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Abstract

We present a new approach to study the Bahadur efficiency of likelihood tests. Our
approach is based on the large deviation principle for empirical processes. We prove
that the likelihood ratio test is Bahadur asymptotically optimal under mild sufficient
conditions. Our results apply to common families of distributions such as location and

scale families.

Running Title: likelihood ratio tests

1 Introduction

A natural definition of efficiency of tests was given by Bahadur (1965, 1967, 1971). This
definition is as follows. Let {f(-,0) : 0 € ©} be a family of pdf’s on a measurable space (.5, S)
with respect to a measure p, where © is a Borel subset of R%. Let Xi,...,X, be iidr.v.’s
with values in (S5, S) and pdf f(-, ), for some unkonwn value of # € ©. Let ©y C ©. Consider
the hypothesis testing problem Hj : 6 € ©q versus H; : 6 € O, where O := O — Oy. The
p—value of a test is the smallest significance level at which the null hypothesis can be rejected.
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Suppose that a test rejects Hy if T,, > ¢, where T,, := T,,(X7,..., X,,) is a statistic and ¢ is a
constant. Then, the p-value of the test is H,(T,), where

H,(t) := sup Py, (T,, > 1), (1.1)
906@0
where Py denotes the probability measure for which the data has pdf f(-,6). For 6; € ©; we
would like that the p—value converges to zero as fast as possible. Bahadur (1967) (see also
Raghavachari, 1970) proved that for any test
liminf n~ ' In H,(T,,) > —inf{K(f(-,61), f(-,60)) : 0o € Op} as. (1.2)

n—oo

when 6; obtains (the alternative #; holds), where K(f(-,0:), f(-,6p) is the Kullback—Leibler
information of the densities f(-,6;) and f(-,0). Given densities f and g with respect to a

probability measure p, the Kullback—Leibler information of the densities f and g is defined
by

K(f,g) = / In((£)/g(t)) £ (t) du(t).

A test is said to be Bahadur efficient if for each 6; ¢ O,

lim n~'In H,(T,) = —inf{K(f(-,61), f(-,60)) : 0y € O} a.s. (1.3)

n—oo

when 6, obtains. For a review on Bahadur asymptotic optimality see Serfling (1980) and
Nikitin (1995).

We consider the Bahadur efficiency of the likelihood ratio test. The likelihood ratio statistic
is

zlelgjl_llf(Xjﬁ)/;;l&]r[lf(Xja@)' (1.4)

We will prove that this statistic satisfies (1.3) for common families of distributions. Bahadur
proved that the likelihood ratio test satisfies (1.3) assuming among other conditions that O
and O, are relatively compact sets with respect to the topology determined by the convergence
in distribution. This condition is too stringent. In this paper, we present new sufficient
conditions for the Bahadur efficiency of the likelihood ratio test which apply to common
families of distributions.

The efficiency of the likelihood ratio test has being studied by several authors. Bahadur
and Raghavachari (1972) consider the case of Markov chains. Oosterhoff and van Zwet (1970)
consider the case of the multinomial distribution. Herr (1969) considers the case of the
multinomial distribution. Efron and Truax (1968), Kallenberg (1978) and Kourouklis (1984)
consider exponential families. Rublik (1989a, 1989b) considers several types of distributions..



Hsieh (1979a, 1979b) considers the Bahadur efficiency of several statistics for multivariate
data. Besides the considered situation, the likelihood ratio test is optimal according with
another criteria (see e.g Brown, 1971; Kolomiec, 1989; and Rublik, 1995, 1996).

Our results apply to common families of distribution such as location and scale families.
Our results also apply to exponential families.

Given a set A of R?, Int(A) will denote the interior of A. By an abuse of notation, given
0,,0, € ©, we define

K(01,02) = K(f(-,61), f(-, 02)).

Our techniques are based on the (LDP) large deviation principle for empirical processes
in Arcones (2003a, 2003b). In Section 2, we review the notation on the LDP of empirical
processes. Section 3 contains the main results. The proofs are in Section 4.

