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Abstract

We study the large deviation principle for stochastic processes of the form

o 2k()&, : t € T}, where {£}52, is a sequence of i.i.d.r.v.’s with mean zero and
x(t) € R. We present necessary and sufficient conditions for the large deviation princi-
ple for these stochastic processes in several situations. Our approach is based in showing
the large deviation principle of the finite dimensional distributions and an exponen-
tial asymptotic equicontinuity condition. In order to get the exponential asymptotic
equicontinuity condition, we derive new concentration inequalities, which are of inde-
pendent interest.

1 Introduction

We study the large deviation principle for stochastic processes of the form {d ;~, zx(t)& :
t € T}, where {&:}p2, is a sequence of ii.d.r.v.’s with mean zero, T' is a parameter set
and zx(t) € R. Our results apply when log(P{|&| > t}), t > 0, is either a convex or a
concave function. In particular, we obtain necessary and sufficient conditions for the LDP of
{0 xk(t)&g : t € T}, where {&} is a sequence of symmetric i.i.d.r.v.’s such that for some
p, T >0,

ull_{go u Plog(P{|&| > u}) = —. (1.1)

Stochastic processes like that have been considered by several authors. If {X(¢t) : t € T} is
a mean zero Gaussian process such that sup,c, | X ()| < oo a.s., then there exists a sequence
of i.id.rv.’s {&}52, with a standard normal distribution and real numbers zx(t), £ > 1,
t € T, such that for each t € T, X(t) := > ;- zx(t)& (see for example Proposition 2.6.1 in
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Kwapienn and Woyczyniski, 1992). Hence, the considered stochastic processes are a natural
generalization of Gaussian processes. Observe that for a standard normal r.v. &,

Jim u ? log(P{J¢] > u}) = ~27. (1.2)

Talagrand (1991, 1994) studied the concentration of measure and continuity of processes
of the form {>°7° x4 (t)& : t € T}, where {&} is a sequence of i.i.d.r.v.’s with density c,e™I*",
x € R, where p > 1. Gluskin and Kwapien (1995) gave tail and moment estimates for the
r.v. > oo agy, where {;} is a sequence of symmetric i.i.d.r.v.’s with logarithmically concave
tails. Latala (1996) gave tail and moment estimates for Y~ | @&, where {{} is a sequence
of i.i.d.r.v.’s with logarithmically concave tails and {z} is a sequence of vectors of a Banach
space. Hitczenko, Montgomery—Smith and Oleszkiewick (1997) considered moment inequali-
ties for Y | &, where {&;} is a sequence of symmetric i.i.d.r.v.’s such that —log(P{|&;| > t})
is a concave function.

We consider large deviations in the sense of Varadhan (1966). General references in large
deviations are Deuschel and Stroock (1989) and Dembo and Zeitouni (1998). We consider
stochastic processes as random elements of [, (7), the Banach space consisting of the bounded
functions on 7" with the supremum norm. We use the following definition of large deviations
for stochastic processes.

Definition 1.1. Given a sequence of stochastic processes {U,(t) : t € T}, a sequence of
positive numbers {€,}>2, such that €, — 0, and a function I : l(T) — [0, 00|, we say that
{U.(t) : t € T} satisfies the LDP with speed €, and with rate function I if:

(i) For each 0 < ¢ < 00, {z € Io(T) : I(2) < ¢} is a compact set of l(T).

(ii) For each set A C lo(T),

—1(A°) < liminf, . €, log(P.{{U.(t) : t € T} € A})

< limsup,,_,, €, log(P*{{U,(t) : t € T} € A}) < —I(A),
where A° is the interior of A and A is the closure of A.

It is shown in Arcones (2003) that this definition is equivalent to the large deviations for
the finite dimensional distributions, plus an asymptotic equicontinuity condition. This result
is similar to the classical one for the weak convergence of empirical processes.

In Section 2, we present some new concentration inequalities for series processes, which are
of independent interest. In Section 3, we study the large deviation principle of series processes.

¢ will denote a finite constant, which may change from occurrence to occurrence. For p > 1,
l, denotes the Banach space consisting of the sequences ()2, such that > > |z;[P < oo en-
dowed with the norm ||(z;)32,], == O,y ].izzi|p)1/p. l denotes the Banach space consisting
of the bounded sequences (7;);2; endowed with the norm ||(z;)72, (| 1= sup;s; |7;|. We sim-
plify [[z(¢)|l, == [[(xi(t))24]],- We say that a function I : S — [0,00] is a good rate, if
{r € S:I(z) <c}is a compact set, where S is a topological space.
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2 Some concentration inequalities for certain series pro-

cesses

It is well known that concentration inequalities play a fundamental role in the study of Gaus-
sian proceseses (see for example Ledoux and Talagrand, 1991). This is also so, for the con-

sidered stochastic processes. Let 75 be the measure on RN which is the product of ~, where
= [, 2 e 1t dt.
A

Theorem 2.1. (Talagrand, 1991, Theorem 1) For each set A € B(RY) with v,(A) > 0,
Yoo (A + 6u'2By + 9uBy) > 1 — (750(A)) L exp(—u), (2.1)
where By, = {(ay)72, + > pey |lanl? < 1}, forp=1,2.

The previous inequality with the constants above is in Ledoux (2001, Theorem 4.16).

In the case of Gaussian processes, concentration inequalities only involve the unit ball with
respect to the [y distance. This is so, because different path properties of Gaussian processes
can be characterized using the [l distance. However, for the considered stochastic processes,
two distances are needed in general.

