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Abstract

We present two tests for multivariate normality. The presented tests are based on
the Lévy characterization of the normal distribution and on the BHEP tests. The tests
are affine invariant and consistent. We obtain the asymptotic limit null distribution of
the test statistics using some results about generalized one—sample U-statistics which
are of independent interest.

1. Introduction. A common assumption in many statistical procedures is normality of
the observations. Since departure from the model can affect statistical procedures, testing
for normality should be done before using several statistical methods. Many authors have
presented different normality tests. Reviews of normality tests are Henze (2002), Thode (2002)
and Mecklin and Mundfrom (2004). A classical normality test is the one in (SW) Shapiro
and Wilk (1965, 1968). Epps and Pulley (1983) introduced a test of normality based on the
weighted integral of the squared modulus of the difference the empirical (ch.f.) characteristic
function and the normal ch.f. which is competitive with the Shapiro-Wilk test. Baringhaus
and Henze (1988) extended the Epps—Pulley test to the multivariate setup and showed that
this test is consistent against any alternative. Baringhaus and Henze (1988) also obtained the
asymptotic distribution of this test under the null hypotheses. The test in Baringhaus and
Henze (1988) is known in the literature as the BHEP test.

In this paper, we present two tests for multivariate normality, which are related to the
BHEP test. Let X1, ..., X, be a sequence of i.i.d.r.v.’s with values in R? and c.d.f. F. Let X
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be a copy of X;. We consider the testing problem

Hy : F has a normal distribution, versus H; : F' does not, (1..1)

based on a random sample X1, ..., X, of size n from F.
We will use the usual multivariate notation. For example, given u = (uy,...,uy) € R?
and v = (vy,...,vg) € RY v/o = Z;l:l ujv; and |ul = (327, u?)/2. Given a d x d matrix A,

JAIl = SUD,,, 4peRrd jor],jus|<1 V1AV2. Given 6 € R? and € > 0, By(f,¢) = {z € R : |z — 0] < ¢}.
I, denotes the identity matrix in R, M(d x d) is the set of d x d matrices. ¢ will denote a
constant which may vary from occurrence to occurrence.

We say that a R%valued r.v. X has a nondegenerate d—variate distribution if Pr{a’X =
b} < 1, for each a € R? and each b € R. If | X| has a second finite moment, then we may
define the mean p = E[X;] and the covariance matrix S = E[(X — p)(X — p)']. We have
that a nondegenerate d-variate r.v. X with E[|X|*] < oo has a normal distribution if and
only if S™Y/2(X — i) has a Révalued standard normal distribution. This is equivalent to
Elexp(it’/S™Y2(X, — p))] = 9(t), for each t € R, where 9(t) = exp(—2~'[¢t|?). The BHEP
test is significative for nonnormality for large values of the statistic

T, =n / alt) — (1) P (1.2)

where ¢, (t) = n~! > i exp(it'Y,, ), Yo = S{l/z(Xj — X)), X, =n~! > i1 X,
S, =n"! ST (X = X0)(X; = X,) and ¢5(t) = (2m0%) %2 exp(—271672|t|?). This test is well
defined because, by Theorem 2.3 in Eaton and Perlman (1973), S, is nonsingular a.s. Observe
that in (1.2) the modulus of the complex number v, (t) — () is taken. From now, we will
call the normality test based on the statistic in (1.2), the BHEP(J) test. ¢s is the pdf of a
R?-valued normal r.v. with zero means and covariance matrix 61;. By tuning the parameter &
it is possible to increase the power of the test (see Henze and Zirkler, 1990). Henze and Zirkler
(1990) proved that for some distributions the BHEP test is more powerful when § = 1/2.
We present two normality tests based on the previous test. By the Lévy characterization
of the normal distribution (see e.g. Theorem 20.2.A in Loeve, 1977), given m > 1, a c.d.f. F
has a normal distribution if and only if m~1/2 > o1 (X; — E[X;]) has a normal distribution,
where Xi,...,X,, are i.i.d.r.v.’s with c.d.f. F. Hence, a nondegenerate d—variate c.d.f. F
with Er[|X;]?] < co has a normal distribution if and only if for some m > 1,

Dy (F) = / B [exp (z’m—”%' (Z S (X —m))] — (1)

j=1
where pp = Ep[Xi] and Sp = Ep[(X; — u)(X; — p)'] and Ep is the expectation with respect

2

Er os(t)dt =0, (1..3)

to the probability measure for which the i.i.d.r.v.’s Xy,..., X, have c.d.f. F. Given location
and scale estimators fi, = fi,(X1,...,X,) and S, = S’n(Xl, .., Xp), we define

2 os(t) dt, (1..4)

~

¢n,m (t> - ¢(t>




where .
Unm(t) = W Z exp (im‘”%'ﬁ;lﬂ <Z(ij - ﬂn)>> (1..5)
(J15emrdm)ETR, p=1
and 17 ={(J1,. -, Jm) € N": 1 < j, <n,j, # j, if p # q}. We will see that if /i, and S, are
strong consistent estimators of 1 and S respectively, then ﬁnm converges to D,,(F') a.s. (see
Theorem 2.2). Possible location and scatter estimators are

1= Xoi=n7t )X, (1..6)
j=1
~ 1 n _ 3 n - B
S = 2SN — X)X — XY i SO — X)(Xs — X)) is positive definite (1.7
n;(] )(X; ), i ;(g )(X; )’ is positive definite  (1..7)
and

S, = I, if Z(Xj — X,)(X; — X))’ is not positive definite. (1..8)
j=1

Note that by Theorem 2.3 in Eaton and Perlman (1973), S, = n~" D (X = X)) (X = X
a.s. But, many authors have introduced several robust estimators for the location and scale
multivariate parameters (see e.g. Maronna, 1976; Davies, 1987; Lopuhad and Rousseeuw,
1991; and Kent and Tyler, 1991). Given 1 > a > 0, let

e = 0f{N > 0: Po s, {Dpm <A} 21— 0}, (1..9)

where Py 7, is the probability measure when the data has a standard normal d dimensional
distribution. Then,

the test rejects the hypothesis if ﬁnm > Gpma- (1..10)

If ﬁnm is affine invariant, then the distribution of Dnm is the same for all normal distributions.
Hence, the probability of type I error of the test is less than or equal to o. Conditions on the
location and scale estimators to get that ﬁmm is affine invariant are given in Theorem 2.1.
The test statistic lA)n,m can be found easily using the expression given by Lemma 2.1. The
test is consistent for any alternative (Theorem 2.2). We will obtain the limit distribution of
nD,,,, under the null hypothesis (Theorem 2.3).

A variation in the previous characterization of the normal distribution is as follows. Given
m > 2 and a d-variate c.d.f. F, I has a normal distribution if and only if m /2 Z;n:l(Xj —
E[X;]) and X; — E[X;] have the same distribution, where X7, ..., X,, are i.i.d.r.v.’s with c.d.f.
F. Hence, a nondegenerate d-variate c.d.f. F with Fr[|X;]|?] < oo has a normal distribution
if and only if for some m > 2,

m

En(F) = [ |Eplexp(im 'S (3 (X, = ur)))] (1..11)

Rd ]:1

— Eplexp(it'Sp** (X1 — pp))]Ps(t) dt = 0.
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An estimator of the previous quantity is

E, = /
R4

where ¢, (1) is as in (1.5). Given 1 > o > 0, let

~

Y (t) — P (t) : d5(t) dt. (1..12)

bnma = nf{A > 0: Py, {Epm <A} > 1—al. (1..13)
Then,
the test rejects the hypothesis if Enm > bpm.a- (1..14)

As before, if EAn’m is affine invariant, then the type I error of the test is less than or equal to
a.

In Section 2, we present several properties of the tests in (1.10) and (1.14). The presented
tests are affine invariant and omnibus. The test statistics can be found easily using the
expressions given by lemmas 2.1 and 2.2. We obtain the asymptotic limit distribution of the
test statistics under the null hypothesis. In Section 3, we study one sample generalized U-
statistics. We obtain a theorem on the convergence of U—statistics with estimated parameters,
which generalizes Theorem 2.16 in de Wet and Randles (1987). Section 4 contains the outcome
of some simulations. Given the large amount of alternatives to the normal distribution, it is
impossible to find a test, which outperform every possible test overall. The results of our
simulations show that when the distribution is symmetric and unbounded, the power of the
presented tests is higher than that of of the SW and BHEP tests. This indicates that knowing
that the data is coming from a symmetric unbounded density our test is preferred. This is the
case where testing normality is particularly needed. If there exists some indication that the
data is not coming from a symmetric unbounded density, the hypothesis of normality should
be rejected without testing. The proofs of the theorems are in Section 5.

