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Non-level payments annuities

In general, we can consider the case of life annuities with varying

payments and general discount rates. Recall that v; is the t—year
_d

discount factor. The force of interest is d; = —% Inve = 3—1‘“

t
We have that v = e Jo %95 Under compound interest:
vi=vti= (140"
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Example 1

Suppose that a special 3—year life annuity due makes a payment of
Ckx_1 at the beginning of year k, k = 1,2,3, where ¢y = 10000,

c1 = 11000 and ¢ = 12000. The annual effective rate of interest
earned in the first and second year are 6.5% and 6%, respectively.
px = 0.98 and pxy+1 = 0.95. Let Y the present value random
variable. Calculate E[Y] and Var(Y).

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.6. Non-level payments annuities.

Example 1

Suppose that a special 3—year life annuity due makes a payment of
Ckx_1 at the beginning of year k, k = 1,2,3, where ¢y = 10000,

c1 = 11000 and ¢ = 12000. The annual effective rate of interest
earned in the first and second year are 6.5% and 6%, respectively.
px = 0.98 and pxy+1 = 0.95. Let Y the present value random
variable. Calculate E[Y] and Var(Y).

Solution: We have that

If Ky =1, Y = 10000,
If K, =2, Y = (10000) + (11000)(1.065)"" = 20328.6385,
If K, > 2, Y = (10000) + (11000)(1.065) "

+ (12000)(1.065)(1.06) ! = 30958.45513,

P{K, = 1} = (0.02), P{K, = 2} = (0.98)(0.05) = 0.049,
P{K, > 2} = (0.98)(0.95) = 0.931.
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We have that

If Ky =1, Y = 10000,

If Ky =2, Y = 20328.6385,

If Ky > 2, Y = 30958.45513,

P{K, = 1} = (0.02), P{Ky = 2} = 0.049, P{K, > 2} = 0.931.

We have that

E[Y] = (10000)(0.02) + (20328.6385)(0.049)

+ (30958.45513)(0.931) = 30018.42501,

E[Y?] = (10000)(0.02) + (20328.6385)2(0.049)

+ (30958.45513)%(0.931) = 914543977.5,

Var(Y) = 914543977.5 — (30018.42501)% = 13438137.42.
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Theorem 1
Assume that the t—year discount factor is v;. The actuarial present
value of a whole life annuity due with payments ¢y, c1, ..., Is

oo k—1

ZZCJVJ k— 1|qx = ZCka k Px-

k=1 j=0
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Theorem 1
Assume that the t—year discount factor is v;. The actuarial present

value of a whole life annuity due with payments ¢y, c1, ..., Is
oo k—1
ZZCJVJ k— 1|qx = ZCka k Px-
k=1 j=0
Proof: If K, = k, k > 1, then payments of ¢y, cp,...,ck_1, are

made at the beginning of year. The present value of these payments
is f;ol ¢jvj. The APV of this annuity is

o k—1 o k—1
DD GuP{Ka=k} =3 > Gy k-l
k=1 j=0 k=1 j=0
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Theorem 1
Assume that the t—year discount factor is v;. The actuarial present

value of a whole life annuity due with payments ¢y, c1, ..., Is
oo k—1
ZZCJVJ k— 1|qx = ZCka k Px-
k=1 j=0

Proof: The present value of the k—th payment is cxvx and the
probability that this payment is made is xpx. Hence, the APV of
this annuity is > 77 5 CkVk - kPx-
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Corollary 1
A unit annually increasing due whole life annuity has payments
1,2,..., at the beginning of the year and actuarial present value

[e.e]

(13), = S (k + V¥ - p.

k=0
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Corollary 2
A unit annually increasing n—year term due life unit annuity has
payments 1,2, ..., n at the beginning of the year and actuarial

present value
n—1

(18)n = (K + 1)V .

k=0
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Corollary 3

A unit annually decreasing n—year term due life annuity due has
payments n,n — 1,...,1 at the beginning of the year and actuarial

present value
n—1

(Dé)x:ﬂ = Z(n - k)vk " kPx-

k=0
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Theorem 2

Assume that the t—year discount factor is v;. The actuarial present
value of a whole life annuity immediate with annual payments of
C1,C2y .ty

ZZCJVJ klax = Zcm kPx-

k=1 j=1
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Theorem 2

Assume that the t—year discount factor is v;. The actuarial present
value of a whole life annuity immediate with annual payments of
C1,C2y .ty

ZZCJVJ klax = Zcm kPx-

k=1 j=1

Proof: If K, = k+ 1, k > 1, then payments of ¢, ¢, ..., ck, are
made at the end of year. The present value of these payments is
Zjl-;l cjvj. The APV of this annuity is

ook ook
D> GuP{Ke=k+1} =) Gy klax

k=1 j=1 k=1 j=1

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.6. Non-level payments annuities.

