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Abstract

We present a normality test for the errors of the linear regression model based on the
normality test in Epps and Pulley (1983). We prove that the presented test is consistent
against any alternative. We show that the test statistic under the null hypothesis is
asympotically equivalent to a degenerate V—statistic. We also consider the asymptotic
distribution of the test under contiguous alternatives.

1 Introduction

Many of the statistical methods in linear regression assume that the residuals have a normal
distribution. In this paper, we study a normality test for the residuals of a linear regression
model. Many authors have studied normality tests for (independent identically distributed)
i.i.d. observations. Reviews of normality tests are Henze (2002) and Mecklin and Mundfrom
(2004). Classical normality tests are the ones by Shapiro and Wilk (1965, 1968) and Epps
and Pulley (1983). Several authors have considered tests of normality for the linear regression
model. Jureckova, Picek, and Sen (2003) and Sen, Jureckova, and Picek (2003) considered a
test of normality for the residuals of a linear regression model using the approach in Shapiro
and Wilk. Here, we apply the normality test in Epps and Pulley (1983) to the linear regression
model. The asymptotic distribution of the test statistic of the Epps and Pulley test under
(independent identically distributed random variables) i.i.d.r.v.’s was obtained by Baringhaus
and Henze (1988). The test in Epps and Pulley (1983) is known in the literature as the BHEP
test.

*Key words and phrases: normality test, linear regression.



Suppose that X7, ..., X, are i.i.d.r.v.’s from a (cumulative distribution function) c.d.f. F.
Assume that X has a second finite moment, then we may define 4 = E[X;] and 0 = E[(X; —
1)?]. We have that X; has a nondegenerate normal distribution if and only if ¢! (X; — i) has
a standard normal distribution. This is equivalent to Elexp(ito ™ (X; — p))] = exp(—271?),
for each ¢t € R. The BHEP test is significative for nonnormality for large values of the statistic

Thi—n / S (o (X = X)) = exp(-2 ) on() (1.1)

where X, =n~' Y0 X, 62 =n 7' Y0 (X — Xa)? and ¢5(t) = (2m6%) /2 exp(—271071).
Observe that in (1.1) the modulus of the complex number n~" 37", exp(its, ' (X; — X)) —
exp(—2711?) is taken. From now, we will call the normality test based on the statistic in
(1.1), the BHEP(0) test. ¢s is the (probability density function) p.d.f. of a normal r.v. with
mean zero and variance 62 > 0. By tuning the parameter § is possible to increase the power
of the test (see Henze and Zirkler, 1990). Henze and Zirkler (1990) proved that for some
distributions the BHEP test is more powerful when 6 = 1/2.

We will use the usual multivariate notation. For example, given u = (uy,...,uq) € R?
and v = (vy,...,vq) € R4, v/ = Z;lzl u;v; and |ul = (37 u?)/2. Given a d x d matrix
A, Al = supy, yyerd o] o<1 V1 Av2 and trace(A) = Z?:1 ajj, where A = (a;x)1<jk<d- Given
6 €RYand e >0, B(A,e) = {z € R?: |z — 0] < ¢}. I; will denote the identity matrix in R
¢ will denote an universal constant which may change from occurrence to occurrence.

In this paper, we present a test of normality for the errors of a linear regression model.
We consider the linear regression model: Y; = 7, ;6 + ¢;, j > 1, where {¢;}32, is a sequence
of iid.r.v.’s with mean zero; z,;, 1 < j < n are p dimensional vectors and 3 € R? is a
parameter to be estimated. x,; is called the regressor or predictor variable. Y; is called the
response variable. €; is an error variable. Let F' be the c.d.f. of the sequence {¢;}. We assume
that F’ has mean zero. We study the testing problem

Hy : F has a normal distribution, versus Hy : F' does not. (1.2)

Assuming the condition:
(A) A, = Z?:l T jT,, ; 18 a nonsingular p X p matrix,
the least squares estimator of 3 is 3, = A, '(3°7_, Yj@, ;). To estimate the distribution F

of the errors we use the residuals €; =Y, — B;la:w, 1 <75 <n. Let
Dy = / 1S explito 1e;) — exp(—2112) Pn(t) dt (1.3)
R -
7j=1

= [In" ) exp(itd,'e;) — exp(—=27)|17, (4
j=1



where 67 = (n —p)~' Y1 €

2 2 As it is well known 62

J n

Varp(e). We abbreviate ZA?W; to D,. Note that D,, estimates

is an unbiased estimator of 0% :=

Dp = /R | Bwlexp(itote)] — exp(—2-12) Pos(t) dt.

Given 1 > a > 0, let
App0 = INf{A >0 Pq,{f?n <A} > al,

where Pg is the probability measure when the errors have a standard normal distribution. We
abbreviate a5, t0 @y, 4. Since

Bn =AY Yiwn; = A wa(@ 8+ €) = B+ A1) en, (1.4)
j=1 j=1 j=1

and

n

A

n
& =Y Bang =€ (Bn—B)wn; =€ — (O exttns) A g = 65— al, AT wn s, (15)
k=1 k=1

the distribution of D,, does not depend on o. Observe that since the distribution of the
residuals depends on the design of regressors, the distribution of the test statistic depends on
the design of regressors. Given a design of regressors x,1,..., 2y, the value of a, , can be
estimated via simulations. Therefore,

the test rejects the null hypothesis if D, > ayq (1.6)

can be implemented.

In Section 2, we present the asymptotics of the test statistic D,,. We show that under
certain conditions, the test is consistent against any alternative hypothesis. We obtain the
limit distribution of nD, under the null hypothesis and under contiguous alternatives. We
show that nD, under the null hypothesis is asympotically equivalent to a degenerate V—
statistic. In particular, we get that na, ., converges to a limit. This implies that for n large
enough, the test can be done using lim,,_.., na, . In Section 3, we present the outcome of
some simulations comparing the presented test with the test in Shapiro and Wilk (1965).
The result of the simulations show that the presented test is competitive. The proofs of the
theorems in Section 2 are in Section 4.

2 Asymptotics of the test statistic

First, we give a useful representation of test statistic.



Lemma 2.1. We have that
D, (2.1)

= n? exp(—2716%6,%(¢; — &)%)

Jk=1

—2(1+6%) 7 "exp(—2716%(0% + 1) 16, %) + (14 26°) 71/
j=1
From the previous representation it is easy to compute the test statistic.
The following theorem gives the consistency of the test.

