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Summary: We consider estimation for a multivariate location family. Between all confidence
regions with volume less than a fixed value L, we find the equivariant confidence region with the
biggest coverage probability. This region maximizes the infimum of the coverage probability over
all confidence regions with volume less than L. As an application, we find an estimator of a location
parameter with the property that minimizes the supremum of the probability that the error of the
estimation exceeds a fixed constant. We also find a confidence region and an estimator having the
previous properties, but based on the maximum likelihood estimator. In the one dimensional case,
we find the Bahadur slope of the two obtained estimators. We show that except for certain families
of distributions, the estimator based on the whole sample is superior to the estimator based upon
the m.l.e. Hence, we get that m.l.e.’s are not asymptotically sufficient.
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1 Introduction

We consider the estimation of the parameter 6 indexing a family {f(-,0) : § € ©} of
p.d.f’s, where © is a Borel subset of R%. Let { X }321 be a sequence of i.i.d.r.v.’s with a
p.d.f. belonging to {f(-,0) : 6 € ©}. Let T,, := T,,(X1, ..., X,) be an estimator of 6.
The error of the estimator 7, is |T;, —6|, where || is the Euclidean norm. Suppose that we
select a number b, b > 0, such that any error of estimation bigger than b is impermissible.
The maximum coverage probability of the impermissible error of the estimator 7, is

sup Po{|T,, — 6] > b}, (1.1)
6eo

where Py is the probability measure when the r.v.’s X1, ..., X, have p.d.f. f(-, ). In this
paper, we study an estimator T 7, ;, minimizing (1.1) for a location family. The estimator
T'Hr,» may depend on b.
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translation equivariant.
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Coverage probability of an impermissible error appears in the literature as a way to
assess estimators. In the one dimensional case, Bahadur [4, 5, 6] proved that, if T, is a
consistent estimator of 6, for each 6 € ©, then, for each § € O,

lim lim inf b= 2n """ log (Pe{|T,, — 6] > b}) > —2710(0), (1.2)

b—0 n—oo

where v(6) is the Fisher information at 6, i.e.

dlog f(X,0) 9% log f(X, 6)
0) :=E —_— =—FEy | —————|. 1.
v(6) := Eo < 90 o 902 (1.3)
Bahadur also proved, under regularity conditions, that for each 6
hl’r(l) liminf e 2n~"! log <P9{|9n -0 > e}) = —2719(9), (1.4

where én is a (m.l.e.) maximum likelihood estimator of 6.
Bahadur [6] (see also Bahadur, Zabell and Gupta [7] ) showed that if T}, is a consistent
estimator of 8, for each 8 € O, then, for each 8 € O,

—liminf n ™" log (Py{|T, — 0] > b}) < B(b) (1.5)

where
B(b) :=inf{K(f(-,01), f(-,0)) : 01 satisfying |6; — 0| > b} (1.6)

and K is the Kullback-Leibler information of the densities f(-,6;) and f(-,0). Given
densities f and g with respect to a measure L,

K(f.9) = / log(f(£)/9(t)) £(£) ds(1).

The limit
—liminf n~ " log (Pe{|T, — 0] > b}) (1.7)

is called the inaccuracy rate of the estimator 7,. Several authors have studied the inaccu-
racy rates of estimators. Fu [12, 14] gave conditions in order that sequences of estimators
satisfy (1.4). Fu [13] showed that the inaccuracy rate of an estimator is related with the
asymptotic behavior of its density (if it has one).

We consider location families, i.e. families of the form {f(- — 6) : § € R¢}. For one
dimensional location families, we find a translation equivariant estimator 75, g1, 1, such
that for any other estimator 77,,

Sup]P)gﬂTn — 9‘ > b} > SUP]PO{‘Tn,HL,b — 9| > b}, (1.8)
0cR 9cR
(see Section 2). Notice that Py{|T}, g1 — 0| > b} does not depend on 0. T}, gp p is

the middle point of the highest likelihood region of length 2b (assuming that this region
is an interval). T}, gy, 5 is also the best equivariant estimator for the considered problem.
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It is known (see Girshick and Savage [15]) that in certain situations the best equivariant
estimator is minimax. We show that the inaccuracy rate of T}, g, 5 is

S(2b) = — lim n~ ' log (Pe{|Tn iz — 0] > b}), (1.9)

where
S(t) :==— inf 1 —t) "M dz,t € R.
(0= = inf 1og [ (fla =) (7(@) dat e
The function S(-) appeared in Chernoff [8], as the large deviations of the sum of the two
errors in a simple hypothesis testing problem. S(-) is a measure of the information in a
sample. The function S(-) also appeared in Sievers [23] as the limit of

n—o0

lim n~!log (max (PG{T,@ — 9> b}, (P{TS — 6 < —b})) , (1.10)

where T, 7(L ) is the translation equivariant estimator minimizing

max (Po{T, — 0 > b},Pp{T,, — 0 < —b}),

over all translation equivariant estimators.

Th1,» determines a confidence interval of length 2b. Finding Ty 5 is equivalent
to find a confidence interval of length 2b with coverage probability as large as possi-
ble. A confidence region C'(X7, ..., X,,) is determined by a map from (R¢)" to B(R¢),
where B(R?) is the Borel o—field of R?. Suppose that we consider confidence regions
C(X1,...,X,) of Lebesgue measure less or equal than L. Let Cyp (X1,...,Xn)
be the highest likelihood region having Lebesgue measure L. For a location family,
Cur,L (Xq,...,X,) satisfies that for any confidence region C' (X1, ..., X,,) of Lebesgue
measure less or equal than L,

sup Pg{e §_Z O(Xl,. .. ,Xn)} Z sup Pg{e §_Z CHL,L(Xla e ,Xn)}, (111)
fcRd HcRd

(see Theorem 2.2). Crp, (X1,...,Xy) is the best translation equivariant region. If
d=1and Cyp op(X1,...,Xy) is aninterval, then T, rrr (X1, ..., X,,) is the middle
pOiIlt of CHL’Qb(X17 ey Xn)

As to regular confidence regions, the results in Kudo [19] (see also Valand [25]; and
Joshi [17]) show that for a location family the level 1 — « confidence interval obtained by
taking the highest density region of the distribution of parameter given the sample, when
the parameter has a ’uniform” distribution, minimizes the maximum expected length of
a confidence interval over all the level 1 — « confidence intervals. These confidence
intervals are different from the ones obtained. In general, these confidence intervals have
arandom length.

Since m.l.e.’s are asymptotically optimal in some situations, it is of interest knowing
whether they are optimal for the considered problem. We obtain the confidence regions
Chiv, L(én) based on the m.lLe. én which maximize the coverage probability of the pa-
rameter between all confidence regions of volume less or equal than a constant. These

confidence regions C);,, 1, (0, ) are obtained taking the highest density region of the pivot
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0 — én (see Theorem 2.3). In Section 2, we show that for any confidence region C (én)
based on the m.L.e. of expected Lebesgue measure less or equal than L,

sup Po{0 & C(6,)} > sup Po{f & Cpiv 1.(6,)}. (1.12)
fcRd HcRa

Chiv,L (én) is a translation equivariant confidence region. We find

A(L) := — lim n" logPe{f & Cpiv.(0n)}. (1.13)

Chiv, L(én) can be written as én + Chpiv,26, Where Cl;y 2p is @ nonrandom set. The esti-
mator 7T}, ., » based on the m.l.e. which minimizes (1.1) between all estimators based
on the m.Le. is the middle point of 6, + Cly,26.

In general, the confidence regions Crrp, (X1, . .., X,,) and Cp;y 1, (6,,) are different.
We have that Cyr, (X1, ..., X,,) and Cpy, L(én) agree for the location families which
are members of an exponential family. But, when d = 1, they also do for a location
family which is a two dimensional curved exponential family (see Example 3.14). We
show that for symmetric one dimensional distributions, not of the form above, then for
some b > 0, A(2b) < S(2b). This means the m.l.e. is not asymptotically sufficient for
the considered problem.

T,z 1 is not necessarily a consistent estimator of 6. In Theorem 3.5 we obtain the
limit in probability of T5, grp. Ty mr,b is consistent for each b > 0 if and only if the
Kullback-Leibler information is symmetric.

We present examples, where S(2b) < B(b), S(2b) = B(b) and S(2b) > B(b). This
seems to indicate that the bound B(-) in (1.5) is not optimal. In Example 3.15, we have
that T,, . is consistent, but S(2b) < B(b).

The organization of the paper is as follows. Section 2 contains the results about
minimax confidence regions. Section 3 deals with the large deviations of the considered
confidence regions and estimators. Section 4 contains the proofs.

2 Maximin confidence regions of a fixed Lebesgue mea-
sure.

In this section, we find a confidence region of Lebesgue measure less or equal than a
constant L which maximizes the infimum of the coverage probability of the parameter.
We will use the following lemma:

Lemma 2.1 Let f, g : R? — [0, 00) be two measurable functions. Let L > 0.

(i) Suppose that C € B(RY) satisfies that [, f(x)dx = L and that there exists
00 > X > 0 such that {x : A\f(z) < g(x)} C C C {z: Mf(x) < g(x)}. Then, for each
B € B(RY) such that [, f(z)dx < L,

/Bg(w) dxé/cg(x) dz.
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(ii) Suppose that L < [ f(z)dz and [ g(z)dx < oco. Let

A= inf{tz():/ f(z)dx < L}.

zeR%:Lf(2)<g(x)

Then, 0 < \ < oo and

f(:v)dngg/ f(z)dx.

/xe]Rd:)\f(a;)<g(J;) zERLAf(2)<g(x)

Hence, there exists a set C € B(R?) such that [, f(x)dx = L and {x € R : A\f(z) <
g(@)} € C C {z € RY: Af(2) < gla)}

The previous lemma is a variation on the Neyman—Pearson lemma (see also Guenther
[16] and Juola [18]). Guenther [16] and Juola [18] use a variation of the previous lemma
to construct the shortest 1 — « level confidence interval for a one dimensional parameter
based on a pivotal quantity.