Arcones and Wang (2005) presented tests for normality based on the empirical distribution
function and the used characterization of the normal distribution. These tests are only of
interest in the one dimensional situation. In the multivariate case, the tests in Arcones and
Wang (2005) are not affine invariant. Simulations show that the presented tests have a higher
power than the tests in Arcones and Wang (2005).

2. Properties of the tests. First we give an alternative expression for Dn,m-

Lemma 2..1. Dnm 15 equal to

2

((n —m)!)? —152 -1 - S
(n))? 2. Yo e | —27EmT Y Y, ) Y,
’ (G seerirm ) EID (K1 ,eokem ) €T, p=1 g=1
m 2
—9(] & &2 7d/2(n—m)! _9-152(52 4 1)Lyt V.. 1 4+ 952)~4/2
(1+0%) = D e @2+ 1) m D> Yo, | |+ (1426272,
' (31,ensdim ) EID, p=1

(2..1)



where Y, ; = SEl/Q(Xj — fin)-

Next theorem gives conditions on the location and scale multivariate parameters to guar-
antee that D, ,, is affine invariant.

Theorem 2..1. Let p: (RY)™ — R? and let S : (RY)" — Mgpp(d x d), where Mspp(d x d)
s the collection of the d x d symmetric positive definite matrices. Suppose that for each
a,ry...,2, € R and each B € Myg(d x d),

pwla+ Bxy,...,a+ Bz,) =a+ Bu(zy, ..., x,) (2..2)
and
S(a+ Bxy,...,a+ Bx,) = BS(z1,...,2,)B’, (2..3)

where Mys(d x d) is the collection of d x d nonsingular matrices. Let D, ,, : (R)" — R be
defined by

~

2
Do (1, 300) = Jya [ "5 X gmgeny, SXP(Em 2 (3200 y5,)) = 0(8)| da(t) dt

where y; = (S(z1, ..., 2,)) V2w — (e, ... 20)).
Then, for each a,z; ... ,z, € R? and each B € Mygs(d x d),

~ ~

Dym(a+ Bzxy,...,a+ Bx,) = Dpy(1, ..., Ty).

It follows from the previous theorem that if the estimators fi, and S, satlsfy (2.2) and
(2.3), then the statistic D, .m 1s affine invariant. In particular, the distribution of D, m is the
same for all nondegenerate normal distributions of the same dimension. It is easy to see that
the estimators defined in (1.6)—(1.8) satisfy (2.2) and (2.3).

The following theorem gives the consistency of the first test statistic.

Theorem 2..2. Let {Xj};’ozl be a sequence of R*-valued i.i.d.r.v.’s with c.d.f. F. Suppose
that E[|X1)?] < 00, fin =5 p and S, “5 S. Then, Dy “5 Dp(F), as n — co.

It follows from Theorem 2.2 that a, ;. — 0, as n — co. Noting that D,,(F) = 0 if and
only if F' has a normal distribution, Theorem 2.2 implies that if F' does not have a normal
distribution, then for each 1 > a > 0 Pp{ﬁnm > Apmat — 1, a8 1 — 00.

If E[|X1]* < oo, then the estimators in (1.6)—(1.8) satisfy the conditions in the previous
theorem. By the strong law of the large numbers X,, “3 y. Since

S = SO = ) (X = ) = (X = p)(K = 1) s,

j=1



The limit distribution of nD,, is the limit of a degenerate V-statistic. Let {X,} be a
sequence of i.i.d.r.v.’s with values in measurable space (S,S). Given a kernel A : S x S — R,
the U-statistic with kernel & is (n(n—1))7! > i<jzhen (X, Xi). The V-statistic with kernel
hisn=23770 (X, Xy). A function h: S x S — R is called symmetric if for each z,y € S,
h(z,y) = h(y,x). A function h : Sx S — R is called degenerate if E[h(z, X1)] = Elh(X1,2)] =
E[h(X1, X5)] a.s. By Theorem 3.2.2.1 in Lee (1990, page 79), if h is a symmetric degenerate
kernel with E[(h(X1, X2))?] < oo and E[h(X;, X3)] = 0, then

S (XX S a(gh -
k=1

1<j#k<n

where {g;}72, is a sequence of i.i.d.r.v.’s with a standard one dimensional normal distribution
and {0x}72, denotes the eigenvalues of the integral operator A : Lo(S,S, P) — Lyo(S, S, P)
defined by Aq(z) = E[h(z, X1)q(X1)], where P is the law of X; and Ls(S, S, P) is the collection
of measurable functions « : (S,8) — R such that E[(a(X;))?] < oco. It follows from the
previous result and the law of the large numbers that if h is a symmetric degenerate kernel
with E[(h(X1, X2))?] < oo, E[h(X1, X2)] = 0 and E[|h(X1, X;)|] < oo, then

n! zn: h(X; Zak — 1) + E[h(X1, X1)], (2..4)

J,k=1

where {0;} and {gx} are as before.
Next, we present the limit distribution of nﬁn,m under the null hypothesis.

Theorem 2..3. Let {X;} be a sequence of i.i.d. R%wvalued r.v.’s with a normal distribution

with mean p = E[X] and nonsingular covariance matriz S = E[(X — p)(X — p)']. Let fi,, =

fn(X1,..., X,) and let S, = gn(Xl, ..., X,) be estimators of p and S respectively satisfying

(2.2) and (2.3). Suppose that there are functions o : R — R? and 3 : RY — Mgpp(d x d)

such that Ela(S™2(Xy — p))] = 0, Ella(S™2(Xy — p)P] < oo, E[B(S™*(Xy — p))] = 0,
E[IB(S72(Xy = @))IIP] < o0

nl/Q(M n-1/2 Z 51/2 1/2 — ) Pr 0, (2..5)
n!2(8, — §) —n7M2Y " SVRB(STHA(X; — p))SHE S0, (2..6)
j=1
Then,
nDpm =1 Y hon(STVA(XG — ), STV (X = ) S0,
where

hD,m($, y) = /]Rd QD,m(l‘, t).gD,m(y7 t)(bg(t) dt
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and
gp.m(z,t) = mexp(=27'm ™ (m — 1)[t[*) (cos(m™"/*t'z) + sin(m~'/*'z))

+exp(—27t)?) (27 B(x)t — m'*t a(x) — m).
Consequently,

nDm Y ps(gE — 1) + Elhpm(STHX — p), STHX — )],

where {gr} is a sequence of i.i.d.r.v.’s with a standard one dimensional normal distribution
and {6px} denotes the eigenvalues of the operator Ap : Ly(RY B(R?), L(S™Y(X, — u))) —
Lo(R?, B(RY), LS~ (X1 — 1)) defined by Apa(e) = Elhp,m(w, S~ (X1 — ))a(S~ (X1 — 1))].

The estimators in (1.6)—(1.8) satisfy (2.5)—(2.6) with a(z) = = and §(z) = za’ — I,.

If m = 1, Theorem 2.3 coincides with the theorem in Section 3 in Baringhaus and Henze
(1988).

For the second test, we have results similar to the ones for the first test.

Lemma 2..2. Enm 18 equal to

n—m)!)>2 — m
3 (nv))) Z(jl i) €I, Z(kl ke ) €I, exp(—271*m ™| Zp— n,jp Zq:l Yok l?)

..........

n—m)! _
ety ]mgnzklexm 27182 S Yo, — Yorl?)

.....

+n? Zj:l D i1 exp(=2710*m 7Y, 5 — Yil?).

The next theorem gives conditions on the location and scale multivariate parameters to

guarantee that £, ,, is affine invariant.

Theorem 2..4. Suppose that p : (RY)" — R? and S : (RY)" — Mgpp(d x d) satisfy the
conditions in Theorem 2.1. Let E, . - (RY)" — R be defined by

A

En,m('rla s X f]Rd ‘T Z(jl ,,,,, )e[" eXp(Zm 1/2t/(2p 1 y]p))
—n~ Yk eXp(Zt’yj)N ¢s(t) dt

where y; = (S(x1, ..., 20)) V2 (z; — plzn, ... 20)).
Then, for each a,zy ... ,z, € RY and each B € Mygs(d x d),

~

E’mm(a + Bxy,...,a+ Bx,) = E, (21, ..., 7).

