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Abstract

We present general sufficient conditions for the moderate deviations of M-
estimators. These results are applied to many different types of M-estimators such
as the p—th quantile, the spatial median, the least absolute deviation estimator
in linear regression, maximum likelihood estimators and other location estimators.
We apply moderate deviations theorems from empirical processes.
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1 Introduction

We discuss the moderate deviations for M-estimators. Huber (1964) in-
troduced M—estimators as a way to obtain more robust estimators. Let
{Xi}2, be asequence of i.i.d.r.v.’s with values in a measurable space (.5, S).
Let g : S x © — IR be a function such that g(-,6) : S — IR is measurable
for each § € ©, where O be a Borel subset of IR?. Suppose that we want to
estimate a parameter 0y € O characterized by E[g(X,0) — g(X,8y)] > 0 for
each 0 # 6. An M-estimator 6, over a kernel g(z, ) is a random variable
0,, = én(Xl, ..., X, satisfying

—1 A . —1
Xi, Hn ~ f Xi7 0). 1.1
0 o) = jul ™t 30 (1)
We also consider M—estimators 6,, defined by

n Y (X, 0,) ~ 0, (1.2)
i=1
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A~

where h(-,0) : S — IR? is a measurable function for each § € ©. Here, 0,
is estimating a value 0y characterized by E[h(X,6p)] = 0.

It is well known that under regularity conditions, these estimators are
asymptotically normal. In fact, there exists a function v such that,

n2(0, — 6) +n 12 i(d’(Xi) — E[p(X:)]) 2o,

=1

(see Huber, 1964, 1981; Hampel, Ronchetti, Rousseeuw and Stahel, 1986;
Serfling, 1980; and Lehmann and Casella, 1998). The function v is called

the influence curve. The M-estimator is more robust when the influence
curve is bounded (Hampel, 1974).

Given a sequence of r.v.’s {Y,,} with values a metric space (T,d), a
sequence of positive numbers {¢,} which converges to zero and a function
I: T — [0,00), it is said that {Y},} satisfies the (LDP) large deviation
principle with speed €, and rate function [ if for each Borel set A of T,

—inf{l(v) : v € A°} <liminf, . €, log(Pr{Y,, € A})
< limsup,,_, €n log(Pr{Y, € A}) < —inf{I(v) : v € A}.

We refer to page 35 in Deuschel and Stroock (1989) for more information
in the large deviation principle. When dealing with stochastic processes,
we will use the definition of large deviation principle in Arcones (1998b).
We will obtain a large deviation principle for M—estimators under different
speeds.

We study the moderate deviations of M—estimators. Given a sequence
of i.i.d. random vectors {Y;} with values in IR?, and a sequence of real
numbers {a,} such that a, — oo and ann Y2 — 0, by Corollary 3.4 in
Arcones (2001), if

E[Y1]’] < o and  lim a;2log(nPr{|Yi| > n'%a,}) = —c0,  (1.3)
n—oo

then a,'n1/23"" (Y; — E[Y;]) satisfies the LDP with speed a2 and the
rate function
I(t) = 27 wxy%0,0 € RY

where Y2 = E[(Y — E[Y])(Y — E[Y])']. The previous result is called
moderate deviations, because the considered tail is smaller than the one
in the large deviations set—up. In the moderate deviations set—up we are
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considering the tail of | Y27, (V; — E[Y;])| in [n'/2a,,00). The usual large
deviations considers the tail of | Y | (Y; — E[Y;])| in [n, 00). An elementary
argument shows that if for some A > 0, E[exp(A|Y|)] < oo, then (1.3) holds.
(1.3) is a necessary sufficient condition for the moderate deviations, in the
sense that if a,, / oo, n=2a, \, 0 and {a; 'n=1/? > j—1 Y;} satisfies the
LDP with speed a7 and a rate I(t) such that limy,_ t~'I(t) = oo, then
E[Y] =0, E[Y?] < o0 and

lim a,?log(nPr{|Y]| > nl/zan}) = —00

(see Corollary 3.4 in Arcones, 2001).

We present very general theorems to obtain that for each 7 > 0,

lim a, log(Pr{|n'/2(8, — 6y) (1.4)
+n 2N (X)) — B[ (Xi)])] > ant}) = —o00.
=1

Assuming (1.4) and that (X)) satisfies (1.3), we obtain that a;, 'n'/2(6, —
0p) satisfies the LDP with speed a2 and the rate function

Iy(t) = 2_1112;20,1) € R

where Ei = E[(¢(X1)—E[Y(X1)])(w(X1)—E[¢(X1)])], i-e. for each Borel
set A C IR?,

—inf{I;(v) : v € A°} < liminf, . log(Pr{n'/?(8, — 6o) € A})
< limsup,,_, . log(Pr{n'/?(0, — 6p) € A}) < —inf{l;(v):v € A}.

This implies that for each 7 > 0,

lim a,?log(Pr{a,'n'/?|0, — 0| > 7} = —27'7%¢2, (1.5)

n—oo

where e?l is the biggest eigenvalue of the covariance matrix Efp. This result

states that the tail of n'/2(f, — ) decreases like the tail of a Gaussian
random vector with mean zero and covariance matrix Ei.

We present general theorems to obtain (1.4). We apply these results to
several examples such as: p—th quantiles, location parameters, spatial me-
dians, least absolute deviation estimator in linear regression and maximum
likelihood estimators.
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A main technique in the proofs is the moderate deviation theorems
for empirical processes in Arcones (2001). In particular, we obtain the
moderate deviations of M—estimators assuming weaker conditions than the
existence of a moment generating function in a neighborhood of zero.

The moderate deviations of one dimensional mle’s was considered by
Gao (2001). By the way, it seems that some monotonicity assumption on

lg) in this paper would be necessary in order to ensure that
{0,260+ V(O +¢) >0}

where

6, = inf{6 : 1{V(9) < 0}
(see Equations (1) in Gao, 2001).

Jensen and Wood (1997) considered the large deviation for M—estimators.
They gave sufficient conditions so that for each 7 > 0,

lim sup n~! log(Pr{|0,, — 6o > 7}) < 0.

n—o0

In Section 2, we present the main results and several examples. The
proofs of the theorems in Section 2 are in Section 3.

¢ will denote an universal constant that may vary from line to line.
Let X be a copy of X;. We will use the usual multivariate notation. For
example, given u = (uy,...,uq) € R? and v = (vy,...,vy) € R, we
denote u'v = Z‘;:l ujv; and |ul = (327, u?)l/Q. We will use the notation in
empirical processes in Giné and Zinn (1984). Given a function f: S — IR,
we define

Pof =n'> f(Xi) and Pf=E[f(X)].
=1

2 Moderate deviations for M—estimators

If the stochastic processes are convex, (1.4) can be obtained from minimal
conditions:

Theorem 2.1. With notation for the M-estimators in (1.1), let ¢ : S —
IRY be a measurable function and let {a,} be a sequence of real numbers
converging to infinity such that a,n="/2 — 0. Suppose that:
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(i) For each x € IR?, g(x,-) : © — IR is a convex function.

