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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Recall that:

Theorem 1

Assuming a uniform distribution of deaths, we have that:
( ’) AX = 5

(iii) n|Ax = i : ,,|AX.
(IV) Ax:ﬁ\ = 5 7l +A

Xn\

Theorem 2
Assuming a uniform distribution of deaths, we have that:
(i) ALV = LA

m)
(m)
] =
i) AL = m>A1
(m)n|A(x’") — A
(iv) AT = A1 Lt AL
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Whole life annuities

Recall that:
. 1- A,
dx = ’
d

v — Ay
=g
_ 1-A
ax = )
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 3
Under a uniform distribution of deaths within each year,

qm LA id i
BT TGy T imgm) T {(mygm)
(m) yl/m _ ,-(#)AX id dm _ 4
= = - ax + - :
d(m) i(m) g(m) () g (m)

_ 1-iAc id, i
~ T et e
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 3
Under a uniform distribution of deaths within each year,

Jm) Lo amA id L im
T Ty (mgm X T mgm)
(m) vi/m — i Ax id dm —d
a = ! — a +
x J(m) (m) g(m) X T J(myg(m)
_ 1-iAc id, i
= T et e
Proof: Using that é)((m) = L= A,\n()m), A(m) fn)AX and a, = 17dAx,
we get that
S(m) _ 1- A 1A 1o g1 -day)
x d(m) d(m) d(m)
i ..+1—,-%m>_ id ._+i(m)—i
Tamm T T gmy T fmyg(m X T myg(m)
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 3
Under a uniform distribution of deaths within each year,

qm LA id i
T g T mgm > T img(m)
(m) yl/m _ ,-(#)AX id dm _ 4
= = - ax + - :
d(m) i(m) g(m) () g (m)
3. = i _id. I o—i
= = At

m_ alm) i
Proof: Using that a(m) = 1/(1(7A A(m) mAx and ay = V}AX'
we get that

(©2009. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 3
Under a uniform distribution of deaths within each year,

qm LA id i
> dm)y mygm) T im) g(m)?
(m) yl/m _ ,-(#)AX id dm _ 4
= = - ax + - :
d(m) i(m) g(m) () g (m)
1 GA id, -
3y = b

5 et
Proof: We have that

vim v CVYmim) i glm) g

d(m) T jmg(m)y T f(m)g(m)
So,
(m) id dm —d
ax

= g > T mgm
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 3
Under a uniform distribution of deaths within each year,

qm LA id i
BT T g T mg(m) T (m) g(m)
(m) yl/m _ ,-(#)AX id dm _ 4
= = - ax + - :
d(m) i(m) g(m) () g (m)
S R A P
Proof: We know that 3, = 1—6@, A, = (ISAX and 3, = %
Hence,
7_1_ZX—1_£AX_ 3(1_dax)_l'd,. o —1i
R T S Ch o O
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Example 1
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Suppose that i = 6.5%.

i) Calculate 382, al*®) and 3go using that Agy = 0.8161901166.
80 80

i) Calculate 382, all®) and gy using that 3o = 3.011654244.
80 80
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Solution: (i) We have that i = 6.5%,
__ _0.06 —_
d=i% = 6.1032816385%,
i(12) = 12((1 + 0.065)2 — 1) = 6.314033132%,
d(12) = 12(1 — (1 + 0.065) " 12) = 6.280984512%. So

0.065
502 _ (50000) — iy Ax _ 1 — Gogstaogarss (0-8161901166)
d(12) 0.06280984512
=2.543720348,

alt?) = 3012 _ 1 = 2543720348 — 1 = 1.543720348,
1-ia, 11— %005 08161901166

- 5/ \x In(1.065) .

a0 = —— = In(1.065) — 2.501986537.
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Solution: (ii)

S(12) id i(12) —j
0 T [(12)4(12) ax + [(12) g(12)
(0.065)(0.06103286385)
= .011654244
(0.06314033132)(0.06280084512) (> 011654244)
0.06314033132 — 0.065
(0.06314033132)(0.06280984512)

—2.543720349,

Al — 312 _ 1 = 2543720349 — 1 = 1543720349,
sy 195 0 _ (0.065)(0.06103286335)
527 52 (In(1.065))2
In(1.065) — (0.065)
(In(1.065))2
—2.501986538.