The second test is also consistent:

Theorem 2..5. Let {X;} be a sequence of i.i.d. R?valued r.v.’s with c.d.f. F. Suppose that
E[|X1]] < 00, fin “5 i and S, “5 S. Then, E, pm “> E\(F), as n — oc.

Theorem 2.5 implies that if F' does not have a normal distribution, then, for each 1 > o > 0,
]P’F{EA’n’m > bymat — 1, a8 1 — 00.
The limit null distribution of the second test is given by the following theorem:
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Theorem 2..6. Under the conditions in Theorem 2.3,

nEn,m - nil Z;‘tkzl hE,m(Sil/z(Xj - ILL)? Sil/z(Xk’ - :u)) Er) 0.

where

hE,m(xa y) - / gE,m(xJ t).gE,m(ya t>¢5 (t) dta

Rd
and
gem(z,t) = mexp(—27'm = (m — 1)|t|?) (cos(m™?¢'z) + sin(m~/?¢'z))
— (cos(t'x) +sin(t'z)) 4+ exp(=274t]?) (1 — m — (m'/? — Dt'a(z)).
Consequently,
nEm Y00k = 1)+ Elhpn(S™H (X — 1), 871X — )]
k=1

where {gr} is a sequence of i.i.d.r.v.’s with a standard one dimensional normal distribution
and {6px} denotes the eigenvalues of the operator Ap : Ly(RY B(R?), L(S71 (X, — u))) —
LR, B(RY), L(S™H(X1 — p))) defined by Apq(x) = Elhpm(z, S™HX — 1)g(S™HX — ))].

Note that the limit distribution of nEnm does not depend on the limit distribution of
n2(S, — 5).

3. Limit theorems for generalized one sample U-statistics. By lemmas 2.1 and
2.2, the statistics Dnm and Enm are generalized one sample U-statistics with an estimated
parameter. Given r.v.’s Xj, ..., X,, with values in a measurable space (S, S) and a measurable
function h : (S™,8™) — R, the U-statistic with kernel h is defined by

(n—m)!

Upm(h) = ——"= > WXj,....X;,).

General references on U-statistics are Lee (1990) and de la Penia and Giné (1999). We say
that a kernel h is symmetric if for each 1, ..., z,, and each 0 € Perm({1,...,m})

h([El, Ce ,Qfm) = h(l‘a(l), Ce 7$J(m)),

where Perm(A) is the set of permutations on the set A. Given a function h on S™, let

Smh<l'1, e ,xm) = (m!)fl Z h(l’o(l), - ,l‘g(m)>.

o€Perm({1,...,m})

Then, S,,h is a symmetric function and U, ,,(h) = Upm(Smh).



The main property of U-statistics which we will use is the Hoeffding decomposition, which
we describe next. Suppose that Xi,..., X, are i.i.d.r.v.’s with law P. We define

Temh(x1, ..., 2) = (0py — P) -+ (6,,, — P)P™"h
where Q1+ Quh = [+ [h(x1,...,2y)dQ1(x1) - - dQp(xy,). Then, it is known that
Upm(h) = Z (7;) Un i (Thmh) (3..1)

k=0

(see Section 3.5 in de la Pena and Giné, 1999). Since the decomposition in (3.1) all the terms
are orthogonal, if h is symmetric, then

Var(Um(h) = El(memh) (X1, ..., X)) (3..2)

The symmetric function h(zy,. .., z,,) is said to be P-degenerate of order r, 0 < r < m—1,
if 0z, -+ 0y, - P "h = P™h a.s. but 0, ---4
see that h is P-degenerate of order r if and only if 7{ h=---=aF h=0and 7], h #0.

erir - P™"71h is not a constant a.s. It is easy to

If follows from (3.2) that if h is a symmetric function which P-degenerate of order r, then
Var(Unm(h)) < en” " LE[(A(Xy, .. ., X)) (3.3)
We will need to work with a certain generalization of U-statistics. Given a measurable
function A : S™*™2 — R, the generalized one—sample U—statistic with kernel h is

(n—mq)! (n —my)!

(GU) oy my (h) == > > (3..4)

n! n!
(il ~~~~~ imq)elpnl (Jl ~~~~~ jmg)GI?nQ
Xh(Xz‘l, . ’Ximl’le’ . ,ij2).
We will assume that for each 1, ..., Zm,, Y1, -, Ymy € S, each o1 € Perm({1,...,my}) and
each 09 € Perm({1,...,ma}),
h(x1, . Ty Y1y - Yme) = M@y -+ s Toy(ma)s Yoa(1)s - - - Yoo (ms) ) - (3..5)
Given max(my,ms) < k < my + mg, define the function g, by
(@1, k) = R(Z1, - T, T Ty g — ks Ty 41> Ty 425 - - - 5 The)-

Note that in the previous expression the first m; +my — k indices in each group are repeated.
We have that

(GO s ma (1) (3..6)
N Tk”;;g{z(mlm) W% Gtz ) Gy oy 1) (1 + 122 — )
XD reinerr I X5 X
N s mo) n!(n—kgﬁ%ﬂﬁff__ﬁ?ﬁﬂ?f&_m)! Un,k (Skgr)-

9



mi1
mi+mo—k

) ways to choose the mi+mso—k repeated

The previous inequality holds because there are ( ) ways to choose the m; +mg — k
m2
mi+mo—k

indices in the second group, and there are (m; +ms—k)! ways to pair the m +ms — k repeated

repeated indices in the first group, there are (

indices of each group.
From the decomposition in (3.6), it is possible to obtain the LLN and the CLT for gener-
alized U-statistics. For each max(my,ms) < k < my + ma,

(n —mq)!(n —ma)!(mq)!(my)! . mylme!
nl(n —k)l(my +mg — k)l (k —m)!(k —m2)!  (my+mg — k)I(k—my)!(k—mg)!’

nml +mo—k

as n — o0o0. So, under minor conditions, (GU ), m, m,(h) is asymptotically equivalent to

Un,m1+m2 (gm1+m2 )

In this section, we present several limit theorems over a sequence {X;} of i.i.d.r.v.’s with
values in a measurable space (S,S) and law P. The following theorems give sufficient con-
ditions for the strong law of the large numbers and the central limit theorem for one sample
generalized U-statistics, respectively.

Theorem 3..1. Let h : S™* ™2 — R be a measurable function satisfying (3.5). Suppose that
for each max(my,ms) < k < my + ma,

EHh(Xla s 7Xm1’Xl) v 7Xm1+m2—k7 Xm1+17 Xm1+27 s 7Xk>|k/(ml+m2)] < 00,

then
(GU)n,ml,mz(h) = E[h<le s 7Xm1+m2)]'

Theorem 3..2. Let h: S™ %™ — R be a measurable function satisfying (3.5). Suppose that
E[(M X1, s Xy my))?] < o0
and for each max(my,mo) < k <my+mg — 1,
E[MX1, -, Xy X1y Xy o Xomy 415 Xy 2 - - Xp)[F/01Fm27270] < o)
then
D2 (GU )y s (h) = EIR(X1, -, Xy sms)]) > N(0, Var(myhy (X1) + mahs(X3))),

where hy(z) = E[h(z, X1, ..., Xpmy+me—1)] and
hg(ﬂf) = E[h(Xl, N 7Xm17x7Xm1+17 N 7Xm1+m2—1)]-

The test statistics of the presented tests are one sample generalized U-statistics with an
estimated parameter. To obtain the limit distribution of the test statistics under the null
hypothesis we will use the following theorem.
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Theorem 3..3. Let {X;} be a sequence of i.i.d.r.v.’s with values in the measurable space
(S,S). Let (T,7,v) be a measure space. Let © C R*. Let 6y € ©. For each | = 1,2,
let gg : S™ X T x ©® — R be a measurable function, where my is a positive integer. Let
én = én(Xl, ..., Xp) be an estimator of 6y. Suppose that there exists €y > 0 such that:

(i) For each 1 = 1,2, each t € T, each 6 € ©, and each o, € Perm({1,...,m;}),

(@1, T, 1, 0) = 9(Zo,01)s - - -5 Toymy)s £ 0)-

(ii) For each 1 = 1,2, each t € T and each 0 € © with |0 — 0y| < €,
E[|gl(X17X27'"ametae)” < Q.