In this section, we present concentration inequalities for the stochastic processes {X(t) :
t € T}, where X(t) := Z] L2 (t)EG, 1€5152, is a sequence of symmetric i.idr.v.’s, T is a
parameter set, and z;(t) € R. By Theorem 5.1.4 in Chow and Teicher (1978), the series
> e, Tk (t)€, converges a.s. if and only if Y 72 (z(¢))* < oo. In the considered situation, we
have the following result:

Lemma 2.1. Let {{;}32, be a sequence of symmetric i.i.d.r.v.’s such that P[§; = 0] < 1. Let
T be a parameter set. Let X(t) = 72, x;(t)§;, t € T'. Suppose that sup,er |X(t)| < o0 a.s.
Then, E[sup,er | X (t)]] < oo and sup,er > pey T2 (t) < 00.

Proof. Let 0 < n < 271(1 —P[& = 0]). Take M > 0 such that Plsup,er | X(¢)] > M] < 7. By

the Lévy inequality (see for example Proposition 2.3 in Ledoux and Talagrand, 1991),

sup sup P[|z;(t)&;| > M] < P[supsup |z;(t)§;| > M] < 2P| sup|2xj )& > M) < 2n.

teT j>1 teT j>1

Hence, sup,;cy sup;-, |7;(t)| < oco. Thus, by the Hoffmann-Jgrgensen inequality (see for exam-
ple Proposition 6.8 in Ledoux and Talagrand, 1991), E[sup,c; | X (¢)|] < co. By the Kintchine’s
inequality (see for example Lemma 4.1 in Ledoux and Talagrand, 1991), and the contraction
principle (see for example Lemma 4.5 in Ledoux and Talagrand, 1991),

27 2Bl& I super (3202, 2 (1))Y? < Ell& ) supyer Bl 3277, exan(t)]]
El& [ Elsup,er | 352 ernvu(t)]] < Elsupger [ 3552, Sree(t)]] < 0o,

where {¢} is a sequence of i.i.d. Rademacher r.v.’s independent of the sequence {}. O
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We present two types of concentration inequalities according with whether the function
O(t) = —log(P{|¢] > t}), t > 0, is convex or a concave.

Next, we present a concentration of measure inequality for sequences of r.v.’s satisfying
the following condition:

(B.1) ¢ is a symmetric r.v. such that ®(t) = —log(P{|{|] > t}), for t > 0, is a convex
increasing function.

Condition (B.1) is satisfied for many r.v.’s. In particular, (B.1) holds if £ has a symmetric
distribution and P{|¢| > |t|} = e~ for each t > 0, for some ¢ > 0 and some p > 1.
We will need the following lemma:

Lemma 2.2. Let ® be as in condition (B.1). Let
A(z) = sign(x)sup{y > 0: ®(y) < |z|} for z €R. (2.2)

Then,
(1) For each a,b >0, Aa+b) < A(a) + A(b).
(ii) For each a,b € R, |A(a) — A(b)| < 2\(|a — b]).

Proof. Since ® is convex, ®’ is nondecreasing. So, for each a,b > 0,

<I>(a)+<I>(b):/Oaé’(t)dtJr/obCI)’(t)dtg/Oﬁb(I)’(t)dt:cI)(aer).

So, (i) holds.
If either a < 0 < b, or b < 0 < a, then

[A(a) = A(b)] < 2max(A([al), A(|b])) < 2A(Ja — b]).
If either a,b < 0, or 0 < a, b, then, by (i),
[A(a) = A(B)| = [A(lal) — A([6])] < A(la — b]).
]

Theorem 2.2. Let {§;}32, be a sequence of symmetric i.i.d.r.v.’s satisfying condition (B.1).
Let T be a parameter set. Let X(t) := > 2 x;(t)¢;, t € T. Suppose that sup,er |X ()| < oo
a.s. Then, for each 0 < M < o0,

P{sup,er [X (1) = M + 2La(u)}
< (P{sup,er [X(1)] < M})~e™,

where
= sup{z (Ol (axl + bal) = D (@(ar))? < 364, Z(I) be) < 9u,t € T}.
k=1 k=1



Proof. Let {Y;}32, be a sequence of symmetric i.i.d.r.v.’s with P{|Y;| > ¢t} = e, for each
t > 0 and each i > 1. Let A be as in (2.2). Then, for each z,y > 0, ®(y) < z iff y < A(z). By
the continuity of the function ®, we also have that ®(A(x)) = z, for each > 0. Hence, we
have that for each ¢ > 0,

P{AY;)| >t} =P{A(|Yi]) > t} = P{|V;] > (1)} = e " = P{|&] > t}.

Therefore, & and A(Y;) have the same distribution.
Let A4 = {(y0)2%, : super | 2300, an(OAw)| < M}. By (2.1

P{(Y;)2, & A+ 6u'/?By + uB;) < (P{(Yi)2, € A})™ e,

So, it suffices to show that if (1;)32, € A + 6u'/2By + 9uB;, then

up| S (DA < M + 2L(u).

teT i=1

We have that there are (a;)2, € A, (b;)32, € By, and (¢;)2, € By, such that for each i > 1,
Y = a; + 6u'/2b; + Yuc;. By Lemma 2.2,

supger | 2oy i) A(a; + 6u/2b; + Juc; )|

< super | 2o @i(OAai)| + 2suprer 3277 |2i(8)|A(16w!2b; + uci|)
< M+ 25upyer S5, (OG0 2[b) + 2sup,er Y5, fes (O AOule,)
< M+ 2Lg(u).
Because,
D (@A6u'2[b:))))* <) 36ub} < 36u,
i=1 i=1
and

> (M 9ulei])) <) 9ulei| < 9u.
=1

=1

]

Corollary 2.1. Assume the notation and conditions in the previous theorem. Suppose also
that there are constants T > 0 and p > 1 such that 7®(x) > max(|z|P,|z|), for each x > 0.
Then,

(i) If p > 2, then, for each 0 < M < oo and each u > 0,

P{supyer [X (1) > M + 2sup;eq [|o(8)]l(36ur?) 77 + 2supeq [[2(8)]|o(97w) 7}
< (P{suprer [X (1) < M})~le™.