(ii) Op = 0,(X1,...,Xp) is a sequence of IR*~valued random variables
such that for each T > 0,

lim a,*log(Pr{a,? X;,0,) > inf a,> X; = —o0.
lim_a,*log(Pr{a,, j;g( j20n) > inf ay j;g( j:0) +73) = —o0
(11i) There exists a positive definite symmetric matriz V. such that
Elg(X,0) — g(X,00)] = (6 — 00)'V (0 — bo) + o(l0 — 60|*),

as 0 — 6.
(iv) Bll(X)P] < oo
(v) lim,, o0 a;; 2 log(n Pr{|p(X)| > n'/%a,}) = —c0
(vi) For each 0 € IR,

na; 2El|r(X,n " 2a,0)|I(|r(X,n"2a,0)| > a2)] — 0,

where

r(@,0) = g(z,00 + 0) — g(x,6) — 0'd().
(vii) For each 6 € IR,
a, 2 log (nPr{|r(X, n~1%a,0)| > ai}) — 0.
(viii) For each 6 € IR and each A > 0,
na;?Elexp\|r(X, n~Y2a,0)|)I(a2 > |r(X,n"2a,0)| > 1)] — 0.
(ix) For each 0 € IR,
na, 2Var(r(X,n=2a,0)I(|r(X,n"?a,0)| < 1)) — 0.

Then,

lim a;,2log(Pr{|n'/?(6, — 6o) + 27 *n'/3(P, — P)V"1¢| > an7}) = —oc0.
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Most the conditions above are easier to check. Hypothesis (ii) in the
previous theorem is satisfied if the estimator 8, is close enough to maximize
Z?:l 9(X;,0), 0 € ©. The previous theorem gives the moderate deviations
of the sample mean assuming the minimal condition (1.3). In this case
g(x,0) = |z—0|?, for 2,0 € R, 0y = E[X], ¢(x) = 2—0 and r(x,0) = |0|>.

The conditions in Theorem 2.1 are implied by the existence of certain
moment generating function in a neighborhood of zero:

Corollary 2.1. Assume the notation in Theorem 2.1. Suppose that:
(i) For each x € IR, g(z,-) : © — IR is a convex function.

(it) 0, = 0,(X1,...,X,) is a sequence of IR valued random variables
such that for each T > 0,

lim a_2log(Pr{a;? - 0,,) > inf a2 » = —00.
lim a, og(Pr{a, Zg(Xjﬂn)_(}gean ;Q(Xg;9)+7'}) o0

j=1
(i1i) There exists a positive definite symmetric matriz V' such that
Elg(X,0) — g(X,00)] = (6 — 60)'V(6 — 6p) + o(|6 — bo|*),

as 0 — 0.

(ii3) With probability one,

lim |0] Y7 (X, 0)].
algg)ll Ir(X,0)]

(iv) There are 69, Ao > 0 and such that
Elexp(Ao[o(X)])] < oo and Elexp(AL(X))] < o0,
where
L(z)= sup || |r(z,0)].
0<6]<bo

Then,

lim a2 log(Pr{|n'/2(0,, — 6y) + 27 'n!2(P, — PYV 9| > anT}) = —o0.
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Example 2.1. (Spatial median). Let { X} be a sequence of i.i.d.r.v.’s with
values in IR?. A natural extension of the median to several dimensions is
the spatial median 6,, defined as a value which minimizes

n 'y X - 0),0 € R
j=1

This estimator is equivariant by rotations, translations and dilations. This
estimator was introduced by Haldane (1948) as a robust alternative to the
sample mean. If X is not supported in a linear space of dimension one,
then there exists a unique value 6y such that for each 0 # 6y, E[|X — 0| —
| X — 6o]] > 0 (see Milasevic and Ducharme, 1987). Assuming also that
E[|X — 6p|7] < oo, Corollary 2.1 applies with g(z,0) = |z — 4|,

V =2"1E[|X — 0o|  yxq — | X — 00] (X — 60)(X — o),

and ¢(z) = —|z — 0| H(z — 6g)I(x # 0y), where I;yq is the unit d x d
matrix. Conditions (i) and (ii) in Corollary 2.1 are obviously satisfied. By
the Taylor theorem, there exists a constant ¢ such that for each z, 0 € IR?,

|z — 0] — |z — O] + |z — 60|~ (6 — 6o)'(z — bp)
+2_1|JI — 60‘_3((9 — 00)/(56 — 90))2 — 2_1’.% — 90|_1’9 — 90’2|
< ez — 60|70 — bo|* A |z — 6o 72|0 — o).

This implies that

10 — 60| 2| E[g(X, 0) — g(X,00)] — (6 — 60)'V (6 — 6o)]
< cB[(|X — 007" A X —60]72]0 — 6o])],

which goes to zero as § — 6y by the convergence dominated theorem.
So, condition (iii) in Theorem 2.1 holds. Since, |¢(x)| < 1, the part in
condition (iv) involving ¢(-) is satisfied. By the Taylor theorem, there
exists a constant ¢ such that for each z,6 € IR?,

(2, 0)] < e(jz — 00|10 A 1))
This implies conditions (iii)—(iv) in Corollary 2.1.

Example 2.2. (Some mle’s for location). Let {X;} be a sequence of R4
valued i.i.d.r.v.’s with density p(xz — 6y), where #y € IR? is unknown and
p is a density such that —logp(x) is a convex function. Then, the mle is
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the M-estimator which minimizes (1.1) with g(z,0) = —logp(xz — 6). The
previous theorem gives sufficient conditions in p for the moderate deviations
of the mle. It is elementary to see that the previous theorem applies when
p is either normal, or double exponential or logistic.

The following theorem applies when the observations are not i.i.d.

Theorem 2.2. Let © be a subset of IRY. Let {G,(0) : 6 € ©} be a sequence
of stochastic processes. Let Oy be a point in the interior of ©. Let {M,}
and let {V,,} be two sequences of nonsingular symmetric d x d matrices.
Let {n,} be a sequence of R*—valued r.v.’s. Let {€,} be a sequence of real
numbers converging to zero. Suppose that:

(1) Gn(8) is a convex function in 6.

(it) 0, = 0,(X1,...,X,) is a sequence of R valued random variables
such that for each T > 0,

lim e, log(Pr{Gy(6,) > ein(g Gn(0) +7}) = —oo0.
n—oo S

(iii) For each 6 € IR% and each T > 0,

lim €, log Pr({|Gn (00 + M, '0) — G (60) — 0'ny — 0'Vi0] > 7}) = —o0.

(iv)
lim limsup e, log(Pr{|n,| > M}) = —oc.

—X0 n—oo
(v) lim inf,, o0 infjgj—1 0'V,0 > 0 and limsup,, _, , supjg—; 0'V,,0 < oo.

Then, for each T > 0,

Tim_ e log Pr({[M(6n — 60) + 271V, o] > 7}) = —c0.

