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Chapter 5. Life annuities. Section 5.5. Contingencies paid m times a year.

Contingencies paid m times a year

In this section, we will consider the case of life insurance paid m
times a year. In the unit case, a payment of $1 is made each year.
Hence, each m–thly payment is 1

m .
For a period of length 1

m :

(i) the interest factor is (1 + i)1/m = 1 + i (m)

m .

(ii) the effective rate of interest is (1 + i)1/m − 1 = i (m)

m .
(iii) the discount factor is

(1 + i)−1/m = v1/m = (1− d)1/m = 1− d (m)

m .

(iv) the effective rate of discount is 1− v1/m = d (m)

m .
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Whole life annuity due paid m times a year

Definition 1
A whole life due annuity with payments paid m times year is a
series payments made at the beginning m–thly time interval while
an individual is alive.

Let J
(m)
x = dmTxe, i.e. J

(m)
x is the integer such that if

Tx ∈
(

J
(m)
x −1
m , J

(m)
x
m

]
. A whole life due annuity paid m times a year

makes payments at times 0, 1
m . . . J

(m)
x −1
m .

Definition 2
The present value of a whole life due annuity for (x) with unit

annual payment paid m times a year is denoted by Ÿ
(m)
x .

Definition 3
The actuarial present value of a whole life due annuity for (x) with

unit annual payment paid m times a year is denoted by ä
(m)
x .
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Theorem 1

Ÿ
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m
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(m)
x

d (m)
=

1

m
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k=0

Z 1

x : k
m
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(m)
x =

1

m

∞∑
k=1

ä
k| i(m)

m

· k−1
m
| 1
m
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1− A
(m)
x

d (m)
=

1

m

∞∑
k=0

v
k
m · k

m
px ,

Var(Ÿ (m)
x ) =

2A
(m)
x − (A

(m)
x )2

(d (m))2
.
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Theorem 1

Ÿ
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k=0

v
k
m · k

m
px ,

Var(Ÿ (m)
x ) =

2A
(m)
x − (A

(m)
x )2

(d (m))2
.

Proof: The present value of level payments of 1
m at times

0, 1
m , 2

m , . . . , J
(m)
x −1
m is

Ÿ
(m)
x =

1

m
ä
J

(m)
x

∣∣ i(m)

m

=
1

m

1− vJ
(m)
x /m

d (m)

m

=
1− Z

(m)
x

d (m)
.
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Theorem 1

Ÿ
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.

Proof: Since the payment of 1
m at time k

m is made if Tx > k
m ,

Ÿ
(m)
x = 1

m

∑∞
k=0 Z 1

x : k
m

∣∣.
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Whole life annuity due paid m times a year.

Definition 4
A whole life immediate annuity with payments paid m times year is
a series payments made at the end m–thly time interval while an
individual is alive.

A whole life immediate annuity paid m times a year makes

payments at times 1
m , 2

m , . . . J
(m)
x −1
m .

Definition 5
The present value of a whole life immediate annuity for (x) with

unit annual payment paid m times a year is denoted by Y
(m)
x .

Definition 6
The actuarial present value of a whole life immediate annuity for
(x) with unit annual payment paid m times a year is denoted by

a
(m)
x .
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Theorem 2
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Proof: The present value of level payments of 1
m at times

1
m , 2

m , . . . , J
(m)
x −1
m is

Y
(m)
x =

1

m
a
J

(m)
x −1

∣∣ im
m

=
1

m

1− (1 + i)−
(J

(m)
x −1)

m

i (m)/m

=
1− (1 + i)1/mZ

(m)
x

i (m)
=

v1/m − Z
(m)
x

d (m)
.

Since the payment of 1
m at time k

m , k ≥ 1, is made if Tx > k
m ,

Y
(m)
x = 1

m

∑∞
k=1 Z 1

x : k
m

∣∣.
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n–year term life annuity due paid m times a year..

Definition 7
The present value of a n–year life due annuity for (x) with unit

annual payment paid m times a year is denoted by Ÿ
(m)
x :n| .