(i) If 2 > p > 1, then, for each 0 < M < 0o and each u > 0,

P{supier | X ()] = M + 12supyer [[2(t) [amu!’? + 2supyer [[2(8)]l4(97u) 7}
< (P{supyer [X(1)] < M}) e,



Proof. By Theorem 2.2, we need to prove that if p > 2,

Lo (u) < sup [[2(t)]|y(367%u)"/” + sup ||z (t)[|4(97u)'/7; (2.3)
teT teT
and if 1 <p <2,
Lo (u) < 6sup [[a(t)[|aru'’ + sup ||z (t)[|o(97u) /7. (2.4)
teT teT
Suppose that
Z(@(ak))z < 36u and Z@(bk) < 9u.
k=1 k=1

Iftp > 2,

S () ar] < ()l (05 arl?) < lla() g (55 (max(|ag], [ax?)?) "
< @)l (52, (B(ar)?)” < [l (t)]q(3672u) .
f1<p<2,
S lew(®)aw] < o)l (272 larl?)
< Ja(®)llar (20, (@(lar)?) " < 6]l (t)l|arul 2
We have that

1/p

S e lbe] < @)l (2520 10el?)
< el (32 000) " < )0

O
It follows from the previous corollary that for u large enough,
P{sup | X (t)| > u} < 2exp(—cu” sup [lz(t)[|*), (2.5)
teT teT

where ¢ is some positive constant.

In the situation of the previous corollary the asymptotic exponential order of the tail of
sup,ep | X (t)] is the same as the asymptotic exponential order of &. In Theorem 3.4, we give
an example of r.v.’s for which the asymptotic exponential order of the tail of sup,., | X ()| is
bigger than the asymptotic exponential order of &;.

Next, we consider the case when —log(P{|¢{| > t}), t > 0, is a concave function. We
consider the following condition:

(B.2) £ is a symmetric r.v. such that:
(i) ®(t) = —log(P{|{] > t}), t > 0 is a concave increasing function.
(ii) There exists a constant 7 > 0 such that for each a > 0, 2®(a) < ®(7a).

If for some 7 > 0 and some 1 > p > 0, P{|{| > t} = exp(—nt?), for each ¢ > 0, then (B.2)
holds.
Condition (B.2) (iii) imposes a sort of polynomical growth. If P{|¢| > ¢t} = -, for each

1
t >0, then ®(t) = —log(P{|Z] > t}) =In(t + 1), t > 0, is a concave function. But, (B.2) (ii)
does not hold. For each 7 > 0, inf,~ % =1.



Theorem 2.3. Let {{;}52, be a sequence of i.i.d.r.v.’s satisfying condition (B.2). Let T be
a parameter set. Let X(t) := >, x;(t)&;, t € T, where 3377, |;(t)]* < oo for each t € T.
Then, for each u > 0,

P{igp@ | X ()] > M(4 + 687%u/? + 1027%u) (2.6)
+ 2161713 |2 () [l (A(6u?) 4 12762 4 12(7 + D)u'2N (6u'/? + 9u))
+ sup 2(t) | oo (A (1) + 187uX (1) + 187uN (6u'/* + 9u))}

e <27,

where M = E[sup,ep | X (t)]].

Proof. We proceed as in Theorem 2.2. Let {Y;}°, be a sequence of symmetric i.i.d.r.v.’s with
P{|Y;| >t} = e, for each t > 0 and each i > 1. Then, & has the distribution of A(Y;), where
A. By condition (B.Q), A is a convex function in [0, 00), with A(0) = 0 and for each a > 0,

N(2a) < 7X(a). (2.7)
Let
A= ° < 4M, 2 < 32M7%).
{(an)iz < sup| Zxk (ax)| fggzwk Aar)) }

We claim that
P{(Yy)e, € A) > 1/2.

By the Chebyshev inequality,

P{sup|2xk MY >4M} < 1/4.

teT

By the Kintchine inequality,

P{supyer > pey 7 (1) (A(YR))? > 32M7}

3272 M Elsup,ep (3 pey 22 () (AM(Y2))*)M?]
3212 M Elsuper(E[(X5, extr(H)A(Y2)2]) V]
272 M E[sup;er Ec[| o p0y entr(t)A(Ya)|]]

272 M Esuper | 3002, esan()A(Yr)[] = 272

INIA I IA

where {¢;} is a sequence of i.i.d. Rademacher r.v.’s independent of the sequence {¢}. There-
fore, vo0(A) > 1/2.
By (2.1), it suffices to show that if ()22, € A + 6u'/2B, 4+ 9uB, then

super | D 2imy i(HA(Y:)]

< M4+ 687%u? + 10272u)
supier [(0)]|o(A(6u!/2) + 127wt/ + 12(r + 1)u X (6u'/? + 9u)
+supyer [|2() loo (A(9u) + 187uN (1) 4+ 187uX (6u'? + 9u)).
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We have that there are (a;)2, € A, (b;)32, € B, and (¢;)°, € By, such that for each i > 1,
y; = a; + 6u'/?b; + uc;. Since N(t) is an even function an it is nondecreasing in [0, 00), for
each a,b € R, with |b| < |al,

[Aa +b) = Aa)| < [b|XN (|al + [b])
and [\(b)| < |b|N(|b]). So, for each a,b € R,
[A(a +0) — Ala) — A(b)| < 2min(lal, [b]) X' (|al + [b]). (2.8)
Using (2.7), for each a,b € R,
[N(a+ )| < X(la| + [b]) < N(2max(|al, [b])) < 7A'(max([al, [b])) < 7(N'(la]) + N (|b])).