(i1i) For eachl = 1,2 and eacht € T', G|(t,0p) = 0, where G,(t,0) := E[gi(X1, ..., Xm,, t,0)].
(iv) For each l = 1,2,

E[/T(gl(Xl, o Xt 00)) du(8)] < oo
and
E[/T(gl(Xl,Xl,XQ, o X1, 00)) du(#)] < o,
(v) For each | = 1,2 and each m; < k < 2m; — 2,
ol /Tgl(Xl, X 009 (X X X1, X, 60) di(B)]] < oo
(vi) For each 1 = 1,2 and each t € T, there exists G;(t,0y) € R® such that
6h—>H€10 0 — 6|2 /T |Gy(t,0) — Gi(t,00) — (Gy(t,60)) (8 — 6o)|* dv(t) = 0

and [, |Gy (t, 00)|* du(t) < .
(vii) There exists a function o : S — R® such that Ela(X)] =0, E[|a(X)]?] < oo, and

n!2(0, — 00) — 72> " a(X;) 5 0.
j=1
(viii) For each I = 1,2 and each 0 < § < €,

/E[ sup (X1, Xy 6,0 +9) — qi(Xa, .o, Xonps 1, 0) 7] du(t) < AS?,
T |0—0o|<eo,|0+y—00|<e0,|v|<d
where A is a finite constant.

(iz) For each |0] < €,

Elf (9(X1, ..., Xm, t,00 +n7"20) — g(Xa,..., X, L, 6p)
—G(t, 00 + n~120)) du(t)] )
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(x) For each |0| < €,

[fT( Xl,...,Xm,t,Gg—i—n_l/Q@) —g(Xh...,Xm,t,(go)
—G(t, 0y + n*1/29))4 dy(t)] — 0.

(xi) For each m < k < 2m — 2 and each |0 < €,

n'th- 2mE | fT X17 B aXmata 00 + n71/29> - g(Xh s 7Xm7t7 00) - G(t’ 00 + n*l/?@))
( (X17 S 7X2m—k7Xm+17 s 7Xk7 tv 80 + n—1/28)
_g(Xb S 7X2mfk7 Xm+17 R 7Xk7 t7 00) - G(t7 00 + n_l/Qe)) dV(t)H — 0.

Then,

7&1L”mzzmzmamzmjm ..... ..... i, Jr o1 (X X 800 (3.7
xgo(Xay, o, X o4, 0,) du(t)
- 0t S (maha (X, 60) + (Gh(t,60)) (X))
% (maha(Xi, t,00) + (Ga(t, 00)) (X)) du(t)

P
=0,

where hy(z,t,0) = Elgi(z, Xo, ..., Xm,,t,0)].
Besides,

Y ] s (3651, 60) + (G 80) () omaha(Xs 1, 85) + (G 60) (X0 ()

j3,k=1

converges in distribution to Y oo 0k(g7 — 1) + E[h(X1, X2)], where {g} is a sequence of
i.i.d.r.v.’s with a standard one dimensional normal distribution, {0y} denotes the eigenvalues

of the operator A defined by Aq(z) = E[h(x, X)q(X)], and

:h24@mm@t%Hwa@%wmmmmmwm%wwgm%wmw)
+(muha(y,t,00) + (Gi(t,00)) y)) (maha(a, t, 6p) + (Ga(t, ) () d’/(t)> :

If the case m; = mgo = 1, the previous theorem relaxes Theorem 2.16 in de Wet and

Randles (1987).

4. Simulations. We have made simulations to compare the power of the presented tests
with the SW test and the BHEP test for some alternative hypothesis. We only consider the
presented tests in the case m =2 and § = 1.

First, we consider one dimensional distributions. The following table shows the values of
NGy 2, and nb,o, in (1.9) and (1.13), for some values of n. We use X as a location estimator

12



and §,, =

and by, o When gumb —

unb

variance are called ap'y,

a standard normal distribution. The test statistics were found using the expressions given by

lemmas 2.1 and 2.2.

= (- 07 Sy - 2)

unb
and 0}y,

_ 1/2
(n‘l Z?ZI(X ;= Xn)2> as the scale parameter. The corresponding values of a,, 2 o

is used instead of the biased sample

The table was obtained making 10000 simulations from

| TABLE 1

nan24(1) | a=0.10 a=0.05 a=0.01
n = 0.04824971 0.07791181 0.14309058
n = 0.06160079  0.09887000 0.20911663
n =10 | 0.06804454 0.10876316 0.21063206
n =15 10.07967803 0.12509874 0.24958859

nayy, (1) | a=0.10 a =0.05 a=0.01
n = 0.05228323 0.06914429 0.10640492
n = 0.06070897 0.09069875 0.17879543
n =10 | 0.07013934 0.10392443 0.21065929
n =15 | 0.07892513 0.11329111 0.22407420

nby2a(1) | a=0.10 a=0.05 a=0.01
n = 0.1574244  0.1902732  0.2590276
n=23y 0.1893065  0.2167707  0.2686646
n =10 0.2226303  0.2497585  0.3008117
n =15 0.3132090  0.3306479  0.3764694

nb® (1) [ «=010 a=005 «o=001
n==06 0.1228755  0.1489783  0.1972663
n=23a 0.1630069  0.1850474  0.2261630
n =10 0.2005697  0.2208427  0.2642223
n =15 0.2953086  0.3138741  0.3575843

The following table shows the power when a = 0.05 of the following tests of normality:
Shapiro and Wilk (1965), Epps and Pulley, for § = 1 and § = 1/2, and the tests in (1.10) and

(1.14) for several alternatives:
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TABLE 2

SW  BHEP(1) BHEP(1/2) D, (1) Dgfg’(l) E, (1) E;L‘fgb(l)
n = 0.2159  0.2077 0.2078 0.1956  0.1908 0.1866  0.1838
n = 0.3311  0.3234 0.2929 0.2532  0.2578  0.2865  0.2868
n =10 0.4522  0.3996 0.4052 0.3488  0.3460 0.3840 0.3832
n=1510.6754  0.6255 0.6106 0.5230  0.5625 0.6095  0.5992

Alternative: exponential distribution

SW  BHEP(1) BHEP(1/2) D,(1) Dgfgb(l) E,2(1) E;;?Qb(l)
n==6 |0.0932 0.1112 0.1183 0.1243  0.1242  0.1112  0.1104
n = 0.1239  0.1459 0.1495 0.1467  0.1527 0.1484  0.1547
n=100.1599  0.1610 0.1827 0.1771  0.1847 0.1688 0.1818
n=15|0.2151  0.2173 0.2265 0.2461  0.2593  0.2098  0.2035

Alternative: double exponential distribution

SW  BHEP(1) BHEP(1/2) D,(1) Dgfgb(l) E, (1) E;‘fgb(l)
n = 0.3651  0.3788 0.3919 0.3919  0.3905 0.3796  0.3752
n = 0.4888  0.5003 0.5045 0.4856  0.4893  0.5060 0.5142
n =10 | 0.5910  0.6065 0.5880 0.5911  0.5878  0.5738  0.5918
n=1510.7558  0.7650 0.7415 0.7445  0.7756  0.6705  0.6487

Alternative: Cauchy distribution

SW  BHEP(1) BHEP(1/2) D,»(1) D};?Qb(l) E,»(1) E;{flgb(l)
n = 0.1088  0.1315 0.1333 0.1299  0.1346  0.1288  0.1247
n=38 | 0.1460  0.1727 0.1725 0.1723  0.1794  0.1705 0.1754
n=100.1926  0.1925 0.2199 0.2139  0.2246  0.1959  0.2098
n=150.2669  0.2681 0.2898 0.2912  0.3122  0.2508  0.2428

Alternative: Student’s t—distribution with three degrees of freedom

SW  BHEP(1) BHEP(1/2) D,(1) Dz?zb(l) E,»(1) E,‘;f‘Qb(l)
n = 0.0553  0.0671 0.0711 0.0688  0.0668 0.0584  0.0631
n = 0.0682  0.0774 0.0718 0.0767  0.0779  0.0749 0.0716
n=101]0.0743  0.0719 0.0909 0.0770  0.0852 0.0739  0.0978
n=151]0.0836  0.0826 0.0987 0.0958  0.1096  0.0942  0.0946

Alternative: Student’s t—distribution with ten degrees of freedom
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SW  BHEP(1) BHEP(1/2) D, (1) Dgf‘;’(l) E,»(1) Eﬁfgb(l)

n = 0.0834  0.0749 0.0689 0.0698  0.0691  0.0624  0.0604
n=238 | 0.1045  0.0954 0.0723 0.0601  0.0622 0.0754 0.0704
n=101]0.1346  0.1033 0.0918 0.0719  0.0685 0.0871  0.0872
n=150.2145 0.1793 0.1620 0.0840  0.1042  0.1572  0.1486