Moreover, if {V,"'n,} satisfies the LDP with speed €,, then so does
{M,, (6, — 6p)}.

The previous theorem applies to the next example.

Example 2.3. (Least absolute deviation estimator in linear regression).
We obtain observations (Y1,21),..., (Ys, 2n), where Y; = 20y + U;, 1 <i <
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n, {U;}7_; areiid.r.v.’s; {2}, are IR? vectors and 0y € IR is a parameter
to be estimated. z; is called the regressor or predictor variable. Y; is called
the response variable. U; is an error variable. The least absolute deviation
estimator én of 6y is a value such that

n n
D Y= 20, = ai&gdz Y; — 216).
=1 =1

The least absolute deviation estimator is preferred to the least squares
estimator by robustness reasons. A review in his topic is in Portnoy and
Koenker (1997).

Theorem 2.3. With the above notation, suppose that:
(i) For n large enough, S, = Z?:l zjz;~ 15 an invertible d x d matriz.

(ii) an maxi<j<n |Sq;1/2zj| — 0.

(iii) Fyr(0) = 1/2 and F;(0) > 0, where Fyy is the distribution function
of U.

Then, a;lS}L/Q (én—Go) satisfies the LDP with speed a2 and rate function
I(t) = 271 (F7(0))2 [t
Next, we give sufficient conditions for the moderate deviations of the

M-estimators in (1.1) without assuming that the kernel is convex.

Theorem 2.4. With the notation in Theorem 2.1. Let ¥ be a function
form S into the set of d x d symmetric matrices. Suppose that:

(i) For each T > 0,

lim a;,2log(Pr{|0, — 60| > 7}) = —oc.
(ii) For each T > 0,

n n
nh_)ngo a,? log(Pr{; 9(Xi,0p) > ggg;g()(i,ﬁ) +7a2}) = —oc0.

(i1i) There is a positive definite symmetric d X d matriz V' such that

E[g(X,0) — g(X,00)] = (6 — 00)' V(6 — 6p) + 0(|0 — 6o]°),
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as 0 — 6.
(iv) E[|¢(X)[?] < o0
(v) lim,, o0 a;; 2log(n Pr{|p(X)| > n'/?a,}) = —cc.
(vi) For each T > 0,

n

nhﬁngo a,, *log(Pr{|n~! Z(‘II(XZ) — E[V(X;)])| > 7}) = —o0.
i=1

(vii) lims_g E[Bs(X)] = 0, where

Bs(r) = |Sel\l<% 10—00]%|g(z,0)—g(,00)— (0—00)' ¢(x)—(0—00) ¥ (z) (6—0b0)|-

(viii) For each T > 0, there exists a 6 > 0 such that

lim a;,?log(Pr{n~! Z Bs(X;) > 71}) = —o0.

n—00 ¢
=1

Then,

limy, o0 a;; 2 log(Pr{|n'/2(,, — 6o)
+27 ann ™ 30 VTH(XG) — E[o(X0)))| 2 anT}) = —oc.

Condition (vi) in the previous theorem holds if for some A > 0,
Elexp(A|¥(X)])] < oo (see the remark around (3.4) below). Similarly,
condition (viii) in the previous theorem holds if for some A > 0,
Elexp(ABs(X))] < oo. To check hypothesis (i) in the previous theorem,
it helps if there exists a unique local minimum of G, (). Conditions for a
function to have a unique minimum are in Mékeldinen, Schmidt and Styan
(1981). Using this condition, we have the following:

Theorem 2.5. With the notation in the previous theorem. Suppose also
that there exists a 9 > 0 such that:

(i) With probability one, Gy (0), 0 € ©, has a unique minimum 0, and
it does not have any other local minimum.

(ii) With probability one, G,(-) is continuous in ©.
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(i1i) There is a positive definite symmetric d X d matriz V' such that
Elg(X,0) — g(X,00)] = (6 = 60)'V (6 — 6o) + 0(|6 — bo|*),
as 0 — 0.
(iv) E[|¢(X)[?] < o0
(0) T e a2 log(n Pr{|¢(X)| = n1/2a,}) = —oc.
(vi) For each T > 0,

n

Tim_a, log(Pr{|n " 3 (W(X) — E[R(X,)])| > 7)) — oo,
i=1

(vii) lims_,g E[Bs(X)] = 0, where

Bs(x) = oup 10—60|2lg(w,0)—g(w, 00)— (0—b0)'¢(x) (0 —00) ¥ () (§—00)|.

(viii) For each T > 0, there exists a 6 > 0 such that

lim a,%log(Pr{n" ZB(;(Xi) >71}) = —o0.

n— oo -
=1

Then,

limy, o0 a;; 2 log(Pr{|n'/2(0,, — 6o)
+27 ann ™ 3T, VI (O(XG) — Blo(X))])] > anT}) = —o0.

The previous theorem applied to the moderate deviations of mle’s gives
the following:

Theorem 2.6. Let {p(x|0) : 0 € O} be a family of densities in IR™, where
© is a Borel set of IR%. Let {X;} be a sequence of IR™valued i.i.d.r.v.’s

with density p(z|0y) where 6y € ©°. Suppose that there exists a g > 0 such
that:

(i) A:={x € R™: p(x|0) > 0} does not depend on 6.

(i1) p(x|0) is twice differentiable with continuity with respect to 0 in a
neighborhood of 0.
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(iii) With probability one, n=1 Y " logp(X;|0), 0 € © has a unique
global maximum at 0,, and this is the unique local mazimum.

(iv) 0 < E[|¢(X)|?] < 0o, where
)

Olog p(x|0
- (Dot

0dlog p(z|0)
o=0o 009

and 0 = (AW, ... 0Dy,
(v) limy, oo a;; 2 log(n Pr{|¢(X)| > n'/?a,}) = —cc.

2
(vi) The matriz V = <E [W‘ }) is positive definite.
0=001/ 1<i,j<d

(vii) There exists a A > 0 such that
Elexp(ABs,(X))] < o0,

where S logp(a0)
B ogp(z
Bs,(z) = sup  sup ~500900) ’ :

1<i,j<d |0—0o|<do

Then,

limy, o0 a;; 2 log(Pr{|n'/2(0,, — 6o)
+27 ann ™ 300 (VT H(0(XG) — E[o(X0)])] > anT}) = —oc.

Theorem 2.1 in Mé&keldinen, Schmidt and Styan (1981) gives sufficient
conditions implying hypothesis (iii) in the previous theorem. It is easy to
see that the previous theorem applies to many common mle’s. Another
sufficient conditions assuming less smoothness for the moderate deviations
of mle’s are in Theorem 2.9.

Next, we consider the moderate deviations of the M—estimators in (1.2).
The next theorem considers the moderate deviations for the M—estimators
over a nondecreasing kernel:

Theorem 2.7. Let {X;}°, be a sequence of i.i.d.r.v.’s with values in a
measurable space (S,S). Let h: S x IR — IR be function such that h(-,0) :
S — IR is measurable for each 6 and h(z,-) : IR — IR is nondecreasing for
each z. Let 6y € IR. Let {a,} be a sequence of real numbers converging to
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infinity such that apyn=% — 0. Let 6, = sup{t : n7! Z?:1 h(X;,t) < 0}.