Using the previous inequality and (2.8), we get that for each a,b € R,

[AMa+b) = Aa) = A(b)| < 27 min(al, [b])(X'(|al) + X'([b]))- (2.9)
Using (2.8) and (2.9), for each ¢ > 1,

|Ma; + 6ut2b; + uc;) — Ma;) — A(6u/2b;) — A(9uc;)| (2.10)
IMa; + 6u'/?b; + uc;) — Ma;) — M(6u/2b; + Yuc;)|
+IA(6u2b; + uc;) — A(6u/2b;) — A(Yucy)|
< 27(6ut2|by| + Yule )N (Jas|) + 27 (6ul/2|b;| + Yule;| )N (6ul/? + 9u)
+12u2|b; | N (6u'/? + u).

IN

Since A’ is nondecreasing in [0, 00), for each a > 0,

A(2a):/02a>\’(t)dtz/2a)\’(t)dt2a>\’(a).

By condition (B.1), for each a > 0, A(2a) < 7A(a). So, for each for each a > 0, aX (a) < TA(a).

Hence, for each a € R,

N(lal) < N(1) + 7A(Jal]). (2.11)
By (2.10) and (2.11), for each i > 1,
|Ma; + 6ut2b; + uc;) — Ma;) — A(6u/2b;) — A(9ucy)|
< 127N (D)ut?|b;] + 187N (1)ulcy

+1272u2|b; | A(|as]) + 1872uei | A(|as))
+12(7 + Dul/2|b;| N (6u/? 4+ 9u) + 187u|c;| N (6ul/? + u).



These estimations imply that for (a;)3°, € A, (b;)2, € Bs, and (¢;)2, € By,

| > ()N (a; + 6u'/2b; + Juc;)|
< I w)A @)+ | 200 m()A6u20)| + | Do wi(E)A(Jucy)|
F127X (D)l 305 [ (8)|[bs] + 187N (1w Yo52 ) o (t) e
+1272u2 30 | (0)][ba) A ([ ai]) + 1872w 350 |2 ()] es | A(las])
+12(7 + Dul2N (6ut/? + 9u) 3200 |z (t)]|bi]
+187uN (6u/? + 9u) > |wi ()] e
| S @) (aq)| + 2oy | ()[ba A(6u/2)] + D002 | (t)|es] A(9u)|
F127u AN (1) 305 [ (8)][bs] + 187uN (1) 3257 () ||ci
F12720M 23722 | ()| A(Jas]) + 18720 3252 [ (8)| A (Jai])
+12(7 + Dul2N (6ul/? + 9u) S0 |z ()]|bi
+187'u)\’(6u1/2 +9u) Y2 |xi(t) el
AM + ||z ()]]2A(6u2) + (|2 (t) oA (9u) + 127u 2N (1) [|2(t)]|2
+187uN (1) ||z(t)| oo + 687202 M + 10272uM
+12(7 + 1)u1/2/\'(6ul/2 + 9u) ||z (t)||2 + 187'u)\’(6u1/2 + 9u)||z(t) || 0o
= M4+ 68722 + 1027%u)
@ (@) |2 (A (6ut/2) + 1276 2N (1) 4+ 12(7 + Dul/2N (6u'/? + 9u))
2 (#) oo (A(9u) + 187uN (1) 4 187uN (6ul/? + 9u)),

where we have used that for each 0 < ¢ <1 and x > 0, A(tz) < t\(x). This follows from the
convexity of A in [0,00). This implies the claim of the theorem. O

IN

IN

The term of bigger order, as u — oo, inside the probability in (2.6) is A(9u). So, the
previous theorem gives that there exists a constant ¢ such that for u large enough,

P{sup [ X (1)] = csup [|2(8)[loA(u)} < 2e7.
teT teT

3 The LDP for certain series processes

Our goal is to study the LDP of {77 zx(t)& : t € T}, where {&}2, is a sequence of
i.i.d.r.v.’s with mean zero, T is a parameter set and xx(t) € R. We present results on the
order of generality of the r.v.’s considered. First, we will study the LDP for {n~'¢}, where
¢ is a r.v. Then, we will study the LDP for {> 7 23§}, where {z;} is a sequence of real
numbers. Finally, we will consider the LDP for {2 zx(t)& : t € T'}.

In order to obtain the LDP for {n~'¢}, it is needed to impose that the tail of the r.v. £ is
regularly varying. We refer to regular variation to Bingham, Goldie, and Teugels (1987). We
consider the following condition:

(A1) —log(P{|¢| > t}) is regularly varying at infinity with order p > 0 and for some

0 <ecp,ep < oo, (P{ 5
. log(P{¢ < —u
1
w2 Tog(P{JE] = u})

9
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and
log(P{¢§ > u})

lim = (9.

r—oo log(P{|¢] > u})

Since for each u > 0, P{{ < —u} < P{|¢| > u} and P{{ > u} < P{|{] > u}, ¢; > 1 and
co > 1. Tt is easy to see that min(cy, c3) = 1. Under condition (A.1), {n~'¢} satisfies the LDP

with speed €, ! := —log(P{|¢| > n}) and rate function
|t if t <0
Y(t) =140 if t = 0; (3.1)

eoltlr if t > 0.
Under minimal conditions if {n~'¢} satisfies the LDP, condition (A.1) holds:

Theorem 3.1. Let & be a r.v. and let {€,}°2, be a sequence of positive numbers converging
to zero. Suppose that:

(1) {n=1&} satisfies the LDP with speed €' and a good rate function 1.