First, we find between all translation equivariant confidence regions for 6 with
Lebesgue measure less or equal than L, the one maximizing

inf Po{f € C(X1,...,Xn)}. 2.1)
gcRd

We use the Pitman [20] transformation (see also Shao [22, Section 4.2]). Let 7 =
(Zl, ey anl) = (Xl — Xn7 AN 7)(nfl — Xn) Since ()(17 e 7Xn) has pdf
[T, f(zj = 0), (Xn, Z) has p.d.f. H?:_ll f(zj + 2y — 0) x f(x, — 0). We denote
Fx. 7(@n, 2) =TI} f(2j+2n) X f(zn). Then, (X,,, Z) has p.d.f. fy z(xn—0,2).
The marginal p.d.f. of Zis

n—1
f7(2) = /d II i +v) x f(y) dy. (2.2)
Rd *
7j=1
Notice that Z is an ancillary statistic. The conditional pdf of X,, given Zis
Fxz2(@n —012) = (f2(D) " fx, z(xn —6,2). (2.3)
If C(Xy,...,X,) is a translation equivariant confidence region, then

C(X1,..., X)) = X+ C(Zy,..., Zn_1,0). Let C*(Z) = C(Z4,..., Zp_1,0). We
would like to find C*(Z) maximizing
infyega Po{l € X, + C*(Z)} = Po{—X,, € C*(Z)} (2.4)
= [ [ (=20 € C*)IT)=) f (25 + 20) X f(@n) g dZ
J I Iy € C*ENTTZ f(z —y) x f(—y) dydz.

subject to
/ I(y € 2o+ C*(2)) dy = / I(yeC*(2)dy < L. 2.5)

m
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for each Z. We apply Lemma2.1to f = land g = H;:ll f(zj—y)x f(—y) conditionally
on z. Take C7;; (%) such that for each 2, [ I(y € Cj;,(Z)) dy = L, and

{y e R : App(2) < T11Z) £z —y) x F(=9)} € C(2) (2.6)
C Ay eRY:AgL(d) <TIZ) £z —w) x f(=)}

where

)\HL,L(Z) = inf{t Z 0: / dy S L} (27)

t<TTy f(zi—y) X f(—y)
Then, Cpyp n(X1,.... X)) == X + C}Z{L,L(‘Xl —Xn,..., X1 — X,) maximizes (2.1)
between all possible translation equivariant confidence regions of Lebesgue measure less

or equal than L.
It follows from (2.6) that

{0 e R : A (2) <[Ij=y flx; —0)} C Crp(Xy,. .., Xn) (2.8)
- {0 e R : A (2) < TIj-, flay —0)}

Next theorem gives sufficient conditions so that Cyp, (X1, ..., X,,) maximizes
(2.1) between all possible confidence regions of Lebesgue measure less or equal than
L.

Theorem 2.2 Suppose that:

(i) For each 0 < M < oo, inf{f(z) : |x| < M} > 0.

(ii) hm‘x|_>oo f(.’t) =0.

(iii) sup,epa f(2) < oo.

Let C(X1,...,Xn) be a confidence region for 0 such that for each x1,..., Ty,
Jga I(y € C(x1,...,2,)) dy < L. Then,

inf P9{9 S C(Xl, . 7Xn)} < inf Pg{@ S CHLAL(Xlz . ,Xn)} (2.9)
OERrRd OcRrRd ‘

Observe that the confidence region Cpry, (X1, ..., X,,) is not necessarily convex.
In the one dimensional situation, Cprp, (X7, ..., X, ) is not necessarily an interval.

Next, we consider the maximim confidence region based upon an mle. An mle 0,, of
6, over a parametric family {f(x,0) : € ©} is ar.v. such that

n~ Y log f(X;,0,) =supntY> log f(X;,6). (2.10)
2106 0 0) = gupn™' Do 0

Suppose that there exists a r.v. 0, = 0, (Xq,...,X,) satisfying (2.10) when f(z,0) =
f(z — 0). We may assume that 0,, is equivariant. This implies that §,, — 6 is a pivotal
quantity, i.e. the distribution of 6,, — 6 does not depend on 6. Suppose that § — 6,, has a

distribution absolutely continuous with respect to the Lebesgue measure, when ¢ obtains.
Let h,,(-) be the pdf of §—,, when 6 obtains. Let L > 0. Given C' € B(R?), a confidence
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region for 0 is determined by {# € R : 0—0,, € C} = {0 € R% : 0 € 0,,+C}. Between
all sets C' such that

I(@eén+0)d9:/ 1d6 < L, 2.11)
c
a set C' which maximizes
Py{0 — 0, € C} = / hn(0) df (2.12)
c
is obtained by applying Lemma 2.1 to f = 1 and g = h,,. Let
>\pi'u,L = 1nf{t Z 0: / ldzx S L} (213)
zERZ:t<hy(x)
Take Cpiv,1. C R¢ such that
/ lde =L (2.14)
Chriv,L
and
{x € RY: Npjv.r < hn(2)} C Cpivg C{z €RY: Npipr, < h(2)}. (2.15)

Hence, using the mle, a confidence region satisfying (2.11) and maximizing (2.12) is
O + Cpiv.1, (2.16)

where Cl;,, 1, satisfies (2.14) and (2.15). The obtained confidence region én + Cpiv, L 18
translation equivariant. From (2.15), we get that

{6 S Rd : )\piv,L < fn(énue)} C én + Cpi'u,L C {9 € Rd : )\piv,L < fn(énve)}>
(2.17)
were fp,(x,0) = h,(0 — ), z € R, is the p.d.f. of 0,, when 0 obtains.
In this situation, the obtained confidence regions maximize the coverage probability
over all the regions with expected Lebesgue measure less or equal than L:

Theorem 2.3 Let C(0,,) be a confidence region for 0 such that

sup Fy U I(y e C(6,))dy| < L. (2.18)
0cRa R4
Then, . R
i < i ; . .
9lenﬂ§d Py{0 € C(6,)} < aleand Py{6 € 0,, + Cpiv,.} (2.19)

The previous theorem implies that if C'(6,,) is a confidence region for 6 such that for
each x € R?,

/ I(y € Cla))dy < L, 2.20)
Rd

then, (2.19) holds.

Theorem 2.2 does not hold using the expected value of the Lebesgue measure of
the confidence region. In general, the confidence regions which are maximin when the
expected value of the Lebesgue measure is used do not have constant Lebesgue measure.
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3 Inaccuracy rates of minimax estimators.

Before presenting the results in this section, we recall some notation on the large devia-
tion principle (LPD). General references on the LDP are Deuschel and Stroock [10] and
Dembo and Zeitouni [9]. Let M be a metric space. Let B(M) be the Borel o—field of M.
We say that a sequence of r.v.’s. {U,}52; with values in M is said to follow the LDP
with speed ¢, !, where {¢,} is a sequence of positive numbers converging to zero, and
with good rate function [ if:

(i) Foreach 0 < ¢ < 00, {z € M : I(z) < ¢} is a compact set of S.

(ii) For each set A € B(M),

—inf{l(z) : z € A°} <liminf, . €, log(Pr{U, € A})
< limsup,,_, €, log(Pr{U,, € A}) < —inf{I(z) : z € A},

where A° (resp. A) denotes the interior (resp. closure) of A.

A function ® : R — R is said to be a Young function if it is convex, ®(0) = 0;
O(z) = P(—x) for each z > 0; and lim, o, P(x) = co. Let X be ar.v. with values
in a measurable space (S, S). The Orlicz space L? (S, S) (abbreviated to £L?) associated
with the Young function @ is the class of measurable functions f : (S,S) — R such
that E[®(Af(X))] < oo for some A > 0. The Minkowski (or gauge) norm of the Orlicz
space L*(S,S) by

No(f):=1inf{t > 0: E[®(f(X)/t)] < 1}.
It is well known that the vector space £ with the norm Ng is a Banach space. Define
LP = {f:85 = R:E[® (\f(X)])] < oo for some A > 0},

where ®;(z) = el — |z| — 1. Let (£L®1)* be the dual of (L%, Ng,). The function
f e L% — log (E[ef™)]) € R is a convex lower semicontinuous function. The
Fenchel-Legendre conjugate of the previous function is:

J(l) = s (l(f) ~log (E[ef(X)])) L le (L) 3.1)

J is a function with values in [0, oc]. Since J is a Fenchel-Legendre conjugate, it is a
nonnegative convex lower semicontinuous function. It is easy to see that if J(I) < oo,
then:

(i) 1(1) = 1, where 1 denotes the function constantly 1.

(ii) ! is a nonnegative definite functional: if f(X) > 0 a.s., then I(f) > 0.