Assume that:

(i) H(p) = 0 and H'(6p) > 0, where H(0) := E[h(X,6)].

(ii) E[h?(X,0p)] < oo.

(i) limy, o0 a;, 2 log(n Pr{|h(X, 60)| > a,n'/?}) = —oo.

(iv) For each t € IR,

n2a E|r(X,n” ant) | I(Ir(X,n~?ant)| > n'/2a,)] = 0,

where 7(X,0) = h(X, 00+ 6) — h(X, 6).

(v) For eacht € IR,

lim a;,2log(n Pr{|r(X,n " 2a,t)| > a,n'/?}) = —.
n—oo

(vi) For each t € IR and each X\ > 0,
limy, o0 nay, 2E [exp (An~Y2a,|r(X, n712a,t)])
xI(apn'/? > |[r(X,n"Y2a,t)| > n1/2a51)] =0.
(vii) For each t € IR,

lim Var(r(X, n_1/2ant)l(|r(X, n_l/zant)\ < n1/2a1;1)) =0.

n—oo

Then, for each T > 0,

lim,, o0 a2 log(Pr{aglnl/ZWn — 6y

+ (H'(60)~'n ™t 305 (R(X5, 00) — E[R(X;, 00)])| = 7}) = —o0.

Example 2.4. (p-th quantile). Let {X;} be a sequence of i.i.d.r.v.’s with
df F. Let 0 < p < 1. Suppose that there exists 6y such that F(6y) = p.
The M-estimator over h(z,0) = I(x < ) —p is the p—th quantile. It is easy

to see that if F'(fy) > 0, then the previous theorem applies.

Example 2.5. (Parameters of location). Let ¢ be a nonincreasing odd
function with ¢ (0) = 0. Take h(z,8) = ¢(x — ). Several possible common
choices for ¢ are in Chapter 7 in Serfling (1980). Then, under minimal
conditions the previous theorem hold. For example, if v is bounded, the

previous theorem applies with 6y if H(6y) =0, H'(6p) > 0 and
limg_g, E[(R(X,0) — h(X,60))?] = 0.
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The next theorem applies to the M—estimators in (1.2) in the multivari-
ate situation:

Theorem 2.8. Let {X;}°, be a sequence of i.i.d.r.v.’s with values in a
measurable space (S,S). Let h : S x IR — IR? be function such that
h(-,0) : S — IR is measurable for each 0 € ©. Let 0y € ©°. Let {a,} be
a sequence of real numbers converging to infinity such that a,n=1/2
Suppose that:

(i) For each T > 0,

— 0.

lim a2 log(Pr{|0, — 60| > 7}) = —oo.

(i1) For each T > 0,

lim a2 log(Pr{ay 'n'*|Puh(-,6,)] > 7}) = —oc.

(i11) H(0o) = 0, where H(0) := Eh(X, )]
(iv) H(0) is differentiable at 6y with nonsingular derivative.

(v) There exists a 8 > 0 such that {a, 'n'/?(P, — P)(h(-,8) — h(-,6p)) :
|0 — 00| < o} satisfies the LDP with speed a2 and a good rate function.

(vi) limg_.g, Var(h(X,0) — h(X,6p)) = 0.
Then, for each T >0,
lim a2 log(Pr{a;'n'/?|0, — 0o+ (H'(60)) " (P, — P)h(-,00)] > 7}) = —cc.

n

Necessary and sufficient conditions for the moderate large deviations of
empirical processes were given in Theorem 3.6 in Arcones (2001). Applying
these necessary and sufficient conditions to hypothesis (v) in the previous
theorem, we obtain the following:

Corollary 2.2. With the notation in the previous theorem, suppose that
there exists a dg > 0 such that:

(i) For each T > 0,

lim a;,2log(Pr{|0, — 60| > 7}) = —oc.

(ii) For each T > 0,

lim_a;;2log(Pr{ay; 'n'*|Puh(-,6,)] > 7}) = —oc.
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(11i) H(0y) = 0, where H(0) := E[h(X,0)]
(iv) H(0) is differentiable at 0y with nonsingular derivative.
(v) For each |0 — 6| < &y, E[|h(X,0)%] < .
(vi)
hm a2log(nPr{ sup |h(X,0)|>n'2a,})=—

|0—00|<d0

(vii) ({0 : 16 — Oo| < 0o}, d) is totally bounded, where

d?(¢',0") = Var(h(X,0") — h(X,8")).

(viii) SUpP|g—_gy|<sp a;ln_1/2| Z?Zl(h(ij 0) — E[h(X;,0)])] 0.
(iz) limg_g, Var(h(X,0) — h(X,0)) = 0.
Then, for each T > 0,

lim a2 log(Pr{a;'n'/?|0, — 0o+ (H'(60)) " (P, — P)h(-,00)] > 7}) = —oc.
Condition (viii) in the previous theorem holds if
{nfl/zz (X;,0) — E[h(X;,0)]) : |0 — 60| < o}

converges weakly. The weak convergence of the previous stochastic process
has been study by many authors (see for example Giné and Zinn, 1984; van
der Vaart and Wellner, 1996; and Dudley, 1999).

The previous corollary applied to the moderate deviations of mle’s gives
the following;:

Theorem 2.9. Let {p(x|0) : 6 € O} be a family of densities in IR™, where
© is a Borel set of IRY. Let {X;} be a sequence of IR™-valued i.i.d.7.v.’s
with density p(z|0y) where 6y € ©°. Suppose that there exists a g > 0 such
that:

(i) A:={x € R™: p(x|0) > 0} does not dependent on 6.

(i1) p(x|0) is second differentiable with respect to 0 in a neighborhood of
Bo.
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(iii) With probability one, n=1 Y " logp(X;|0), 6 € ©, has a unique
global maximum at 0,, and this is the unique local mazimum.

(iv) There exists a A > 0 such that

5 mmwm e

00

1<i<d [§—0o|<do

exp ()\ sup  sup

(vi)
& log p(X16)

E 200000)

sup sup
1<i,5<d |0—00| <o

v) The matriz V .= ( £ 9* logp(X|6) 1$ positive definite.
p
=001/ 1<i,j<d
Then,

006(1) 59(3)
2
] .
limy, oo a;; 2 log(Pr{|n'/2(0,, — 60)
+27 a3 (VT O(XG) — E[¢(X0)])| > ant}) = —oc,

o) = (810gp(w|9) B > .

060()
Besides of imposing conditions like (1.3), we will need to deal with some
remainders. To do that we will use the following lemma:

where
0 log p(x|0)
o=, 001

3 Proofs.

Lemma 3.1. Let {X,,j : 1 < j < n} be a triangular array of row wise inde-
pendent r.v.’s. Let {€,} be a sequence of positive numbers which converges
to zero. Suppose that:

i) )
im limsup | ZE[Xn,jI(’Xn,j| > M)]| =0.