(i) 1 is continuous in R — {0}.

(111) There exists 0 < to < oo such that 0 < K(ty) < oo, where K(t) = inf{1(s) : |s| > t},
fort > 0.

Then, condition (A.1) holds and v is as in (3.1) for some p > 0 and some 0 < ¢y, ca < 00.

Proof. Let J(t) = inf{t)(s) : s > t}, if t > 0 and J(t) = inf{e)(s) : s < ¢}, if t < 0. Then,
for each ¢ > 0, K(t) = min(J(t), J(—t)). By conditions (i) and (ii), j and K are continuous
functions on R — {0}. Hence, for each ¢t > 0,

llm enlog(P{€ > tn}) = —J(1),

and for each t < 0,
lim €, log(IP{{ <tn}) = —J(t).

Besides for each t > 0,
lim €, log(P{|¢| > tn}) = —K(t).

By the Karamata theorem (see for example Theorem 1.10.2 in Bingham, Goldie and
Teugels, 1987), —log(P{|¢| > t}) is regularly varying at infinity with order p > 0 and there is
a 0 < ¢ < oo such that for each t > 0, K(t) = ct?. Since ¢ is a good rate, limp .o ¢(t) = 00
and p > 0.

We claim that

5t) = {01]t|p if ¢t < 0; 52)

oltP i t > 0.
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where ¢; = % and ¢y = % We have that

L log(P(E > ton)) _ J(to)

n—oo log(P{|¢| = ton}) K (to)

This limit and the regular variation of — log(P{|¢| > t}), implies that

L JosPlE= ) ()

u—oo log(P{[¢| = u})  K(to)

So, for each t > 0,

log(P{¢ > tn})

enlog(P{€ > tn}) = ¢, log(P{[£| > tn — —colt]P. 3.3
(Pl > tn) = log(P{Je] > tnh) e =Tl o (3.3
Similarly, for each ¢ < 0,

e log(P{¢ < tn}) — —1|t|F. (3.4)
So, J is as in (3.2). The limits (3.3) and (3.4) imply that ¢ is as in (3.1). O

Next, we consider the LDP for the series ), | 2, where {;} is a sequence of i.i.d.r.v.’s
with mean zero and finite second moment and {x;} is a sequence of real numbers. To determine
the rate function of the LDP of {n™' >3 | 4}, we will use the following lemma:

Lemma 3.1. Let ¢ be as in (3.1), where p > 0, 0 < ¢1,¢0 < 00 and min(cy, c) < co. Let
{z}72, be a sequence of real numbers such that > - x} < co. If p > 2, assume also that
> pey okl < 0o, where L+ - = 1. Let

I(z) = inf{z P(uy ) Zujxj = z}. (3.5)

If p > 1, then
I(z) = 2P (7 ey |l + "7 e, i) 2 < 0 (3.6)
2P (er ™ Cien, 2?3 Y, i) 70 i 2> 0;
where Ay ={i >1:2; <0} and Ay ={i >1:xz; > 0}.
If 1 >p >0, then
1y = [P, G s, ) <0
2P (max(sup,c, e il sup,ca, ez i) T 2 > 0.
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Proof. Assume that p > 1, ¢1, ¢y < 0o and Z;; ujz; = z > 0. By he Holder inequality,

Z = Ziem Tiu; + ZieAz Lty
< (Zi?Al |$i|q)1/q(2ieA1 |ui|p)1/p + (ZieA2 |wi|q)1/q(2ieA2 |ui|p)1/p
= (e ZieAl ’xi‘q)l/q(cl EieAl ’ui‘p)l/p
ey " Y e, i)Y 1(C2 Yie, luilP) 7
< (@GP e, |l e, il )
><(Cl/ Dien, (Uil + 23 e a, s |P) 1/ 1
= (@ T G DY (D ()
Hence,
Zw > 2P (7D il + 6 P )P
icAy i€ A,
Take
w; = Z(C;q/p Z |27 + C;q/p Z ‘xi|q>flc;q/p’xi‘qm
1€A7 1€ Ag
if 1 € Al, and
(P> 7 il + 77 ) e a7
i€A; i€As

if i € Ay. Then, Y °°, x;u; = z and

D ww) =[P (e D fail o+ e Y )
=1

i€A] i€A2

1(2) = [ 3 il + ™ Y )77,

€A 1€Ag

So,

The cases when either z < 0 or ¢; = 00 or ¢g = oo are similar. The case 1 > p > 0 follows

similarly.

Next, we consider the LDP for series over a sequence of i.i.d.r.v.’s satisfying condition

(A.1).

Theorem 3.2. Let {&} be a sequence of i.i.d.r.v.’s with mean zero satisfying condition (A.1)
for some p > 1. Let {x;}3°, be a sequence of real numbers such that Y, 3 < oo. Let

X =30 wple. Let €, := (—log(P{|¢] > n}))~'. Suppose that:
(i) For each u > 0,

o0

lim limsupe, Z Wy (ue,'n"a;) =0,

k—o0
n—00 ekt 1

12



where ®(x) = —log({P{|¢] > [z[}), z € R, ¥U(x) = sup,cg(ry — P(y)), = € R, and Wy(t) = 1?
for |[t| <1, and Vy(t) = max(1, ¥(t)) for |t| > 1.