Given a nonnegative function  on S such that E[y(X)] = 1 and E[¥5(y(X))] <
0o, where Wy () = xlogx, then I, (f) = E[f(X)y(X)] defines a continuous linear
functional in £®. Besides, it is easy to see that

J(ly) = Iy 4 E[f(X)7(X) = 2(f(X))] = E[W2(v(X))]. (3.2)

The previous function J can be used to determine the rate function in the large devi-
ation of statistics. Let { X;}52, be a sequence of i.i.d.r.v.’s with the distribution of X. If
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fe L then {n~' Y7 | f(X;)} satisfies the LDP with rate function

Iy (t) := iﬁ{éw —log (Elexp(Af(X))])),t €R (3.3)

(see for example Dembo and Zeitouni [9, Theorem 2.2.3]). By Arcones [3, Lemma 2.2],
Ip(t) =inf {J(1) : L € (LT, 1(f) =t} . (3.4)

It is well known that I¢(pf) = 0, where puy = E[f(X)], I is convex, I is nondecreas-
ing in g5, 00) and I is nonincreasing in (—oo, py] (see e.g. Dembo and Zeitouni [9,
Lemma 2.2.5]). In particular, if £ > 1,

inf{J(l) : 1 € (LP)*,1(f) >t} = I(t) (3.5)
and foreach ¢ < py,
inf{J(l) : 1€ (LP)*,1(f) <t} = I(t)

(see for example Dembo and Zeitouni [9, Corollary 2.2.19]). Chernoff [8, page 496]
shows that if P{ f(X) =t¢) < 1 and ¢t < E[f(X)], then

I;(t) = ilipo(/\t — log Elexp(Af(X))]) (3.6)

Chernoff [8, page 495] shows that: (i) if P{f(X) > t) > 0 and P{f(X) < t) > 0, then
there exists a unique finite \; such that

If(t) = At — log Elexp(A¢ f(X))]; (3.7)
(i) if P{f(X) > t) > 0 and P{f(X) < t) > 0, then
If(t) < o0. (3.8)
We will also use that for each k£ > 0 and each function f € L2 and each
(A < (1) +1+2"2)Na, (f), (3.9)

(see Arcones [3, Lemma 5.1]).
When 6 obtains, we denote £2*, (£L®1)* and J by £3*, (Lg")* and Jy, respectively.
In Arcones [2] the large deviations of the confidence regions of Lebesgue measure
less or equal than a constant were studied for a general family of p.d.f’s. Let {X; };’021
be a sequence of i.i.d.r.v.’s from the parametric family {f(-,0) : § € ©}, where © is a
Borel set of R?. Let

)\HL,L(X1;~~;Xn) = 1nf{t20/ dGSL},
t<G,(0)

where G, (t) = n~' 377 log f(X,t). Take aset Cyp, (X1, ..., Xp) such that

/ b = L
0eCur,L(X1,....Xn)
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and
{9 €06: )\HLL(AXl7 Ce ,Xn) < Gn(é’)} C CHL,L(Xla Ce ,Xn)
C {9 €0O: /\HL,L(Xla C ,Xn) < Gn(e)}

We will need the following variation of Arcones [2, Theorem 3.1].

Theorem 3.1 With the notation above. Let { K} amr>1 be a sequence of compact convex
sets of R contained in © and containing 0. Let L > 0. Suppose that the following
conditions are satisfied:

(i) © is an open convex set of R%.

(ii) For each t € ©, log f(X,t) € L3

(iii) For each x, log f(x, ) is a concave function.

Y
" lim sup 1nf Eylexp(A(log f(X,t) — log f(X,6)))] =
M—0co ey A€
Then,
—inf{Jp(l) : L € (L")*, (3.10)
Jpa I(t € © 1 1(log f(-,t) —log f(-,0)) > 0)dt > L}

< liminf, oo n~log (Pe{0 & Crr,r(X1,...,Xn)})
< limsup,,_,.on~ log (Pe{0 & Crr.(X1,...,Xn)})
< —inf{Jy(1) : L € (LF")*, Jpa I(t € © : I(log £ (-, t) — log f(-,0)) > 0)dt > L}

The differences between the previous theorem and Theorem 3.1 in Arcones [2] are
that we assume that © is an open and convex set, but we do not assume that log f(z, -) is
a strictly concave function. It is easy to see that minor variations in the proof of Theorem
3.1 in Arcones [2] gives the previous theorem.

The previous theorem gives the following when applied to a location family.

Corollary 3.2 Let {X;}52 be a sequence of Ré—valued i.i.d.r.v.’s from the family { f (- —
0) : 0 € R}, Suppose that the following conditions are satisfied:

(i) log f(-) is a concave function.

(ii) For each t € ©, there exists \; > 0 such that

Ej[exp(Ae|log f(X —1)[)] < o0

(iii)
A}gnw‘zu% inf Eolexp(A(log f(X —t) —log f(X —0)))] =
Then,

—inf{Jp(l) : 1 € (Lg")", [pa I(t €O (3.11)
l(log(f(-—t)/f(-—0)) >0)dt > L}

< liminf, oo n~tlog (Pe{0 & Crr r(X1,...,Xn)})

< limsup,,_, ., n~ log (Pe{0 & Crr.(X1,...,Xn)})

< —inf{Jy(1) : L € (LF")*, fpa I(t € © : l(log f(- — )/ f(- — 0)) > 0)dt > L}.
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We are able to find an expression for the bounds in (3.11) for one dimensional location
families. To do that, we need the following lemma:

Lemma 3.3 Let X be a rv. withp.d.f. f. Let

— A 1-2
S(0)1= = int log [ (f(a =) (/@) dart €R
Suppose that:

(i) For each x € R, f(x) > 0.

(ii) log f(-) is a concave function.

(iii) For each t # 0, there exists \; > 0 such that

Elexp(Ai|log(f(X — 1)/ f(X))[)] < oo

Then,
(i)

S(t) = —infaerlog [ (f(z — )M (f(x))' " da.
(ii) For each t # 0, there exists a unique Ay € (0, 1) such that

S(t) = —log/R(f(x — t))’\t(f(x))l_’\‘ dz, t € R.

Besides, for each t # 0, S(t) > 0.
(iii) S is increasing on [0, 00) and S is decreasing in (—o0, 0].
(iv) S is a continuous function.
(v) lim)y o S(t) = oo.

Theorem 3.4 Let {X;}2°, be a sequence of i.i.d.r.v.’s from the family {f(- — 0) : 6 €
R}. Suppose that:

(i) For each x € R, f(x) > 0.

(ii) log f(+) is a strictly concave function

(iii) For each t € R, there exists Ay > 0 such that

Eplexp(Ad|log f(X —1)[)] < o0,

Then,
lim n~ 'logPe{0 & Cpr.r(X1,...,X,)} = —S(L).

Under the conditions in the previous theorem, the smaller set in (2.6) is an open
interval, and the bigger set in (2.6) is a closed interval. Hence, we may take C'; L(Z )
to be a closed interval. Let T}, grrp := T mr,26(X1, ..., Xy) be the middle point of
X, + C}}L’Qb(Z_'). T, m1 satisfies (1.8) and (1.9).

Recall that for a convex function, the right and left derivatives exists everywhere,
and they are equal everywhere except for countably many points (see Proposition 5.16 in
Royden [21]). By an abuse of notation, we will denote by f’ to the right derivative of f.
The following theorem deals with the consistency of T, . 3.
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Theorem 3.5 Consider a one—dimensional location family. Suppose that:
(i) For each x € R, f(x) > 0.
(ii) log f(-) is a concave function
(iii) [, f'(x) dz = 0.
(iv) For each a € R, [, |log f(z — a)|f(z) < oc.
Then,
(i) Egllog f(X —t)] = Q(t — 0), where Q(a) = [;log f(z — a) f(z) da.
(ii) Q is decreasing in [0, 00) and increasing in (—o0, 0].
(iii) Q is continuous.
(iv) There exists a unique a € [—b,b] such that Q(a — b) = Q(a + b).

V) Tosips -5 0+ a.

It follows from the previous theorem that T;, 1 5 is a consistent estimator of 6 if and
only if Q(—b) = Q(b).

Next theorem gives an expression for the bound in (1.5) for a location family.

Theorem 3.6 Consider a one—dimensional location family. Suppose that:
(i) Foreach x € R, f(x) > 0.
(ii) log f(-) is a concave function
(iii) [ f'(x)dx = 0.
(iv) For each a € R, [ |log f(z — a)|f(z) < oo.
Then,

B(b) :=inf{K(f(- — 601), f(- — 0)) : 0; satistying |01 — 0] > b}
= min(K(-b), K(b)),

where K (a) = [i,1og(f(2)/f(z + 0))f () da.

Next, we consider the asymptotics of the confidence region using the pivot 8 — 0,,. we
see that the conditions in the previous theorem hold for one dimensional location classes
such that log f is a strictly concave function and other regularity conditions hold.

Theorem 3.7 Assume that d = 1. Suppose that the following conditions are satisfied:
(i) For eachx € R, f(z) > 0.
(ii) log f is a strictly concave function.
(iii) [ f'(x)dx = 0.
(iv) E[(f(X))72(f'(X))?] < oo
Then, 0,, is well defined and 6 — 0,,, when 0 obtains, has pdf

n

ha(t) == Eo [T | Y (F(X;+6)) f/(X;+1) >0 Z(f(Xj))_lf'(Xj) ,tER.

j=1

Besides, hy, is nonincreasing in [0, 00) and nondecreasing in (—oo, 0].
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Under the conditions in the previous theorem, we may choose Cp;,. 1, to be a closed
interval [Upiy, 1., Vpiv,1.]. Hence, 0, + Cpiv. 1. = [0 + Upiv, 1, On + Upiv, ] and Ty pivp =

en + 2_1(upiv,2b + Upiv,Qb)~
If there exists a one dimensional sufficient statistic S(X7i, ..., X, ), then both

Crr,.(X1,...,Xn) and Cp;y, 1.(0,) depend on this statistic and they agree. However,

next theorem show that Cp, ,(X1,...,X,) and Cpjy,1(6,,) can agree under a more
general condition:

Theorem 3.8 Suppose that:

(i) For each x1,...,x, € R:, Cyp p(71,...,2,) = {0 € RY: H?:l flz; —0) >
k(xy,...,20)}

(ii) There are functions T : (RY)" — RY, g : RT x RY — R™, h: (RY)" — R¥, and
7 :R™ x RF — R such that for each x, . .., x,,0 € RY,

Hf(xj —0) =7(g(T(X1,...,Xn),0),h(X1,..., X,)).

(iii) 0, = n(T(X1, ..., X,)) where 1) : B — R% is a one—to—one function and B is
the range of T.

(iv) When 0 obtains, 6 — én has p.d.f. hy,.