1
M—oco p—oo X
J=1

(ii)

n
lim limsup e, log ZPT{’Xn,ﬂ > M} | = —o0.
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(1i1) For each 0 < M, \ < oo,

n
lim limsupe, Y _log (Elexp(Ae, | Xp [ I(M > X, 5] > aen))]) = 0.
A= n—oo :

7j=1

(iv) For each a > 0,

€n' Y Var(Xp ;I(|Xn,| < ae)) = 0.
j=1

Then, for each T > 0,

lim sup €, log Pr{| Z(ij — E[X, ;)| > 7} = —o0.

PrROOF. We prove that for each A\, 7 > 0,

limsup €, log | Pr{| Z(X”vj — E[X,])| >}

<=\
n—oo j:1
Take 0 < M < oo such that
n
limsup| > E[X, ;I Xn,| > M)]| <277 (3.1)
n—oo .
7j=1
and "
limsup €, log(Y _ Pr{|Xp,;| > M}) < —A. (3.2)
n—oo j=1

Take a > 0 such that

lim sup e, log(Elexp(16A7 e, ! Z | X i [ T(M > | Xy 5] > aen))]) < A.(3.3)

j=1
By (3.1), for n large enough,

Pr{|> 71 (Xn; — E[Xn;])| = 7}
< i Pr{|Xn,l = M}
+Pr{| 200 (Xn il (aen < | X5 < M)
— B[Xy,j1(aen < |Xn | < M)])| = 277}
+Pr{| 0 (X gL (| X | < a€n) — E[Xn (| X0 | < aep)])| > 2777}
= I+1I+1II
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By (3.2), for n large enough I < e e

By symmetrization (see for example Lemma 6.3 in Ledoux and Tala-
grand, 1991) and (3.3), for n large enough,

17

< 6—2A651E[exp(8>\7_16;1| > i1 (X jl(aen < [ Xy 5 < M)
—E[ijl(aEn < |Xn,j| < M))D])
-1
< e Blexp(16Ar e, | 17 & Xn 1 (aen < [ Xl < M)])]
< e_”‘ej Elexp(16A7~ e, ' 3701 [ X I (aey < | X j| < M))]
S e*AG;

9

where {¢;} is a sequence of i.i.d. Rademacher r.v.’s independent of {X,, ; :
1<j<n}
By the Prokhorov inequality (Theorem 1 in Prokhorov, 1959)
I11
< 2exp (—2*4a*17'e;1
xarcshﬂl(2_2a76n(§:?:1\hﬂ()ﬁhjfﬂ}(mj]<Za6nD)_1)).

The claim follows from all the previous estimations. [

We will also use that if {Y;} is a sequence of i.i.d.r.v.’s such that for
some A > 0, E[exp(A|Y|)] < oo, and {a,} is a sequence of real numbers
such that na,2 — oo, then for each 7 > 0,

lim a2 log(Pr{n |3 (% ~ BN > 7)) = —00. (34)
=1

This follows from the Cramer—Chernoff theorem: for each 7 > 0,

Tim 1~ log(Pr{n 3 (Vi — BIYi])| = 7}) = —min(I(r), I(r),
i=1
where
I(z) = sup{ Az — log(E[exp(A(Y — E[Y]))]) : A € R}

and I(z) > 0 for z # 0 (see for example Section 1.2 in Deuschel and Stroock,
1989).

We obtain Theorem 2.1 from Theorem 2.2. So, we prove Theorem 2.2
first. We need the following lemma:
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Lemma 3.2. Let f : [-M — 7, M + 7]* — IR be a convex function, then
for each x,y € [—M, M]?,

f(x) = f(y)] <2 3%z — ylooT ™! sup | f(2)].
26{—M~—71,0,M+7}4

The previous lemma follows from lemmas 13 and 14 in Arcones (1998a).

PROOF OF THEOREM 2.2. Let U,(0) = G, (0 + M, 10) — Gn(6p) —
0'n, and let W, () = 6'V,,0 and let Z,(0) = U,(6) — W,(0). Let ¢ =
lim inf,, o infjgj—1 0'V,,0 and let cp := limsup,, ., SUP|g|=1 0'V,0.

First, we prove that for each 0 < 7, M < o0,
limy,— o0 €5, log(Pr{supjg<ps [Zn(0)| > 7}) = —o0. (3.5)

Take 0 < € < 1, such that 4 - 3%co(M + 1) < 7/2. Then, there are
01,...,0m € [-M, M]? and a function 7 : [-M, M]? — {6,...,60,,} such
that supge(_azpe |0 — 7(0)] < e. By the Lemma 3.2, for n large enough,
and each 0 € [-M, M]?,

1 Zn(0)]

1 Zy (7(0))] + [Un(8) — Un(m(0))] + [Wi(6) — Wy (m(0)]
maxi<j<m | Zn(0;)] + 2 - 3% supge(_nr—1,0 114134 [Un(0)]

+2 - 3% Supee{foLo,Mﬁ[}d (Wa(0)]

maxi<j<m |Zn(0;)] + 2 - 3%€supger_pr—1,0,04132 [ Zn(0)]

+4 - 3% Supae{foLo,Mﬂi}d (Wa(0)]

< maxi<j<m [ Zn(0;)] + 2 - 3% supgeg_ar—1,0,004134) [Zn(0)] + 7/2.

INIA

IN

Therefore,

en log(Pr{supyg <ns | Zn(6)| > 7})
< eplog (Pr{maxlgjgm ‘Zn((%)‘ > 2737'}

+ Pr{2- 3% SUPGe{—M—1,0,M+1}4 | Z,(0)] > 2_37-}) — —00

and (3.5) holds.

Let 6,, = =271V, let 7> 0, let [0] > 7 >0, let t = 6y + M,jlén +
M, 16 and let

t = 0g + M 10, + 7107 M0 = 0]t +10)71 (0] — 7) (00 + M 10,).
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By convexity,

Gult") ~ Gin(60) ~ (36)
<107 7(Gnlt) = Gonl00) + 16171101 = 7)(Ga( B + M5 18,) = G (00))

Then, for n large enough,
Gn(t*) — Gn(60) (3.7)
> (0, + 7101710) 10, + (0 + 710 710)' Vi (B, + 716]716)
~ SUPjg|<ig, - | Zn ()]
— —27 2 Vo, 4+ 10| 72720'V,0 — SUD g/ < G, |+ | Z,,(0)]
> G0+ My 0n) — Gn(00) + 27 err? = 2suppg g 1 [ Zn(0)].

By (3.6) and (3.7), for n large enough,

Gn<90 + Mrjlén) - Gn(GO) + 2710172 - 2SUP|9‘§|§R|+7— |Zn(6)‘
< 0] (G(t) — Gn(%0)) .
+10] 71 (18] = T)(Gn (b0 + M 6n) — Gu(6o)).

So, for |0| > T,

Gn(fo + M;16,) — Gn(60)
—H0|7’*1(2*101~T2 — 28UPjg <1, 4 |Z.(0)])
< Gu(Bo+ M0, + M;710) — G,(bp).