2 Large deviations via empirical processes

In this section we review some results on the LDP for empirical processes. We refer to the
large deviation principle to Deuschel and Stroock (1989) and Dembo and Zeitouni (1998). We
determine the rate function of the LDP of empirical processes using Orlicz spaces theory. A
reference in Orlicz spaces is Rao and Ren (1991). A function ® : R — R is said to be a Young
function if it is convex, ®(0) = 0; ®(z) = ®(—=z) for each x > 0; and lim, ., P(z) = co. Let X
be a r.v. with values in a measurable space (S, S). The Orlicz space L?(S,S) (abbreviated to
L?) associated with the Young function @ is the class of measurable functions f : (S, S) — R
such that E[®(Af(X))] < oo for some A > 0. The Minkowski (or gauge) norm of the Orlicz
space L®(S,8) is defined as

No(f) =inf{t > 0: E[®(f(X)/t)] < 1}.
It is well known that the vector space £® with the norm Ng is a Banach space. Define
L2 = {f:5 = R:E[® (\f(X)|)] < oo for some A > 0},

where ®;(z) = el — || — 1. Let (£*)* be the dual of (£*', Ng,). The function f € L%
In (Ele/ (X)) € Ris a convex lower semicontinuous function. The Fenchel-Legendre conjugate

of the previous function is:

J(1) = fSLE‘I)’ (1(f) = In (B[SX)), 1€ (L) (2.1)

J is a function with values in [0, 0o]. Since J is a Fenchel-Legendre conjugate, it is a nonneg-

ative convex lower semicontinuous function. If J(I) < oo, then:
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(i) {(1) = 1, where 1 denotes the function constantly 1.

(ii)  is a nonnegative definite functional: if f(X) > 0 a.s., then I(f) > 0.

Since the double Fenchel-Legendre transform of a convex lower semicontinuous function
coincides with the original function (see e.g. Lemma 4.5.8 in Dembo and Zeitouni, 1998), we
have that

sup (I(f) — J(1)) = In E[e/X)]. (2.2)

leL®:
Given a nonnegative function v on S such that E[y(X)] = 1 and E[Vy(y(X))] < oo,
I,(f) = E[f(X)y(X)], f € L**, defines a continuous linear functional in £**, where

Uy(z) = zln (f> 41, if 2> 0;0,(0) = 1; and Wa(z) = oo, if z < 0. (2.3)

(&

Besides, we have that

J(y) = Sup (BLf (X (X) = 2(f(X))]) = E[W2(y(X))], (2.4)
cL®1
where ®y(x) = e” — 1 (see (2.5) in Arcones ,2003b). The Fenchel-Legendre conjugate of ®s is
the function ¥,. We also have that if [ € (£*1)* and [(1) = 1, then

J() = sup (I(f) — E[®:(f(X))])- (2:5)
feLt
(see Lemma 2.1 in Arcones, 2003b).
The previous function J can be used to determine the rate function in the large deviation
of statistics. Let {X}}52, be a sequence of i.i.d.r.v.’s with the distribution of X. If f € L
then {n=">°" | f(X;)} satisfies the LDP with rate function

I(t) := Sup (At —In (Elexp(Af(X))])) .t € R

see Ior example eorem z.Z2.9 11 €1ImMpno an eltOU.Ill, . y Lemima 4.4 11 rcones
f le Th 2.2.3 in Dembo and Zeitouni, 1998). By L 2.2 in A
(2003b),

I;(£) == inf {J(1) : L € (L), 1(f) =t} .