Theorem 2.1. Consider the linear regression model with i.i.d. random errors {e;}. Suppose
that Erle;] = 0 and Erlef] < 0o, where F is the c.d.f. of e1. Assume that the regressors a, ;,
1 < j <mn, satisfy condition (A). Then,

Zjn E) DF — / ‘EF[eito';le] o 6—2*1t2|2¢6(t) dt

—00
where 0% = Varp(e).

We have that Dp = 0 if and only if F' is a normal distribution. Hence, for each 0 < o < 1,
Uno — 0, as n — oo. If Fis not a normal c.d.f., then Pp{f)n > apaf — 1, a8 n — 00.

By Lemma 2.1, D, is a V-statistic with an estimated parameter. We will see that nD,
is a asymptotically equivalent to a regular V-statistic. So, in order to present the limit
distribution of nD, under the null hypothesis, we need to present some results about U—
statistics. General references on U-statistics are Lee (1990) and de la Pefia and Giné (1999).
Given a sequence of i.i.d.r.v.’s {X;} with values in a measurable space (5, S) and a measurable
function h : S x S — R, the U-statistic (of order 2) with kernel h is

n —2)!
U, (h) := > h(X
! 1<j#k<n

The V-statistic with kernel A is
n? Z h(X

A function h : S xS — R is called symmetric if for each z,y € S, h(x,y) = h(y,z). A function
h:S xS — Ris P-degenerate if E[h(z, X1)] = E[h(X1,2)] = E[h(X1,X2)] a.s. [P], where
P := L(X,) is the law of X;. By Theorem 3.2.2.1 in Lee (1990, page 79), if h is a symmetric
degenerate kernel with E[h(X;, X3)] = 0 and E[(h(X1, X2))?] < oo, then

> h(X;, Xy - > Mlg -
=1

1<j#k<n



where {gi} is a sequence of i.i.d.r.v.’s with a standard normal distribution and {\} denotes
the eigenvalues of the integral operator @, : Ly(S,S, P) — Ly(S,S, P) defined by Qnq(x )
E[h(x, X1)q(X1)], where Lyo(S,S, P) is the collection of measurable functions ¢ : (S,S) —

such that F[(¢(X1))?] < oo. It follows from the previous result and the law of the large
numbers that if & is a symmetric degenerate kernel with E[h(X1, X5)] = 0, E[(h(X1, X3))?] <
oo and E[|h(X1, X1)|] < oo, then

n Y h(X; Z/\k — 1) + E[h(X1, X1)], (2.2)
k=1
where {\;} and {gx} are as before.
In order to get the asymptotic distribution of the test, we assume the condition:

-1 / —1
(B) n E Ty A T — 1 as n — oo,
Gh=1

Theorem 2.2. Consider the linear regression model with i.i.d. random errors {¢;}, which
have a normal distribution with mean zero and variance o > 0. Assume that the regressors
T, 1 <7 <mn, satisfy conditions (A) and (B).

Then,

nD,
—[ln=2 377 (cos(o M te;) + sin(o ' te;) — e 2 (1+ 0 ey — 270 72%(e2 — 0?)))

P
0.

||L2 (¢s)

Besides,
_ n _ . _ _9—142 _ _ _
172370 (cos(o M tey) +sin(o ' te;) — e (14 07 ey — 27 0212 (€5 = 02))) 17,0
= szzl h(o~te;, 0 er)
d 0o
= 2 Aklgi — 1) + Ea[h(e, €)],
where {gr} is a sequence of i.i.d.r.v.’s with a standard normal distribution and {\;} de-

notes the eigenvalues of the operator Qy : La(S,S,®) — Lo(S,S,P) defined by Qnq(xz) =
Eg[h(z,€)q(€)], where @ is the law of a standard normal r.v. and

h(a,b) (2.3)
= exp(—2710%(a — b)?)
_(52 + 1)—1/2 eXp(— —1(52 + 1)—152a2)
s (14 (52 4 1)7162b — 271(52 + 1)7262(b2 — 1) (1 — (82 + 1)26%a2))
_((52 + 1)—1/2 exp( 1(52 + 1) 1(52[92)
X (14 (6% +1)715%a — 271(6* + 1)720%(a® — 1) (1 — (6% + 1)726%p?))
+(20% 4+ 1)712 (1 + (262 + 1)*152(1 —274a —b)?) +2723(26* + 1) 26 (a® — 1)(* — 1)),



It is of interest to know the distribution of nD, in the case of sequence of contiguous
alternatives. Given a sequence of measurable space spaces {(S,,S,)} and two sequences
of probabilities measures {P,} and {Q,} such that P, and @, are probability measures on
(Sn, Sn), it is said that {@,,} is contiguous to { P, } if P,,(A,,) — 0 implies @,,(A,,) — 0 for each
sequence of sets {A,}, A, € S, (see e.g. Section VI.1 in Hajek and Siddk, 1967). Suppose that
the observations (z,,;,Yy,), 1 < j < n, satisty Y,,; = 'z, ; + €4, 7 > 1, where €,1,..., €
are i.i.d.r.v.’s with pdf

fa(@) = ¢o(x) (1 + 0 2an(2)), (2.4)
where ¢ > 0. As before, define (3, = AT Yatng)s éng = Yo, — Blani, 1< j<n,
Ga = (n—p) 'Y €& and D, is as in (1.3). Assume that the following condition is
satisfied

(C) There exists a function o : R — R such that

/R (@) — ()20 () dz — 0

and
[@@ o) dr <o

Let {¢;} be sequence of i.i.d.r.v.’s with a normal distribution with mean zero and variance
o?. Let P, = L(ey, ..., €,) be the law of (e1,...,¢,) in (R", B(R")), where B(R") is the Borel
o-field of R". Let @, = L(€,1,-..,€nn) be the law of (€,1,...,€,,) in (R*, B(R")). We
claim that under Condition (C), the sequence of probability measures {Q,} is contiguous to
the sequence {P,}. Let p, be the p.d.f. of P, with respect to the Lebesgue measure in R™.
Let g, be the p.d.f. of @, with respect to the Lebesgue measure in R”. Under Condition (C),
n2YT L an(eg) 4 N(0,72), where 72 = J &*(x)¢o(x) dz. By problem VL5 in page 238 of
Héjek and Siddk (1967) this implies that

]_Og Q’I’L(617 A 76774) i} N(2_1727 7_2)‘

Prl€ry .., €n)

Hence, by the LeCam’s first lemma (see e.g. Section VI.1.2 in Héjek and Sidak, 1967) {Q,}
is contiguous to {P,}.

