 1—e—(0+p)"

Proof.

o1 e et
T—vpx 1—vpe 1—e (64"

. .. n
n‘ax =pEiax=v

O
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Example 5

Suppose that v = 0.91 and the force of mortality is ;+ = 0.005.
Find 25’5)(.
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Example 5
Suppose that v = 0.91 and the force of mortality is ;+ = 0.005.
F/nd 25’5)(.
Solution:

(091)25 e—(25)(0.005)

ix = — 0.883361829627389.
2508 = (7 91)e 0005
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Theorem 8

n|éx = Vpx - n—1|éx+1'

Proof:
o0 oo
o k o k—1 —
n|ax = Z Vo kPx = VPXZ v " k—1Px+1 = VPx
k=n k=n

=VPx - n71|éx+1-

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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k
Z Voo kPx+1

k=n—1




Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Example 6

Using i = 0.05 and a certain life table 19|a30 = 7.48. Suppose that
an actuary revises this life table and changes p3y from 0.95 to
0.96. Other values in the life table are unchanged. Find 109|330
using the revised life table.
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Example 6

Using i = 0.05 and a certain life table 19|a30 = 7.48. Suppose that
an actuary revises this life table and changes p3y from 0.95 to
0.96. Other values in the life table are unchanged. Find 109|330
using the revised life table.

Solution: We have that 109|330 = vpx - 9/331. Hence, under the old

table
(1.05)(7.48)

ol3s =3 o5
Since 9|31 does not depend on p3g, using the revised life table
9|31 = 8.267368421. Hence, using the revised life table

= 8.267368421.

10]330 = (1.05)1(0.96)(8.267368421) = 7.558736842.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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n-year deferred annuity immediate

Definition 3

An immediate n—year deferred annuity guarantees payments
made at the end of the year while an individual is alive starting n
years from now.

The present value of an immediate n-year term annuity is denoted
by n| Y.

Definition 4
The actuarial present value of an immediate n—year deferred
annuity for (x) with unit payment is denoted by p|ay.

We have that p|ax = E[n| Y]

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Theorem 9
0 if K, < 1,
ol Y = Vi g (K > n 4 1) =4 s
v aml if KX >n+ ].,
and

n|3x— Z V —n— 1| k—1|qx‘

k=n+2
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Theorem 9

0 if Ky <n+1,
v”aﬁl if KX > n—|—1,

x—nN—

ol Yo = Va1 (Ka > n+ 1) =

and

oo
n
nlax = E Viark—h—1) k—1/qx-
k=n+2

Proof: If K, < n+ 1, then T, < n and no payment is made. If
Ky > n+ 2, then T, € (K« — 1, Ky] and unit payments at times

n+1,---,Ky—1 are made. The present value of a unit annuity
paid at times n+1,--- /Ky —1is v”am|. Hence,
0 if K, <n+1,
Yy =Vv0ag——I(Ky>n+1)= -
nl Y K1 (K ) Viag =5y if K> n+ 1,
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Theorem 9

0 if Ky <n+1,
Yo =v0ag g /(Ki>n+1)=q | .

v aml if KX >n+ ].,
and

n
nlax = E Viark—h—1) k—1/qx-
k=n+2

Proof: and

n|aX: Z v? —n— 1|P{Kx_k}_ Z V' —n— 1| k—1|qx-

k=n+2 k=n+2
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Theorem 10

o0 o0
1 v k
AYi= Y Z g =nulVe and slax= ) vFipx = nExaxin.
k=n+1 k=n+1
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Theorem 10
o0 o0
1 v k
n|Y = Z ZX:;‘ = n+1|Yx and ,,|ax = Z V kPx = nEx'aX+n-
k=n+1 k=n+1

Proof: Given k > n+ 1, a payment at time k is made if and only
if the individual is alive at time k. An individual is alive at time k
if and only if T, > k. Hence,

o oo
k 1
ol Y = Z vEI(T > k) = Z Z 4
k=n+1 k=n+1
o 0 o
k k k
n|ax: Z v kpx:ZVn+ 'n—i—kpX:ZVnV *nPx * kPx+n
k=n+1 k=1 k=1
o0
k
=v" - Py Z VS kPxtn = nEx * axtn-
k=1
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Theorem 11
Ifi=0,
n‘ax = nPxE€x-
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Theorem 11
Ifi=0,
n‘ax = nPxE€x-

Proof: We have that p|lax = pEx - ax+n = nPxx-

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam M
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Theorem 12

. —(n+1)(5+
Under constant force of mortality i, nlax = € (Do)

1—e—(0+u) -
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Theorem 12
Under constant force of mortality i, p|lax =