It is well known that I;(us) = 0, where uy = E[f(X)], I; is convex, I; is nondecreasing in
[ptf,00) and I is nonincreasing in (—oo, pif] (see e.g. Lemma 2.2.5 in Dembo and Zeitouni,
1998). In particular, if ¢ > puy,

nh—>H010 n~'1n (Pr {n_l zn:f(X]) > t}) = —1I(t) (2.6)



and for each t < puy,

nh_% n~'ln (Pr {nl Zn:f(Xj) < t}> = —1I(t) (2.7)

(see for example Corollary 2.2.19 in Dembo and Zeitouni, 1998).
Given functions fi,..., fm € £®', then

(07 Y A Y X))

satisfies the LDP in R™ with speed n and rate function

I(uy, ..., Up) = sup (Z Aju; — In E[exp(z /\jfj(X))]>

My AmER

(see for example Corollary 6.1.16 in Dembo and Zeitouni, 1998). This rate function can be
written as

inf {J(1) : 1 € (L), 1(f;) = u; for each 1 < j <m},
(see Lemma 2.2 in Arcones, 2003b).

To deal with empirical processes, we will use the following theorem:

Theorem 2.1. (Theorem 2.1 in Arcones, 2003b). Let T be a compact subset of RY. Let
{f(-,t) : t € T'} be a collection of measurable functions on (S,S). Suppose that:

(i) For each t € T, f(-,t) € L®.

(ii) For each A > 0 and each t € T, there exists a n > 0, such that

Elexp(A sup  [f(X,s) = f(X,1)])] < oo.

SETa‘S_t‘Sﬂ

(iii) For eacht € T,

lim sup |f(X,s)— f(X,t)|=0 a.s.

€0 seT |s—t|<e

Then, {n~'3"_, f(X;,t) : t € T} satisfies the LDP in lo(T) with speed n and rate
function

I(z) =inf{J(I) : 1 € (L2 1(f(-,1)) = 2(t), for each t € T}, z € Io(T). (2.8)



3 Main Results

Let (S,S) be a measurable space, let @ be a measure on (S5,8) and let {f(-,0) : 0 € ©} be a
family of pdf’s with respect to the measure 4, where © is a Borel subset of R?. Let {X;}%2,
be a sequence of i.i.d.r.v.’s with values in (S5, S) with pdf f(-,8) for some unknown value 6 of
©. Since the distribution of the r.v.’s depends on 6, Fy will denote the expectation when the
data comes from the pdf f(-,6). Similarly, we define Py, £5*, (L5")* and J.

In the case of a simple null hypothesis, we present the following theorem:

Theorem 3.1. With the notation above, let 6y,60; € ©, let d : © — (0,00) be a measurable
function. Let ©,, C ©, m > 1. Suppose that:

(i) K(601,60p) < 0.

(ii) {z € S : f(x,0) > 0} does not depend on 6.

(iii) {n=' 370 In(f(X;,0)/f(X;,00)) : 0 € O} satisfies the LDP in lo(©,,) with speed
n.

()

lim inf Fy, {exp ()\ sup (d(0))'(In f(X,0) — In f(X, 00))>} = 0.

m—00 A>0 020,

Then,
lim n~'In H,(T,,) = —K(6,6p) a.s. (3.1)

n—oo

when 01 obtains, where

n

T, = supn 3 (n(f(X,,0)/1(X,,00)).

o ey

and H,(t) := Py, (T, > 1).

I {n=' 3770 In(f(X;,t)/ f(X;,00)) : t € O} satisfies the LDP in [,(©) with speed n, then
we can take 6, = ©. The supremum over the empty set in (iv) is interpreted as —oo.

Corollary 3.1. With the notation above, let 6,0, € ©, let d : © — (0,00) be a measurable
function. Suppose that:

(i) K(601,60y) < 0.

(ii) {x € S: f(x,0) > 0} does not depend on 6.

(i1i) For each A > 0, each t € ©,, and each m > 1, there exists a n > 0 such that

Eg, |exp | A sup |In(f(X,s)/f(X,1))] < 00,
SEOm,
|s—t|<n



where
O i={t€0:d(t,0° >m " and |t — 0y < m}.

(iv) For each t € Int(0),

lir% sup |In(f(X,s)/f(X,t)] =0 Py, —a.s.
€~ s€O
[s—t|<e

(v)

it o, exp (X sup (d(0) " (n(F(X.0)/£CX.80)) | =o.