The convergence of U-statistics was considered by Gregory (1977). Let Xi,..., X, be

i.i.d.r.v.’s with law P and let h be a symmetric P-degenerate kernel with E[(h(X7, X3))?] < oo.

Suppose that X,, 1, ..., X, , areiid.r.v.’s with law P,,, where P, is absolutely continuous with
respect to P with Radon—Nikodym derivative % = 1+n""2q,, where a,, € Ly(S,S, P) and

a, — «a in Ly(S,S, P). By Theorem 2.1 in Gregory (1977) if h is a symmetric degenerate
kernel with E[h(X;, X5)] = 0 and E[(h(X1, X3))?] < oo, then

o0

Y (X Xk - > Aillgg +a)* = 1),
j=1

1<j#k<n



where {g;,} is a sequence of i.i.d.r.v.’s with a standard normal distribution, a; = E[;(X;)a(X7)],
and {(\;,1;)} is the finite or infinite collection of pairs of eigenvalues-orthonormal eigenvec-
tors of the operator Q. Assuming that E[|h(X;, X1)|] < oo, by the strong of the large

numbers,
n

n Y (X, XG) = E[A(X;, X))]) = 0 as.
j=1
Hence, by contiguity

n

0 (WX, Xuy) — E[R(X;, X)) 2 0.

Jj=1

Hence, if h is a symmetric degenerate kernel with E[h(X1, X3)] = 0, E[(h(X1, X3))?] < oo
and E[|h(X1, X1)|] < oo, then

1Y B(Xag, Xaw) 5 Y N((g; + ;) = 1) + BlA(X1, X1))- (2.5)

jk=1 j=1
Theorem 2.3. Under the notation above, suppose that:
(1) The regressors x, j, 1 < j <n, satisfy conditions (A) and (B).
(ii) The errors €,1, ..., €y are i.4.d.r.v.s with p.d.f. given by (2.4).
(iii) Condition (C) is satisfied.
Then,

nD, (2.6)

—[In=t2 300, (COS(U*ltEn,j) +sin(o e, g) — e (Lo Mg — 270 (€ — U2))> 122 00)

P
=0.

Besides,

In=72 370 (cos(o7 ten ;) + sin(o M en ;) — e (14 07 ey — 270722 (E — 02))) |12, 4,
nil Z;’L,k;:l h(o’ilen,h Uﬁlen,k‘)

5 X N ((g5 + @) = 1) + Eofh(e, )],

j=1
where h is as in (2.3), {g;} is a sequence of i.i.d.r.v.’s with a standard normal distribution,
a; = Eg[;(e)ale)], and {(Nj,v;)} is the finite or infinite collection of pairs of eigenvalues-
orthonormal eigenvectors of the operator QQy,.

3 Simulations.

We have made simulations to estimate the power of the (Shapiro-Wilk) SW test and the
presented test for several distributions. We have used z,,; = (1,7), for 1 < j <n, and o = 1.

7



Besides the test introduced in the introduction, we also consider the test using the biased
estimator of the variance of the error. Let

n
Dy spsa = |[n”" Z exp(itd,, yo4€5) — exp(=27)[|7, 140, (3.1)
=1
where 67 ., == n"" PR €7. The test rejects Hy, for Dipsds > bn.s.a, Where

bn,é,a = 1nf{/\ Z 0 . Pq;{ﬁn’g,bsd S )\} Z Oz}.

It is easy to see that theorems 2.1-2.3 hold for ﬁn,&bsd.

The following tables show the values of na,, s, and nb, s, for some values of n. The tables
were obtained by doing 10000 simulations from a standard normal distribution. The test
statistic D,, was found using the expression given by Lemma 2.1.

nan,l,a

a=0.10

a=0.05

a=0.01

n==~06
n=3~8
n =10
n =195
n =20
n =205

nan1/2,a

0.1723317
0.2065039
0.2220333
0.2555162
0.2599958
0.2714118

a=0.10

0.2263769
0.2837184
0.2971192
0.3432884
0.3440845
0.3549643

0.3625338
0.4601209
0.4734248
0.5263078
0.5340384
0.5689468

a=0.05

a=0.01

n==~0
n==_,
n =10
n =15
n = 20
n =25

nbn,l,a

0.01901845
0.02047842
0.02256076
0.02546400
0.02679697
0.02841144

a=0.10

0.02468509
0.02686428
0.03003705
0.03517977
0.03730412
0.03974311

0.03896278
0.04253534
0.04934944
0.06237715
0.06435028
0.06939096

a=0.05

a=0.01

n =

n==~8
n =10
n=15
n =20
n =25

0.2512835
0.2659785
0.2709936
0.2758713
0.2849200
0.2895949

0.3084409
0.3372054
0.3503190
0.3571201
0.3653052
0.3711702

0.4880363
0.4981566
0.5136096
0.5456935
0.5585711
0.5712650



nbpi/2.q | a=0.10 o = 0.05 o= 0.01
n==6 | 0.01831819 0.02512786 0.04152145
n =38 | 0.02142009 0.03030869 0.05221142
n =10 | 0.02346332 0.03272659 0.05518262
n =15 ] 0.02610572 0.03617368 0.06352592
n =20 | 0.02789834 0.03964410 0.06633810
n =25 | 0.02827096 0.04006235 0.07027089

Since nﬁndunbsd and nDn757bSd converge in distribution to the same limit, we have that
NGy a5 and nb, o5 are close for n large.

The following table shows the power when o = 0.05 of the tests of normality in Shapiro
and Wilk (1965) and in Epps and Pulley (1983) (using § = 1 and § = 1/2 and the unbiased
and the biased estimators of the variance).

