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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Due n—year temporary annuity.

Definition 1
A due n—year term annuity guarantees payments made at the

beginning of the year while an individual is alive for at most n
payments.

The actuarial present value of an n-year term annuity due is
denoted by Yy5.

Definition 2

The actuarial present value of an n-year term annuity due for (x)
with unit payment is denoted by a,.5.
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Theorem 1
(i)

YX:ﬁ| = "min(KX,n)\ =

(i) 1f i 0, Vyn = 52

i) If i =0, Y7 = min(Kx, n).
|
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 1

(i)

Yol = min(i. )| = émx if K, > n,
(i) Ifi #£0, Y, n| = 1_5”‘
(i) If i =0, YX = min(Kx, n).
Proof: (i) If Kx < n, benefit payments are made at times
0,1,...,Ks — 1 and YX,,| = "k|. If Ky > n, benefit payments
are made at times 0,1,...,n — 1 and Y,z = 3&;. Therefore,

v

x| = min(Kx,n)|"
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 1
(i)

YX:ﬁ| = min(Kx,n)| =

(”) Ifi 7é Or S-/x:ﬁ\ = l_jx:m'

(iii) If i = 0, Yy = min(Kx, n).
Proof: (ii) If i #0,

1— Vmin(KX,n) 1—-Z7

X7l

Yx:ﬁ| = émin(Km”N - d B d
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 1
(i)

YX:ﬁ| = min(Kx,n)| =

(ii) IFi £ 0, Vi = 2L,
(iii) If i = 0, Yy = min(Kx, n).

Proof: (iii) If i = 0, Yyn = &) = Min(K. n).
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Theorem 2
n n—1
éx:ﬁ| = 57| : k71|qx + ‘%n| *nPx = E 3}\ : kflqu + éﬁ| * n—1Px-
k=1 k=1
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 2
n n—1
éx:ﬁ| = E 57| : k71|qx + ‘%n| *nPx = E 3}\ : kflqu + éﬁ| * n—1Px-
k=1 k=1

. S . a- if Ky<n
Proof: Since Y5 = d—c— = K x =1
min(eml gy i Ky > i,

n n
éx:ﬁ| = ZaﬂP{Kx = k}+éﬁ|P{Kx > n} = Z é}“k—l’qx“‘éﬁ\'npx-

k=1 k=1
_ . ) agy i Ko <n,
Since Yin| = a4 - L
’ aﬁ| if KX > n,
n—1 n—1
éX:ﬁI = éﬂP{Kx = k}+éﬁ|P{Kx > n} = xfk"kfIMX‘Fan\'n—lPx-
k=1 k=1
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Theorem 3
IfFi #0,

.. 1 - Ax:7 v 2AX27 - (AX37 )2
b = g and V(Y ) = 2
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Example 1

Suppose that p, = 0.98, pxr1 = 0.97 and v = 0.92.
(i) Find a,.3| using Theorem 2.

(ii) Find a, 5 using Theorem 3.

(iii) Find Var(V, ).
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 1

Suppose that p, = 0.98, pxr1 = 0.97 and v = 0.92.
(i) Find &, 5, using Theorem 2.

(ii) Find a, 5 using Theorem 3.

(iii) Find Var(Y, ).

Solution: (i)

3,3 = (1)(0.02) + (1 + 0.92)(0.98)(0.03)
+ (14 0.92 + (0.92)%)(0.98)(0.97) = 2.70618784,
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 1

Suppose that p, = 0.98, pxr1 = 0.97 and v = 0.92.
(i) Find &, 5, using Theorem 2.

(ii) Find a, 5 using Theorem 3.

(iii) Find Var(Y, ).

Solution: (ii)

A3 = (0.92)(0.02) + (0.92)%(0.98)(0.03) + (0.92)°(0.98)(0.97)
=0.7835049728
~ 1-0.7835049728

5 = — 2.70618784.
3| 1-092
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 1

Suppose that p, = 0.98, pxr1 = 0.97 and v = 0.92.
(i) Find a,.3| using Theorem 2.

(ii) Find a, 5 using Theorem 3.

(iii) Find Var(V, ).