Then, (3.1) holds.

Condition (ii) in the previous theorem is needed to avoid the case of families of pdf’s whose
support depends on the parameter such as the uniform distribution. Conditions (iii) and (iv) in
the previous theorem are used to get the LDP of {n~' 3", In(f(X;,0)/f(X;,00)) : 0 € O}
Condition (v) in the previous theorem is used to deal with the large deviations of the part
outside the compact set ©,,.

The previous corollary gives the Bahadur efficiency of the likelihood ratio test under dif-
ferent conditions than those in the literature. The previous corollary can be used to obtain
the optimality of the likelihood ratio statistic for common families of pdf’s. For a location
family the previous corollary gives the following:

Corollary 3.2. Let ji be a measure in R, Let f be a positive continuous function in R with
Jga f(x)dp(z) =1 and limjy—oo f(x) = 0. Let d : R* — (0,00). Consider the location family
of pdf’s {f(xz — 0) : 0 € R4}, Suppose that:

(i) K(61,00) < oo.

(ii) For each A > 0 and each 0 € R, there exists n > 0 such that

/Rd exp (A sup | In(f(z — t)/f(l‘))|> flz = 0)dp(x) < oo.

[t]<n

(i1i) For each X\ > 0 there exists m > 1 such that

[ e (A sup ((d(t) ™ In(/(a - t>/f<m>>)> (a) du(a) < o0,

t/>m
Then, (3.1) holds for each 6y,0, € © with 6y # 6.

From the previous corollary, we obtain the following:



Corollary 3.3. Consider the location family of pdf’s {a='Ne 1#=0" . § € R} with respect
to the Lebesgue measure, where \,p > 0 and a = fRd e 1" dx. Then, (3.1) holds for each
80, 91 S Rd with 90 7é 91.

For a scale family, Theorem 3.1 gives the following:

Corollary 3.4. Let ju be a measure in R%. Let f be a nonnegative continuous function
in R with Jea f(@)dp(z) = 1 and limy o f(x) = 0. Consider the scale family of pdf’s
{071 f(0~'x) : 0 € O}, where © = (0,00). Let 6y, 6; > 0. Suppose that:

(i) K(01,60y) < 0.

(ii) For each x with f(z) > 0 and each 8 >0, f(6x) > 0.

(#ii) For each X > 0 and each 6 > 0, there exists n > 0 such that

/Rd exp <>\ sup |1n(t_1f(t_1$)/f(f€))|) 0= (0 ) dp(z) < oo

[t—1|<n

(iv) For each A > 0 there exists m > 1 such that

[ e (A sup 1n(t1f(t1:c)/f(x>>> §(@) dul) < oo.

t>m

(v) For each A > 0 there exists T > 0 such that

/Rd exp (/\ Sup 1n(t_1f(t_1$)/f($))) f(z)du(z) < oo.

o<t<r

Then, (3.1) holds for each 6y, 6, > 0 with 6y # 6.

Common families of pdf’s are exponential families. We refer to Brown (1986) for a review
on exponential families. Let ;1 be a measure on (R, B(R?)), where B(R?) is the Borel o—field
in RY. Define ¢(t) := In [, et du(z). Let © := {t € R : ¢(t) < oo}. Let f(z,t) =
e!*=¥®) " The family of pdf’s {f(x,t) : t € O} is a full exponential family with a canonical
representation. By a change of parameter, any full exponential family of distribution can
have this representation (see Brown, 1986). We present the following theorem for exponential
families

Theorem 3.2. With the notation above, let Oy € O° and let 6, € ©. Suppose that:
(i) For each a € R, u(R* — {a}) > 0.
(i1) K(6,6p) < oo.
(iii)

lim il’lf{[go(a) ac {b € R : Igo<b) 2 K(91,90) — ’7'} } Z K(91,90),

T—0+



where

Iny(a) = SUp((6 = Bo)'a = (6) + (60)).