(i) If p > 2, assume also that Y 7~ |z;|? < oo, where Il)+% =1.

Then, {n"' X} satisfies the LDP with speed €, and rate function

I(z) = inf {Zz/}(uj) : Zujxj = z} ,

where v is as in (3.1).

Proof. Let X, =n~" 2521 ;& and let X,, = n~' 37, x;¢;. By Theorem 3.2 in Baxter and
Jain (1986), it suffices to prove that:
(C.1) For each k > 1, X,, 1, as n — oo, satisfies the LPD with speed €, ! and rate function

k k
I (2) = inf {Z P(uy) ijuj = z} :
j=1 Jj=1
(C.2) For each 7 > 0,

lim lim sup €, log(P{| Z z;€j| > ™n}) = —oo.

k—oo n—oo .
Jj=k+1
(C.3) For each x € R,

I(z) = lim liminfinf{/;(y) : |y — z| < d}.

0—0 k—oo

By Lemma 2.8 in Lynch and Sethuraman (1987) and Theorem 3.1, for each k > 1,
(n~'€,...,n"1€,) satisfies the LDP with speed ¢! and rate function S  4(u;). Hence,
by the contraction principle for each k > 1, {n™! 25:1 x;¢;} satisfies the LDP with speed ;!
and rate function Ix. Hence (C.1) holds.

To check (C.2), we estimate the moment generating function of £. We claim that there
exists a finite constant ¢ such that for each A € R,

[ log(Elexp(\)])| < e (20). (3.5)
Take A\g > 0 such that ¥(X\g) > 0. Since &; has mean zero,
Elexp(\&1) — 1] = O()\?), as A — 0.

This implies that there exists a constant ¢ such that (3.8) holds for each [A| < Aq.

Let G be the df of |¢]. Given 0 < p < 1, let G7'(p) = sup{z > 0: G(z—) < p}. We have
that for each # > 0 and each 0 < p < 1, G(z—) < p if an only if z < G~(p). We also have
that for each 0 < p < 1, G(G™'(p)—) < p < G(G7*(p)). We claim that each 0 < a < 1,

(
Elexp(a®(&1))] < (1 —a)™" (3.9)

13



We have that exp(—®(x)) =1 — G(z—). So,

Elexp(a®(&))] = El(1 - G(|&|-)™] = B[ g, at ™" ]
= Bl I(1-G(|&]-) <t)at™ " dt = [T P(1—t < G(|&]—))at— " dt.
Ift>1, P1-t<G(&]—-)=1If0<t <1,

P{1—t < G(l&]-)} =P{GT' (1 —1t) < al}
= 1-GGE'1-t)<1-(1—-t)=t.

So
| Elexp(a®(&))] < fol at™dt + [Fat™tdt = (1—a) ",
and (3.9) follows. (3.9) implies that
Elexp(]X&1])] < Elexp(271®(&)) + 2710(2)))] < 2exp(271T(2))).
Hence, there exists a positive constant ¢ such that for each [A| > |\,
log(Elexp(A\é1)]) < log(2) +2710(2)) < cWy(2)).

Therefore, (3.8) holds.
Given 7,u > 0,

00 et S U %)
P{Z{':kﬂ 7€ > ™} < e Elexp(ur~'n~le,! D ikt L5)]
e 12 ps Elexp(ur™n="e M as¢;)]
exp(—ue,' +cy 2, Ua(2urIn e ).

IA I

Using a similar inequality for the lower bound, we get that

en log(P{| 2252411 7€ > mn})

as n — oo. Hence, (C.2) holds.
(C.3) follows from Lemma 3.1.

The following condition is stronger than condition (A.1):

(A.2) For some p > 0 and some 0 < by, by < oo with min(by, by) < oo,
lim v log(P{{ < —u}) = —

and
lim u Plog(P{{ > u}) = —

Under condition (A.2), lim, . v ?log(P{|{| > u}) = —b, where b = min(b, by).

Under

condition (A.2), if ®(x) = —log(P{[¢| > [z[}), Y(z) = sup,cr(zy — ®(y)) and p > 1, then

lim 2790 (z) — (bp)~¥PqL.

r—00

14



So, there are 0 < ¢y, ca < oo such that for |z| large enough,

alr|? < ¥(x) < ez (3.10)

Theorem 3.3. Let {132, be a sequence of i.i.d.r.v.’s with mean zero satisfiying condition
(A.2) for some p > 1. Let {xx}72, be a sequence of real numbers such that Y, | 3 < oo. Let
X =72 xk&. Then,

(i) If 2> p > 1, then {n"' X} satisfies the LDP with speed nP.

(11) If p > 2, then {n"' X} satisfies the LDP with speed n? and a good rate function if and
only if 3772 |57 < oo, where ]l] + % =1.

Moreover, the rate function is given by (3.1) with ¢y = by and c3 = by.

Proof. First let us prove (i). Assume that 2 > p > 1. We apply Theorem 3.2. There exists a
finite constant ¢ such that for each x € R, Wy(x) < c(z?+|z|?). So, hypothesis (i) in Theorem
3.2 holds. Let u > 0. If p = 1, for k large |ux;| < 1. So, for k large enough,

[e.e]
n_lg Uy (uxj) = 12 ux

j=k+1 j=k+1

and hypothesis (i) in Theorem 3.2 holds.