Then, Cyr,r,(X1,...,X,) is based on the m.Le. 0,

In the situation of the previous theorem, for convenient choices Cp;y, 1. (65, ) and
Cur,(Xi,...,X,) agree. The previous theorem applies to Examples 3.12-3.14. We
have that if there exists a one dimensional sufficient statistic, the previous theorem ap-
plies. But, Theorem 3.8 applies to families which do not have a natural sufficient statistic
of dimension one (see Example 3.14). The family in Example 3.14 is a curved exponen-
tial family of dimension two.

Next, we consider the large deviations of the complementary of the coverage proba-
bility.

Theorem 3.9 Suppose that:
(i) When 6 obtains, 0,,—0 satisfies the LDP with speed n and continuous rate function

R(t) == — inf log (Eglexp (\'V:log f(X — 1)), (3.12)

where NV, denotes the (vector of partial derivatives) gradient of log f(x — t).
(ii) For each 0 < M < oo,

lim sup |n~'logh,(z) + R(—z)| — 0.
(iii)
lim limsup sup n~'logh,(z) = —oco.
T n—oo z|>M

(iv) For eachu > 0, [ I(z € R : R(z) = u) dx = 0.
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Then, R .
lim n~ ' logPp{ — 0,, & Cpiv.1.(0n)} = —A(L) (3.13)
where
A(L) :=inf{u >0: / 1dy > L}. (3.14)
yER®:R(y)<u

In the one dimensional situation, we are able to give an expression for the rate in the
previous theorem.

Theorem 3.10 Assume that d = 1. Suppose that the following conditions are satisfied:
(i) For each x € R, f(x) > 0.
(ii) log f is a concave function.
(iii) Eo[(f(X))~1f'(X)] = 0, where f’ is the right derivative of .
(iv) Bol(F(X))"2(F/(X))?] < oc.

(v) 0,, — 0 satisfies the LDP with speed n and continuous rate function

R(t) := — inf log EolexpA\(f(X — )L (X — )], t €R. (3.15)

Then, R R
lim n~ ' logPp{# — 0., & Cpiv..(01)} = —R(to), (3.16)

n—oo

where to € (0, L) satisfies that R(tg) = R(to — L). Besides,

R(tg) =inf{u>0: / l1dx > L}.
z:R(x)<u

Notice thatif R is even, then R(27'L) = inf{u >0 : fz:R(z)<u ldz > L}. Arcones
[3, Theorem 3.4] gives sufficient conditions to condition (v) in the previous theorem to
hold.

It follows from the theorem that the inaccuracy rate of the optimal estimator 0, +
2_1(upiv,,; + 'Upiv,L) is R(to) when L = 2b.

Theorem 3.11 Suppose that:

(i) For each x € R, f(z) > 0.

(ii) log f is a concave function.

(iii) f is even.

Then,

(i) For each b > 0, R(b) < S(2b).

(it) Assume that f has a third derivative and that f is not a p.d.f. from the families of
p.d.f’s in examples 3.12 and 3.14, then for some b # 0, R(b) < S(2b).

Next, we present how the previous theorems apply to several examples.
Example 3.12 If

flx) = (2n) V20 Lexp(—27 0 22?), 2 € R,
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where o > 0, then, it is easy to see that:
(1)THLb—prb—0 =X _Tflz] 1 X
(11) CHL,Zb(Xh ey Xn) prygb(gn) = [X — b, X + b]
(iii) A(2b) = S(2b) = R(b) = B(b) = 27 1o~ 2b%.
(iv) Foreach§ € R, Txr 5 Fop.

Example 3.13 If
f(x) = (T(a) " yla® exp (ayz — ae™) (3.17)
where a > 0 and ~y # 0, then, it is possible to see that:
()6 =M log (0t )y e
(i)
QHL,zb(Xl, o Xn) = Cpiv,Zb(én)
= 9"
+[y tlog (2717*11)’1(62"(’ — 1)) —2b,7 !log (2717’1b71(627b — 1))]

(i) Trrrp = Tpivgy = 0n +7 " log (271971071 (e — e 10)).
(iv) For each b > 0,
5(2b) = A(2b) = R(b)
= alog(27!y[71o7 1 (e* — 1)) — a(e?N® — 1) 71" —1 — 2|4]b).

(v) Foreach b > 0, B(b) = a (e~ 11t — 1 + |]b).
(vi) For each b > 0, S(2b) > B(b).
(vii) For each b > 0 and each § € R,

THLb L +7t log(2_1"y_1b_1(67b - e_"’b)) #£0.

By Theorem 2 in Ferguson [11] the location family in examples 3.12 and 3.13 are the
only one dimensional location families, which are exponential families.

Example 3.14 If
f(z) = cexp(—ay exp(m1z) — ag exp(—721)), (3.18)

where a1, as, 71,72 > Oand c —)ng exp(—aj exp(T12) — az exp(—72x)) da:)_l. Then,
) (Z"_l em X, Z ._, e 7%3) is a minimal sufficient statistic for 6.
(i) The family {f(- — 0) : 0 € R} is a curved exponential family.
(iii)

n n
0, = (11 + 1) *log a2_172_1a17'1 E e T2 Xi E e X
=1 =

(iv)

Crron(X1,- -, Xn) = Cpivap(0n) = 0, + [to — 2b, 1],
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where
to = (11 + 75) !log (Tf1T2(€2le —1)(1- e_Qsz)_l) .

)

THL,b = Tpiu,b = én + (7-1 + 7.2)71 log (Tl—lTQ(eb'rl _ efbn)(eb'rz _ e*b'rg)fl) )

Example 3.15 If
f(z) =27 exp(—|z|),z € R, (3.19)

then, 6,, is not uniquely defined. The function log f(-) is concave, but not strictly con-
cave. Let X(y),. .., X(y) be the order statistics. X1,..., X, are all different with prob-
ability one. Assume that X3, ..., X,, are all different. If n is odd, 6, = X@-1(nt1)- If
n is even, then én = X(2-1p) and én = X(2-1p41) are both m.Le’’s. It is easy to see that
the previous choice for the m.l.e. theorems 3.2-3.8 apply giving that:

() Curoo(X1,..., Xn) # Cpiv,26(0n).

(ii) For each b > 0, S(2b) = b —log(1 + b).

(iii) For each b > 0, A(2b) = R(b) = b — 27" log (2¢® — 1).
(iii) For each b > 0, B(b) = e™% — 1 + b.

(iv) For each b > 0, A(2b) < S(2b) < B(b).

(v)Foreachf € R, T p Fo g,

Notice that in the first three examples, Crr, 26(X1, ..., Xn) = Cpiv,2p (én) The-
orem 3.8 applies to the first three examples. In Example 3.13, S(2b) > B(b), but in
Example 3.15, S(2b) < B(b).

4 Proofs.

The proof of Lemma 2.1 is omitted. B
Proof of Theorem 2.2: We may assume that the confidence region is based upon Z
and X,,. Consider the loss function L(,C) = I(6 ¢ C), where § € R% and C C B(R%).
The risk of the confidence region C'(Z, X,,) is
R(0.0(Z,Xn)) = Eoll(0 ¢ C(Z, X.))] 4.1)
= fRd . 1fRd 0¢C(z xn))fX ‘Z(zn— |2)f2(2) day, dZ.

We need to show that if C' (Z , X,,) is a confidence region such that for each Z, z,,, [ I(y €
C(Z,x,))dy < L, then

sup R(0,C(Z, X)) > sup R(0, Xn + Cirp, 1 (2). (4.2)
fcRd OcRd

Given 6 > 0, take M > 0 such that (2M)¢ > L and

P{(Z,X,) € ([-M, M]H"} > 1 —4.
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Let ¢y := sup,cga f(v) and let @ := inf,c_oprope(f(2))" > 0. Take 7 > M
e flx) < 27 ! _(” Ya. Consider the a priori p.d.f. m,,(0) =
(2m)~1(0 € [~m,m]?), where m > 7. Then, the Bayes risk of C'(Z, X,,) is

such that sup,¢

B, C(Z, X)) = (2m)~ /[ ) R(0,C(Z, X)) db.

By the changes of variable x,, — § = —y, Fubini’s theorem and the change of variables
y — 0 = u, we have that

supgera R(0, C(Z, Xp)) = B(mm, C(Z, X)) (4.3)
@m) [ s Sigaynos Joa 10 & CErw) f, 7(0n — 012)F5(2) der, dZ 6
= @2m) " fi i S Jpa IO & C(Z.0 =) fxc. 7(—yl2)f5(2) dy dZdo
= 2m) " fgays Jga Syomma 10 & C(Z.0 =) fxc. 7(—y|2)f 5(2) db dy dZ

—d
= (2m) f(]Rd)"—l Jra fyj—m<uj<yj+m for cach 1<j<d

X1y —u ¢ C(Z,—u) fx, 1 2(=y12) f2(Z) dudy dZ.

= (2m)_d f(]Rd)"*l f]Rd fuj—m<y]<u]+m for each 1<j<d
xI(y —u & C(Z,—u)) fy 1 2(=y|2) f2(2) dy du dZ.

We also have that

Qbe

(2m)~* Jgayn-1 Jpa fuj—mgyj<uj+m for each 1<j<d (4.4)
xI(y —u & C(Z,—u)) x fx 7(=yl2)f7(Z) dy dudZ
2 (2m) ™ Jgay— S (m—ryim—r10 Juy—m<y, <u;4m, tor cach 1<5<a LW — v & C(Z,—w))
%y 17(~412)f5(2) dy dudZ
> s S o Iy £t O )
< Py 7|2 5(2) dy dud
>

)" festaniyn s Jinerynris Jiraa 1 & u+ C(F ~uw))
Xan|z( y|2)f7(%) dy du dZ.