Then,
lim n~'In H,(T,,) = —K(6,6p) a.s. (3.2)

n—oo

when 01 obtains, where

T, :=supn " Z(ln(f(Xj, 0)/ f(X;,00)),

0cO
and H,(t) := Py, (T, > 1).

Condition (iii) in the previous theorem holds under minor assumptions. Since Iy, (+) is a
convex function, if Iy, () < oo, for each § € R?, then Iy, () is continuous in R? and condition
(iii) in Theorem 3.2 holds.

Suppose that there exists a sequence {K,,}>_, of compacts sets contained in {# € R? :
Iy, (0) < oo} and

n’lLl—I>rcl>o egz%fm Ioy(6) = o0,

then condition (iii) in Theorem 3.2 holds. Notice that since Iy, (-) is a convex function, Iy, (-)
continuous in K,,. Hence, if m > K (6,,6), then

and

inf{lgo(a) a e {b e Re: Igo(b) > K(91,90) — 7'} }
> min (inf{lp,(a) : a € {b € R : Ip,(b) > K(61,00) — 7},inf{Ip,(a) : a € KS})
Z K(@l,eo) — T.

The following theorem deals with the case of a composite null hypothesis.

Theorem 3.3. With the notation above, let ©g C © and let 6, € © — Oqy. For each 6y € Oy,
let dg, : © — (0,00) be a measurable function. Suppose that:

(i) {x € S: f(z,0) > 0} does not depend on 6.

(ii) For each T > 0 and each m > 1, there ezists a n > 0 such that

lim sup sup <)\T — Ep, [exp()\Géz)m(X))D = 00,
n—0 0O A>0 7



where
G (x) == sup |In(f(z,s)/f(z,1)]

SEOm,
ls—t[<n

and

Opom = {t €0 :d(t,0°) >m " and |t — O] < m}.
(iii)

lim inf sup Ej, [exp ()\ sup (dg, (0)) " (In(F(X, 0)/F(X, 90)))] —0.

m—00A>0g,cQ, 02O,

(iv) For each 0y € Oy,

Eg, [[In(f(X,60)/ (X, 61))]] < oo

(v) For each ¢ > 0 there exists a compact set K of R? such that K C Int(0) such that
infgeeo_[( b(@) > 0 and

Ey, [supgeo,—x (b(0)) " In(f(X,0)/ f (X, 01))]
< _(inf96@o—K b(e)) ! (Sup9690 E91 [ln(f(Xv 0)/f(X7 01))] - 6) :

(vi) For each t € Int(©y),

hmEgl[ sup |In(f(X,s)/f(X,t))|] =0.

s€O
[s—t|<e
Then,
lim n~'In H,(T,) = _9111(2 K(f(-,61), f(-,6p)) as. (3.3)
n—00 0€O0

when 01 obtains, where

‘=supn_ Zln ) — sup n~ Zln

6€© S
and H,(t) := supy,ceo, Po, (Tn > ).
For a location family the previous theorem gives the following:

Corollary 3.5. Let i be a measure in R%. Let f be a nonnegative continuous function in
R with [, f(x)dp(z) = 1 and lim,—o f(z) = 0. Consider the location family of pdf’s
{f(x—0):0¢ @}, where © := RY. Suppose that:

(i) K(f(- = 01), f(- = 6p) < o0.
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(ii) For each X\ > 0 and each 0 € RY, there exists n > 0 such that

/Rd exp (A sup | In(f(x — t)/f(fﬁ))l) [z = 0)dp(x) < oo

[t|I<n

(i11) For each \ > 0 there exists m > 1 such that

/Rd exp ()\ sup In(f(z — t)/f($))> f(x)dp(r) < oco.

jt]>m

Then, (3.2) holds for each ©y C © and each 0, ¢ O.