Theorem 2

Assume that the t—year discount factor is v;. The actuarial present
value of a whole life annuity immediate with annual payments of
C1,C2y .ty

ZZCJVJ klax = Zcm kPx-

k=1 j=1

Proof: The present value of the k—th payment is c,v¥ and the
probability that this payment is made is xpx. Hence, the APV of
this annuity is > 72 1 CkVk - kPx-
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Corollary 4

A unit annually increasing immediate whole life annuity has
payments 1,2, ... at the end of the year and actuarial present
value

(la), = Z kvk - px.
k=1
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Corollary 5

A unit annually increasing n—year term life immediate annuity has
payments 1,2,...,n at the end of the year and actuarial present
value

(Ia)x:ﬁ| = Z kvk " kPx-
k=1
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Corollary 6

A unit annually decreasing n—year term life immediate annuity has
payments n,n — 1,...,1 at the end of the year and actuarial
present value

n

(Da)x:ﬂ = Z(n +1-— k)vk " kPx-
k=1
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Example 2
Suppose that i, (t) = 0.05, t >0, 6 = 0.07. Find (la),
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Example 2
Suppose that 1, (t) = 0.05, t >0, 6 = 0.07. Find (la),.
Solution: Using that Y 2 ; kxk—1 = ﬁ x #0,
Z Kk - py = Z ka—0-05k g—0.07k Z Ke—0-12k
e—0.12
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Theorem 3
Assume that the t—year discount factor is v;. A continuous whole

life annuity with rate of payments c(t) has an actuarial present
value of

) t o0
/ / c(S)vs ds ¢pxfixtt dt = / c(t) - ve - tpx dt.
o Jo 0
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Theorem 3
Assume that the t—year discount factor is v;. A continuous whole

life annuity with rate of payments c(t) has an actuarial present
value of

/ / S)Vs dS tPxfixtt dt = / c(t) - ve - tpx dt.
0

Proof: If death happens at time t, the present value of the
payment is fot c(s) - vs ds. The density of the age—at—death Ty is
tPxlx+t- S0, the APV is

/ / Vs ds ¢pxfixtt dt = / / * tPxfixte dt ds

:/ c(s) - vs - spx ds.
0
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Corollary 7

A continuously increasing whole life unit annuity paid at the time
of death has an actuarial present value of

(Ta). :/ £Vt py
0
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Corollary 8

A continuously increasing n—year term life unit annuity paid at the
time of death with rate of payments t has an actuarial present

value of ,
(TE)X:H = /0 t-vh tPx dt.
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Corollary 9

A continuously increasing decreasing n—year term life unit annuity
paid at the time of death has an actuarial present value of

(EE)X:H - /0 (n - t) vh tPx dt.
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Corollary 10

An annually increasing whole life unit annuity paid at the time of
death has an actuarial present value of

(13), = /Ooom ~vhipydt.
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Corollary 11

An annually increasing n—year term life unit annuity paid at the
time of death has an actuarial present value of

(lé)x:ﬁ‘ - /On[ﬂ ' Vt *tPx dt.
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Corollary 12

An annually decreasing n—year term life unit annuity paid at the
time of death has an actuarial present value of

(D3) = [ o=t v epyat
0
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Example 3

Suppose that uy(t) =0.05, t >0, 6 = 0.07. Find (75))(:@.
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Example 3
Suppose that uy(t) =0.05, t >0, 6 = 0.07. Find (75))(:@.

Solution: We have that

T= B (0.08) .—t(0.07) (1512 1 —t
(/a)X:E| :/0 te ’ e ’ dt:A Wte dt
1.8

1

o " (@ap (1me A 18)

:m12)2(—e_t(1 1))

=37.30299396.
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Example 4

A pension plan pays continuous payments for the remaining
lifetime of a life aged (65). The rate of payments is 50000 a year.
Suppose that the force of mortality is 0.01. The force of interest is
0.08 for deposits made in the the next 10 years and 0.06 for
deposits made after 10 years. Find the APV of the benefit
payments. Find the actuarial present value of this pension plan.
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Solution 1: We have that

e 008t if 0 <t <10,
e—(0.08)(10)—(0.06)(t~10) i 10 <t <10,

t
v, = e—foﬁsds o

The APV is
o0 10
/ c(t)ve - epx dt = / (50000)e 008t =001t gt
0 0

+/Oo(50000)e‘(0-08)(10)—(0~06)(t—10)e—0.01t dt
10

(50000)(1 — e~(0:09)(10))
0.09

+/oo(50000)e(0‘08)(10)6(0~06)te(0.01)(t+10) dt
0

(50000)(1 — e~(0:09(10))  (50000)e(0-08)(10)—(0.01)(10)
0.09 * 0.07
=329683.5 + 290406.9 = 620090.4.

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.6. Non-level payments annuities.

Solution 2:

(50000)3, 15, + (50000)v*° - 10p3x+10

1 — ¢—(10)(0.08) o —(10)(0.01)
0.01+0.08

+ (50000)e~(10)(0-08) g =(10)(0-01)

=(50000)

1

0.01 + 0.06
1—e0° 1
—09 (50000)e™%°—— = 620090.4.

=(50000) T
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