This implies that if

sup | Z,(0)] < 27 3¢, 72
|9|§‘én|+7'

then, for each |6 > T,

Gn(0o + M16,) — Gn(60) + 2 2¢172
< Gy + M0, + M;710) — G, (6p).

Hence,

Pr{|M, (0, — o) + 271V, 1n,| > 7}
< Pr{suppens i+ 1Za(8)] = 2717} + Pr{|f,| > M}
+Pr{G,(0,) > infgce Gn(0) + 27 2c17%}
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and the claim follows from (3.5) and hypotheses (ii) and (iv). O

Proor oF THEOREM 2.1. We apply Theorem 2.2 with
My = ag'n*?lgua, Vo =V, no = a;'n7 2300 (6(X5) — Elo(X;)]),
and G, (0) = a,> > i=19(X;,0), where Igxq is the identity d x d matrix.
Conditions (i), (ii), (iv) and (v) in Theorem 2.1 are obviously satisfied. To
check condition (iii), we need to prove that for each # € IR? and each 7 > 0,

lim,, o a;, 2 log(Pr{a,?n|(P, — P)r(-, ann_1/20)| > T1}) = —o0,

This follows from Lemma 3.1. Conditions (i), (ii) and (iv) in Lemma 3.1
are obviously satisfied. To check condition (iii) in Lemma 3.1 notice that

na;, 2 log(Elexp(Ar(X,n"12a,0)|
na,,?Elexp(\|r(X, n_l/zan9)|) (a
na; 2 E|(exp(\|r(X,n"12a,0)|) —

na;; 2 Elexp(\|r(X,n"2a,0)|)I(a

(5 2 (X )| 2 )
T %Z s
> [r(X,n~12a,6)] > 1)]. O

12

]
]

)1
2
an,
1
2
an

IN

PrROOF OF COROLLARY 2.1. We apply Theorem 2.1. Conditions (i)-
(iii) in Theorem 2.1 are assumed. Condition (iv) implies conditions (iv)
and (v) in Theorem 2.1. For n large enough, we have that

na;2E[|T(X,n_l/Qan9)|l(|r(X, n_l/Qan9)| > a?)]
< |0n'?a,  EIL(X)I(|0|L(X) > n'/?a,)]
< [0l 2E{(L(X)PI0IL(X) > na,)) — 0.

So, condition (vi) in Theorem 2.1 follows.

We have that for 6 # 0,

a,?log (n Pr{|r(X,n"12a,0)| > a2})
ay?log (nPr{|0|L(X) > a,n'/?})

1/2
a,?log (nce‘c""” / ) — 0,

IN A

which implies condition (vii) in Theorem 2.1.

For each 6 # 0, each A > 0 and each n large enough,

na;, 2 Elexp(\[r(X,n " 2a,0)|) (a2 > |r(X,n"Y2a,0)| > 1)]

na; 2 Elexp(chn™2a, L(X))I(cL(X)n~2a, > 1)]
cB[(L(X))? exp(cAn~Y2a, L(X))I(cL(X)n~'?a, > 1)]

E[exp(c)\oL(X))I(L(X) > ent2a; 1)) — 0.

VANVANRVAN
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So, condition (viii) in Theorem 2.1 holds.
Given 0 € IR,

na;;2Var(r(X,n=Y2a,0)I(|r(X,n"'/2a,0)| < 1))
< E[(nY?a;'r(X,n"Y2a,0))?].

By condition (iii), n'/2a;, 'r(X,n"/2a,0) — 0 a.s. and by condition (iv),
[n*2a; (X, n"Y2a,0)| < cL(X). So, by the dominated convergence the-
orem,

E[(n'?a;'r(X,n"Y2a,0))?] — 0.

This implies condition (ix) in Theorem 2.1. [

PROOF OF THEOREM 2.3. We apply Theorem 2.2 with M,, = a;LlS%/Q,
Vi = Fly(0), 1 = —ay, " S0 Sy /225 sign(U;) and

Gn(0) = a® Y Vs = 250] = a;,® Y |Uj — 25(6 — 60).
Jj=1 Jj=1

Conditions (i), (ii) and (v) in Theorem 2.2 are trivially satisfied.
We have that
Gn(0o + M;10) — G (60) — 0'np — O'V,0
= a2 S, (U5 — anzsi 0] - |05
+an7, S /%0 sign(U;) — (anz;.sgl/?a)%,g(())) :
= i1 (Xnj — E[Xn))
+ X0 (BlXag) = (257 /20)F(0)

where

X = a,2(|U; — anz}S,Zl/QG\ —|U;| + anz;-S;l/ZG sign(Uj)).

)

We claim that by Lemma 3.1 for each 7 > 0,

n

lim e log(Pr{] Y (Xn,; — E[Xn )| > 7}) = —o0. (3.8)
j=1

where €, = a,2. We have that

-1 —1/2
€, max | X, ;| <ap 121]agxn|z95’n 2)16] — 0.

1<j<n
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So, conditions (i)—(iii) in Lemma 3.1 hold. We claim that
Var(|U — 0] — |U| + 0 sign(U)) = O(|0]*) as 6§ — 0. (3.9)
If 0 >0, then |U — 0| — |U| + 0 sign(U) =2(0 —U)I(0 < U < ). So,

Var(|U — 0| — |U| + 0 sign(U)) < E[(]U 0| — |U| + 6 sign(U))?]
< [ (9 U)21(0 <U<0) fO )2 dFy(u)
=y 8(0 — w)(Fu(u) - F(0 ))du—0(93).

The case 6 < 0 follows similarly. So, (3.9) follows. By (3.9),
551 > iy Var(Xo, ;)

a;? Z;L . ‘anz/S—l/Qe‘Z&
0P —

IAIA

Clp MAX|<j<n \z S

Therefore, (3.8) holds.
We claim that

E[|U — 6] — |U| + 0 sign(U)] — 6*°F/(0) = o(|0]*) as 0 — 0.  (3.10)
If 6 > 0, we have that

[|U 0| — |U| + 6 sign(U)] — 62F'(0)
= 2[0 —u dFU( ) — 62F(0)
= 2]0 Fy(u) — Fy(0)) du — 62 F(,(0)
= 2 [V(Fy(u) — Fyr(0) — uF(0) du = o(62).

Thus, (3.10) follows if & > 0. The case 6 < 0 is similar. By (3.10),

n n

D (B[Xng) = (238520 Fy(0)] < 0(1) ) 1258, 2 — 0, (3.11)

ol i=1
(3.8) and (3.11) imply (iii) in Theorem 2.2.