Solution: (iii)

?A. 3 = (0.92)7(0.02) + (0.92)*(0.98)(0.03) + (0.92)°(0.98)(0.97)
—=0.6143910173

Var(ZX:g‘) = 0.6143910173 — (0.7835049728) = 0.0005109748977

. 0005109748977
Var(V, ) = 0 000(50'82)289 — 0.07983982777
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Example 2

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 3,47 using Theorem 3.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 2
Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 3,47 using Theorem 3.

Solution: With i =9/91, we have that

1l 1
A40'20| - A40:70| + Ag. 20|

20| 20| 2060 — 20
=— == 91)20 =2 “% — 0.2440601511
60 +v0%0pg0 = 50 +(0.91) 50 0.2440601511,
1-A 1 — 0.2440601511
4020 = d4° i 0,09 = 8.399331654.
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Theorem 4
Ifi #£0,

o
Yx:ﬁ\ d
and 23 2—d)--a
v axnl — - “Taxn
L2, — 22 = @) B
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 4
If i 40,
. 2%
S'/Q . 2Yx:ﬁ| - (2 - d) ! Yx:ﬁ\
x| T d
and ( 0).2
v 2éx:ﬁ —-(2- ' éx:ﬁ
E[V2q] = =" —— :
Proof: From Y, 5 = l_jm', we get that Zem =1 — dYyp.
Hence,
2
S'/Q o 1- 2Zx:ﬁ| + Zx:ﬁ\
xn| — d?
1- 2(1 - dyx:ﬁ|) +1- d(2 - d) : 2sl/x:ﬁ\
:2YX:ﬁ| - (2 - d) ' 2YX:ﬁ| .

d
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Theorem 5

3>
|
-

x
Il
o
X
Xl

and

n—1
- k
ax:a| = E V' kPx-
k=0
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Theorem 5

and

n—1
s k
ax:a| = E V' kPx-
k=0

Proof: The payment at time k, where 0 < k < n—1, is made if
T, > k. Hence,
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Example 3

Suppose that p, = 0.98, px11 = 0.97 and v = 0.92. Find éx:§|
using the previous theorem.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 3
Suppose that p, = 0.98, px11 = 0.97 and v = 0.92. Find éx:§|
using the previous theorem.

Solution:

3.3 = (1) + (0.92)(0.98) + (0.92)2(0.98)(0.97) = 2.70618784.
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Theorem 6
Ifi=0, dum=1+e

x:n—1]|"
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Theorem 6
Ifi=0, dum=1+e

x:n—1]|"

Proof:

dyp = E[min(Kx, n)] = E[min(K(x) + 1, n)]
=1+ E[min(K(x),n —1)] =1+ e, ;=3
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Theorem 7
Under De Moivre's model,

(w—x — n)ag + (Da)y .

w — X

axml =
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 7
Under De Moivre's model,

(w—x — n)ag + (Da)y .

‘éx:ﬁ| =
w—X
Proof: We have that

n—1 n—1
. K (W — X — cw—X—n+n—k
axn| = Vkszzvi ZV

w— X w— X

k=0 k=0
—1 —1 . .

S gW—X—N ~= g n—k (W_X_”)3ﬁ|+(Da)ﬁ|
= v i———— + v = .
w— X w— X w— X

k=0 k=0
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Example 4

Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 4,45 using previous theorem.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 4
Suppose that v = 0.91 and De Moivre's model with terminal age
100. Find 4,45 using previous theorem.

Solution: With i =9/91, we have that

435 = 9.426167633,
(Da)zp = 126.9131939,

. (40)355 + (D3)z5,  (40)(9.426167633) + 126.9131939
4020 = 60 - 60
—8.399331654.
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Theorem 8
We have that ) ) )
Yx = TI'xn| + n|Yx-
Hence,
éx = éx:ﬁ| + ﬂ’éX = éx:ﬁ\ + nEXéX-‘rI‘I'
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 8
We have that

Y = xﬁ\ﬁ'n|y;-
Hence,

ax = éx:ﬁ| + ﬂ’éX = éx:ﬁ\ + nEXéX-‘rI‘I'
Proof: Using some previous theorems,

n—1

Va4 nl Ve = D VFI(Ke > k) + ) vFI(Ke > k)
k=0 k=n
=Y VKI(Ke > k) =Y,
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Theorem 9