Notice thatif y € [r,7]% and u € [—(m — 7),m — 7], then u; —m < y; < u; +m, for
each1l < j <d.
Now, u + C(Z, —u) is a confidence region such that for each Z and u,

Between all confidence regions C'(Z, u) with

/ I(ye C(Z,u)dy < L, 4.5)
R
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for each u, Z, the one minimizing
[ 1 E OG5 dy 6

is obtained applying Lemma 2.1 to f = 1 and

n—1

g9=1(y e [-7.7fx, 2(—yD) () = Iy € [-m. 7)) [ £z —v) x f(y).
j=1
Notice that this region does not have to depend on w. Let
AHL,L-(Z) =inf{t >0: / dy < L}. (4.7)
t<I(yel-7,7) [T72) f(zi—v)xf(y)

A confidence region Cy, 1, - (Z) minimizes (4.6) subject to (4.5) if

yeR!t<Iye[-nrNI[o f(z —v) ¥ f(u).} € Crrpr(2) (48)
- {yeRi:t<I(ye|-r7I)IIZ f(z—y) x fw), }.
Since z € ([-M, M]H)"=1, [-M,M]¢ C {y e R?:a < H;L:_ll flzj —y) x f(y)}
This implies that a < Agr.1.,(Z). We also have that if 2 € ([—M, M]%)"~1, then
{yeR?:a< H?;ll f(zj —y) x f(y)} C [—7,7]% Hence, the factor I(y € [r,7]%)
is superfluous in (4.7) and (4.8). This means we can take C7; L (%) as the confidence
region minimizing (4.6). Hence,
supgers R(0,C(Z, X)) 4.9)
@m) ™ fiarangay-s Jomr)mria Jiorrya T & Cirr(2)
Ty 2~912)3(2) dy dudz.
= (m —7)4m~—4 f([_M,M]d)n—l f[_ﬁT]d I(y ¢ Cy(%))
fx,12(=yl2) f7(Z) dy dZ.

Y

Letting m — oo, we get that

supgezs R(0,C(Z, X,.)) (4.10)
= f([—M,M]d)n—l f[_ﬂT]d Iy ¢ C?{L(g))fx,,L‘Z(_y|Z)fZ(5) dydz.
> Po{0 & X, + Cy(Z)} — 6.

Since § > 0 is arbitrary, the claim follows. [J
In the proof of the next theorem, we need the following lemma:

Lemma 4.1 Let h : R — R be a measurable function. Let X € R. Let C, € B(R?) be
such that
{x € RY: h(z) > A} C O C {z € RY: h(x) > A}
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Then, for any C € B(RY),

/C(A—h(x»dxz/ (A — h(z)) dz.

Ci

The proof of the previous lemma is omitted.
Proof of Theorem 2.3: We abbreviate Ay, = Apiv,z and Chiy = Chip, 1. If Apiyy =
0,then [I(z:0 < hy(x))der < Land {z : 0 < hy(x)} C Cpi,. Hence,

Po{0 €0, + Cpi} = / i (z) dz = 1
Cpi'u

and the claim follows.
Assume that \p;,, > 0. Consider the loss function

L(6,C) = Am/ I(teC)di+1(0&C).
Rd

We restrict ourselves to decision rules depending on 0,,, i.e. confidence regions of the
form C'(6,,). The risk of the decision rule C'(6,,) is

R(0,C(00)) = [a (Mpiv Jga I(t € Cla))dt +1(0 & C(x))) h ( — z)dx
= Jau (prfRd (teCO—y)dt+I0&CO-1y)) haly)dy

Let m > 7 > M > 0. Consider the Bayes a priori p.d.f. m,,(0) = (2m)~4I(0 €
[~m, m]¢). Then, by the change of variables § —y = —u

supgera R(0,C(6,)) = B(mm, C(0y))

= @m)~? [, Jra (Mpiv [ga I(t € C(0 — y)) dt
+1(0 ¢ C(0 —y))) hu(y) dy do

m)~? [ga f[fm,m]d (Apiv Jpa I(t € C(0 —y))dt

+1(0 & C(0 —y))) hn(y) do dy

= (2m)~? [, Sy <y m (Apiv Jga I(t € C(—u)) dt
+1(y & u+ C(—u))) hn(y) dudy

= 2m) Jaa [, <y, <uy1m Ppiv [ 1(t € C(—u)) dt
+1(y & u+ C(—u))) hn(y) dy du

> (Qm)_d f[,(m,,r),m,,r]d f[ —r ()\piu fRd I(t € C(~u))dt
+1(y & u+ C(—u))) hn(y) dy du.

‘We have that

e tmerym—rye J - el Apiv [ 1(t € C(—u)) dthy(y) dy du
( )"ty mrd Apiv Jza I(t € C(—u)) dt du
2m) ™ iy )t Jra ApinI (y € C (=) dy du
(2m)_d f[_(m_ﬂ,-%m_,r]d fRd )\pwl(y € u+ C(—u))dydu
> P{H — (2m)

X f[f(mffr),mffr]d f,”]d ApivI (y € u+ C(—u)) dy du
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and
(Qm)*‘if[_(m_ﬂ’m_ﬂd j\[_T’T]d I(y & u+ C(—u))hy(y) dy du
2 ]P’{G - 9n S [—T, T]d}(2m _df[ (m—7),m—7]d -f[—T,T]d
xI(y & u+ C(—u))hn(y) dy du ,
= (m—7)'m~ (P{6 — b, € [-7,7)"})
—P{Q—QHE[— ]}( df (m—7),m— -rdf[TT]d
xI(y € u+ C(—u))hy(y )dydu
Thus,
R(0,C(0,))
> (m — T)dmid (P{Q - én € [_7—7 T}d})Q
+P{0 — b, € [-7,7]4}(2m) ¢

Xf[ (m T ,m— ‘rdf[ TT )\Pw_hn(y))l(y€u+c(_u))dydu

By Lemma 4.1,

) df[ (m—1),m— Tdf[ de()‘pw hn(y))l(yEu—i-C(—u))dydu
( ) [=(m=7)m—7]¢ J[—7,7]¢ (Ap“’ hn (y)) I(y € Cpi”) dy du
(m - T)d( —d f[_T)T]d (>\pw - hn( )) I(y € Cpi’u) dy

Il I\/

Hence,
supgeras (0, C(0n)) )
> (m—7)'m (B{— 0, € [— ]d})
+P{0 — én €[~ T]d}(m df[ r,7]d Apiv = hn(Y)I(y € Cpiv) dy

Letting m — oo, and then 7 — oo, we get that

supgega R(6, C(6n)) @.11)
= 1+ fRd (Apiv = hn (W) (y € Cpiv) dy
= Jas QpinI(y € Cpiv) + hn(W)I(y & Cpiv)) dy = R(0, 0, + Cpiv).
If C(0,,) satisfies (2.18), (4.11) implies that C(6,,) satisfies (2.19 ). [J

Proof of Lemma 3.3: (i) If t = 0, (i) is trivial. Assume that ¢ # 0. If f(z — t) were
equal to f(x) a.e. with respect to the Lebesgue measure, then for each a

P{Xga}:/j f(s)dSZ[ F(s—t)ds = P{X < a—t},

in contradiction. Hence, by the strict concavity of log, Fy[log(f(X —t)/f(X))] < 0
and E:[log(f(X)/f(X —t))] < 0. Thus, by (3.6)

—infyerlog [o (f(z — 1) M(f(2)) ™ da
— infcg log Eolexp(Alog(f(X —1)/f(X)))],
= —infysolog Eolexp(Alog(f(X —1t)/f(X)))],
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and
—infrerlog [ (f(z — ) (f(2) ™ da

— infxer log Eyexp((1 — A) log(£(X)/F(X — 1)),
= —infyc log Byfexp((1 — ) log(£(X)/£(X — 1)),

By the previous two inequalities,

~infycr log o (f( — D) (f(2))1 da
= —infocrcrlog [o(f(z — )M f(x) " da

(ii) Let t # 0. Since it is not true that f(xz — t) = f(x) ae. z,

m(A) = log / (Fx — )N (@) de,0 < A< 1,

is a strictly convex function with m(0) = m(1) = 0. Hence, there exists a unique
At € (0, 1) such that

S(t) = —log / (F(@ — )™ (f(x)' ™ d.

Besides, S(t) > 0
(iii) Given 0 < s < t, we show that S(s) < S(t). By concavity,

log(f(z —s)) > (t7"s) log(f(z — ) + (1 — t~'s) log(f(2))-
Let us prove that
/I(log(f(a: —8)) > (t71s)log(f(x — 1)) + (1 —t 7 s)log(f(z)))dz > 0, (4.12)
by contradiction. Assume that
log(f(z —s)) = (t7"s)log(f(z — 1)) + (1 — t~'s) log(f(x)) ae.
Then, by the Holder inequality,
L= [ f(x—s)de = [(f(z =) (f(2) " *da
< ([ f(= —t)dx)t ([ fl2) dm)l_t =1

Hence, by the reverse of the Holder inequality (see e.g. Theorem 5.32.2, in Royden [21]),
there are a, b > 0 with a + b > 0 such that af (z — ¢) = bf(z) a.e. in contradiction.
By (ii), there exists 0 < Ag < 1 such that

S(s) = — log / (Fla — ) (f(2) > de
Hence, by (4.12),

S(s) = IngRexp (Aslog(f(z —s)/f (96))) () dw
—log [ exp (At tslog(f(xz —t)/ f(2))) f(x)dz < S(¢).
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The proof of that S is decreasing in (—oo, 0] is similar and it is omitted.