4 Proofs

PrROOF OF THEOREM 3.1. By (1.2), it suffices to prove that

limsupn™'In H,(T,) < —K(6;,6p) as.

n—oo

when 6; obtains. Since

lim inf,, o T, > liminf,, on™' 377 In(f(X;,01)/f(X;,60)) = K(61,00) as.

when 6, obtains, to prove (4.1), it suffices to obtain that

lim limsupn ™ In H,(K(61,0,) —7) < —K(61,6,).

T—0+ 5,00

Let Up(0) :=n~" 3" In f(X},0). We have that

Po, {suppee Un(0) — Un(0o) > K(01,00) — 7}

VAN VAN

I+11
Since {U,(0) — U,(6p) : 0 € ©,,} satisfies the LDP with speed n,

lim sup,, ., ! InPg,{supgee,, Un(0) — Un(6y) > K (61,6y) — 7}
< —inf{Jg (1) : 1 € (L5))",supgee,, LIn(f(-,0)/f(-,00)) = K (61, 00) — 7}

11

(4.2)

(4.3)

Py, {supgee,, Un(0) = Un(bo) = K(61,600) — 7} + Pgy {supgee Un(0) — supsee,, Un(0) > 0}
Py, {supgee,, Un(0) = Un(bo) = K(61,60) — 7} + Py, {Supyge,, Un(0) — Un(bo) > 0}

(4.4)



We also have that

n~'ln (Pgo{sup9¢@m R Y (In f(X5,0) — In £(X, 60)) > 0}) (4.5)
< o (Pa{n Tt S supgge, (4(9)) (I £(X;,0) — In f(X;, 60)) > 0})
< infrson~'In <E90 [exp ()\ S Supgge, (A(6)) 7 (In £(X;, ) — In (X, «9@))])
— infyo0In (g, [exp (Asupgge, (d(0)) " (In £(X,0) — In £(X,60)))]) -

Thus,
lim limsupn 'InIl = —occ. (4.6)

m—00 p—oo

Combining (4.3)—(4.6), we obtain that

lim, o limsup,_,. n~ " In (Pg,{supgee Un(0) — Un(6y) > K(01,60) — T})
S lim SupT—>0+ lim SUP,y, 0o — inf{J90 (l) : SquGGm ( (f( 6)/f( ))) Z K(eh 60) - T}'

By the definition of Jy,, for each § € © and each [ € (Eg;l)*,

[n(f(,0)/f(,00))) < Joy () + In Egy[exp(In(f(X,0)/ (X, 60)))] = Jo, (1) (4.7)

Hence, if

sup [(In(f(-,0)/f (-, 60))) = K(61,00) — 7,

0€Om
then K(01,60y) — 7 < Jp,(I). Therefore,

K(01,00) — 7 < inf{Jy, (1) : esé%p I(In(f(-,0)/f(-,60)) > K(61,6) — 7} (4.8)
and
limsup, o, limsup,, o, —inf{Jy, (1) : suppee  [(In(f(-,0)/f(-,00)) > K(61,60) — T}
< —K (64, 6),

which implies (4.2). O

PrROOF OF COROLLARY 3.1. We apply Theorem 3.1. Conditions (i), (ii) and (iv) in
Theorem 3.1 are assumed. To get condition (iii) in Theorem 3.1 we apply Theorem 2.1. By
the Cauchy—Schwartz inequality, for each 6 € ©,

Eapfexp(2- In(F(X,0)/ F(X, 80))] = [ (F(z,0)(z,00))/2 ()
< ([ F,0) p() ([ (F (2, 0) pu()) 2 < .

Hence, In(f(X,0)/f(X,6y)) € L, i.e. condition (i) in Theorem 2.1 holds. Conditions (iii)
and (iv) imply conditions (ii) and (iii) in Theorem 2.1. OJ
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The proof of Corollaries 3.2 and 3.4 are omitted. Since they follow directy from Corollary
3.1.