Next, we prove (ii). Assume that p > 2. There exists a finite constant ¢ such that for each
x € R, Uy(z) < clz|?. Hence, using Theorem 3.2, 3377, |2;|7 < oo implies that {n "X},
satisfies the LDP with speed n?. Reciprocally, if {n~'X}>°  satisfies the LDP with speed n?
and a good rate function, then given 7 > 0, there exists a M > 0 such that for n large enough,

P{n~"| sz&‘ >M}<e ™

=1

Let {£/} be an independent copy of {;}. By symmetrization and the Lévy inequality, for each

N < o0,
P{n| i, 2i(& — &) > 2M} < 2P{n~'| 22, 2i(& - &) > 2M}
< AP{n Y0 @il > M} < dem ™.
So,
N
limsupn " log(P{n " Y z:(& — &)| = 2M}) < —

n—00 -
=1

for each N < oo. By Theorem 3.2, n~! sz\il z;(& — &) satisfies the LDP with speed n? and

7

rate function
N

mf{z U(u;) + () - Zm,(uZ — ;) =z},

=1
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where 1 is as in (3.1) with ¢; = b;, for i = 1,2. By Lemma 3.1 this rate function is

N
1(2) = |27 (b7 + b)Y ol )01,

i=1
So,
N
M) (7 + by )Y ) >
i=1
Since this happens for each N > 1, > |2;|? < oo. O

One should expect that if p > 2 and Yo, |2;[P/?P~Y) = oo, then {n"'X} still satisfies a
LDP, but with smaller speed. Next theorem presents a situation where this happens:

Theorem 3.4. Let {&.}52, be a sequence of symmetric i.i.d.r.v.’s such that P{|{| > t} =
exp(—ctP), for each t > 0, where p > 2 and ¢ > 0. Let 271 <b < (p—1)/p. Then,

lim £/00) log P{rsz@m} (1= BN,

where a := [°In Elexp(z~%¢)] dx.

Proof. Let X := 372, j7%;. Let ¥(\) = log E[e*]. By (3.8), ¢(A\) = O(min(\?,[\]?)). This
estimation and the restriction 271 < b < (p — 1)/p imply that for each A > 0,

/ Y(x7°N) dr < 0.
So, 0 < a < oo.

It suffices to show that {n=" Y >2) j=°¢;} satisfies the LPD with speed n'/(~") and rate
function I(t) = [¢[*/1=9(1 — b)b¥/®—1 gt/ By the Gértner-Ellis theorem (see for example
Theorem 2.3.2 in Dembo and Zeitouni, 1998), it suffices to prove that for each A € R,

n~ Y0 In Blexp(Ant-0n"1X)] — |A|Ya.

and that

I(t) = sup(\t — |A|Y%a) = (1 — b)b/ 0=t/ (b1 |1/ (=1),
AER

We have that
=109 Iy Elexp(Ant/0-0)p—1 X)] = n V0= In Elexp(An®/ (170 3°% | j7b¢))]

_ _ —1/(1-b) _ v
—_ 1/(1 b) z w( b/(1— b)‘7 b/\ J 1f] -1/0-) ((]” 1/(1 b)) b)\)d:(;

fo (@7\) dz = |A[V*a

by the monotone convergence theorem (using that 1 is even and increasing in (0, 00)). Hence,
the claim follows. O
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In the previous theorem, n'/(7% << n? and the tail of P j7°¢;| is asymptotically
much bigger than the tail of & .

Finally, we consider stochastic processes whose underlying r.v.’s satisfy Condition (A.1).
We present sufficient conditions for the LDP of certain stochastic processes.

Theorem 3.5. Let {&} be a sequence of symmetric i.i.d.r.v.’s with satisfying condition (A.1)
for some p > 1 and condition (B.1). Let T be a parameter set. Let d be a pseudometric in T.
Let X (t) := > p0, wp(t)&, where Y oo xi(t) < co. Suppose that:

(i) For each u >0 and eacht € T,

khng hglj;ip €n Z Wy (ue, 'n"'a;(t)) =0,
j=k+1

where Vs is as in Theorem 3.2.

(i) If p > 2, assume also that for eacht € T', 3 7% |z;(t)|? < oo, where % + % =1.

(111) sup,er | X (t)] < 00 a.s.

() (T, d) is totally bounded.

(v) (T,d,) is totally bounded, where dy(s,t) = ||x(s) — z(t)||,-

(vi) For each u > 0,

lim limsupn™' Ly (ue, ', n) = 0,

n—=0 nooo

where
Lo(u,n) = sup{> 2, lzx(s) — zx(®)|(lax| + [bk]) :

> (®an))? < 36u, 307 (be) < 9u,d(s,t) < n}.
Then, {n"'X(t) : t € T} satisfies the LDP in l.(T) with speed €,' and rate function

mf{Zqﬂ V) le Vi ) for each t € T'},

where v is as in (3.1).

Proof. We apply Theorem 3.1 in Arcones (2003). Conditions (i) and (ii) imply the LDP for
the finite dimensional distributions. We need to prove that for each 7 > 0,

hm limsup e, log(P{ sup |X(s) — X(t)| > nr}) = —o0. (3.11)

—0 n—oo d(s,t)<n

Theorem 2.2 and conditions (iii) and (vi) imply (3.11).

To prove that the rate function is as claimed, we apply Theorem 4.2 in Arcones (2004) with
S={1,2,...}, v asin (3.1) and p equal to the counting measure. To apply this theorem, we
need that for each integer k > 1, (T, py) is totally bounded where

w(s,t) == sup{| D (x;(s) — 2; (1)) - Y () < k}.
j=1 j=1
This follows from condition (v). O

17



When condition (A.2) is satisfied, we get necessary and sufficient conditions for the LDP:

Corollary 3.1. Let {&} be a sequence of symmetric i.i.d.r.v.’s with mean zero satisfying
condition (B.1), T := inf,~ox '®(z) > 0, and that

lm " log(P{J¢] > u}) = -

for some p > 1 and some b > 0. Let T be a parameter set. Let X (t) := > o, wx(t)&, where
Yoo xi(8)]? < oo. Then, the following sets of conditions are equivalent:
(a.1) For eacht € T, (x;(t))2, € I,
(a.2) (T, d,) is totally bounded, where d,(s,t) = ||z(s) — x(t)||,-
(a.3) sup,er | X (t)| < 00 a.s.
(b) {n~'X(t) : t € T} satisfies the LDP in lo(T) with speed n? and a good rate.
Moreover, the rate function is

1nf{z¢ V) le i ) for each t € T'},

where 1 is as in (3.1) with ¢; = co = b.