(iv) Since log f(-) is a concave function and lim ;| log f(z) = —oo, there exists
zo € R, such that f is nondecreasing in (—oo, 2] and nonincreasing in [z, 00). By a
change of variables, we may assume that g = 0. We have that:

if o <1, fl@=h) < flz+1);
if —1<z<1, flx—h)<[f(0)
if1<u, fl@—=h) < flz-1)
Therefore,
/ sup f(z —h)dr < . (4.13)
R |h|<1

Suppose that t,, — to € R, we need to prove that S(¢,) — S(to). There are
At,,, Ao € [0,1] such that

S(ta) = =105 | (F(a = ta)r (F(2))' 0 da

and

Sito) = ~log [ (f(a — ta)) o (f(2)* Mo da,

R
We have that for n large enough, and 0 < A <1,

(fl—t DM@ < A (z—tn)+(1=N)f(z) < @Tflf(x_tOM)H(x)’ (4.14)

whose integral in R is finite. Hence, by the dominated convergence theorem,

liminf, o0 S(tn) > liminf, o —log [o (f(z — tn)) o (f(2)) o da
= —log [p(f(z —to)) Mo (f(x))' "o dz = S(to).

Let {ny} be a subsequence such that

lim S(t,,) = limsup S(t,)

k—o0 n—00

and A\, — ), for some \. By (4.14),

054D (1) = T =08 f (70 = 10,)) " (f(2)) 00 da
= —log fR(f(m — 1)) (f () =N dz < S(to).

Hence, S(t,) — S(to).
(v) Take ¢ty > 0 such that f(tg) < f(0) and f(—t9) < f(0). By concavity, for each
x > to,

log(f(to)/f(0)) = tox™" log(f(x)/f(0))-

Hence,

f(@) < £(0) exp(—aty " log(f£(0)/f(to)).
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Similarly, we get that for x < —t,

f(z) < f(0) exp(~|zltg " log(f(0)/f(~t0))-
Hence, for each A > 0,

/R(f(x)V dz < co. (4.15)

We have that
sup(f(z — 1)) /2 (f(2))/% < (£(0))/2(f(x))"/?

teR

and

/R<f (0)2(f ()2 da < 0.

Hence, by the dominated convergence theorem,

i) o0 S(t) > limys| .o — log [ (f(z — ))'/2(f(2))"/? dx
- IOg f]R hm\t|~>oo(f(x - t))l/g( (LU))I/2 de =o0. [

We will need the following lemmas.

Lemma 4.2 Let X be a rv. Let A be a Borel set of R. Let <I>f1 be the inverse of @,
restricted to [0, 00). Then,

Na, (I(X € A)) = (27 (1/P{X € A}))~

Proof: We have that
E[®,(t (X € A)] =P{X € A}(e! —1—1t71).

So, 1 > E[®,(t'I(X € A))]is equivalent to t > (&7 (1/P{X € A}))~*
O

Lemma 4.3 Let g,h : R — R be two measurable functions. Let | € (L®1)* with
J() < oo fFP{g(X) < h(X)} =1, then l(g) < I(h).

Proof: Using Lemma 4.2 and P{h(X) — g(X) > m~'} — 1, as m — oo, we get that

I(h(X)—g(X)>m™1) Moy 1,as m — o0o. By (3.9), [(I(W(X) — g(X) > m™1) —
(1) =1, as m — oc. Take m such that [(I(h(X) — g(X) > m~1) > 0. Then,

I(h—g)

=Il((h—g)[(h—g>m™ ) +I(h—g)I(m t>h—g>m~t>0))
+((h—9)I(0>h—g))

>Il((h—g)I(h—g> mfl) > 0.



24 Arcones

Proof of Theorem 3.4: We apply Corollary 3.2. Hypothesis (i) and (ii) in Corollary
3.2 are assumed. By Lemma 3.3,

Pyt infrck Eolexp(Alog f(X — 1) — log f(X — 0))]
= supyy s infrcg Eolexp(Alog f(X — ) — log f(X)))]
— supjyi_ar exp(— 5 (1)) — 0,

as M — oo. Hence, Corollary 3.2 gives that

—51(9, L) < liminf,,_ n~t log (P@{@ € CHL,L(Xla Ce ,Xn)})
< lim SUpP;, 00 nil IOg (PQ{G ¢ CHL,L(le s 7XTL)}) < *52(97 L)
where
S1(0,L) = inf{Jo(1) : 1 € (L3")*,
Je It € R:1(log(f(-—t)/f(-—0))) >0)dt > L}
and
So(0, L) = inf{Jy(l) : 1 € (LG")*,
S 1(t € B (log(f(-— 1)/ £(- ~ 6))) > 0)dt > L}.
So, we need to prove that
First, we prove that S (6, L) and S3(6, L) do not depended on 6. Given § € R and
1€ (L5")*, define lp € (£5")* as

lo(g) = (g —log(f(- — 0)/£(-))), 9 € L.

By (3.1),
Jo(l) = sup o1 (I(g) — log (Eplexp(9(X))]))
= supg o, (lo(g + log(f(- = 6)/£(-)))
flog( olexp(g(X) + log(f(X —0)/f(X)))]))
= sup, o1 (lo(g) — log (Eolexp(g ( M) = Jo(lo)
Hence,

inf{Jy(1) : 1 € (L5")*, [ I(t € R:1(log(f(- — )/ f(- — 0))) > 0)dt > L}
= inf{Jo(lo) : lo € (£<1>1)

Jo I(t € Rz lo(log(f(- —t)/f( —0)) +1log(f(-—6)/f(-)) >0)dt > L}
= inf{Jo(l) : 1 € (L)*, [ I(t € R:l(log(f(- —t)/f(-))) > 0)dt > L}.

Thus, S1(, L) does not depend on 6. The proof that S>(0, L) does not depend on 6 is
similar.

Suppose that | € (L£3")* satisfies that Jo(I) < oo, then by Lemma 4.3, [(log f(-—t)),
t € R is a strictly concave function. Besides we have that lim,|_. [(log f(- — 1)) =
—o0. Therefore, if Jy(l) < oo and

/R I(t € R : U(log(f(- — 1)/ f())) > 0)dt > L,
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the set

{t e R:I(log(f(- =)/ f()) > 0}

is an interval of the type either (s,0) with s < —L, or (0, s) with s > L. Hence,

51(0,L) = inf{Jo(l) : 1 (c‘bl)* I(log(f(-—t)) =0,
for some s € ( L)U (L, )}
= min(inf3<_L S( ) 1nft>L S(t)) =

The proof that S2(0,2L) = S(L) is similar and it is omitted. [J
Proof of Theorem 3.5: (i) We have that

Epllog f(X —t)] = [plog f(x —t)f(x — 0) dx
= [plog f(xz —t+0)f(x)de = Q(t —0).

(ii) Since log f(+) is a concave function, (f(z))~!f/(x) is nonincreasing. So, for

a>0,—(f(x) 1 f'(x) > —(f(x —a)) "L f'(z — a). Hence,

Q'(0) = Jp(=(f (@)~ f'(2)) f(x) du
= fR fx—a) 1f’( a))f(z) dx = Q'(a).

But, if Q' (a) = 0, then —(f(z)) "1 f'(x) = —(f(x —a)) "L f'(x — a) almost everywhere.
Hence, for each x > 0,

lo ( fo FE)TLF(#) dt
= Jo (f( f’(t—a)) t log( (x —a)/f(—a)).

Similarly, for x < 0, log(f(z)/f(0)) = log(f(z — a)/f(—a)). This implies that for
eachxz € R, f(x)/f(0) = f(z —a)/f(—a). Since f is ap.d.f. f(0) = f(—a) and for
eachxz € R, f(z) = f(x — a). Hence, foreach t € R, Po{X <t} = Po{X <t —a},
in contradiction. Hence, @’ (a) < 0. We got that for each a > 0, Q’(a) < 0. Hence, Q is
decreasing in [0, 00). The proof that ) is increasing in (—oo, 0] is omitted.

(iii) Given a € R, we would like to show that by the dominated convergence theorem,
lim;_,, Q(t) = Q(a). Given 7 > 0, we show that

/ sup  |log f(z —1t)| f(z)der < . (4.16)
R

a—T<t<a+T

Since f is continuous and lim|,| o f(z) = 0, ¢y := sup,cg f(x) < oo. Let t be
suchthat a — 7 < t < a + 7. Since f is continuous, {z € R : f(z) > 1} = [«, f], for
some o < 3. So,

log f(x —t) < (logep)I(z € [a+a—T1,8+a+T]).
By concavity,

log f(x —t) > min(log f(z —a — 7),log(z — a + 7))
> —llog f(x —a—1)| —|log(z —a+7)|.
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Hence,

|log f(z —t)|
< (logeg)l(z €lat+a—T1,0+a+7])+|log f(x —a—7)| + |log(z —a + 7)|.

(iv) Consider h(t) = Q(t+b) — Q(t —b), —b < t < b. We have that h is decreasing,
h(=b) = Q(0) — Q(—2b) > 0, and h(b) = Q(2b) — Q(0) < 0. Therefore, there exists a
unique a € (—b,b) such that h(a) = 0.

(v) Since T), i 1., 1, is translation equivariant, we may assume that = 0. Let G, (s) =

n~! > j=1log f(X; —s). By the law of the numbers, for each s, G/, (s) i Q(s) a.s. Let
0 < 7 < 272b. Hence, in a set of probability one with respect to P, for n large enough,

Gnla—b—27) < Gpla—b—7) < Gpla+0b) < Gula—b+7) < Gpla—b+27)
and
Gnla+b+27)<Gpla+b+7)<Gpla—b) <Gpla+b—7) < Gpla+b-—27).