SW  BHEPuusa(1) BHEPuusa(1/2) BHEP,q(1) BHEPq(1/2)
n = 0.1098 0.0989 0.0929 0.1039 0.1050
n = 0.1807 0.1756 0.1782 0.1915 0.1859
n =10 | 0.2719 0.2761 0.2621 0.2777 0.2877
n=15|0.5124 0.4768 0.4715 0.5105 0.5162
n =20 | 0.7022 0.6753 0.6490 0.6823 0.6661
n =25 | 0.8370 0.8056 0.7721 0.8018 0.8070
Alternative: exponential distribution with mean one
SW  BHEP,ubsa(1) BHEPuubsa(1/2) BHEPuq(1) BHEPLa(1/2)
n = 0.0755 0.0789 0.0652 0.0737 0.0740
n=38 | 0.0915 0.1013 0.1117 0.0977 0.1059
n =10 | 0.1057 0.1433 0.1423 0.1169 0.1404
n=15|0.1719 0.1910 0.2148 0.1752 0.2015
n = 20 | 0.2280 0.2625 0.2626 0.2263 0.2294
n = 25| 0.2748 0.3119 0.2931 0.2719 0.2829
Alternative: double exponential distribution
SW  BHEP,sqa(1) BHEP1sa(1/2) BHEP(1) BHEP(1/2)
n==6 |0.1471 0.1739 0.1459 0.1523 0.1585
n = 0.3058 0.3288 0.3462 0.3199 0.3344
n =10 | 0.4106 0.4898 0.4990 0.4436 0.4872
n =15 0.6922 0.7143 0.7035 0.7045 0.6892
n =20 | 0.8181 0.8425 0.8353 0.8272 0.8008
n =25 | 0.9006 0.9139 0.8836 0.8978 0.8765
Alternative: Cauchy distribution




SW  BHEPuuwsa(1) BHEPubsa(1/2) BHEPuq(1) BHEPL(1/2)

n = 0.0596 0.0583 0.0505 0.0589 0.0586
n =28 | 0.0646 0.0649 0.0706 0.0681 0.0703
n =10 | 0.0629 0.0828 0.0836 0.0677 0.0830
n =15 | 0.0882 0.0900 0.1115 0.0877 0.1060
n =20 | 0.1039 0.1180 0.1281 0.1026 0.1172
n =25 0.1242 0.1300 0.1491 0.1114 0.1414

Alternative: logistic(1) distribution

SW  BHEPuupsa(1) BHEPuupsa(1/2) BHEPp(1) BHEPu(1/2)

n = 0.0636 0.0506 0.04547 0.0579 0.0541
n = 0.0703 0.0605 0.0578 0.0689 0.0587
n =10 | 0.0844 0.0774 0.0632 0.0878 0.0715
n=15|0.1413 0.0970 0.0825 0.1462 0.1069
n = 20 | 0.2247 0.1646 0.1141 0.2051 0.1415
n=25|0.3171 0.2304 0.1360 0.2837 0.1871

Alternative: Beta(2, 1) distribution

SW  BHEPuupsa(1) BHEPupsa(1/2) BHEPu(1) BHEP(1/2)

n==6 | 0.0565 0.0421 0.0339 0.0491 0.0444
n = 0.0570 0.0285 0.0305 0.0417 0.0343
n =10 | 0.0556 0.0322 0.0232 0.0468 0.0283
n =15 | 0.0840 0.0280 0.0133 0.0670 0.0223
n =20 | 0.1318 0.0477 0.0106 0.0948 0.0162
n =25 | 0.2182 0.0603 0.0105 0.1374 0.0200

Alternative: uniform (0, 1) distribution

The previous table seems to indicate that the presented tests are competitive with the
known tests. The BHEP 1,sq(1) test is the most powerful for the double exponential, Cauchy
and logistic distributions.

4 Proofs

We will use the following lemma:

Lemma 4.1. Under condition (A),
(i) For each 1 < j <n, al A tx,; > 0.

n,j*mn

(it) 3251 % AL Tn g = D.

Proof. Under condition (A), A, is a symmetric positive definite matrix. So, A, 12 oxists and
Ay = A P, 2 > 0, fe. (i) holds.

10



Consider the linear regression model with i.i.d. errors with mean zero and variance one.
It is well known (see e.g. Section 7.2 in Neter et al., 1996) that the linear regression model

can be written as

Y = X[ +e,
where Y = (Y1,....Y,) e = (e1,...,6.), B=(01,...,5),

Tn11l Tp12 "0 Tnlp
Tp21 Tp22 " Tp2p
X =
Tnnl Tpn2 “°° Tnnp
and @, ; = (Tpj1,- .., Tnjp) . With this matrix notation,
/
A4, =X'X,

A= (XX)'X'Y

and
E=Y -X3=e—-X(XX)"'X'e = (I, - X(X'X)"'X)e.

Assuming that for each 1 < j < n, Ele;] = 0 and E[e}] = 0, we have that

E[ee] = (I, — X(X'X) "' X')(I,, - X(X'X)"'X/) = I, - X(X'X) "X/,

So,
> iy Var(é;) = trace([, — X(X'X)~'X) (4.1)
= n — trace((X'X)'X'X) = n — trace(I,) = n — p.
By (1.5)
Var(é;) = (1 — %,jAElxn,jP + ngkgn,kﬁ(l';z,kAﬁlxmj)Q
= 1- 2I;L,jAT_Ll'Inaj + ZZ:I(IITL,k’AV_lenJ)Q
= 1 =2 A w3 a A g, A g =1 — 2, A
and . .
Z\/ar(éj) =n— Zx;’jAglxn,j. (4.2)
P =1
Hence, (ii) follows from (4.1) and (4.2). O

11



ProOOF OF LEMMA 2.1. Using that

/R exp(it) da(t) dt = exp(—2716?),

we have that

O

PROOF

Dp

A

D,

n=2 Y0 Jplexp(ito, (& — &) — 2exp(ita, 'é;)e* e s (t) dt
n7t Y kot Jr exp(ito, (€ — é))ds(t) dt

—2(1 + (52)_1/2 -1 Z? 1 fR exp(it&_1€j)gb5(1+5z)_1/z (t) dt

+fR(252 +1)° 2 ¢5(252+1 ~172(t) dt

W23 exp(~2710%6,%(¢ — é)?)