Under constant force of mortality, a7 = e

17Vpx '
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 9

Under constant force of mortality, &, = 1=vipy

17Vpx ’
Proof: From a3, = éx;m 4+ nExaxsn = Za'xﬂ + nExax, we get

. . 1—v"p]
axa) = (1= nEx)ax = 1_7\/;):
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Theorem 10
éx:ﬁ| =1+ VpXéx-{—l:ﬁr
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Theorem 10

éx:ﬁ| =1+ VpXéx+1:ﬁ|‘

Proof:
n—1 n—1 n-1

éx:ﬁ| :ka'kpx:1+ka'kpx:1+VPXZVk71.k_1pX+1

k=0 k=1 k=1
n—2

=1+ VPx Z Vk * kPx+1 = 1+ Vpxéx—f—l:ﬁ\'
k=0
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For due annuities, we have that a5 = v"s;. a5 is the present
value of a due annuity. 55 is the accumulated value of a due
annuity. v" is the n—year discount factor.

Definition 3
The actuarial accumulated value at time n of n—year term
temporary due annuity is defined by

©:
%
El

Sy = .
X 7| E.

We have that 4,5 = nExS«n|- To take care that the number of
living decreases over time, in actuarial computations, the n—year
discount factor is ,Ex = v",px.

$,n| is the actuarial future value of a n—year due life annuity to (x).

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



We have that

1

Here, ——
ere, nkaerk

age x.

Chapter 5. Life annuities. Section 5.3. Temporary annuities.

. . I‘l*l k
. dn  3xn| DoV kPx
Sxia| = E. ~— yn - n

nEx V" nPx V' nPx
n—1 1 n—1 1
— VK ek Pxtk 5 n—kExrk

is the actuarial factor for time k to time n for a live
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Immediate n—year temporary annuity

Definition 4
A immediate n—year term annuity guarantees payments made at
the end of the year while an individual is alive for n years.

The actuarial present value of an immediate n-year term annuity is
denoted by Y, .5.

Definition 5
The actuarial present value of an n-year term life immediate
annuity for (x) with unit payment is denoted by a,.5.
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Theorem 11

am| if KX S n,

Y F = a7 1 N —
x:n| min(Kx—1,n)| | if Ky > n,

and

n
Axw| = E ak_1| : k71|qx + an| * nPx-
k=2
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 11

am| if KX S n,

= =8, =
YX-”| min(Kx—1,n)|

| if Ky > n,
and

n
Axw| = E ak_1| : k71|qx + an| * nPx-
k=2

Proof: If K, =1, then no payment is made. If 2 < K, <n+1,
then T, € (Kx — 1, K] and payments are made at times
1,...,Kx — 1. Hence, Y, 7 = 1) = K|

If Kx > n, then Ty > n and the insurer makes payments at times
1,...,n. Hence, Y5 = a.
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Theorem 12
Ifi #0,

v—Z2, — V-2 g
Yx:ﬁ| = X-"+1\7 x| = o]
d d
and ) (4 )2
Var( Yx;ﬁ\) _ x:n+1| x:n+1|
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Theorem 12
Ifi #0,
Yﬁ_v_zx:m\ a,—v inm|
x| — d » 9xnl — d
d

o 2 x:n+1]| (Ax n-|—1|)2
Var( Yx:ﬁ\) = 42

Proof:

1 — ymin(Kx—1,n)
Yx:ﬁ| =

amin(KX—l,n)\ =

v — vmln(KX,n—l—l) v — Zx:m|

d d

i
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Theorem 13
xn| Zk 1 T and x| _Zk 1V * kPx-
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Theorem 13
Yin| = S Z R andax,,|_zk 1v - kPx-

Proof: For 1 < k < n, a payment at the end of the k—th year is
received if and only if K; > k. Hence, the present value of this

payment is vKI(K, > k) = Z 1| The total present value of the

payments in an n-year term annuity is »_,_; ZX%'.
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Theorem 14
Yx:m = szml — 1, ax:m = axm| —1 and

Var(Yq) = Var(Y, 751)-
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Theoren] 14

Yx:m = szml — 1, ax:m = axm| —1 and
Var(Y,.s) = Var( Yt ).