(3.011654244)
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Deferred annuities

Recall that:
n|éx — nExéXJrn — f,
n‘éx — nExéx—I—n = Ta

n‘éx = nEXéern =

n‘a>(<m - n’éx - *nEX-;
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 4
Under a uniform distribution of deaths within each year,

nEx — == - n|Ax id itm) —
(m) j(m) . 1 BT .
nl& = 4(m) = g "3t gy B
(m) _ pam 1 o id d™ —d
n|a = n‘ax mnEX = I(m)d(m) n|ax+ I(m)d(m) nEX7
Ec.—i-,Ac id §—i
— _ nbx 7§ nlx .
nlax = s 52 nlax + TnEx-
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: For the deferred life annuity due, using that
(m)
W80 = BT S A A LA E A = A

X+n x+n d(m)
and p|ax = %, we get that
sm _ pam _ g1 A 1 A
nlax = x9xitn = W T m)
_nEx_i(%)'n|Ax E (nEX—d'n|5X)
- d(m) - d(m)
.d .(m) o
:Iin‘ax_" : : nEx-

i(m) g(m) -
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: For a deferred life annuity immediate, using that

(m)
m .(m 1 (m .(m) .(m 1-AY
n|a)(< ) = n|a>(< ) - EHEX1 n|a>(< ) = nExa)((+)ny 3>(< ) = Jm

Alm) ,-(%)Ax: we get that

(m)
n’éb(( ) = n|3§< ) — EnEX = nEXaX+n — E”EX = nEXd(im)n — EHEX
ol 1 B T) — By Axen
—nkx d(m) mn X — d(m)
_vl/m'nEx—i(%)'n’Ax
B d(m)
and
1 (m) _
(m) (m) id d d
nlax™ = nExaxin = nkx (i(m)d(m) T ) g (m)
id dm _ 4
= itmgtm 1 gty Ex
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: For a deferred continuous life annuity, using that
_ _ _ _A 1 ;
n‘ax = nExax+nv ax = % AX:ﬁ‘ = éAl ExAX+n = ,-,’AX and

x|’ N
nlax = @, we get that
_ _ 1-A 1— LA E — i A
n’aX:”EXaX'Fn:nEXTX—H":nX 55)( n_ n=x g n|Ax
Ex—j-GE—d-ala) id . 0-i
_nEx 3 (n(sx nl x):(sz.n]ax+52.nEX_
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Temporary annuities

Recall that
. 1 Ax:ﬁ|
ax:ﬁ| = Ta
_ 1- zX:ﬁ\
axn| = S s
_ alm)

a(m) _ 1 Ax:ﬁ|

x:n| glmy 7’

m ~(m 1 1
a)(( ﬁ)| a)((ﬁ)‘ - —+ nEX7
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Theorem 5
Under a uniform distribution of deaths within each year,

— nEx — 5 AL d j(m) _
(m)_ mxen| Xn|+/ /( _E).
Txn| = d(m) i(m) g(m) i(m) g(m)
my_ _id_ d™W—d
Al = T glm) 2l T gty (1~ nEx):
1— nEc— £AL - -
_ xa| id ., 0 — i
ax:ﬁ\ = 5 (52 ay. a + 572(1 - ”EX)'
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: For a n—year term life annuity due, using that
(m)

=(m) _ 17AX1F\ — Al (m) _ i = _ 1A
ax:ﬁ| = T4lmy Ax:ﬁ| - AX:ﬁ| +nEx, AT = i(T)AXy ax:n| = d lv
we get that
(m) 1 i Al

a(m) 1- Ax n 1- Ax:ﬁ (m) — nEx - 1 —nkx— K#)Ax:ﬁ

x:A| d(m) o d(m) B d(m)

1—pE — iy (1= déag — nEx)

B d(m)
id im —

=) g 2+ iy ey (L )
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Chapter 5. Life annuities.

Proof: For a n—year term life annuity immediate, using that

(m) _w(m) 1 1 g u(m) _ 1A N
ax:ﬁ| - a><:ﬁ| T m + E”EX' ax;ﬁ| — T gm ‘v Ax:ﬁ| = A}(:m + nkx,
Al = ,(fn) Ax, axn) = 1_3”‘, , we get that
a(nl = 3(”1) - l + ! nEX
x:A| x:7| m
id . i(m) — 1 1
= i gtm 2 + fmgrm (7 nb) = A TeE
id i(m) 1
:W(l + am — nEx) + W(l — ) = — (1 =)

id id im —i 1
=) gy Pl T (1= nEx) (,-(m)d(m) T mgim m) :

(©2009. Miguel A. Arcones. All rights reserved.