Alternative: Beta(2,1) distribution

SW  BHEP(1) BHEP(1/2) D,»(1) D2p(1) E.»(1) Ep(1)

n = 0.0594  0.0668 0.0763 0.0720  0.0743  0.0704  0.0655
n = 0.0678  0.0852 0.0828 0.0739  0.0868 0.0862  0.0787
n =10 | 0.0872  0.0829 0.0991 0.0943  0.0993 0.0876  0.0872
n =15 0.1000  0.0964 0.1112 0.1101  0.1405 0.1093  0.0998

Alternative: Logistic(1) distribution

SW  BHEP(1) BHEP(1/2) D, (1) D;;f‘Qb(l) E,»(1) E;‘f;b(l)

n==6 | 0.0597  0.0460 0.0418 0.0396  0.0404 0.0356  0.0382
n = 0.0676  0.0501 0.0286 0.0208  0.0264 0.0364 0.0325
n =10 | 0.0828  0.0515 0.0262 0.0189  0.0171  0.0361  0.0358
n=150.1324  0.0802 0.0192 0.0117  0.0125 0.0384  0.0317

Alternative: uniform distribution

SW  BHEP(1) BHEP(1/2) D,(1) nggb(l) E,2(1) E,‘;gb(l)

n = 0.3243  0.3045 0.3141 0.2918  0.2924 0.2805 0.2732
n = 0.4683  0.4681 0.4391 0.3570  0.3911  0.4286  0.4293
n =10 | 0.6167  0.5741 0.5713 0.5119  0.5087  0.5523  0.5542
n=15|0.8255  0.7931 0.7926 0.7208  0.7420 0.7940  0.7944

Alternative: lognormal distribution

The previous table seems to indicate that the presented tests are competitive with the
known tests. The presented tests are the most powerful for a double exponential distribution.
The test based on D};fgb is the test with the highest power for the ¢ distribution with three
degrees of freedom and the logistic distribution.

Next, we consider bivariate distributions. The following table shows the values of na, 2
and nb, 2, in (1.9) and (1.13), when d = 2.
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TABLE 3

nan2q(l) | =010 a=0.05 «a=0.01
n = 0.0988706 0.1172691 0.1518514
n = 0.1157862 0.1519532 0.2304657
n =10 | 0.1278453 0.1706654 0.2727697
n=15 |0.1264138 0.1662850 0.2903303
Mbusa(l) | =010 a=005 a=001
n = 0.2722242  0.296694  0.3603040
n=2~a 0.3251454 0.3523247 0.4066532
n =10 | 0.3850381 0.4099640 0.4633864
n =15 | 0.5402228 0.5574175 0.6148627
TABLE 4

BHEP(1) BHEP(1/2) Dyno(1) Ena(1)

n==06 0.1921 0.1871 0.1780  0.1564

n = 0.3379 0.3215 0.2896  0.2836

n=10| 0.4575 0.4405 0.3778  0.4021

n=15| 0.7338 0.7088 0.6372 0.7161

Alternative: exponential distribution?

BHEP(1) BHEP(1/2) D,»(1) E,2(1)
n = 0.0906 0.0940 0.1001 0.1030
n = 0.1391 0.1538 0.1621 0.1532
n=10| 0.1679 0.1861 0.1921 0.1952
n=15| 0.2411 0.2722 0.3263 0.2911

Alternative: double exponential distribution?

BHEP(1) BHEP(1/2) D,»(1) E,2(1)
n = 0.3638 0.3931 0.4456  0.3923
n==3, 0.6107 0.6178 0.6269 0.6307
n=10| 0.7342 0.7238 0.7384  0.7500
n=15| 0.9030 0.8878 0.9001  0.8932

Alternative: Cauchy distribution?
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BHEP(1) BHEP(1/2) D,s(1) E,(1)

n = 0.1071 0.1069 0.1240  0.1107
n=23y 0.1726 0.1901 0.1905 0.1758
n=10| 0.2149 0.2427 0.2486  0.2450
n=15| 0.3348 0.3641 0.4052  0.3604

Alternative: Student’s t-distribution? with three degrees of freedom

BHEP(1) BHEP(1/2) Dyna(1) Ena(1)

n = 0.0418 0.0571 0.0607  0.0588
n = 0.0720 0.0733 0.0800 0.0713
n=10| 0.0714 0.0866 0.0795  0.0829
n=15| 0.0901 0.0988 0.1136  0.1272

Alternative: Student’s t—distribution? with ten degrees of freedom

BHEP(1) BHEP(1/2) D,s(1) E,.(1)

n==06 0.0686 0.0603 0.0595  0.0553
n = 0.0847 0.0782 0.0571  0.0631
n =10 0.1049 0.0788 0.0576  0.0788
n=15| 0.1802 0.1049 0.0730  0.1533

Alternative: Beta(2,1) distribution?

BHEP(1) BHEP(1/2) Dys(1) Ena(1)

n = 0.0575 0.0621 0.0641  0.0553
n = 0.0758 0.0850 0.0851 0.0791
n=10| 0.0861 0.0975 0.0904 0.0916
n=15| 0.0984 0.1242 0.1394  0.1420

Alternative: Logistic(1) distribution?

BHEP(1) BHEP(1/2) D,s(1) E,2(1)

n = 0.0524 0.0403 0.0410  0.0366
n=23y 0.0506 0.0332 0.0277  0.0291
n=10| 0.0499 0.0231 0.0180  0.0267
n=15| 0.0818 0.0128 0.0093  0.0301

Alternative: uniform distribution?
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BHEP(1) BHEP(1/2) D,s(1) E,(1)

n = 0.2925 0.2942 0.3048  0.2651
n=23y 0.5368 0.5146 0.4747 0.4734
n=10| 0.6918 0.6565 0.6068  0.6466
n=15| 0.9006 0.8465 0.8582  0.8958

Alternative: lognormal distribution?

As before, the previous table shows the presented tests are competitive. The considered
bivariate distributions are the ones determined by two i.i.d.r.v.’s. For the double exponential,
Cauchy, ¢ distribution and logistic distributions, the test based on D, »(1) has the highest
power.

5. Proofs.

Proor or LEMMA 2.1. We have that

~

Dn,m

n—m)!)? . m m
= (n'))) Z(il ----- m)Elp, Z(j1 ,,,,, Jm)eI" Jpa exp(im VR (ST Vi — D00 Y5))6s(t) dt
n— m'
_2 ) Z(zl ’Lm EI” fRd eXp /Lm 1/2tl(2] 1 l]))

-----

(27T52) Y2 oxp(—27 [t]2 — 27162 [¢[2) dt
Lo (26%) Y2 exp(—[t]? — 2—15—2yt\2> dt

Using that for each nonsingular d x d matrix S,
/d(27r)_d/2(de1:(5))_1/2 exp(it'u — 27 S M) dt = exp(—2" 1/ Sp), (5..1)
R

we get that

A

Dn,m
n—m)!)?2 - — m m
= (n‘))) Z(z‘l ..... im)elﬁn Z(ﬁ ..... Jm)ETR exp(—2 'm 152| Zk:l Yi, — Zl:l le|2)
—2(1 4 82) RO S er eXD(=27 T 4 1) L Y, [2)
+(1 4 262)~4/2,

O
PROOF OF THEOREM 2.1. Since ﬁn,m(xl,...,xn) depends on yiyr, 1 < j,k < n, it
suffices to show to that for each 1 < 5,k < n,

Yiyr = (x5 — p(w1, .. 20)) (S, xn)) N — o, 1))
is affine invariant. Given @ € R? and B € Mys(d x d), we have that for each 1 < j,k < n,

(a + Bxj — pla+ By, ...,a+ Bx,))(S(a+ Bzy,...,a+ Bx,))™!
X (zp — p(a + Bxy,...,a+ Bxy))

(zj — p(x1, ..., @) B (BS(x1, ..., 2,)B) ' Blag — (e, ..., 1))
(zj — (@, oy 20)) (S, oy n) N — e, .. @)
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O
PROOF OF THEOREM 2.2. It suffices to prove that

((n=m)1?
(n!)? Z(jl ----- Jm)EIR Z(kl ..... km)eEIn, (5..2)

x exp(—2tm (I, X, — Y X S (T X, — Y, X))
B exp (<27 m (0 Xy = X Xona)' ST Y Xp = S X))

and

O S imery, SXP(=27 MR8 + 1) (5.3)
X (e (X, = ) S (e (X, = fin)
=B [exp (=27 tm 1020 4+ 1) (S (X, — ) STHEL (X — )] -