This implies that G,, attains its maximum at some point d, in [a — b + 27,a + b — 27],
it is nonincreasing in (—o0, d,,) and nondecreasing on (d,,, o). Let

Arr,2e = inf{t >0: / ds < 2b}.
t<G,(s)
Let Cyr26(X1, ..., X,) be a convex set such that

/ o =L
0€CHL 20 (X150, Xn)

and
{9 €0: /\HL,L(Xla Ce ,Xn) < Gn(e)} C CHL,2b(X1, Ce ,Xn)
C {9 €0O: /\HL,L(Xla C ,Xn) < GH(O)}

We have that if ft<G 5) ds < 2b, then A\gyp 25 < t; and if 2b < ft<G ) ds, then
t < Amrop. Since Gp(a+0b) > Gp(a—b—1),

/ ds > 2b+ 1.
Gn(a—b—T)<Gn(s)

So, Agra2e > Gpla —b—17) > Gp(a — b — 27). Similarly, we get that Ayp 25 >
Gr(a+b+27). Hence, a—b—27, a+b+27 &€ Cp 1 2. Since G, (a+b) < Gp(a—b+7),

/ ds < 2b—T.
Gn(a—b+71)<Gp(s)

So, )\HL’Qb < Gn(a — b+ ’7') < Gn(a —b+ 27‘). Similarly, we get that AHL’Qb <
Gpn(a+b—27). Hence, [a — b+ 27,0+ b — 27] C Cyy, 2. Since

[a—b+4+27,a+b—27] C Cyr2 C (a—b—27,a+ b+ 27),



Minimax estimators of the coverage probability of the impermissible error 27

—27 <THrop —a < 27. Since 7 > 0 is arbitrary, T, 2p il aa.s.
Proof of Theorem 3.6: We have that

K(f(-=1),f(- = 0) = [glog(f(z —t)/f(x — 0))f(z — t)dx
= Jplog(f(2)/(f(z+1t—0))f(x)dx = K(t—0).

Since K (a) = Q(0) — Q(—a), we have that K is continuous, decreasing in (—oo, 0) and
increasing in [0, 00). So, B(a) = min(K (a), K(—a)). O

Proof of Theorem 3.7: By conditions (i)—(ii), én is well defined. We have that for
eacht € R,

Po{0 — 0, <t} =Po{—0, <t} =Po{5 >/, log f(X; — 0)|; > 0}
= Po{}_ 1( (X5 +1)"1f'(X; +1) <0}
= fRn T2 (f(ay+) 7 (2 +1) <0) H;L:1 f(x;)day - - dxy,
= Jan I 51 (F (@)1 (25) < O) Ty flaj — 1) davy -+ - day
L (f

= fun 2, (@) (23) < 0)exp () log f(a; — 1)) day - day.

Hence,

= o T () 7 5) < 0) exp (2 Tog f(z; — 1))

x (z;’ 1< <xj — )71y — 1)) day - da,
:_f]Rn j=1 (f(z;))~ A (zj) <0)
x (25 1< o ~0)Lf (25 = 1) Ty S (2~ )dxl dz,
= Jn I (flzj+1)~ (x5 + ) <0) ( j= 1 ( )L 93]))

H] 1f(a:])dac1 “dxy,
= —Eo[I(X 7, (f(X; + )) (X

1) < 0) 355 (F (X)) 7 (X))
= EolI(325- (f(X +1)7! (Xj t)>0 ]

) i (F(XG)H(XG)

where we have used that EO[Z] LGN TH(X)) =
Since log f is a strictly concave function, so is Z?Zl log f(X; +t),t € R. Hence,
Z;L:l(f(Xj + 1)) /(X + t), t € R, is a decreasing function. Hence, for ¢ > s > 0,

b

n

S (FXG+8) T (X +1) <Z (X;+8) 1 (X +5) <Z LX),

Jj=1 Jj=1 j=1

{Z(f(Xj +1) (X + 1) > 0} C {Z(f(Xj))_lf/(Xj) > 0}
and

EolI (3271 (f(X;

)~ f (X +1) > 0) Z] (X5 (X))
< Eo[I(325- (f(X;

+ f
+5) TG 4 5) > 0) 20 (F(X5) (G-
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Note that in the set 7(3~7_, (f(X; + )X +t) > 0), S (FX)) (X)) >
0. This implies that h,, is nonincreasing in [0, 00). A similar argument gives that h,,
nondecreasing in (—oo, 0]. O

Proof of Theorem 3.8: We have that

CHL,L($1;-~-axn)
={fecR?: H;-lzl flz; —0)
={0cRY: 7(g(T(21,...,7,),0),h )
={0eR?: g(T(a:ll. e ), 0) € A(z1,. .., x0)}
={0cR: g(n~1(0,),0) € A(z1,...,2,)},

where
Axy,...,zp) ={t e R:7(t, h(z1, ..., 20)) > k(z1,...,20)}.

This implies that Cyr, 1, (X7, ..., X,,) is based on the m.1.e. OJ

Proof of Theorem 3.9: We have that if 6 — 6,, € Cpiy, 1., then Mpiv. 1. < hn (6 — 6,,).

We also have that fm_)\ o p < (@) 1dx < L. Thus,
‘Apiv, n

/ ldx < / ldr < L.
@ihy (0—0,)<hy(z) T:Apiv, L <hn(x)

Hence,
]Pg{e — Hn € Cpiv,L} < Pa{fwihn(@—én)<hn($) ldz < L}
< Pe{fw:—n—l log hp (z)<—n—"1log hn(e—én) ldx < L}
Let ky, (JJ) = fyGsznfl log hy (y)<—n—1log hn(—x) 1 dy and let
k(z) = nyR:R(y)<R(—;v) 1dy. By hypotheses (ii)—(iv), if =, — =, then, k,(z,) —

k(z). Hence, by Arcones [1, Theorem 2.1, k, (0 — 6,,) satisfies the LDP with speed n
and rate function

inf{R(x) : k(—z) =t},t € R.

Therefore,

lim inf,, oo n ! log(Pe{0 — 0, o4 Cpiv,L(én)}
)

> liminf,, oo n ! log(Pg{kn(én —0)>L}
> —inf{R(z) : k(—z) > L} = —inf{R(z) : fyGRd:R(y)<R(m) ldy > L}
= —inf{u>0: fyeRd:R(y)gu ldy > L}.

We also have that if A, (0 — 6,,) > 0 and fy:n’l(n—l)hn(Q—én)<hn(y) 1dy < L, then

Apin. I < hn(én —6),and 0 — 0, € CpiU,L(HAn). Therefore,

P@{fy:nil(n—l)hn(e_gin)ghn(y) 1 dy S L}A
S ]P)Q{a — en S Opi’U,L(en)} + P@{hn(e — on) — O}
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So,
Po{0 — 0 & Cpiv,(0n)} (4.17)
< Pol s (10— <o) 189 > L+ Polhn(0 = 6,) = 0}
As before,
limsup,, . n" " 108(Po{ [yt (n_1yh, (0—b,) < () 14T > L})  (4.18)
< —inf{R(x) : [,cpa.p(yy<ne 1y > L}
Given €, M > 0, there exists ng such that for n > ng,

sup |n"tlogh,(z) + R(—z)| <,
el <M

Hence, for each n > ng and each |z| < M,
—e <n tloghy(z) + R(—x) < n tlogh,(z) + a,
where @ := sup|, < R(—x) < oo. Hence, for each n > ng and each |z| < M,
0 < exp(—n(e+a)) < hp(x).
Thus,
limsup,, ., n~"'log (Pe{hn(0 — 0,) = O})
limsup,, ., n~'log (Pa{|0 — 0,| > M})
—inf{R(z) : |x| > M}
Letting M — oo, we get that

<
<

limsup n~* log (Pg{hn(ﬁ — én) = O}) = —00. (4.19)

n—o0

By (4.17)-(4.19),

lim sup,, ., n " 1og(Py{0 — 0, & Cpiv,£.(0n)})
< —inf{R(x) : fyeRd:R(y)gR(x) 1dy > L}
= —inf{u>0: fyeRd:R(y)gu ldy>L}. O
Lemma 4.4 Under the conditions of Theorem 3.10,
(i) Foreacht € R, R(t) < oo.
(i) R(0) = 0
(iii) R is increasing in [0, 00) and decreasing in (—oo, 0].
(iv) R is continuous in R.
(v) For each 0 < M < oo,
sup [0~ log hu(z) + R(—2)| — 0,
|w| <M
asmn — oo.
(vi)
lim limsup sup n~'logh,(z) = —oo.
T m—oo x> M
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Proof: (i) Let

r = min(_lim_(£(2))" f/(x), ~ lim (£(2))"" f'(2). (4.20)
Let o be such that sup,cp f(x) = f(zo). Since f is a p.d.f. there are x; < z¢ < 2
such that f(z1), f(x2) < f(xo). Since log f(-) is concave,

lim (f(2))™'f'(2) > (2o — 21) ™" (f(w0) — f(21)) > 0

r— —0Q

and

lm (f(2)) "' f(z) < (x2 — 20) ™ (f(22) — f(20)) <O

r—00

Hence, 7 > 0. So, by (3.8), R(t) < co.

(ii) holds because E[(f(X))"1f/(X)] =

(iii) Let 0 < s < ¢, then R(s) < R(t). Smce (f(x —u) " f(z —u), u € R, is
increasing Fo[(f(X — s))71f/(X — s)] > 0. By (3.7), there exists Ay < 0 such that

R(s) = —log Ey [exp (As(f(X — 8)) 71 f'(X — 9))] -
Since [I(z € R: (f(X —s)) 1 f(X —s) < (F(X —t) ' f(X —1))dz >0,

R(s) = —log Eg [exp (As(f(X — )7 f'(X — 5))]
logEo [exp (As(f(X = 1)1 f"(X —1))]
< ]:z(il;fAeR log Ey [exp ()\(f(X —t) (X )]
= R(1).

Hence, R is increasing in [0, c0). The proof that R is decreasing in (—oo, 0] is similar
and it is omitted.

(iv) Suppose that t,, — to. We show that R(¢,,) — R(to). Then, there are A,,, Ao € R
such that

R(tn) = —log Eolexp(A, (f(X — tn))ilf(X —tn))]
and

R(ty) = —log Eg[exp(Ao(f(X — o))" f(X — to))]-

Let 7 := 2sup,,> [tn].
By (4.20), there exists 0 < M < oo such that M > 27; forx < —M, (f(z))~1f'(z) >
27 1r;and forx > M, (f(z))"Lf' () < —2717. For A > 0,

Eolexp(A(f(X — 1)1 f"(X —1))] 4.21)
et XPA(f(z =) f'(z — 1)) f(2) da
exp(27IAT)P{X <t — M}.