Proof: We have that

e~ (n+1)(E+1)
1—e—(0+p) *

o~ (n+1)(5+)

n|3x = n+1|5x = m-
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Example 7
Suppose that v = 0.91 and p, = 0.97 for each x > 0. Find 40|ax.
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Example 7
Suppose that v = 0.91 and p, = 0.97 for each x > 0. Find 40|ax.
Solution: We have that

(0.91)*1(0.97)*

= 0.0511729175.
1— (0.91)(0.97)

40‘ax =

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Theorem 13
Under De Moivre model and integers x and w,
(Da)w —Xx—n— 1|
n|ax —
w— X
Proof: We have that
. VT (Da)gm=y v (Da)gmm
n|ax - n‘ax - -
w— X w— X
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Example 8

Suppose that v = 0.91 and the De Moivre model with terminal age
100. Find 20’340.
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Example 8

Suppose that v = 0.91 and the De Moivre model with terminal age
100. Find 20’340.

Solution 1: We have that i = 1=V = 9%. Hence,

v

(0.91)%° (Da)zg s
20|as0 = 50 — 0.7447844961.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Example 8
Suppose that v = 0.91 and the De Moivre model with terminal age
100. Find 20’240.

Solution 1: We have that i = =¥

-9
=51 Hence,

(0.91)%° (Da)zg s
20|as0 = 50 — 0.7447844961.

Solution 2:

060 — 20

20E40 = v¥20pa0 = (0.91)? = 0.1010966087,

o
Aso = %0/91 — 0.2469648546,

L _ v —As _ 0.91—0.2469648546
0T Tg T 1-0.91
20|440 = 20E40 +deo = (0.1010966087)(8.522627307) = 0.7447844961.

= 8.522627307,
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Theorem 14

2n'n><2><n_2_ '2xn
E|:(n|yx)2:| :Vn'anE [Y>(2+n:| 4 P( ax+ d( d) a+)

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Theorem 14

V2 nPx(2axin — (2 —d) - 2a><+n)

€[] = ¥ - d

Proof: Using that Ky — n|Kx > n has the distribution of Ky,

E|(lve)?| = E [VZ" (am|)2 I(Ky > n)]

I 2
:V2” . anE (.QW') |KX > n:|

2n 2 2n 2
=V ok <am)]zv “nPxE (Y]

V2. npx(23x+n - (2 - d) : 2ax—i—n)
N d
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Theorem 15

n‘ax = VpPx - n—1‘ax+1'
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Theorem 15
n‘ax = VpPx - n—1‘ax+1'
Proof:
00 00
k k—1
n|ax = E V' kPx = VPx E v * k—1Px+1
k=n+1 k=n+1
00
k
=VPx E V' kPx+1 = VPx - n71|ax+1-
k=n
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n—year deferred annuity continuous

Definition 5
A n—year deferred continuous annuity guarantees a continuous
flow of payments while the individual is alive starting in n years.

Definition 6
The present value of an immediate n—year term annuity is denoted
by n|Yx-

Definition 7
The actuarial present value of a whole life immediate annuity for
(x) with unit payment is denoted by p|ay.

We have that ,[ax = E[,| Y]
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Theorem 16

Tx
nl Y _/ v* dsl(Tx > n) = v"ar—1(Tx > n)
n

0 if T, <n,
V"Eﬁl if T, > n.
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Theorem 16

Tx
nl Y _/ v* dsl(Tx > n) = v"ar—1(Tx > n)
n

0 if T, <n,
if T, > n.

Proof: If T, < n, 4|Yx = 0. If T, > n, the unit continuous rate
runs from n to T, and

- Tx Tx—n
,,\YX:/ vsds:/ v”+5ds:v"§T —p
0 X
n

Hence, ,|Yx = fnTX vedsl(Te > n) = v"ag— I(Tx > n).
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Theorem 17

Z Lz,
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Chapter 5. Life annuities. Section 5.2. Deferred life annuities.

Theorem 17

Z Lz,

Proof: We have that

L1—vTn
o

e _ o= Td Z 21—z
:fI(TX > n) = il 5

Vn5ﬁ|/(TX>n):V I(TX>n)
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Theorem 18

oo
nlax = / V@) * tPx * Hxtt dE.
n

Proof.

nax = E[viar — (T > n] = / Ve fr.(t) dt

oo
:/ Vném|'tpx'ﬂx+tdt-
n
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Theorem 19
(current payment method)

)
n‘gx = / vi- tPx dt.
n

0 ift<
h(t):vtl(t>n):{t BEsm

vt if t > n,

Proof: Let

0 if t < n,
fnt vSds if t > n,

t t
H(t) = / vil(s > n)ds = / v dsl(t > n) = {
0 n
By a previous theorem,

o= E(T) = [ hosr(yde= [ vt pat
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Theorem 20
n’§X =v". nPx * dx4n = nEx  @x4n-

Proof.
Using that T, — t| T, > t and T, have the same distribution,

,,|aX—E[v aT /(T >n)]—V 'npr[a n|’T >n]

= n'npr[a ] =" 'npx'gx—&—n:nEx'éx—l—n-
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Chapter 5. Life annuities.