Using that for a,b > 0 [e™ — 7| < |a — b|, we have that

(ool Z(ﬁ ,,,,, et Sk el (5..4)
x exp(—2 m 0200 Xy, — Y X ) S (0 X, — Y X))
—<<"<nfgz>'>2 z(jl ..... S R,
X exp(—2~ m*152(zp ) Zq L Xk,)'S 1(221:1 X; - 22”:1 qu))‘
< ((n(;?;z)!)z Z(jl ..... el Dk kmyeln 2 tm=te?
X (o X, = S X, ) S T X, — S X)
— (O X, = 2oy X)) ST X, — >ty Xy)
< e S ern ke 27T T X, — Y X 2S5 — S|
a5 0,

because ||S;1 — S~ 25 0 and
((’I’L _ m)])Z m m ) as. m m )
(n!)2 > DX, D X PEENY X, - ) Xl
' (G1yerfim )ETR, (K1, kem )EIR,  p=L1 q=1 p=1 =1

by Theorem 3.1. Again, by Theorem 3.1,

n—m)!)?
O X Gt =ik (5..5)

-----

X eXp(_Qilmil(SZ(Z;n:l X]p - Zq:l X q) (ZZL 1 XJ;D Z;n:l qu))
= FE [exp (‘2717”7152(2;1:1 Xp— ZZL Xm+q)’5’1(2211 Xp— 221:1 Xm+q)>} .
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The limit in (5.2) follows from (5.4) and (5.5). The proof of (5.3) is similar and it is omitted.
UJ

PrROOF OF THEOREM 2.3. Without loss of generality, we may assume that £[X]| = 0 and
E[(X — EF[X])(X — E[X])'] = 1;. We have that

~

Dn,m
= Lo S ey (explim VSR (0, — ) — e )

n—m)! S — G—1/2 m [l -
X Y el (eXP(—Zm V2 S (D (X, — i) — €7 1‘“2) Gt dt
_ (n—m)H?
= (n))2 Z(il ..... im)€EInR Z(jl Jm)ELR,

.....

) K (m= V28, 25 (X — i), m™ V28 P (X, — i)

p=1 q=1 )
where
K(z,y) = [pa(exp(it'z) — exp(—27"[t]?))(exp(—it'y) — exp(—27"[t]*))¢s(t) dt
= Jpa(cos(t'z) + sin(t'z) — exp(—27"|t[*))(cos(t'y) + sin(t'y) — exp(—27"[t]?))¢s(t) dt.
So, A
Dn,m
n—m)!)? ~ 2
- { (n')Q) ) Z(zl ..... im)EIR ZA(jl ..... Jm)ELD, fRd g(Xip s 7Xima t, Mo Sn)
Xg<Xj17 s 7ij7 t7 /ln7 Sn)¢5(t> dt?
where
91, o Tt 1, S) = cos(m 2G2S () — )
+sin(m VST (25 — ) — exp(—=27 ¢ ).

We apply Theorem 3.3 with g1 = g, = g, dv(t) = @s(t) dt, 6, = (fin, S,)’ and 6y = (0, I,).
It is obvious that conditions (i), (ii) and (vii) in Theorem 3.3 hold. By (5.1),

E[exp(im_1/2t’5_1/2 Z(Xj — )] = exp(—im1/2t'5_1/2u _ 2_115’5_175).

i=1
So,

G(tnuv S) = E[g(Xb s 7Xm7t7,u75)]
= Real(E[exp(im~'/?'S1/2 Do (X = w)]) + Imag(Elexp(im~/?t'S~1/2 > (X =)
—e— 271 H?

_ 6_271’5'571'5(cos(ml/zt’S_l/z,u) _ sin(ml/Qt’S_l/g,u)) _ 6—2*1\t|2_

Hence, hypothesis (iii) in Theorem 3.3 follows.
Since g is a bounded function, hypotheses (iv), (v) and (xi) in Theorem 3.3 hold.
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We claim that G(t,0,I;)(p, S — 1) = e 2 17 (271¢/(S — 1)t — m'/?t'1). We have that

G(t, 1, S) — e 2 (271 (S — It — m!/?t' )
= (e72WSTH _ o2 (1 — 27 1¢/(ST — Iy)t)) (cos(mM 2 STV2 1) — sin(m!/2 SV )
+e 2 1 (cos(m2t' S2 ) — sin(mM2' STV ) — 1+ m2 )
+e 2 P21 (S — )t (— cos(m M2t S=12 1) + sin(m/2t'S~1/2p) 4 1)
e 2 1P (=271 (S — It — 271(S — Iy)t)
= [+IT+1IT+1V.

Using that for each z € R, |e® — 1 — z| < 22%el*l,

|]| S 2672—1|t|2|672—1t/(5—171d)t — 1+ 271t/(5«71 _ Id)t|
< 27U (ST = Ip)tPexp(=27E R + 27 ¢ (ST — Iy)t])
<

27 e NSTHIPNS — Tall? exp(=271¢? + 27 ¢S — Tal])-
We have that
|]I| S 67271\t|2 (l Cos(ml/Qt/Sfl/Zlu) . 1| + |Sin(m1/2t/871/2u) . ml/Zt/Sfl/Q/”
+|m1/2t/S_1/2M - ml/Qt/,LLD

e 1 ((a 4 0)(m! ¢S ™2 )+ m 2t .S — 1)
e I ((a + O)mltlP(|S™V2(P|f? +m 2t |l 572 = 1))

IA A

where a := sup,_ 2~ ?| cos(z) — 1] and b := sup,_, 2~ *| sin(x) — x|. We also have that
[TT| < e 12 PSS — Lall (amale (S22 4+ m [} 2]) )

and
1V] = e 1P (S — L)(S™ — Tt] < e WP e — 128 7).

It follows from the previous estimations that

lim  (|uf* + 5 - Id||2)_1/ (Gt 1, 8) — e IR (S — L)t —m' 2t ) s (t) dt = 0,
(1,8)—(0,14) R
i.e. hypothesis (vi) in Theorem 3.3 holds.
Since sin and cos are Lipschitz functions hypotheses (viii)—(x) in Theorem 3.3 hold.
Finally, we have that

h(z,t,00) = Elg(x, Xa, ..., X, t,0, 1)

Elcos(m™"2t' (z + >ty Xj)) + sin(m =2t (z + >y X)) — exp(=27Ht]?)]
E[Real(exp(im™"?'(x + Y1) X;))] + E[lmag(exp(im ™' (z + 31", X;))] — g2
Real(exp(im ™2tz — 27 'm ™ (m — 1)t't))

+Imag(exp(im =2tz — 27 'm = (m — 1)t't)) — e~2 11

= exp(—=27'm 7 (m — 1)[t]?) (cos(m™?t'z) + sin(m~?t'z)) — e=27 M,
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So,
mh(z,t, 90) + G(t,0, 1) (a(x), B(z))
= mexp(—2"'m 7 (m — 1)|t|*) (cos(m™?t'z) + sin(m~/?t'z))
+exp(—271¢*)(2 1t’6(x)t —m2ta(z) —m).
0

The proofs of Lemma 2.2 and theorems 2.4-2.6 are similar to proofs done before and they
are omitted.

PrROOF OF THEOREM 3.1. By Proposition 5.2.8 in de la Pena and Giné (1999), if
E[|h(Xy,..., X,)|™*] < oo, for some s > m, then n™ U, ,,(h) %3 0. Hence, for each
max(my, me) < k <my +my — 1,
nk_ml_mUn,k(gk) S O.

By the strong law of the large numbers for U-statistics

Un,m1+m2 (gm1+ﬂ"b2) = E[h(Xh B 7Xm1+m2)]'

(see e.g. Theorem 4.1.4 in de la Pefia and Giné, 1999). The claim follows from the previous
limits and (3.6). OJ

PrROOF OF THEOREM 3.2. We proceed as in the proof of Theorem 3.1. By Proposition
5.2.8 in de la Pena and Giné (1999), for each max(mq,ms) < k < my +mgy — 1,

p? Hhemmmey () 250,
By the central limit theorem for U-statistics

d
nl/z(Un,mlerz (gm1+m2) - E[Un,m1+m2 (gmlerz)]) - N(0> Var((ml + mQ)W17m1+m2(Sm1+m2h>>>7

To finish the proof notice that
(M1 4 M2) T4 4y (S 4o 1) () = ma (ha () — E[hi(X1)]) + ma(he(z) — Elha(X1)]).