By Lemma 3.1 in Arcones (2001), a,! > i1 S;l/sz sign(U;) satisfies
the LDP with speed a? and rate function I(t) = 27![t|2. This implies
hypothesis (iv) in Theorem 2.2. [J

To prove Theorem 2.4 we will need the following lemma:;:



24 M. A. Arcones

Lemma 3.3. Under notation for the M-estimators in (1.2), let ¢ : S — IR?
be a measurable function and let {a,} be a sequence of real numbers which
converges to infinity such that n=2a, — 0. Suppose that:

(i) For each T > 0,

lim a;,2log(Pr{|0, — 0| > 7}) = —cc.
(ii) For each T > 0,

lim a2log(P X;.0,) > inf X;. 0 21) = 0.
Jim_a,, og( r{;g( ; )_611619;9( ,0) +Tay}) o0

(11i) There is a positive definite symmetric d X d matriz V' such that
Elg(X,0) — g(X,00)] = (6 — 60)' V(6 — o) + 0(|6 — 6o]?),
as 8 — 6.
(iv) E[|¢(X)’] < o0
(0) Tim—oc a5 2 log(n Pr{|¢(X)| = n1/2a,}) = —ox.
(vi) For each T > 0 and each 0 < M < oo,

lim a;2 log(Pr{ sup na;2|(Pn — P)r(-,0)| > 1}) — o0,
n=eo |6|<Mapn—1/2

where
T(x76) = g(x790 + 0) - g(l’, 00) - el(b(x)

(vii) For each T > 0, there exists a 6 > 0 such that

lim s o0 lim sup,, o, a;,* log(Pr{supjy_g, <

nay | (Po—P)(g(-,0)—g(:,00))| _
Tnan 2|0—00 P+ M > 1}) = —oo.

Then, for each T > 0,

lim a;Z log(Pr{|n1/2(én — ) + 2*1711/2(1371 — P)V*1¢\ > anT}) = —00.
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PROOF. Let G(0) = E[g(X,0)] and let G,(0) = n~! > i-19(X;,0).
First, we prove that

lim limsup a2 log(Pr{a;'n'/?|0, — 6| > M}) = —cc. (3.12)

M—o0 n—oo

By condition (iii), there are 0 < ¢, § such that if [0 — | < 6, then
G(0) — G(p) > c|f — 6p|*. So,if 0 <7 <6, |0, — O] <9,

nGn(6y,) < i%f nGn(0) + a2

and

qp " 1(P = P)(9(,0) = g(-,00))]

—5 <1
10—00|<5 Tna,“|0 — 6|2 + M

)

then

cnag; 210, — 0| < na;2(G(6,) — G(6p))
= 14, *(Gn(0n) — Gn(60)) — na,*(Po — P)(g(-,0n) — (-, 60))
< 1+7a;?n|6, — 60> + M.

Hence, (3.12) follows.
By (3.12), (iii) and (v), we have that for each 7 > 0,

limy, o0 a;; 2 10g(Pr{n|Gp(0n) — Gn(60)
—n Y20, — 00)np — (05, — 00)'V (0 — 00)| > Ta2}) = —0

where 7, = n'/?(P, — P)¢. By conditions (iv)-(vi),

lim,, . log(Pr{ n|G,(6p — 2_1n_1/2V_177n) — Gn(0o)
+272n" I, V=ln,| > TCL%}) = —00.

Now, if
n|Gn(6r) — G (00) — n 20, — 00) 1 — (0, — 00)'V (0, — 00)| < Ta2

n|Gn (6 + 2*1n*1/2vflnn) — Gp(bo) + 27271*17]”1/*177,1] < Ta%

and R
Gn(6n) < ir(}f Gn(0) + 7 ta2
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then A . A
n~Y2(0, — 90)'nn + (6 — 00)'V (6, — )
< n(Gn(0p) — Gn(0 ))+n la2r
< n(Gp(B — 27 'n Y2V =1n,) — Gn(b0)) + 20" ta 7
< =277y V-in, +3n"ta2r.
So,

‘Vl/Q(én _ 00) + 2_171_1/2‘/_1/2%!2
= 7 Y2(0n — 00)1n + (6n — 00)'V (0 — 00) + 27207y, V 1y,
< 3nlair.

We have proved that

{IVY2(6, — 90) +27In Y2y =2, 2 > 3n a2 7}
= {n|Gn(0,) = Gn(00) — n"2(0, — 60) mn—
(6 — 60)'V (0, — 9o)| > Tap}
U{n|Gn(o + 2~ =12y =1p) — Gn(6o) + 27201, V10| > 702}
U{Gn(6,) > infg G, (0) + Ta2n~1},
which implies the claim. [

PrOOF OF THEOREM 2.4. We apply Lemma 3.3. We have that condi-
tions (i)—(v) in the theorem hold. We have that

sup  nay[(P,—P)r(-,0)| < M*|(P,—P)¥|+M*(P,+P)B, -1/
|6|<Mapn—1/2

By conditions (vii) and (viii), we have that
lim a,”log(Pr{M?(P, + P)By, n-1/2 > T}) = —00,
which implies condition (vi) in Lemma 3.3.
We also have that
nan*|(Pn—=P)(g(-,0)~g(-60))|

nay >|0—00|2+M
nay, 2|(Pn—P)(0—6p)’

SUP|9—g,|<s
nay, 2|0—0o|2|(Pn—P)W|

< 9|
S SUPO—00|< o g—goprnr T SWPI0—001<8 T rngn 9=, 2 1
-2 2
Nap (Pn+P)‘9—90| Bs
—|—Sup|9_90‘§5 TTLCL,,_L2|0790|2+M
< 274 V2N 2120 (P, — P)gl + 77 (Py — P) Y

+77 (P, + P)Bs,
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which implies condition (vii) in Lemma 3.3. O

PrOOF OF THEOREM 2.5. We apply Theorem 2.4. We only need to
check hypothesis (i) in Theorem 2.4. Take 7 > 0 small enough such
§ = inflg_gy=r E[g(X,0) — g(X,0)] > 0. By (i)

{16 — b0l > 7}
- {inf|9—90\:7— Gn(g) < Gn(GO) + 2_15}
C {subjg_gojr [(P — P)(9(-,0) — g(-,80))| = 2715}

Since condition (vii) in Lemma 3.3 is satisfied,

Jim a?log(Pr{ sup [(P, = P)(g(.6) ~g(.60))| 2 27'6}) = —oe
S

To prove Theorem 2.7 we need the following lemma:

Lemma 3.4. Let {Z,(0) : 0 € IR} be a sequence of stochastic processes.
Let a > 0. Let 6 € IR. Let {en} and let {b,} be two sequences of positive
numbers which converge to zero. Let 6, = sup{t : Z,(t) < 0}. Assume
that:

(i) As a function on 0, Z,(0) is non increasing.
(ii) For eacht € IR,

lim b, E[Z, (00 + by, 't) — Zn(00)] = at.

n—oo

(iii)
im limsup e, log(Pr{b,|Z,(60)| > M}) = —cc.

|
M—oo p—oo

(iv) For each t € IR and each T > 0,

limy, oo €n log(Pr{|bn(Z, (00 + b 1t) — Z,(60)
— E[Za(00 + by 't) — Z(8)))] > 7}) = 0.