Proof: We have that

_ 1 _
Y 1] T 1= Z Xk| - ZXZEI = Y-

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Example 5

Suppose that p, = 0.98, px11 = 0.97, pxi2 = 0.96 and v = 0.92.
(i) Find a, 3, using each of the three previous theorems.
(ii) Find Var(Y,3).
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 5

Suppose that p, = 0.98, px11 = 0.97, pxi2 = 0.96 and v = 0.92.
(i) Find a, 3, using each of the three previous theorems.

(ii) Find Var(Y,3).

Solution: (i) Using the first theorem,

3
3,5 = Y ag—1P{Ki = k} + a5 P{K, > 3}
k=2

=37 Pxqx+1 1 33 PxPx+1qx+2 T 3 PxPx+1Px+2
=(0.92)(0.98)(0.03) + (0.92 + (0.92)%)(0.98)(0.97)(0.04)

+ (0.92 + (0.92)% + (0.92)%)(0.98)(0.97)(0.96)
—=2.41679982
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 5

Suppose that p, = 0.98, px11 = 0.97, pxi2 = 0.96 and v = 0.92.
(i) Find a, 3, using each of the three previous theorems.

(ii) Find Var(Y,3).

Solution: Using the second theorem,

A,z = (0.92)(0.02) + (0.92)%(0.98)(0.03) + (0.92)(0.98)(0.97)(0.04)

+(0.92)%(0.98)(0.97)(0.96) = 0.7266560144,

_ 0.92 — 0.7266560144 — 241679982.

o3| 0.08

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 5

Suppose that p, = 0.98, px11 = 0.97, pxi2 = 0.96 and v = 0.92.
(i) Find a, 3, using each of the three previous theorems.
(ii) Find Var(Y,3).

Solution: Using the third theorem,

3
k
93] = E :V " kPx
k=1

=(0.92)(0.98) + (0.92)2(0.98)(0.97) + (0.92)3(0.98)(0.97)(0.96)
—2.41679982.
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Example 5

Suppose that p, = 0.98, px11 = 0.97, pxi2 = 0.96 and v = 0.92.
(i) Find a, 3, using each of the three previous theorems.
(ii) Find Var(Y,3).

Solution: (ii)
?A. ) = (0.92)%(0.02) + (0.92)%(0.98)(0.03)
+(0.92)°(0.98)(0.97)(0.04) + (0.92)8(0.98)(0.97)(0.96)

= 0.529397222,

0.529397222 — (0.7266560144)?
(0.08)2

Var( Y, :§|) =

X

= 0.2137904275.
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Theorem 15

Yx:ﬁ| = YX nl — I+ ZX 7|

and a5 = axm — 1+ AX

al’
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Theorem 15

Yer| = Yea =1+ Zem
and a5 = axm — 1+ AX Al
Proof: We have that
-1 n
Yer| =1+ Zez = Z A1z A=z =V
k=0 k=1
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Theorem 16
We have that
Yx = n|Yx + Yx:ﬁ\

and
dx = n|ax + Axn| = n‘ax + nExax—i—n‘
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Theorem 16
We have that

y;::rJY;%_y;ﬁ\
and
ax = n|ax + Axn| = n‘ax + nExax—i—n‘

Proof: We have that

n o0
Yia +al Y=Y _VKI(Ke > k) + > vKI(K, > k)
k=1 k=n+1
=) VKI(Ke > k) = Y.
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Theorem 17
Ifi= O, aX:ﬁ| = eX:ﬁ|.
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Theorem 17

Ifi =0, ax.n| = €x:ml-

Proof: We have that

(Ko Tn)| = min(Kyx — 1, n) = min(K(x), n) and
axn| = E[min(K(x), n)] = ecq-

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.
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Theorem 18
Under constant force of mortality,

Axw| =

(1= v pl)vp,
1- VPx .
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Theorem 18
Under constant force of mortality,

Axw| =

(1= v"p2)vps
1- VPx .
Proof: We have that

1—v™pl)vp
ax:ﬁ‘ = dyx — nEXaX+,, = (1 — nEX)aX = (]_\/Xp))<x

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 19
Under De Moivre's model,

(w—x—n—1)ap +(Da)ﬁ|.

axh

w — X
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Section 5.3. Temporary annuities.