O

To prove Theorem 3.3, we will need some previous lemmas.

Lemma 5..1. Let h, : S™™2 — R be a sequence of measurable functions satisfying (3.5).
Suppose that:
(i) For each n > 1,

Elhp(x, X, ..oy Xonytmy)] = Elhn (X1, ooy Xon, @, Xong 2y ooy Xingmy)] =0 P — a.s.

(i) limy—.o E[(hn(X1, . - ., Xonyoms))?] = 0.
(iii)
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lim E[hn<X1, e 7Xm17X17Xm1+17 e 7Xm1+m2*1)] =0

and
nllgolo E[hn(X17 .. 7Xm17Xm1+17 X’m1+17 X’m1+27 X’m1+37 L ’Xm1+m2—1)] - 0
(iv)
lim n ' E[(hy (X1, X1, X2, X3, ..oy ooy, Xonytma—1))?] = 0,
Tim 7 E[(hn (X0, Xy, X, X1, Xy, 1)) = 0

and

lim nilE[(hn<X17 cee 7Xm1aXm1+17 Xm1+17 Xm1+27 Xm1+37 cee 7Xm1+m271>>2] =0.

n—oo

(v) For each max(my,ms) < k < my +my — 2,

nttFmEme RHR (X X X1 - Xy tema ke Xomg 15 Xonya2s - - -5 Xg)|] = 0.

Then,
Pr
1(GU)nmy s (hn) = 0.
PROOF. Let
gn,k<xla s ,.Tk) - hn(xla w3 Tmyy Ty - v o Tmgdmo—ky Tmay+1 Tmy 425 - - - ,Ik).

By the decomposition in (3.6), it suffices to prove that for each max(my, ms) < k < mq +ma,

pltk=mi=me (S g k) L. By (1), Unmi+ms(Smi+maGnmi+m,) 1s & U-statistic degenerated
of order 1. Hence, by (3.3) and hypothesis (ii),

Var(nUnthrmz (gn,m1+m2)) S CE[(Sm1+ngn,m1+m2 (Xh s 7Xm1+m2))2]
= CE[<hn(X1> s 7Xm1+m2))2] —0

and nUp m, s (G ms) — 0. By (iii) and (iv),

E[Un,ml—i-mg—l(gn,ml-l—mg—l)] — 0
and

Var(Un,my +ma—1(Gmy+ma—1)) < CTFIE[((Sm1+m2—1gn,m1+m2—l)(Xb ce 7X2m—1>>2]
< cn’l(E[(hn(Xl, X1, X0, X5,...,... aXm1+m2—1))2]

FE[(hn(X1, - Xonss X2 Xt o2 Xons o 1))]

+E[(hn(X17 s 7Xm17Xm1+17 Xm1+17 Xm1+27 Xm1+37 s 7Xm1+m2*1))2]) — 0.

Hence, Uy my+ma—1(Gnmi+ma—1) ™. By (v), for each my < k < my 4+ my — 2,
E[ln** =mmme U, (gop)] < nPHEMTTR B g (X, X)) — 0

and nTEmmimm2l L (g =00
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Lemma 5..2. Let h, : S™™2 — R be a sequence of measurable functions satisfying (3.5).
Suppose that:
(i) For each n > 1,

Elhp(x,y, X3, .o, Xinytmy)] = Elhn(z, Xoy ooy Xongy U Xong 25 -+ o s Xony+ma)|
=FEh(Xy, . s X, Y, Xy 435+ -+ Xingamy )] = 0 (P X P) — a.s.

(i) iy —.oo 1 E[(h (X1, « -, Xonyoms )] = 0.
(iii)

lim n ' E[(h, (X1, X1, Xo, X, ooy ooy Xonyoma—1))?] = 0,
m 2 E[(hn (X1, - X, X1, Xong 1o - - s Xonytmg—1))2] = 0

and

lim nilE[(hn<X17 cee 7Xm1aXm1+17 Xm1+17 Xm1+27 Xm1+37 cee 7Xm1+m271>>2] =0.

(iv) For each max(mq,msg) < k < my + my — 2,
n' e Bl (X X, X1 Xy tma—te Xt X2, - - - Xi)[] = 0.

Then,

Pr

n(GU)nmy,ms (hn) = 0.

PRrROOF. The proof of this lemma follows similarly to that of Lemma 5.1. The difference
is that in the present situation, Up,m,+ms(9n,mi+m,) is @ U-statistic degenerate of order 2. So,

Var(nUn,m1+m2 (gn,m1+m2)) S Cn_lE[(Sm1+ngn,m1+m2 (Xb s 7Xm1+m2))2]
= n  E[(hn( X1, Xonyams))?] — 0.

The limit p!'To=m=m20] ; (Signr) L 0, for each my < k < my + my — 1 follows exactly as in
Lemma 5.1. [

Lemma 5..3. Let {X,} be a sequence of i.i.d.1.v.’s with values in the measurable space (S,S).
Let (T, T,v) be a measure space. Let © C R*. Let g : S™ X T x © — R be a measurable
function. Let ¢y > 0. Suppose that the following conditions are satisfied:

(i) For each t € T, each |0| < €, each xy,...,xy, €S and each o € Perm({1,...,m}),

g(xla < 7xm7t7 9) = g(xcr(l)a s 7$a(m)7t7 9)

(ii) For each t € T and each |0] < €,

/TEHg(Xl, X £, 0)]] du(?) < oo
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and
Elg(Xy,..., X, t,0)] =0.

(iii) For each x1, ..., Tm,t,
g(x1,. .., Tm, t,0) = 0.

(iv) For each 0 < 0 < €,

/E[ sSup |g(X17aXmatae_’_’Y)_g(Xl)7Xm7t70)|2]dy<t)§A62
T

‘9‘§607|7|§57|9+7|§60

where A is a finite constant.
(v) For each |0] < €,

E

2
(/ g( X1, X, 6, Y20) g( X, - ., Xom, t,n7Y/20) du(t)) ] — 0.
T
(vi) For each |0] < €,
E U 9(X1, X1, X1, 720 g(Xon, Xt -+ -5 Xom—1,t,n71/%0) dz/(t)} —0
T

and
E [/ 9( X1, X, 6,07 20)g( X1, Xonss - -+, Xome1, t,n7/26) dy(t)] — 0.
T

(vii) For each |0] < €,

2
n'E (/(g(Xl,Xl,Xg,Xg,...,Xm_l,t,n_l/QH)g(Xm,...,Xgm_l,t,n_l/QQ) du(t)) ] -0
T
and
2
n'E (/(g(Xl,...,Xm,t,n_l/ge)g(Xl,XmH,XmH,...,Xgm_l,t,n_l/zé) dy(t)) ] 0.
T

(viii) For each m < k < 2m — 2 and each |0| < e,
nE=2m | / 9(X1, . X, 6,07 V20) (X0, - Xomets Xt -+ Xy t,n720) du(t)]] — 0.
T
Then,

n—m)!
sup ||n1/2(n—') Z 9( X, ..., X

jm7
0] <eo

t, 07 20)) | L) — 0.
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Proof. Given 7,7 > 0, we prove that

n—m)! _
lim sup Pr{ sup Hnlﬂg Z 9( Xy Xty 1/29)”L2(u)

n—o0 18] <eo n!

Take § > 0 such that 22462772 < 7. By compactness, there exists a function 7 : B,(0, ) —

> 71} <n.