Definition 8
The actuarial present value of a n–year life due annuity for (x)

with unit annual payment paid m times a year is denoted by ä
(m)
x :n|.
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Theorem 3

Ÿ
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ä
k| i(m)

m

· k−1
m
| 1
m
qx +

1

m
ä
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.
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Proof: The last beginning of the m–thly period of period where

(x) is alive is J
(m)
x −1
m . The last beginning of the m–thly period of

period before time n is nm−1
m . Payments are made at most until

time min(J
(m)
x −1
m , nm−1

m ) = min(J
(m)
x ,nm)−1

m . The present value of

level payments of 1
m at times 0, 1

m , 2
m , . . . , min(J

(m)
x ,nm)−1

m is

Y
(m)
x :n| =

1

m
ä
min(J

(m)
x ,nm)

∣∣ im
m

=
1

m

1− (1 + i)−
min(J

(m)
x ,nm)
m

d (m)/m
=

1− Z
(m)
x :n|

d (m)
.

Since the payment of 1
m at time k

m , 0 ≤ k ≤ nm − 1, is made if

Tx > k
m , Y

(m)
x :n| = 1

m

∑nm−1
k=0 Z 1

x : k
m

∣∣.
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n–year term annuity immediate paid m times a year..

Definition 9
The present value of an n–year life immediate annuity for (x) with

unit annual payment paid m times a year is denoted by Y
(m)
x :n| .

Definition 10
The actuarial present value of an n–year life immediate annuity for
(x) with unit annual payment paid m times a year is denoted by

a
(m)
x :n|.
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Theorem 4
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Proof: The last end of the m–thly period of period where (x) is

alive is J
(m)
x −1
m . The last end of the m–thly period of period before

time n is nm
m . Payments are made at most until time

min(J
(m)
x −1
m , nm

m ) = min(J
(m)
x −1,nm)

m . The present value of level

payments of 1
m at times 1

m , 2
m , . . . , min(J

(m)
x ,nm)−1

m is

Y
(m)
x =

1

m
a
min(J

(m)
x −1,nm)

∣∣ im
m

.

Since the payment of 1
m at time k

m , 1 ≤ k ≤ nm, is made if

Tx > k
m ,

Y
(m)
x =

1

m
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Z 1
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m
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=Ÿ
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Due n–year deferred annuity paid m times a year..

Definition 11
The present value of a due n–year deferred annuity for (x) with

unit annual payment paid m times a year is denoted by n|Ÿ (m)
x .

Definition 12
The actuarial present value of a due n–year deferred annuity for (x)

with unit annual payment paid m times a year is denoted by n|ä(m)
x .
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Theorem 5
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Proof: The last beginning of the m–thly period of period where

(x) is alive is J
(m)
x −1
m . The first beginning of the m–thly period of

period after time n years is nm
m . If J

(m)
x > nm, payments of 1

m are

made at times nm
m , nm+1

m , . . . , J
(m)
x −1
m . Hence,

n|Ÿ (m)
x =

1

m
vnä

J
(m)
x −nm

∣∣ i(m)

m

I (J
(m)
x > nm)

=
1

m
vn 1− v (J

(m)
x −nm)/m

d (m)

m

I (J
(m)
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(m)
x /m

d (m)
I (J

(m)
x > nm) =

Z 1
x :n| − n|Z (m)

x

d (m)
.

Since the payment of 1
m at time k

m , k ≥ nm, is made if Tx > k
m ,

Y
(m)
x = 1

m

∑∞
k=nm Z 1

x : k
m

∣∣.
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Immediate n–year deferred annuity paid m times a year..

Definition 13
The present value of an immediate n–year deferred annuity for (x)
with unit annual payment paid m times a year is denoted by

n|Y (m)
x .

Definition 14
The actuarial present value of an immediate n–year deferred
annuity for (x) with unit annual payment paid m times a year is

denoted by n|a(m)
x .
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Theorem 6
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Proof: If J
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x ≥ nm + 2, payments of 1
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m .
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x − 1

m
nEx ,

a
(m)
x = a

(m)
x :n| + n|a(m)

x = a
(m)
x :n| + nExa

(m)
x+n.

c©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.


	Chapter 5. Life annuities.
	Section 5.5. Contingencies paid m times a year.