Chapter 5. Life annuities.

Theorem 19
Under De Moivre's model,

x|
w—X

Proof: We have that

- o w—x—k
| = kaP :ka w— x
k=1 k=1
" yw—x—-n—14n+1—k
=>» v
w— X
k=1
n
B yw—x—n—1 kn+1—k
=) Ve Z
k=1
w—x—n—1) ,,|+(Da)|
B w—Xx

Manual for SOA Exam MLC.
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Example 6
Suppose that v = 0.91 and the De Moivre's model with terminal
age 100.

(i) Find a5, using the previous theorem.

- ) oA
(ii) Find a40:30| USIng that aygp = - 1
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 6

Suppose that v = 0.91 and the De Moivre's model with terminal
age 100.
(i) Find a5, using the previous theorem.
(ii) Find a,y55, using that a5 = %
Solution: Since i = (1 —v)/v=9/91,
a5p|9/91 = 8-577812546,
(Da)%‘g/gl = 115.4910065,

39)(8.577812546) + 115.4910065
240.30| = GOX 60) i — 7.500428262.

(i) We have that

251 60 — 21
Asoz| = zlgf)/ " (0.91)" = = 0.2349614564,
0.91 — 0.2349614564
B40.30] = — — 7.500428262.
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Example 7

Suppose that p, = 0.98, px+1 = 0.97 and v = 0.92. Find
Var( Yx:g\)'
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 7

Suppose that p, = 0.98, px+1 = 0.97 and v = 0.92. Find
Var(Y, 3)).

Solution: We have that

AX:Z\
—=(0.92)(0.02) + (0.92)2(0.98)(0.03) + (0.92)%(0.98)(0.97)(0.04)
+ (0.92)*(0.98)(0.97)(0.96) = 0.7266560144,
2A -~
x:4|
=(0.92)2(0.02) + (0.92)*(0.98)(0.03) + (0.92)°(0.98)(0.97)(0.04)
+ (0.92)8(0.98)(0.97)(0.96) = 0.529397222,

0.520397222 — (0.7266560144)>

— 0.2137904275.
(0.08)2

Var( YX:Z| ) =
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Definition 6
The actuarial accumulated value at time n of an n—year term
immediate annuity is

©
x
El

Sx:i| = E. .

Sx:n| s the actuarial future value of a n—year immediate life
insurance policy to (x).
We have that

n k n
xmnl 9| _ Zk:l vV Px _ Z 1
vn—k

nEx V" nPx V"7 nPx —1 n—k Px+k
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Theorem 20

axn = Vpxéx+1:ﬁ| = VpX(]' + ax+1:n71|)'
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Theorem 20
axn = VpXéx+1:ﬁ| = VpX(]' + ax+1:ﬁ|)'

Proof: We have that

n n n—1
— k _ k—1 _ k
axm| = E V' kPx = VPx § v k—1Px+1 = VPx § V' kPx+1
k=1 k=1 k=0
:Vpxéx—f—l:ﬁ\ :
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Continuous n—year temporary annuity

Definition 7

A n—year term continuous annuity guarantees a continuous flow
of payments at a constant rate for n years while the individual is
alive.

Definition 8
The present value of a n—year term continuous annuity is denoted
by Yx:ﬁ|-

Definition 9
The actuarial present value of an n—year term continuous annuity
for (x) with unit payment is denoted by a,.p).

We have that 3,5 = E[Y 5]
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Recall that the the present value of the continuous annuity is
5 .. [N.s ds = 1—v”
3n)i = Jo vids = 55

Theorem 21

5ﬁ| if TX >n,

t=amnmon =

~.<
X
=l
I
N
3.
=3
3
s
<
~
Q.

n
Axh| = /0 35| tPxhix+t dt + apP{ Ty > n}.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Recall that the the present value of the continuous annuity is
5 .. [N.s ds = 1—v”
3n)i = Jo vids = 55

Theorem 21

5ﬁ| if TX >n,

£ (Tl T

~.<
X
S
I
N
3.
=3
3
s
<
~
Q.

n
Axh| = /0 35| tPxhix+t dt + apP{ Ty > n}.