Then, for each T > 0,

lim e, 10g(Pr{|bn(én —00) +a by Zn(00)| = 7}) = —o0.
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PROOF. By conditions (iii) and (v), for each ¢ € IR and each 7 > 0,
limy, oo €, log(Pr{|V,,(t)| > 7}) = —oc0

where
Vi(t) = bp(Zn (00 + b, ') — Zn(60)) — at.

We claim that for each 0 < M < oo and each 7 > 0,
limy,— o0 €5, log(Pr{supjy<as [V ()] > 7}) = —oo0. (3.13)

Take an integer m > 4Mar~!. Let tj=—-M+ m~1j2M, 0 < j <m. If
tj,1 § t § tj, then

Vi () < by (Zn (00 + by 't5) — Zin(00)) — atj—1
< maxo<j<m |Vn(tj)| + am~12M < maxo<;j<m |Vn(t])| + 2- 1,

Similarly we get that
Va(t) = — maxop<;j<m ‘Vn(tj)’ —271r

Hence, supjy<ps [Va(t)| < maxo<j<m [Va(ts)| + 2717 and (3.13) follows.
By (3.13), for each t € IR and each 7 > 0,
lim,, o0 €, log(Pr{|V (—a™ 1 (t + b, Z(00)))| > 7}) = —o0.
Now,

Vn(_ail(t + b, Zn(00)))
= bpZn(0o — b, a "t (t + b, Z,(00))) +t

Hence, we have that for each t € IR and each 7 > 0,

lim e, log(Pr{|bnZ, (00 — by, a ™ (t +b,Z,(00))) +t| > 7}) = —00. (3.14)
To prove the lemma it suffices to show that for each 7 > 0,
lim €, log(Pr{ab, (0, — 0o) + bpZn(6p) < —7}) = —c0 (3.15)

and

lim e, log(Pr{aby, (0, — 60) + bpZn(09) > 7}) = —cc. (3.16)
n—oo
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Given ¢, we have that {6, <t} C {Z,(t) > 0}. So,

Pr{abn (0n — 00) + bnZn(0) < —7}
= Pr{f, <0y —b;" _1(7' +b,.Z,(60))}
< Pr{Zu(f — byl (7 + b Zal0h))) > O}.
This and (3.14) imply (3.15).
Finally, given t, we have that {Z,(t) > 0} c {6, < t}. So,
Pr{ab, (0, — 00) + b Zn(60) > 7}
< Pr{Z,(0o — b, a (=7 + bnZn(60))) < 0}.
As before, this and (3.14) implies (3.16). O

ProoF OoF THEOREM 2.7. We apply Lemma 3.4 with
Zn(0) = n7t > i1 (X5, 0), by = ay n1/2 and €, = a;2. Hypothesis (i)
in Lemma 3.4 is assumed. Hypothesm (11) in Lemma 3.4 follows from (i).
By Corollary 3.4 in Arcones (2001), a; 'n=1/2 > j=1h(X;,00) satisfies the
LDP with speed a2. This implies hypothesw (iii) in Lemma 3.4. To check
hypothesis (iv), we need to prove that for each 7 > 0,

lim,, o0 a;, 2 log(Pr{]| Yo (r(X;, n*1/2ant)
—E[T(Xj,n_l/Qant)m > Tannl/Q}) = —00.

To check this, We use Lemma 3.1 with €, = a,? and
X =n"Y2ar(X;,n" 2a,t). O

)

PROOF OF THEOREM 2.8. By (iii) and (iv), there are ¢,> 0 and dy >
01 > 0 such that if |§ — y| < d1, then

cl6 — 6o < |H(H)).
If |6, — 6] < 61,

sup a, 'n'/2|(P, — P)(h(-,0) — h(-,60))] < M,
|6—00|<61

la-'n'/?(P, — P)h(-,00)] < M

and
a, 'n 2| Pah(-,0,)] < M
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then
ca;'n /2|6, — 0| < |H(6,) — H(6))]

ay'n'2|(Py — P)(h(-,0,) — h(-60))| + ap'n'/?|(Py — P)h(- 60)]
+a; "2 Pyh(-,0,)| < 3M.

IA

The previous estimation and conditions (i)—(v) imply that

lim limsup a2 log(Pr{a;'n'/?|0, — 6] > M}) = —cc. (3.17)

M—0 npn—ooco
Note that condition (v) implies
lim /o0 lim sup,,_, ., a2 log(Pr{supjg_g,|<s, a;nl/?
X [(Pn = P)(h(,0) = h(:,00))] = M}) = —
We also have that
ay 'n'?|H'(60) (6 — b0) + (P — P)A(-, 60)|
a0 ?|(Py = P)(h(-,00) = h(-,0a))| + ay 02| Puh(-, 0]
tay 'n'/?|H (6,) — H(6o) — H'(60) (6 — b0)-

IN

The previous inequality, (3.17) and conditions (ii) and (iv)—(vi) imply the
claim of the theorem. Observe that conditions (v) and (vi) imply that for
each 7 > 0,

limg_ oo lim sup,,_, o, a;,> log(Pr{supjg_g,|<s a; 'nt/?
X |(Pn = P)(h(-,0) = h(-,60))| = 7}) = —o0.
O

PrROOF OF THEOREM 2.9. We apply Corollary 2.2. Let g(z,0) =
log p(x,0) and let

_ (Ologp(x|d)  dlogp(x) )’
h(x’e)_<69(1)”89@ .

Conditions (ii), (v)—(vii) and (ix) in Corollary 2.2 is obviously satisfied.
By the Jensen inequality for each 6 € ©,

B Jos ()| <1022 [fi) =
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So, each 6 € O,
Ellog p(X10)] < E[log p(X|6o)].

By condition (vi), E[logp(X|60)] is twice differentiable under the integral
sign with zero first derivatives and matrix of second derivatives V. This
implies conditions (iii) and (iv) in Corollary 2.2.

Take 7 > 0 small enough such ¢ := infjg_g,—, E[g(X, 0) —g(X, )] > 0.
We have that

Pr{|0,, — 60| > 7}
< Pr{supg_g,=r |(Pn — P)(g(-,0) — g(-,60))| > 2715}

By Theorem 2.7 in Arcones (2001), {(P,—P)(g(-,8)—g(-,00)) : |0—6p| = 7}
satisfies the LPD with speed n. This implies that

Jim a®log(Pr( sup |(P— P)(9(0) g, 60))| 2 27'6)) = —oc.
i

So, condition (i) in Corollary 2.2 follows.

To check condition (viii) in Corollary 2.8, it suffices to show that
{n™12) (h(X;,0) — E[h(X;,0)]) : |6 — fol < do}
j=1

converges weakly. This follows from the central limit theorem for empirical
processes under bracketing conditions in Ossiander (1987). Observe that
for each |6 — 0y| < o and each n > 0,

sup |h(X,0') — h(X,0)|] <nBs,(X),
07216’ —00|<50,|6'—0|<n
where 021 (2[6)
og pl\x
Bs () = su su —_— .

() 1Sty ed 0 Golcdy | DODDOD) '
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