Proof. Assume (a). We apply Theorem 3.5 with d(s,t) = |[(xz(s) — z(t)||,- Hypothesis (i)
in Theorem 3.5 follows from an argument in Theorem 3.3. It is easy to see that conditions
(ii)—(v) in Theorem 3.5 hold. As to hypothesis (vi) in Theorem 3.5. By (2.3) and (2.4), if
p=2,

n" Lo (un?,n) < n(367%u)'? + n(97u)/?;

and if 1 <p <2,
n" Lo (unP,n) < 12sup ||z(t)|loru?n®=2/2 4 5(97u)'/P.
teT
Therefore, hypothesis (vi) in Theorem 3.5 holds.

Assume (b). Theorem 3.3 (ii) implies (a.1). By Theorem 3.1 in Arcones (2003), for each
positive integer k, (T, py) is totally bounded, where

pr(s,t) = sup{luy — wa| : Lsp(ur, uz) < k}
sup{]| Zj:1($]( ) — x;(s))vl - Zj:l ¥(y;) < k}
= | S5 (1) — ()| - Sy b < k) = [ (e) — () g,

and I, is the rate of the LDP of (n™'X(s),n !X (t)). This implies (a.2).
Since {z € [(T") : I(z) < 1} is a compact set, there exists 0 < ¢ < oo such that

{z€l(T): I(z) <1} C{z €loo(T) : |2|00 < .
So,

limsupn? log(P{n"" sup | sz (t)&] > c}) <

n—oo
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Hence, for n large enough
P{n* Sup | Z t)&| > ¢} < exp(—27'nP).

Hence, (a.3) follows. O
Next, we consider the LDP when condition (A.2) holds for some 0 < p < 1.

Theorem 3.6. Let {&:} be a sequence of symmetric i.i.d.r.v.’s with mean zero satisfying
condition (B.2) and that
lim u™"log(P{[¢| > u}) = -

for some 1 >p >0 and some b > 0. Let X =Y 7 w3 Then, {n~'X} satisfies the LDP
with speed n? and rate function

= inf {Zzﬁ(t@) ; Zujxj = z} ,
j=1 j=1
where 1 is as in (3.1) with ¢; = ¢; = b.

Proof. We proceed as in the proof of Theorem 3.2, applying Theorem 3.1 in Baxter and Jain
(1987) with X,,, =n~! 2521 2;&; and X, = n~t 7%, @8

By Lemma 2.8 in Lynch and Sethuraman (1987), and the contraction principle, for each
k>1,{n! Z?:l x;€;} satisfies the LDP with speed €, and rate function

k k
= inf {Z?ﬁ(u]) : ijuj = z} .
j=1 j=1
We need to prove that for each 7 > 0,

hm lim sup n? log(P{| Z z;&j| > mn}) = —o0. (3.12)

k—o0
n—00 =kt

Theorem 2.3 implies that for n large enough,

PUS (= (6 — €)] 2 20} < dexp(—cnt(sup.[o5]) ).
1=k+1 =i

Hence, (3.12) holds. O

Next, we consider the LDP for stochastic processes over a sequence of i.i.d.r.v.’s satisfying
the conditions in the previous theorem.
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Theorem 3.7. Let {&} be a sequence of symmetric i.i.d.r.v.’s with mean zero satisfying
condition (B.2) and that
lim w7 log(B{J¢] > u}) = —

for some 1 > p > 0 and some b > 0. Let T be a parameter set. Let X(t) = > o~ x(t)&,
where Y o0 |zi(t)|* < 0o for each t € T. Then, the following sets of conditions are equivalent:
(a.1) (T,d) is totally bounded, where d(s,t) = sup;>; |7:(s) — x4(t)].

(0.2) supyer | T, au()&] < o0 a.s.
(b) {in~'X(t) : t € T} satisfies the LDP in lo(T) with speed n'/?

Moreover, the rate function is

1nf{z¢ (74) Zx] ) for each t € T},

where 1 is as in (3.1) with ¢; = ¢; = b.
Proof. Assume (a). We apply Theorem 3.1 in Arcones (2003). Theorem 3.5 implies the LDP

for the finite dimensional distributions. Theorem 2.3 implies that for each 7 > 0,

hm lim sup n? log(PP{ sup ]Z —z;()&| > nt}) = —oc.

n—oo (5 t)<77 i=1
Assume (b). By Theorem 3.1 in Arcones (2003), (T, p) is totally bounded, where

pi(s,t) = sup{|ug — | : Is(ug, uz) < k}

and
Io 1 (uy, uz) —{Zéb% ij ulvzxj

It is easy to see that py(s,t) > ck;_l/p|x(s) — x(t) |00, Where ¢ is positive constant. This implies

(a.1).

The LDP implies that there are positive constants r, M such that for n large enough,

n? log(P{sup | X (t)| > nr) < —M.

teT

This implies that for some ¢ > 0,

E [eXp(cig:g [ X(8)[P)] < oo.

In particular (a.2) holds. O
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