Theorem 21
Ifi =0, n|§x = npxgx—i—n-

Proof.

n|§X - nEX . 5x+n = nPx€x+n-
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Theorem 22

_ ”
E [(n‘vx)z} 20 e E[(Varn) ] = v by 5

Proof: Using that T, — t|Tx > t and T.: have the same
distribution,

E|(IV:)°] =€ [v”’ (érx_n\)z /(T > n)]
=v2". .pE [(arx—m)Z ‘ Ty > n)]

=Ev®" . pcE [(aﬁ|ﬂ = v opE[(Y X+n)2]

2n 2 (Ex—i—n - 2§x+n)
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Theorem 23
Under De Moivre's model,

(i) n|5x = 7\/”(D§)m‘ .

(ii) If i # 0, pfax = Vﬂ(w_x(;:)gg”ﬁ)
o e — (w—x—n)?

(i) If i =0, plax = o)
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Theorem 23
Under De Moivre's model,
. _ VH(EE)T
(i) nlax = #Xﬂ
(i) IF i # 0, o3, = (( _(;)2x)§’ =)
(III) Ifi= 0, n‘ax = W

Proof: (i) We have that

nw—X—n(Da)w x—n|

v (Da)

w—x—n|

n|§x = nEx§x+n =V

w — X Ww—X—n

w—X
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Theorem 23

Under De Moivre's model,
. _ VH(EE)T

(i) nlax = #Xﬂ

(i) If i £ 0, n|a, = Vﬂ(w_x(;:i;’*ﬁ ).
. — w—X—n 2

(i) If i =0, plax = % .

Proof: (i) If i # 0, (Da), = 5. So,

v w—x—ngﬁwfx—n v <w —X—n— §m|>

w—X N (w—x)d

n|5x =
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Theorem 23

Under De Moivre's model,
o= V"(Bs)m\
(I) ,,|aX = T ox -
v”(w—x—n—éml)

(i) IFi 40, o3, = o

. = _ (w—x—n)?
(i) If i =0, plax = o)
2

Proof: (iii) If i =0, (Da), = 5. So,

—y—n)2
P e Ot S
e w— X 2(w —x)
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Example 9

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’540.
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Example 9

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’540.

Solution 1: We have that

1—(0.91)%
—1In(0.91)

g = = 10.35941874,

v" (w —X—n-— Em\) ~(0.91)2° (40 — 10.35941874)

20/40 = (w—x)d (60)(— In(0.91))
=0.7943326944.
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Example 9

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 20’540.

Solution 2: We have that

60 — 20
20Ea0 = v¥20pag = (0.91)°0 ——

60

a0 1—(0.91)%

A = — 0.2589854685
%07 740 T (40)(— log(0.91)) :

__1-Ag _ 1-0.2589854685
0 Ty T T Zlog(0.91)

20/340 = 2040360 = (0.1010966087)(8.772527413) = 0.7943326944.

= 0.1010966087,

= 7.857164593,
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Theorem 24
) _ —n(pu+8
Under constant force of mortality, ,|ax = %
Proof. (w45)
. _ —n(pu+48
We have that n[ax = nExdxin = S5
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Example 10

Suppose that v = 0.92, and the force of mortality is pix++ = 0.02,
for t > 0. Find 20|ax and Var(20|Yx).

Solution: We have that

1
3, = — 9.672900338,
T Tlog(0.92) + 0.02

20[3x = (0.92)Pe~(%0)(02)(9 672900338) = 1.223476036,
25 1
X7 —210g(0.92) + 0.02
Vv )2 n 2 (ax n—25X n
El(n V)] = V2" npx (3x+ . +n)
—(0.92)0 ¢~ (20)(002) 2(9.672900338 — 5.354373368)

—log(0.92)
Var(oo|Vx) = 2.472240188 — (1.223476036)% = 0.9753465773.

= 5.354373368,

— 2.472240188,
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Theorem 25

n|5x = VpPx - n—1|5x+1-
Proof.
S S .
n‘gx = / vi- tPx dt = Vpx/ viTh. t—1Px+1 dt
n n

00

t p—

:VPX/ V' tPx+1 dt = vpx - n—1‘ax+1-
n—1
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