_2(1+52>—1/2 -1 Zj:1eXP( 152(52_|_ ) l5—2¢ 2)+(1_|_252) 1/2

n

OF THEOREM 2.1. We have that

fi’ooo ’EF[eital;le] . e—2flt2|2¢6(t) dt

I Ep[exp(it0;1(61 —6)) — 2exp(itopte; — 2712) + exp(2712)] g5 (t) dt
Eplexp(—2710%0%(e1 — 62)2)]

—2(1+4 6% 1/2EF[exp( “152(62 4+ 1) o 2e?)] + (1 + 26%) 712

Using (2.1) and the previous equality, it suffices to prove that

and

n72 ) exp(—2710%6,2(¢; — é)?) = Eplexp(—27'0%052 (61 — 2)?)] (4.3)
jk=1
-1 Z exp(—2716%(0* +1)"'5,%¢7) L Eplexp(—2716%(6% + 1) to2€))). (4.4)
7j=1

First, we prove that

n
-1 ! -1 Pr
n g Ty, i A, Toreier — 0. (4.5)
k=1

Equation (4.5) follows from the following (using Lemma 4.1):

n n
~1 I 2 2. 1 ;o1 2. 1
Eg[n E Ty A xn,jej] =omn E Ty, A, Ty =opn” p — 0,

j=1 j=1

—1 ro4—1
Er[n E z,, A, Tprejex] = 0,

1<j<k<n

12



and

Varg(n~ Zl<]<k<nxn]A 1xnk636k) (Varg(ef))*n—? Z1<]<k<n($l gAﬁlxn,k)Q
2 Y(Varp(€1))n 2 307y @ s AL i, AL

jk‘ln]

“Y(Varg(ed))?n =230 2l A e, =27 (Varg(e2))?n™?p — 0.

j=1"n,j

I IA

Next, we prove that 62 2> ¢2. By (1.4),

n

—1 3
n (B — B) xnje; =n E E T pen) A Tp € =N E xn]A T k€ €L

j=1 j=1 k=1 Jk=1
and
n S (B = B)ng)? = 0t 30 (B = B) g, (5o — B)

= n Y (B— B)Au(B — B) = 7171(2? L T g€5) AL (D0 km ) Tner)

= n! Z]k 1 n]A L, k€5 €k -
Using the previous expressions,

n~'(n—p)o;

= n (6 = (Bn = B)xn)?
= n! Z] 1 ] —2n~! Zy 1(571 — B wn e+ 0t Z;L 1((Bn — B)wn;)?

— —1 _ 1
- Z] 16] n Z]k 1 njA xnkejek

Hence, by (4.5) and (4.7),

Next, we prove that

Using (1.5), we have that

n72 e 16— &) — (65 — )’ A

n72 3 e | = 206 =€) (B = B) (wnj — 2nk) + (B — B) (@nj — Tni))?|
2(n~? Z?,k:l(ej; - ek)2)1/2<”_2 Z?,k:l((ﬂn —B8) (w0 — mn,k))z)l/2

073 1 ((Bn = B) (20 — wnp))*.

By the law of the large numbers for U-statistics,

IN

n

Yy (g—a)=n" Y (g—a) = Ella-e))

Jk=1 1<j#k<n

13
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By (4.6) and (4.5),

~

n? Z?k:l((ﬁn = B) (T — Tup))? < dn7? Z?k:l((ﬁn — B)n;)?

_ —1 N\ IoA-1 Pr
= 4n Zj,k:l $n7jAn Tn k€j€L — 0.

Hence, (4.9) follows.
Using that for a,b > 0, |e™® — e7*| < |a — b| and (4.8)—(4.10),

N2y exp(—2716%6, 2 (& — &)%) —n 2 Y07 exp(—2710%0 7 (6 — é)?)| (4.11)
2716%6,2 — op|In "2 37 (& — é)”
2716%6,2 = op In T2 30T (& — &) — (65 — )’

+2716%6,2 — 0% n 2 > ihe (€ — er)? .

VARPAN

By a similar argument,

=23 exp(=2710%0 5 (¢ — é)?) —n 2 YT exp(—=2710%0 % (¢; — e)?)| (4.12)

— — — n ~ ~ Pr
< 2710202 2 Y0 (& — &) — (6 — )] = 0.
By the law of the large numbers for V-statistics,
n2y exp(—2716%0 % (€; — €)?) Lt Erplexp(—2718%0,%(e1 — €2)?)]. (4.13)

Hence, (4.3) follows from (4.11)—(4.13). The proof of (4.4) is similar and it is omitted. [J

Theorem 2.3 with «a,, = 0 implies Theorem 2.2. Hence, we only prove Theorem 2.3.

Lemma 4.2. Under the conditions in Theorem 2.3,

A (B, = B) = Op(1), (4.14)
n2Y (e}, — 0®) = Op(1) (4.15)
j=1

and .
n'2(62 — 0%) —n72Y (2, — 0?) S 0. (4.16)

j=1

Proof. 1t is easy to see that
n*?Elen ] — / ra(z)p, () d, (4.17)
R

/2 (B[, - o?) — / 2a(z) b (x) da. (4.18)

R

14



and

n'/? (Elen,] — 30%) — /:1:40z(93)¢0(x) dx (4.19)
R
Using (1.4), we get that
‘A%L/2(Bn - 6)|2 = (BTL - ﬁ)/ Z xn] n xn,ke”:jemk‘ (42())
7,k=1
Using Lemma 4.1 and (4.17)—(4.19), we get that
Zzn] n l’n] n] - ZmnjA Tn,j = pE[ei,l]:O(1)7
[Zl<]<k‘<n xnjAn T kenjnk) < 27 (Elena])? Z;Lk 193njA g
< 2_2(E[67L,1])2 Z],k 1( n]Anlxnyj + ‘r;l,kAr_Ll‘rmk)
= 27'pn(Elena])* = 0(1),
and
Var(21§j<k§n :E;W-A;lxmken,jen’k) =n"! Zl§j<k§n Var(x%ﬂjAglxnvkewemk)
= 21§j<k§n(x;z,jA:L1xn,k)zvar(€n,j)Var(‘fn,k)
< 27! Z?,kzl(ﬂ?%,inlxnk)Q(Vaf( n1))?
- 2_1(Var(€721,1))2 Z?k 1 xn ]Anlxmk’xgm,kA;lxn,j
= 27 (Var(en1))* 205 @ ;AL oy = 271 (Var(e 1)) *p = 0(1).
Hence, (4.14) follows.
By (4.18) and (4.19),
Y (e o(1)
j=1
and .
Var(n™/?) (€2, — %)) = Op(1)
j=1
So, (4.15) holds.
By (4.7),
62 =(n—p)~ 1263” Z x, A, k€ i€k
j=1 jk=1
Hence, to prove (4.16), it suffices to prove that
n2Y e 50 (4.21)

J=1

15



and
n~1/2 Z a:n]A T k€n j€n k 2. (4.22)
7,k=1

By (4.18),

En™?Y e ]—0
j=1
which implies (4.21). (4.22) follows from (4.14) and (4.20).