B;(0, €p) with finite range such that for each 6 € B,(0, ¢), |0 — m(0)] < . Then,

n—m)! —
SUP|g|<ey ””1/2 7l . Z( ,,,,, Gm)EIR 9( X Xyt 1/2‘9)HL2(1/)

IN

n—m)! —
Sup|9|<€0 Hnl 2( n! : Z(]l ~~~~~ Jm)ELR (g(le, T 7ij7 tv n 1/29>
_g(ij S ijat n_1/27r(0)))“L2(V)

n—m)!
+ SUP|g|<e, ||”1/2T) >

-----

Hence,
n—m)! —
Pr{supcq 22 T, e 9 1 X b n720) 1 2 7)
S PI'{SUp‘GISEO Hnl/Z(nn—Tn) Z(Jl ..... Jm)EIR <g<X317 s 7ij7 t n_1/29)
—9(Xjis s Xt n‘l/er( I Law) = 277}
+ Pr{supg e, |72 00 e 9 s X 6,021 (0) |1,y > 2717
n—m)! _
< 47 E[SUP\G\SEO Hnlﬂ% 2(]'1 ,,,,, Jm)ER, (9(Xj0,. -0, Xj tom 1/2‘9)
_g(Xj17 sy ija t, nil/QZT(g)))”%,Q(u)]
+ SUuPg<¢, PT{H”W% Z(jl ,,,,, Jm)EID, 9(Xjys o Xy t, n_1/27T(9))||L2(u) > 27}
By (iv),
E[Sup\H\Seo ”n1/2 - m Z(Jl ..... Jm)EIR, (g(Xjn s ’ijv t, n71/2‘9)
—9(Xju, - X;m,t grsT N7,
(n—m)1?2
= E[SUP\G\SEO T mh? Z(zl ..... im )EIT, Z(]l ..... Jm )EIR,
X fT(g( iy Xa 6 TY20) — g(XG,, ., X, Y21 (0)))
X<9<Xj1v ) ]'m?t 9) ( Jio- e ?ij? t n_1/27r(6))) dy(t)]
((n—m)!)
S E[TL (n!)2 Z('Ll ----- im)elgl z(]l ----- ]m)elm
XfTsup|9\<eo |g( i1yt lm’t 9) ( 117"'7Xim>tv7r(9>)|
X Sup|9|<60 |g< .717 A 7X]m7 t? n 1/29> - g(X]17 A 7ij7t’ n71/2ﬂ-(0))| dl/(t)]
= n fT Sup|9\§eo |g(X17 s 7Xm7 t7 n_1/20> - g<X17 s 7Xm7 ta n_1/27r(9))|2] dlj<t>
< Ad?
and

- —m)!
At 2E[sup|9‘§60 ||”1/ZM Z(jl

n!  £<(J1,Jm

_g(Xju ce. ;ija t, n_l/zﬂ-(e)))H%Q(V)]
< A772A8% <.
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To finish the proof it suffices to prove that for each |0| < €,

n—m)! -
It 2O RS aern 9K X T 203

.....

n—m)!)? -
- n(( (n')Z) : Z(” im )LD, Z(J'l Jm)€EIR fT g(Xin S 7Xim7 t,n 1/29)

..........

Xg(le, Ce 7ij7 t, 77,_1/29) d/,t(t)

P
0.

We claim that this follows from Lemma 5.1 applied to
P (1, - s Ty T - - -5 Tom) = [ 9(T15 - T, T, n20)g(Tmat, - - -y Tom, t,n”20) dv(t). Hy-
pothesis (i) in Lemma 5.1 follows from (ii). Hypothesis (ii)—(v) in Lemma 5.1 follow from
(v)—(viii), respectively. O

PROOF OF THEOREM 3.3. Using that for each z,y € R, 4zy = (z + y)? — (x — y)?, to
prove (3.7), it suffices to prove that

_ | ~
n/ (n=m)! Y aXae X, 1, 6,) (5..6)
T .

(jl ----- jm2)6177;12
—n/ (n_l Z(mlhl(Xj, t, 90) + (Gl(t, 90))/01(Xj)
T j=1

maha(X;, 80) + (Calt, ) a(X;)) ) du(t)

Pr

and

- 3 Z g2<Xj17"'7ij27taén> dV(t)

(jl 7777 jm2)61%2
—TL/ <n1 Z(mlhl (Xj, t, 90) + (Gl (t, (90))/04(Xj)
T j=1

—maha(X;.1.00) — (Calt, 00) (X)) du)

P
0.
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By the central limit theorem for degenerate V-statistics in (2.4),

nfT( n o (maln (Xt 00) (Ga(t, 00)) (X;)

+
mahal(X;, 00) + (Galt, ) (X;))) ()
= n Y0 p(maha (X5t 60) + (Gh(t, 60)) a(X;) 4+ maha(X;, 60) + (Ga(t, 6)) (X))
X (mahy (X, 1, 00) + (Gl(fﬁo))/a( k) maha (X, ) + (Galt, 0p)) (X)) du(t
— 0p(1).

Hence, to prove (5.6), it suffices to prove that

A~

n—mi)!
1/2“( 1) Z(“ im1)€I777,i1 gl(Xi17 v 7Xim1 5 t, en) (58)

.....

+ (n— m2 Z(]l Jmo ) EIR, 92(Xj1’ S 7ij2’t’ Q”)HLQ(V)

7777 mo

—n1/2un—1 S (maha (X, t,60) + (G(t, 6o) ) e X;)
+m2h2(Xj,t790) (G2(t790))/a(Xj))HL2(V)

Pr

— 0.
We have that
n—msi)! A
|n1/2||(n_'1) Z(“ .... iml)elrrbnl gl<Xi1,... Ximl,t,en) (59)
n—msy)!
+% Z(jl ..... Jmg )ELT,, 92<Xj17 cee ]m27t 9 )HLz
—n 2Tt 3T (maha (X8, 60) + (Gl(t, 0o)) o (X;)
+maho(X;,t,00) + (G2(t, 00)) (X)) ()|
n—mai)! N
< 1/2”( 1) Z(il ..... iml)eﬂhl(gl(le’""ijl’t’en)
_gl(le’ cee 7ij1 t 90) - Gl(t 0 ))HLz(V)
n—msi)! _
+n1/2‘|% Z(il ..... imy )EID gl(Xin T 'Lml 't 90) —n Zk 1 mlhl(Xk>t (90>HL2(V)

+n!/2|| Gy (t, 6,) — (Gl(t 60))' (0 — 60) | L)
Hn 2 (G1(t, 00)) (0 — b0) — n > 3271 (G (¢, 60)) (X)) | oo
+nt2|| el 5 imp)etp, (92(Xips o Xy 1, )
—92(Xiys -+, Xipy s 1, 00) — Golt, ) )N L)
..... et 92(Xivs - Xip, 8,00) = n™t 320y maha (X, ¢, 00) o)
+n'/2||Ga(t, 0,) — (Ga(t,600)) (B — 00) | L)

HnY2(Ga(t, 00)) (0, — Op) — 02310 (Galt, 00)) (X))l o)

P
=0.

+n! 2| Tt Y

Since a similar estimation holds for (5.7), to finish the proof, we need to show that for each
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n—my)! .
A SN X )

]ml7

_gl(Xj17 s ’ijl ) t, 90) - Gl(t> én))”Lg(u) E; 0. (510)
n—my)! -
7*””% Z gl(Xila---aXi,,Ll t, 9() Zmlhl Xk,QO)HLQ — 0. (5..11)
’ (i1, JELR, k=1
n1/2HGl(t 0 n) — (Gl(t 0o))’ (én —00) || L) =0 (5..12)
In'2(Gi(t, 00)) (0 — B0) — n ™23 " (Gi(t, 00)) (X)) | Loy = 0. (5..13)
j=1

To prove (5.10), it suffices to prove that for each [ = 1,2,

n% Z | Z (5..14)

A~

X/(gl<Xi17"'7Ximlat7 en) _gl(XiM'" Zml7t 60) Gl<t7 én))
T

X(gl<Xj1,...,X‘

Jmy»

t,0,) —a(X,,,..., X

jml7

t,00) — Gy(t,0,)) dv(t) 3 0.

We will prove that for each 0 < M < oo,

sup |nw | Z Z (5..15)

|
lo|<M (n) (81 y-ees zml)EI” (J1yeees jml)GIml
. /29y _ ) —1/2
X (gl(Xna--- imy ,t 90“‘” 9) gl(Xua"' tm, 7t 90) Gl(t>90+n 9))
T
(01X, -, X, 100+ n7120) — (X, X, 1 00) — Gi(t, 00 + n?6)) du(t))
L.

(5.14) follows plugging n'/2(6, — ) as 0 in (5.15). We claim that (5.15) follows from Lemma
5.3 with
g(x1, o Ty 8, 0) = i@y, o Ty, 8,00 +0) — gi(1, oy Ty, £, 600) — Gi(t, 00 + 0).

Hypothesis (i)-(iv) in Lemma 5.3 are obviously satisfied. Hypothesis (v) and (vii) in Lemma
5.3 follow from (x). Hypothesis (vi) in Lemma 5.3 follows from (ix). Hypothesis (viii) in
Lemma 5.3 follows from (xi).

Display (5.11) follows from Lemma 5.2 with

ho(21, ... Tom,) = fT(gl(xl, ey Ty, t,00) — Zzzl hy(xp,t,60))
X (G Ty s1s -+ s Tamy t,00) = D01 My 4y T, 00)) dv(t),

using (iv) and (v). (5.12) follows from (vi) and (vii). (5.13) follows from (vi) and (vii). O
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