PrOOF OF COROLLARY 3.3. We apply Corollary 3.2. It is obvious that K(6,0,), co.
First, we consider the case p > 1. By the Taylor theorem, there exists a constant ¢ > 0 such
that for each z,0 € R,

|z = 07 — |2f?| < c(lx~10] +16]7).-

This implies that conditions (ii) and (iii) in Corollary 3.2 hold with d(#) = 1 + |0|P".
When 0 < p < 1, there exists a constant ¢ > 0 such that for each z,6 € R?,

[l = 01 — |2f”] < c(|z[~|0] A O]F).

Conditions (ii) and (iii) in Corollary 3.2 hold with d(f) = 1 + |[9|P*. O
PROOF OF THEOREM 3.2. As in the proof of Theorem 3.1, it suffices to prove (4.2). We
have that
1, = SuPee@(e/Xn —1(0) = 05X + 1(60)) = In,(Xn)

Since 0y € O°, there exists a ¢ > 0 such that Ey,[exp(NX)] < oo, for each |A] < §. This
implies that X,, satisfies the LDP with speed and rate function

I(t) = supyepa(AN't — In Ep, [exp(N X]]
supyerd (AT = V(A + bp) — ¥(6o))
= Iy, (1).
Hence,
limsup,, ... n '1ln H,(K (01,00 — 1)
= limsup, . n 1 InPy {Ip (X,) > K(61,00) — 7)
< —inf{lp,(a) :a € {b€R?: Ih,(b) > K(01,6p) — 7} }

and the claim follows. [J

We will need the following lemma:

Lemma 4.1. Let {X;}32, be a sequence of i.i.d.r.v. s with values in a measurable space (S,S).
Let © be a Borel subset of R%. Let g : Sx© — R be a measurable function. Letb: S — (0, 00)
be a measurable function. Suppose that:

(i) For each 0 € ©, E[|g(X,0)|] < cc.

(i) supgee Elg(X, 0)] < 0.

(111) For each € > 0, there exists a compact set K such that K C Int(0), infggx b(d) > 0
and

Elsup(b(6))"g(X,0)] < (inf b(0))"" (supE[g<X, o) - ) .

0K 0¢K e
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(iv) For each € > 0 and each 6, € Int(©), there exists a § > 0 such that

E[ sup [g(X,0,) —g(X,0)[]] <e

0:10—6,|<5
Then,

supn 1Zg X;,0) %3 sup Elg(X, 0)].
00 0c0

Proof. Given e > 0, there exists a compact set K satisfying condition (iii). Then, for each
0¢ K,
BI0(6)) 00X, 01 < (uf 00)) (sup Ela(X.0)] - ) < (0(6)) (sup Elo(X,0)] )
2 ) )

Hence, for each 0 ¢ K,
E[Q(Xa 6)] < SupE[g(Xa 6)] —¢€

€0
So,
sup E[g(X, 0)] < sup E[g(X,6)] - c. (4.9)
0eK 0O

By the strong law of the large numbers, there exists a set {2y with probability one such that
for each w € Q,

Z 3;1[13 (X;(2).6) — Elsup(5(6))™'9(X, 9)]

Given n > 0 such that ninfyper b(0) < 27t¢, and w € Qy, for n large enough,

supggre ' 225 (0(0)) T (X (w), 0) < n7 Z" 1 Sy (b(6)) (X (w), 0)
< Elsupggg (b(0)) 71 g(X, 0)] + 1 < (infogx b(0)) ™" (supgee E[g(X,0)] =€) + .

Hence, for each w € Q, each § ¢ K and each n large enough,

n=t 3 9(XG(w), 0) < n 730 (0(0)) T g(X(w), 0)b(6)

< ((infogr b(0)) ™" (supgee E[g(X,0)] — €) + 1) b(6)

< ((infogx b(0)) ™" (supgee £[9(X,0)] — €) + n) infogr b(0)
= Suppeo Fl9(X,0)] — € + 77 lnfggK b(60