O
Lemma 4.3. Under the conditions in Theorem 2.3, for each 0 < M < o0,
i MO 1) = Ut 0,010 = 0. (4.23)
where
Un(t,h,v)

= n7l/? > i (gleng, t, W Ay I/wa-, (02 + n~V20)V2) — G, (t, W Ay 1/2xw», (0 + n~12)1/2)),
is defined forn > M?*c~4, t € R, |h| < M, |v| < M;
gz, t, 0, 8) == cos(s t(x — p)) +sin(s "tz —p) —e 2 Tt peR, s> 0,
and Gp(t, i, s) == Elg(en1,t, 1, 8)], t,p € R, s > 0.

Proof. We say that a function f : A — B has finite range if the cardinality of f(A) is finite.
Given n > 0, take m : {h € R : |h| < M} — {h € R? : |h| < M} with finite range such that
|m1(h) — h| < n for each |h| < M; and take my : [—M, M] — [—=M, M| with finite range such
that |my(v) — v| < n for each |v] < M. Given T > 0,

Pr{supypcar [Un(t, 1) = U(£,0.0) 1ge0) > 7) (120
< Pr{suppyupear U 1) = Ul ma(h). mo(0)) aay > 2717
+ Pr{supy joj<ar |Un(t, m1(R), m2(v)) — Un(2,0,0) [ Lo(05) = 27 71
Since sin and cos are Lipschitz functions with Lipschitz constant one, for each n with n=1/2M <
27102,

(9(€n ot 1AL @ g, (02 + 071 20)2) — g(eny, t, (mi(R)) Ay g, (0% + 7 2my(v) V2]

(
< 2|(0? +n—1/2 )2t (en s — WA P2, )
~(o® +nY <>r”%@m (mi(h)) An*?,5)]
< 2/(0% + n V20) (e — WAL a0 5) — (02 4+ 0 2wy () V2t (6, — WAL e, )]
+2|(0% + n~ 2wy (v))~ 1/%( = WA, )
—(0% + 072 m(0) V2t eny — (i (R)) An P2 )|
< Ao V2|t (eng] + W AR P )) + 4o ]| An Py,

16



Hence, for each n large enough,

SuDpcat Ui, B v) = U1 (1), )
< 0T (400 Pt + 4o~ Pl MIAT ] 4 A0l AT 1)

and

Pr{sup| joj<ar |Un(t: 1, v) = Un(t, w1 (h), m2(0) [ Las5) = 277} (4.25)
27 E[supyy oj<ar 1Un(t; By v) = Un(t, mi(h), m2(v)) [l Lagos)]
-1 - — _ — n —-1/2 — n —1/2
8710t agop (02 Ellenal] + 02 M0t 5y A ] + 0 V2 0 A )
8o [t 1ao5) (02 Ellenn]] + o2 M1l + pt/2)

VAN VAN

IN

where we have used that by Lemma 4.1,

1/2

_ n ~1/2 n ~1/2 1/2
n=1/? Zj:l | An / Tnj| < <Zj:1 | An / xn,jP) = (Z] 1 n]A an) = p'/2.

We claim that for each h,v,

U (t, 7, 0) = Un(t,0,0)|| o) — O (4.26)
We have that
“Un(ta h7 U) - Un(tv Oa 0)”%2(%) = n_l Z / Yn,j<6mj7 t h7 U)Yn,k(en,lm t, hv U)¢5(t) dt
jk=1"R

where
YVoj(@,t,hyv) = gz, t, W AL P, 5, (02 + n~20)Y2) — g(x,1,0,0)

—G(t, A, 1/21'71,3', (a +n_1/2v)1/2) + Go(t,0,0).

Since sin and cos are Liptchitz functions, for each ¢, u € R and each s > 0,

|g(e, L, s 3) - 9(67 t,0, U)| < 2|S_1t(€ o H’) - U_lte)’ (427)
< 2ls7(e — p) — s e| + 2|57 e — o e| < 2s57Ht||p] 4+ 257 o7 (s + o) Tt [e||s? — o?.

Using (4.27), we have that if n=/2|v| < 27102, then

Eln=t 370 [e(Yai(eng, t, b, ) @5(t) di]
En 'S0 fo(gleng, t W AT Py, (0% + 07 20)12) — glen .1, 0,0))25(t) di]
E[n—lz?ZI fR( 0%+ Y20) 12 (W Ay 1/2Inj)2
—|—8(02+n*1/21))*10*2((02+n*1/21))*1/2+0) 2422 'n71U2) 5

Bt S0y fi (1607203 (W AL )% + 60751262 i 102) (1) d
= n~'o7*(16|h|* + 60w Ele; 1)) [ t* os(t) dt

IA A
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E[n_l 21§j<k§n fR Y”,j(emjﬂ t,h, U)Ymk(en,k? t,h, U>¢5 (t) dt] =0

and

Var <n—1 S <y Jon Yioi (€ngs by By 0) Yo i(€nier i 0) h5(2) dt)
n=? Zl<]<k<n (f]R nJ (€ngrts My ) Yo k(€n, T, By v) s ( )dt)

< n? Zl<]<k<nf]R nJ (€ngs s 1y 0) I E[(Yok(en, t, by v)?]05(t) dt]

< 27?300 R Bl(Ya(en t, b)Y E[(Ya s (enn, t, b, v))?]s(t) dt

< 27'n7? Z],kzl Je El(g(en. t, h/Agl/zxmij +n720) = g(en;,t,0,0%))%)
X E[(g(en,t, h’A71/2xnk (02 + n120)Y2) — g(epi, t,0,0))?]¢5(t) dt

<

272y R B [160*2752(]1’14 I/an]) + 60 5t%e2 niva]
xE [160‘2t2(h’A V2 )2+ 607682e2 n~ 12| ¢5(t) dt

< cn? (Z (WA, 1/2:vn7j)2> + cn? Z (WA 1/2:6”,]-)2 +en 2 =cn?,

where we have used that

n

> (WA, ) Zh’ WP gl A2 = R,

j=1

Hence, (4.26) follows. By (4.26),

Pr{‘ ‘s|u|p HUn(tv ﬂ-l(h>’ WQ(U)) - Un(ta 0, O)||L2(¢5) 2 2_17—} — 0. (428)
h|,|v|<M

By (4.24), (4.25) and (4.28), for each n > 0,

lim SUPp— 00 Pr{sup|h|,\v|§M HUn(t7 h” U) - Un(t7 07 O)HL2(¢6) 2> T}
< 877 o It Laen (02 Elledl] + p1/2).