Proof: Notice that the continuous payments are paid until
min( T, n).
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Theorem 22

n

3| = Elaginrm] = [ V0 epedt
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 22

axnl = Elagnm ] = /Ovt-tpxdt

Proof: Let h(t) = viI(t < n) and let

t t min(t,n)
H(t) = / h(s) ds = / vil(s < n)ds = / v ds.
0 0 0

By a previous theorem,

§X2ﬁ| = E[Vx:ﬂ] =E

min( Tx,n)
/0 s ds] — E[H(T)]

:/ h(t)epx dt:/ vEI(t < n)epx dt :/ vi. ipxdt.
0 0 0
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Theorem 23
IfF§ 0,

and
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 23

If§ #£0, B B
R 172X:ﬁ‘ _ 1*Axn|
Yx:ﬁ| = 5 » dxal = 5

and

2ZX:H\ - (Zx:ﬁ| )2
62

Var(?x:ﬁ‘ ) =

Proof: Using that a3 = 1—va' we get that

_ 1 — ymin(Tx,n) 1—7.—
Yx:ﬁ\ =a = Y = x| .

amin(TX,n)\ S S
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 24 B
IF6 =0,V p =min(Te,n) and Yz = €.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 24
If§ =0, Vxﬂ = min(Tx, n) and Vx:m = éxzm.
Proof: If § =0, Y,
Vx:m = E[min(Tx,n)] =

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 25
Under De Moivre's model,

o (w—x — n)ag + (5§)m

x|

w—X
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 25
Under De Moivre's model,

(w — x — n)az + (Da),

x|

w—X

Proof: We have that

n n w—x—1t
éx:ﬁ\ _/ Vt'th dt—/ v —————dt
0 0 w— X

n w—X—n+n—t
:/ vt. dt
0

w—X

n n
—x— —t
:/ Vtmdt—i—/ Vt.n dt
0 w — X 0 w— X
(w—x — n)az + (Da)

w—X

ml
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 8

Suppose that 6 = 6% and deaths are uniformly distributed with

terminal age 105.
(w—x—n)as+(Da)
w—X

. _ . _ 1-A;
(ii) Calculate 3gs5q) using that ayp = —5

|

(i) Calculate 3555 using that aym =
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 8
Suppose that 6 = 6% and deaths are uniformly distributed with
terminal age 105.

(w—x—n)as+(Da)

|

(i) Calculate 3555 using that aym =

(ii) Calculate 3555, using that 3,z = 17'2”‘
Solution: (i) We have that
- 1 — —(20)(0.06)
. 20 — 3z
(Da)EI = 506~ 139.i206144,
. (w—x — n)ag + (Dﬁ)m
65:20| — W — X
:(20)(11.6467631;3 1302206144 _ oo
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 8
Suppose that 6 = 6% and deaths are uniformly distributed with

terminal age 105.

(w—x—n)as+(Da)
o w—X

' Y H = 17AXZF

(ii) Calculate 3gs5q) using that ayp = —5

Solution: (ii) We have that

|

(i) Calculate 3555 using that aym =

W o _ 11— e 0008 0.06)20

Aes20) = 3 TV 20Pes = gyhgey e 40
—0.4417661844,

_ 1 - Agszg  1—0.4417661843

Je520 = 5 = (0.06) = 9.303896928.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 26

N2 2(§Xiﬁ| - 25x:ﬁ|)
ElY 7]=—"""".
[ x.n|] 5
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 26
— 2(3xm — Paxn|)
E[Y ,7]=—""F—"7""".
[ x.n|] 5
m— l_mzx:ﬂ
Proof: From ™a, 7 = —_5, we get that

"Aws =1—md-"a, 5. Hence,

~2 1- 7x:ﬁ| ’
E[Yx:ﬁ|] =E s =E

1-— 2(1 - 55x:ﬁ\) +1-26- 2§x:ﬁ\ . 2(5x:ﬁ| - 2§><:ﬁ|)
52 0 '