AVARY)

For A < O,

Eolexp(A\f(X =)' /(X = 1))] > exp(=27"An)P{X >t + M}.  (4.22)
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By (4.21), for A > 0,
BolexpA(F(X — £)) 7 /(X — £,))] 2 exp(2~ Ar)B(X < —r - M},
By (4.22), for A < 0,
Eolexp(A(f(X — )" (X — tn))] > exp(—27"A\)P{X > —7 + M}
Take A* > 0 such that
min(exp(27'A*7)P{X < —7 — M}, exp(=2" ' N 71)P{X > —7 + M}) > 2.
Then, sup,,~; [An| < A*. Take a subsequence ny, such that

limsup R(t,) = klim R(tn,)

n—oo

and limy,_ oo An, = A exists. Since (f(-))~!f’(-) is nonincreasing,

exp(Ar,, (f(X —tn, )" /(X = 1n,))
< exp(A*[(f(X = 2n)) 7 (X = 2n)]) + exp(X*|(f (X + 2n)) 7L f'(X + 2n))).

Hence, by the dominated convergence theorem

lim R(t,,) = —log FEolexp(A(f(X —t0)) 1 f (X —t0))] < R(to).

k—o0

So,
lim sup R(¢,) < R(to).

n—oo

We also have that

exp(Ae, (f(X —15)) 71 f' (X — 1))
< exp(A*[(f(X = 2n)) 7L f/(X = 2n)]) + exp(A*|(f (X + 2n)) 7L (X + 2n))).

Hence, by the dominated convergence theorem,

R(tn) > —log Eg[exp(Ae, (f(X — tn)) ' /(X —t0))]
— —log Elexp(Ae, (f(X —t0)) "1 f'(X —to))] = Rfto).
Thus,
liminf R(t,) > R(to)-

n—oo

(v) Since h,, is nonincreasing in (0, co), for each ¢ > 0 and each € > 0,
Po{t +€> 60— 0, >t} < ehn(t).
Hence,

—inf{R(—z): x € (t,t + €)} < liminf, oo n  log(Pg{t +€ >0 — 0, > t})
< liminf, .o n =t log(hy,(t)).
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Letting € — 0, we get that

—R(—t) < liminf n~' log(h,(t)).

n—oo

Since a similar argument holds for the lim sup (and for each ¢t < 0), we have that for
eacht # 0,
—R(—t) = lim n~*log(h,(t)).

n—oo

By the CLT, n~ /2y ~1/2 i (F(X)) M (X5) 4 7., where V is the Fisher

information for the location family, i.e.

Vg (Mfgj‘”) = B[(/(X) (' (X))?).

By uniform integrability,

n= VPV h, (0) = 0 RV IR B I (F(X5)) T (XG) > 0)
x 35 (F(X)) (X))
— —E[(Z, > 0)Z1] = ¢(0).

Note that
o | (n IS ) 106) > 0 TG ) 1) |
< 0B (S ) 710) | = B () 007
We have that

n~1log(h,(0)) — 0.

Hence, foreach t € R,

—R(—t) = lim n~'log(hn(t)).

n—oo

Since h,, is decreasing in [0, 0o) and increasing in (—oo, 0], for each 0 < M < oo,

lim sup |n~'log(hn(t)) + R(—t)| =0,
n=00 || < M

(vi) We have that

limas oo limsup,, o sup;< _p; n~ " log(ha (1))
= limps o limsup,,_, . n~*log(h, (—M))
= limp oo —R(—M) = —0

and
lim s — o0 imsup,, o supys 0" log(hn(t)) = —oo
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Proof of Theorem 3.10: It follows from Theorem 3.9 and Lemma 4.4. (1
Proof of Theorem 3.11: (i) We have that

R(b) = inf{Jo(1) : L € (L5")*, U(f'(- =)' f(- = b)) = 0}

Let
Yo(x) = (f(x —2b)/f(2))/*(Eo[(f(X —2b)/F (X))~
By (3.2),

Jo(lyy) = Eo[v0(X) log~0(X)]

= Eo[(f(X —2b)/ f(X)'2(Eo[(f(X —2b)/f(X))"/?])~?
x (27 log(f(X — 2b)/ f(X)) — log(Eo[(f(X — 2b)/f(X))"/3]))]

= 27H(Eo[(f(X —2b)/f(X))]) L Eo[(f(X —2b)/£(X)) /2 log(f(X —2b)/f(X))]
—log(Eo[(f(X —2b)/f(X))*/?)).

Using that f is even and the change of variables —x + 2b = y,

Eo[(f(X —2b)/f(X))"?log(f(X —2b)/f(X))]
= Jplog(f(z —2b)/f(x))(f(z — 2b)f(x))"/? dx
= Jplog(f(—z +2b)/f(—2))(f(—x + 2b) f(—x))"/? dw
= leog(f(y)/f(y—%)( (f(y)f(y —2b))"/% dy
og

= — Jxlog(f(x — 20)/f(2))(f(z — 20) f())"/* dz = 0.

Hence,
Jo(ly,) = = log(Eo[(f(X — 20)/ f(X))"/?)).
By the Holder inequality,

Hap(\) = log/R(f(at C )M (f(a) N dr,0 < A < 1,

is a convex function. Since f is an even function, we have that Ha,(A\) = Hop(1 — N),
for each 0 < \ < 1. Thus,

S(2b) = —log Hoy(1/2) = —log(Eo[(f(X — 2b)/£(X))"/?]) = Jo(ly,)-
We have that

by (f'(- = B)/f(- = b))
= (Bol(f(X = b)/fFXDVE) ! [o(F' (@ = b)/f(x = 0))(f(z = 20)f(2))"/? da.

Now,
— b)) (f(a — 2b) f(2))"/? dx
_ b)f(x + b))1/2 dx
’<—x>/f<—a:>> (=2 — b) f(—a + b)V/2 da
x4 b)f(x — b))/ dz = 0.

1
%%

Hence, R(b) < Jo(l4,) = S(2b).
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(ii) We need to prove that if R(b) = S(2b), for each b € R, then f is either normal
or one of the distributions in Example 3.14. By (3.7), there exists A(b) € R such that

R(b) = —log Eolexp(A(D)(f'(X = b)/f(X = b)))].
This implies that

0= Eo[(f'(X =)/ f(X = b)) exp(AD)(f'(X —b)/f(X —D)))].
Let

1(2) = (Bolexp(A®)(f'(X = )/ f(X = 1))~ exp(AD)(f'(x = )/ f(x = b))).

Then,
Ly (f'(=0)/f(- =) =0
and
R(b) = Jo(ly,) = Eo[m(X)log 7 (X)].

If 7o (x) were not equal to -y, (z) a.e. with respect to the Lebesgue measure, then for each
0<A<1

Dot (1-21,, (f'(-=0)/f(- = b)) = 0.

and

Jo(Lyo+(1-23)7) = Eo[Y2 (Ao (X) + (1 — A)7(X))]
< AEp[Wa(70(X))] + (1 = A) Eo[Wa(71(X))] = Ado(lyy) + (1 = A)Jo(ly, ),

in contradiction. Note that ¥5(x) = zlogz is a strict convex function. Thus, vyo(z) =
~1(z) a.e. with respect to the Lebesgue measure. Notice that o () and -y, (z) depend on
b. So, we assume that for each b € R,

(f(x — 2)/ F (@) (Bo[(F(X — 26)/ F(X)))/2]) !
= exp(A(b)(f'(z — b)/F(@ — b)) (Bolexp(AB) (' (X — b)/F(X — b))~ ae.

Using that f is continuous, we get that for each = € R,

27 log(f(x — 2b)/f(x)) = AD)(f'(x — b)/f(z — b)) — S(2b) + R(D)
= AO)(f'(z = b)/ f(z = b)).

Let g(x) = log f(x). We have that for each x,b € R,

gl = 20) — g(x) = 2X(b)g'(z — b).

Changing x into x + b, we have that for each x,b € R,

g(x —b) — g(z +b) = 2A(b)g' (z).

Interchanging x and b, we get that

9(b =) — g(z +b) = 2X(x)g'(b).
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Since g is even, we have that

20(b)g' (z) = 2A(x)g' ().

Since f is a p.d.f. there exists ¢ such that ¢’ (¢) # 0. Then,

Az) = 2T@) ooy,

g'(t)

where ¢ = 2),‘(t). Hence,
g'(t)

9(b—z) = g(x +b) = cg'(x)g' (b).
Taking two derivatives with respect to « and with respect to b, we get that
9" (b—2) —g"(z +b) = cgP(2)g'(b)

and
g"(b—x) — g"(x +b) = cg'(x)g® (b).
Hence,
9P (x)g' (b) = ¢’ (x)g® (b).

If ¢ (2) = 0, for each = € R, then g(x) = ax? + b, for some a,b € R. Hence, f is the
p.d.f. of a normal distribution with mean zero. If ¢(®) (z4) # 0, for some x € R, then

9P (z) = 1¢'(2), (4.23)

where 7 = (¢'(20))"'9® (x0). The solutions of this differential equation (see e.g.
Simmons [24, Section 17]) are

g (x) = ay sin(bz) + as cos(bx), if 7 < 0,

and

g (x) = ay sinh(bzx) + ag cosh(bz), if T > 0,

where a;,az € R and b? = |7|. Since ¢’ is an odd function and e9(®) is a p.d.f. The only
solution is

f(x) = cexp(—acosh(bx))

where a,b > 0 and ¢ = ([, exp(—a cosh(bx)) d:c)fl. O

Acknowledgement: I would like to referee for pointing out several typos.
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