Since n > 0 is arbitrary the claim follows. O

PROOF OF THEOREM 2.3. It is easy to see that

_ n —271¢2 - -
In ™2 5 (9l 1.0,0) = 7% (0 e = 2702065 = 0°))) T, 0,

— n*122k21 h(o™Yen 0 enk),

where

h(a,b) = /R(cos(ta) + sin(ta) — exp(=27"¢%) (1 + ta — 27'*(a® — 1))) (4.29)

x (cos(tb) + sin(tb) — exp(—27"¢%) (1 + tb — 2712 (b* — 1))) s(t) dt

18



First, we prove that the functions h in (2.3) and in (4.29) agree. Using that ¢s is an even

function,
Jg(cos(ta) + sin(ta) — exp(—27"¢?) (1 + ta — 2_1t2( - 1))
(cos(tb) + sin(th) — exp(—271%) (1 + tb — 2712 (b* — 1))) ¢s(t) dt
= [p(27'(1 =) exp(ita) + 27 (1 4 i) exp(—ita) — exp(—2~ 1t2) (1+ta—271%(a® - 1)))
X (27 (1 — i) exp(ith) + 271(1 + i) exp(—ith) — exp( U (1 +th—2712(0* — 1)) ¢s(t) dt

= Jpexp(it(b— a))ps(t) dt — [, exp(ita)(1 4 ith — 1t2(b2 — 1)) exp(—2712)g5(t) dt
— Jaexp(itb)(1 4 ita — 27 1% (a® — 1)) exp(—27"1*) s (t) dt
+ Jo(L+ta—271%(a® — 1))(1 +tb — 2712 (b* — 1)) exp(—t?) s (t) dt
- L exp(zt< — a))es(t) dt
(& > V2 [ explita) (1 + th — 27 (0% — 1)) dy(so 1) -1/2(2) dt
—(0% 4+ 1)1 [L exp(ith) (1 4 ta — 2712 (a® — 1)) dyse1y-1/2(t) di
+(202 + 1)—1/2 Je(L+ta—27"2(a® — 1))(1 + tb — 27 12(b° — 1)) dg(a5241)-1/2 (L) dt
= exp(—2716%(a — b)?)
_(52 + 1)—1/2 exp( 1(5 )—1(52 2)
X (14 (82 +1)716% — 2~ 1(52 +1)7202(b2 — 1) (1 — (02 + 1)~ 262a2))
_(52 4 1)—1/2 exp( 1( ) 1(52[)2)
X (14 (6% +1)715%a — 271(6* + 1)720%(a® — 1) (1 — (6% + 1)726%b?))
+(282 +1)7V2 (1 + (252 +1)716%2(1 — 27 (a — b)?) + 2723(26% + 1) 264 (a® — 1)(1? — 1)),

where we have used that

Jg exp(ita)gs(t) dt = exp(—2~"a?é?),

Jg exp(ita)itos(t) dt = —exp(—2_1a252)52a,

Jg exp(ita)t?¢s(t) dt = exp(—27'a%6%)6%*(1 — a?6?),
[ t205(t)dt = 62 and [, t1¢s(t) dt = 36%.

Hence, the functions A in (2.3) and in (4.29) agree.
By the Gregory’s theorem for V-statistics over contiguous sequences,

71 Z h En iy 6n k)
7,k=1
converges in distribution with the limit given by (2.5). Hence, to prove (2.6), it suffices to

prove that

A~ _ _o—142 _ _ _
n' DY — |72 (glenyi t,0,0) + e (2707 (€)= 0%) 4+ 0 teny)) |l La(es) (4.30)

P
= 0.
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It is easy to see that

A

D,
= n2 ij 1fR cos( lt (€nj — €nk))
—2cos(6,, e ;) exp( 2714%) + exp(—t?)) ¢s(t) dt
= n72 30 Jg(cos(6,1té, ;) +sin(a, 'té, ;) — exp(—27't?))
X (cos(G, e, ;) + sin(G, e, ;) — exp(271%)) s () dt
= TLiQ ZZk:l fR g(en,j7 t, En,j én NE 5-n)g(€n ks t; En,k - én,ka 6n)¢5<t) dt

[n~! Z?:l 9(€njs s (Bn — B) Tn g, Un)“L2 (¢5)"

Hence,
In}/2Dy/? — |n~1/2 > i1(9(€n,t,0,0) + e 2 (2707 — 02) + 0 teny)) Lo
I s (B = 503 62) — lens:1,0,0)
Gt (B — )y 60) + Gi(t,0,0) g
Hln 2 S5 (Gt (Ba = BTy ) — Gt 0,0)
—exp(=2712) (2710 23(62 — 02) — 0 (B — B) w0 ))l|La(on)

IN

_}_”672—11‘/22710_7%2(711/2(6.72Z o 0_2) 1/2 Z] 1(62 02))||L2(¢5)
Hn 23T o texp(—27 1) ((ﬁn B) xn; — Gn,j) 122(85))
_ [+ 11+ 1T +1V.

Hence, to prove (4.30), it suffices to show that I, 1, 11,1V 0.
By Lemma 4.3, for each 0 < M < oo,

n

sup [0 2y (gleng b WA g, (07 + 07 P0)2) (431)

ESPARESY] e

— Gt WAL 5, (0 407 20)' %) = g(6,5,1,0,0) + Gu(t,0,0)) | aggs) — 0.
Plugging (A;/Q(Bn — B),n'%(6% — 0?)) as (h,v) in (4.31), we get that
150 (4.32)

Notice that by Lemma 4.2, (A}L/Q(Bn — B),n'%(6% — %)) = Op(1).
We have that

Golt, 1 5) = Gt o 5) + V2 / (cos(s ™ (y — ) + sin(s ™ 4(y — 1)) (4 (4) .

R

where G(t, u,s) = E[g(e1,t, u, s)]. To prove that 11 L 0, we show that

”Tfl/2 Z?:I(G(ta (Bn — B8) @4, 60) — G(t,0,0) (4.33)
—exp(—2712) (270 22(62 — 02) — 0 (B — 8) 20 )| 1a(os) — O
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and
U3 (fa(cos(07 t(y — (Ba — B)'wny)) +sin(6, 1ty — (Bu — B)any))  (4.34)
— cos(o ™ ty) — sin(o y)) o (y)de (4) Ayl o(s5) — 0.