< supgee Elg(X,0)] —

where we have used that b(¢) > 0 and (infpgx 6(9))_1 (supgeo El9(X,0)] —€) +n < 0. Hence,
for each w € €y and each n large enough,

supn” Zg ) < sup E[g(X,0)] — 27 e. (4.10)
0¢K 0€O
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By condition (iv), the class of functions {g(X,0) : 6 € K} is a Glivenko—Cantelli class (see
either Lemma 2 in Dehardt, 1971; or Section 7 in Dudley, 1999). So,

sup |~ Zg Elg(X,0)]| = 0 a.s.
Therefore,
Slelgn Zg EEIEE[Q(X’ 0)] — 0 a.s. (4.11)
The claim follows from (4.9)7(4.11). O

PrROOF OF THEOREM 3.3. By (1.2), it suffices to prove that

P 1
sup n- Zln X;,00))/f(X;,01)) — sup Eg, [In(f(X,0)/f(X,6))] as. (4.12)
SSH) 0€0g
lim, g4 limsup,, ... n *1n (supgoeeo Py {1 > Ly — T}) < -1 (4.13)
where

L1 = eolél(go K(el, 90)

(4.12) follows from Lemma 4.1 with g(x,0) = In(f(x,0)/f(z,6:)). Hypothesis (i), (iii)-(iv)
in Lemma 4.1 follow from (iv)—(vi). By the concavity of the logarithmic function and the
Jensen inequality, for each 0 € ©

Ep, [In(f(X,0)/f(X,601))] <0, (4.14)

which implies hypothesis (ii) in Lemma 4.1.
As to (4.13), we may assume that L; > 0. Take 0 < 7 < 27'L;. For each 6, € O, we
have that

Py, {T, > L — 7} (4.15)
Poo{supgee (Un(0) — Un(bo)) = L1 — 7}
PQO{SUPQEGQOJYL(UH(Q) — Un(bh)) = Ly — 7} + Py, {supyee Un(0) > SUDgcog, m Un(0)}
Poy {SuPgeey, ,, (Un(0) = Un(b0)) = L1 = 7} + Foy {8UPgee, -0y, . (Un(0) — Un(6h)) > 0}

INIA

IN

Given n > 0, since Oy, ,, is a compact set, there are ty, 1, . .. +Lo,kg, C Og¢,,m such that the union
of the balls with centers g, 1, ... s 060,k and radius 7 cover Oy, ,,,. Although, g, 1, ... s 60,k
depend on m and 7, we do not use the subscripts m and 7 to simplify notation. Since
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Opo.m C {0 : 10 — 09| < m}, kg, is bounded uniformly on 6. Let k = sup{kg, : o € Op}. Note
that k& depends on m and 7. We have that

Poo{supgeoy, ,, (Un(0) = Un(bo)) = L1 — 7} (4.16)
Py, {maxs<jcty, (Un(tog) = Un(6h)) 2 Ly — 27} + By, {n ™" 0, G (X;) = 7}
< kmaxicjen, Poo {Un(to,s) = Un(B) 2 Ly = 27} + Py {n ™" 37, G (X)) > 7).

IN

For each j and each 6,

Peo{Un(tﬁo,j) - Un(eo) > Ll - 27—}
< e M2 By lexp <Z?:1 In(f(Xj,ta,5)/ (X5, 90)))] = e n(li=2m),

So, for each 7 and each 6,

k max Py {U,(ts,;) — Un(60) > Ly — 27} < ke 1727, (4.17)

1<5<hg,
We also have that
n~ InPg,{n"' 30 G (X)) > 7} (4.18)
< sup,sg ()\T —In Ey, [exp()\GgZ)(X))])
and
n-! IH(PGO{SUPGeeo—@go,m(Un(g) — Un(bh)) > 0}) (4.19)
< infaso oy [exp (A stbpcoea,-o,, . (dao(6) " (n (X, 0)/1(X, 00)) )|
We get from (4.15)—(4.19) that for each 7 > 0,

limsupn~'In sup (Pg,{T}, > L1 —7}) < —(Ly — 27).

n—oo 0p€O0

Therefore, (4.13) holds. O
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