1- 27x:ﬁ\ + 2?x:ﬁ\
52
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 27

7>< = 7x:ﬁ\ + n|7x-

and
ax = 5x:ﬁ| + H‘EX = 5x:ﬁ| + HEX§X+I7'
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 27

7>< = 7x:ﬁ\ + n|7x-

and
ax = 5x:ﬁ| + H‘EX = 5x:ﬁ| + HEX§X+I7'

Proof: Under a n—year term annuity consists of continuously
payments in the interval (0, n) until time of death. Under a n—year
deferred annuity payments consists of continuously payments in
the interval (n, c0) until time of death. Hence, Y = Y, 5 + 1| Yx.
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Taking n =1, in previous theorem, we get the recurrence relation
for a:

Theorem 28

ax = a,.7 t+ VPxax+1-
|

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 9

Suppose that a, = 10, g, = 0.02 and § = 0.07. Deaths are
uniformly distributed within each year of age. Find ax1.
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 9

Suppose that 3, = 10, gx = 0.02 and 6 = 0.07. Deaths are
uniformly distributed within each year of age. Find ax1.
Solution: If deaths are uniformly distributed within each year of
age, then Uy = {4 — tdy and ¢px = 1 — tgx. Hence,

1
10 = / e 007t (1 — (0.02)t) dt + e 907(0.98)3, 41
0

0.07 (0.07)?
1—e 007 (0.02)(1 — e %97(1 4 0.007)) 0.007
_ - ~0-007(0.98)a,
0.07 (0.07)> v

=0.716498804 + 0.97316395413a,1

1 0.7 0.07 (0 02
1o / (0-02) ¢} gy 1 ¢=0.007(0 gg)3, .,
0

and 3,4 = 100110198804 — 9 539503757.
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Theorem 29

. _ _ a—n(pu+3)
Under constant force of mortality, a .z = 1o T

pu+o
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Theorem 29
Under constant force of mortality, a .z = 176;71(;”6)
Proof:
1 e—n(u+9d) 1 — e—n(u+9)
7P S7ray S i
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Example 10

Suppose that § = 0.08, and the force of mortality is x4+ = 0.01,
for t > 0. Find a, .15, and Var(Y,. 10))-
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

Example 10
Suppose that § = 0.08, and the force of mortality is x4+ = 0.01,
for t > 0. Find a, .15, and Var(Y,. 10))-

Solution: We have that
B 1 — e—(10)(0.014+0.08) | _ =09
1007 7001+008  0.09
We have that

(1 — e—(10)(0.014+0.08))(0 01) 4 o—(10)(0.01+0.08)

= 6.593670447.

Ax:ﬁ|

0.01 +0.08
1—e09 09
7 (1-e (10)(0.01+(2)0.08))(0.01) '\ o-(10)(001+(2)0.08)
x:10] (0.01 + (2)0.08)
1— e—1.7 1
:T +e 7 = 0.6634579217,
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= - —2
Var(Z,.15)  *Acio) — Ax 10 _ 0.6634579217 — (0. 4725063642)°
2 52 (0.08)2
—68.78057148.
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Theorem 30
5x:m+n\ = 5x:ﬁ| + mEX : §x+m:ﬁ|-
Proof:
m+n m . m+n .
ax;rn+r1:/ Vt'thdt:/ v 'thdt+/ v 'thdt
0 0 m
m-+n
=ax:m| + mePx/ VI mPxgm dt
m

n
:éx:ﬁ| + mEx/ vt tPx4+m dt
0

:éx:ﬁ| + mEx - Ex+m:ﬁ|-
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Chapter 5. Life annuities. Section 5.3. Temporary annuities.

The actuarial accumulated value at time n of an n—year term
temporary continuous annuity is

— — n ¢
s _9xn| _ 9xnm| fo vh - epx dt
x:n| — - -
| nEx v nPx v nPx

n 1 n 1
0 n—tPx+t 0 n—tEx+t

is the actuarial factor from time t to time n for a live age x.

1
n—tEx+t
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