Manual for SOA Exam MLC.

Section 5.7. Computing present values from a life table.



Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: We have that

id i1 id 4 im) g A7
mam T imgm T m im g(m)
i(m) (1 - %) — (1 — d)
B i(m) g (m)
_i(m)vl/m —iv dm —d
T imdm T mg(m)
Hence, (m)
(m _id o dm—d
Zeal = T gtm) 7 T gty (L~ o)
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Section 5.7. Computing present values from a life table.

Chapter 5. Life annuities.

For a n—year term life continuous annuity using that

= 1_Zx:ﬁ A 1 _Ax:ﬁ
B = 5L, A = A, Al T nEx, A A= § A% Bl = —
we get that

A Ec 1-nEc—jAL,

_ _1_Zx:ﬁ|_1_Ax:ﬁ|_n .

ax:nl = 5 - 5 - K}
1—pEc— % (1—daem —nEx) id §—i

- d(m) = g2+ = (1= aE).

Manual for SOA Exam MLC.

(©2009. Miguel A. Arcones. All rights reserved.



Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Linear interpolation of the actuarial discount factor.

Another way to interpolate is to assume that actuarial discount
factor is linear. If we assume HJEEX =Viimeipxls linear in j,

then
+#EX = kEx_ J;(k—&—lEx_kEX)ajzoa]-a'--am_l-

The actuarial discount factor appears in annuities computations.
We have that

m 1l 1SN i 1 m %
~(m L
ax ZEZVm-kPx—;ZZ " +%,'7PX:EZ, kg B
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Section 5.7. Computing present values from a life table.

Chapter 5. Life annuities.

Theorem 6
Assuming that i E is linear in j, then

a(m) _ m—1
x x om
. m—1
a)((n%)‘ axm| — om (1 nEX)7
. . m-—1
n|a>(<m) :n‘ x — 5 'nEx-
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Proof: Using that ZJ 0 li= (m—21)m’ we have that

oo m—1 1 oo m—1 _]

3D SNIE) 3 S (ORI WNCETS)
k 0 j=0 k=0 j=0

— 1
— Z (kE — 5 (k1B — Ex))
m+ 1
o kfok x Zk—i—lE

00
:mT—r:leEx‘FmTr_ankEx
m+1ZkE—|— ka_ 1:ax_m—1
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

We have that

( ) 1 n—1m-—1 1 n—1m-1
-(m
ax:ﬁ| = ; k+in'1EX = ;
k=0 j=0 k=0 j=0
I m—1
:E (Vk kEx — T (k+1Ex kEx)>
k=0
-1 n—1
m+1« m-—1
~am 2Bt T 2 kb
k=0 k=0
-1 n n—1
m+1« m-—1 m-+1
= E.+— =~ L E
om k Ex + om kEx om kLx
k=0 =1 k=0
m—1e2 m—1 m-1
_ E E
* om KT Tom om "*
k=0
m-—1
x| W(l nEx)
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Using that a( m _ (m)
the last formula.

|+ ,,|ax and 3y = a5 + n|ax, we can get
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Chapter 5. Life annuities.

Section 5.7. Computing present values from a life table.

Example 2

Consider the life table
X 80 | 81 | 82 | 83 | 84| 85| 86
ly || 250 | 217 | 161 | 107 | 62 | 28| O

Suppose that i = 6.5%. Calculate 58%)

discount factor is linear.
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

Example 2
Consider the life table

x || 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| O

Suppose that i = 6.5%. Calculate 5%2)

discount factor is linear.
Solution: Using that agp = 3.011654244, we get that

assuming that the actuarial

~(12) 12-1 _
agy - = 3.011654244 — W = 2.553320911.
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Chapter 5. Life annuities. Section 5.7. Computing present values from a life table.

In the continuous case, we assume 1 +Ex = vktt. k+tPx is linear in
t, 0 <t < 1. In this case

k+tEX = kEx - t(k+1Ex - kEX)7O <t< 1.

Letting m — oo in the previous theorem, we get that:

Theorem 7
Assuming that j+Ex is linear int, 0 <t <1,
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