Since
Elexp(is~ 1t(€1 w)] = exp(—is 'ty — 271?57 %0?)
= (-2 A o) — sl
G(t, p,s) = exp(—2~ s 20%)(cos(s 1tu) — sin(sHtu)) — exp(—271#?).
Hence,

G(t,p,s) — G(t,0,0) — exp(—2712) (27 o 72t2(s? — %) — o 'tu) (4.35)
= exp(—27125720%)(cos(s™Htu) — sin(s1tp))
—exp(—271?) —exp(—271?) (27 o 2t2(s* — 02) — o )
= exp(—271%)(exp(—271*(s7202 — 1)) — 1 + 271%(s7202 — 1))(cos(s tu) — sin(s~ tp))
+exp(—2712) (1 — 2712 (s720% — 1)) (cos(s'tp) — sin(s™ttp) — 1 4 s7 )
+exp(—2712)27 142 (— (57202 — 1) — 07 2(s* — 0?))
+exp(—=2712) (s Hu — o)
+exp(—2712)27 142 (57202 — 1)s Hp

=: V+VI+VII+VIII+IX.

2¢le],

Using that for each z € R, " — 1 —z| < 27!z
V| < exp(—271 + 27 1%s20% — 1])2 %t s 74 (s* — 0?)%.

We also have that
\VI| < aexp(—271)(1 + 27257 %|s* — o?|)p?
\VII| <2exp(—271%)271%|s* — 0?|[s7% — 02| = exp(—2"'*)t2s 20 %(s* — 0?)?
\VIIT| <2 exp(=2712)|t)*s?|s* — o?|ul,
where a 1= sup,_ 22| cos & — 1| 4 sup,_, x?|sinz — x|. Hence,

|G(t, i, s) — G(t,0,0) — exp(—27112) (2710 72(s* — 02) — o 1tp)| (4.36)
exp(—2712 + 2712572]s% — 02|27 2157 (s? — 0?)?
t+aexp(—2712) (1 + 27 1%)s72|s? — o2 |u?,
+exp(—2712)126 2072 (52 — 02)2
2V exp(— 212532 — o

IN
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and

||”*1/2Z (G2, (571 = B) g, 04) — G(t,0,0)
—exp(=2712)(27 0 22(67 — 0%) — 0 H(Bn — 5) 0 )| Laten) (4.37)
_2H eXp(—Q_th + 2_1t2A_2|0-n _ O,2|>t4HL2 (;55)0- nl/?( o2 — 0.2)2
a (|| exp(=272) [ ooy + 27 exp(=27182)E2 190572107 — %) 02 25 (B — B) an,5)?
+ || exp(—2~ 1252)1t2||L2(<z>5 o, 20207 — 0?)?
H| exp(=27 )t | a6 62167 — o[ 2 0, 1B — B) g,

IN

which tends in probability to zero, because, by Lemma 4.2, n'/?(52 — 02) = Op(1),

n n
~

Z((Bn - ﬁ)lxn,j)2 = Z(Bn ﬁ) xnyxng(@ - ﬁ) = (Bn - ﬁ)lAn(ﬂn - ﬁ) = OP(l)

=1 =1
and -
*”2Z| B)ngl < (Z«Bn - m'xn,m) = Op(1),
j=1
Therefore, (4.33) follows.
For each a, h € R, we have that

|sin(a + h) — sin(a) — hcos(a)|
< |sin(a) cos(h) — sin(a)| + | cos(a) sin(h) — hcos(a)| < ch?
and
| cos(a + h) — cos(a) + hsin(a)|
< |cos(a) cos(h) — cos(a)| + |sin(a)sin(h) — hsin(a)| < ch?.

So,

In=t 370, (Jg(cos(a — (B — B)wny)) +sin(6, 1y — (Bu — B) 20 y))
—cos(o'ty) — Sm( 1ty))an( )05 (Y) AY|| L (05)

< In7t Y00 Jylcos(o™ M ty) — sin(o ty)

x (32"t — (B — B)'an) — U,I@ 0 (1)65 (1) Ay 2 00

el Sy (o0t = (5 —ﬁ)’mn,j)—a*lty) @ ()00 (y) dy | (o0
< Jlyllan(®)lé0(y) dyltllaon o — o

+fR|an |¢0(y) dy“tHla(% |é- 1||n 12] 1(571 _5),xn,j|
+ fx V()0 (y) dyl[t* || o5 (6, — 07 1)?
+¢ Jo |an(@)|bo(y) Ayl ]| Laon 67207 Y01 (Ba — ) nj)?

P
=0,
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because for £k =0, 1, 2,

Je [ylFlan ()66 (y) dy

< fR!y\kla )\%( )dy + [p lyl* !an( ) a(y)|¢o(y ) »
< (fR y) dy f]R v 60 (y) ) (f]R an(y) — a(y))*ds(y) dy fR v o.(y) d ) /
= 0(1),
N Y (B = B)'Tng)? = 1 By = B) An(Bn — B) 5 0
and .
n S (B — B) i, 5 0. (4.38)
=1
By (1.4),
TN By = By =Yl AT T e
=1 k=1
We have that
E[p~1/? Z]k 1xnkA Ln,j€nk — N ~1/2 > ket Enk] (4.39)

- (n_l R A e 1) n'2Eena] — 0.
and
Var(n= V2370w A e gen s — 720 )
- (@ + o) Sy (S iy 1)’
— (0% +o(1)) (n Sy (S A ey — 20%n7 iy Sy ol A 1)

(4.40)

= (0 +0(1)) (”_1 D onet it Doy Ty g AT T i, A ey = 207 ST ST A, 1)

- (02 +0(1)) (1= n Y0, 0y @l A ) — 0,
using condition (B). Hence, (4.38) follows. Therefore, (4.34) follows.
By Lemma 4.2,
11 = [|e2 27 0722 (n12(62 — 02) = n V230 (2, — 0?))lLaes)  (441)
< 0267 — o) —nT 2R (e

_o—142 . 1 _ Pr
J ‘72)|||e 22 2t2HL2(¢5) — 0.

By (4.39) and (4.40),

W< n 20 o texp(=27 ) ((By = B)ny — )l 2o (4.42)
— _ _ Pr
< V20 (Br = By — eng)lllo ™ texp(=2712) | Ly(gy) — 0.

Therefore, (4.30) follows from (4.32)—(4.34), (4.41) and (4.42). O
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