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OUR FIRST PROTAGONIST

René Descartes



DESCARTES’ RULE OF SIGNS

Let                                               be a polynomial 
with real coefficients.

Descartes’ Rule: The number of positive real roots 
of P(x) is at most the number of sign changes in 
the sequence of coefficients a0,a1,...,an.

It follows (replacing x by -x) that the number of 
negative real roots of P(x) is at most the number 
of sign changes in the sequence 

P (x) = a0 + a1x+ · · ·+ anx
n

<latexit sha1_base64="rrqFXSh2INawnMQQavo9TZhDOv8=">AAACDnicbVDLSgMxFM34rPVVdekmWAoVocxUQTdC0Y3LCvYB7VgymUwbmkmGJCMtQ7/Ajb/ixoUibl27829Mp7PQ1gPJPZx7Lsk9XsSo0rb9bS0tr6yurec28ptb2zu7hb39phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vJ72Ww9EKir4nR5HxA1Rn9OAYqSN1CuU6uXRMbyEqGfDE3M7cGRqF/tCq1TgcHRvfEW7YqeAi8TJSBFkqPcKX11f4DgkXGOGlOo4dqTdBElNMSOTfDdWJEJ4iPqkYyhHIVFukq4zgSWj+DAQ0hyuYar+nkhQqNQ49IwzRHqg5ntT8b9eJ9bBhZtQHsWacDx7KIgZ1AJOs4E+lQRrNjYEYUnNXyEeIImwNgnmTQjO/MqLpFmtOKeV6u1ZsXaVxZEDh+AIlIEDzkEN3IA6aAAMHsEzeAVv1pP1Yr1bHzPrkpXNHIA/sD5/AD8ImHw=</latexit>

a0,�a1, . . . , (�1)nan
<latexit sha1_base64="sOk0CjKgDCwkcSkduUfwxYOkMlI=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0GIkITdKOgx6MVjBPOAZF16Z2eTIbOzy8ysEELAi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8hDOlbfvbWlpeWV1bz2xkN7e2d3Zze/sNFaeS0DqJeSxbPijKmaB1zTSnrURSiHxOm37/euw3H6hULBZ3epBQN4KuYCEjoI3k5Q7Bs4sl8JxihwexVsVCyTm9Fxg8Y+btsj0BXiTOjOTRDDUv99UJYpJGVGjCQam2YyfaHYLUjHA6ynZSRRMgfejStqECIqrc4eSHET4xSoDDWJoSGk/U3xNDiJQaRL7pjED31Lw3Fv/z2qkOL90hE0mqqSDTRWHKsY7xOBAcMEmJ5gNDgEhmbsWkBxKINrFlTQjO/MuLpFEpO2flyu15vno1iyODjtAxKiAHXaAqukE1VEcEPaJn9IrerCfrxXq3PqatS9Zs5gD9gfX5A5POlZA=</latexit>



SUPPLEMENT TO THE RULE

Although we won’t focus on this aspect of Descartes’ 
rule, it’s worth mentioning that the difference 
between the number of positive roots and the 
number of sign changes is in fact always EVEN.



AN EXAMPLE



OUR SECOND PROTAGONIST

Sir Isaac Newton 



VALUATIONS

Let K be a field.

A valuation on K is a map                         such that:

    v(x) = 0 , x = 0
<latexit sha1_base64="TbBLXWndyMuel44ujVLFmzpaNUE=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBHqpiRV0E2h6MaFiwr2AW0ok+mkHTp5MHNTW0JXbvwVNy4Uces3uPNvTNostPXAhcM593LvPU4ouALT/NaWlldW19ZzG/rm1vbOrrG3X1dBJCmr0UAEsukQxQT3WQ04CNYMJSOeI1jDGVynfmPIpOKBfw/jkNke6fnc5ZRAInWMo2FhdFo2cfuWuSB5rw9EyuABj8qmrusdI28WzSnwIrEykkcZqh3jq90NaOQxH6ggSrUsMwQ7JhI4FWyityPFQkIHpMdaCfWJx5QdT9+Y4JNE6WI3kEn5gKfq74mYeEqNPSfp9Aj01byXiv95rQjcSzvmfhgB8+lskRsJDAFOM8FdLhkFMU4IoZInt2LaJ5JQSJJLQ7DmX14k9VLROiuW7s7zlassjhw6RMeogCx0gSroBlVRDVH0iJ7RK3rTnrQX7V37mLUuadnMAfoD7fMHErSW8A==</latexit>

v(xy) = v(x) + v(y)
<latexit sha1_base64="iKJy01vRpS2b7zSy/vZVXY/z6/Y=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYBFahJJUQTdC0Y3LCvYBbSiT6aQdOpmEmUk1xH6KGxeKuPVL3Pk3TtostPXAvRzOuZe5c7yIUals+9tYWV1b39gsbJnbO7t7+1bxoCXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3yT+e0JEZKG/F4lEXEDNOTUpxgpLfWt4qT8mFSudK+cTspJxTT7Vsmu2jPAZeLkpARyNPrWV28Q4jggXGGGpOw6dqTcFAlFMSNTsxdLEiE8RkPS1ZSjgEg3nZ0+hSdaGUA/FLq4gjP190aKAimTwNOTAVIjuehl4n9eN1b+pZtSHsWKcDx/yI8ZVCHMcoADKghWLNEEYUH1rRCPkEBY6bSyEJzFLy+TVq3qnFVrd+el+nUeRwEcgWNQBg64AHVwCxqgCTB4AM/gFbwZT8aL8W58zEdXjHznEPyB8fkDRD6SDA==</latexit>

v(x+ y) � min{v(x), v(y)}
<latexit sha1_base64="fgv95kxxxBeJRFALG3bZ3QhS9Fk=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRWpSSVEGXRTcuK9gLNKFMptN26GQSZybFELp246u4caGIW5/AnW/jpM1CW38Y+PnOOZw5vxcyKpVlfRu5peWV1bX8emFjc2t7x9zda8ogEpg0cMAC0faQJIxy0lBUMdIOBUG+x0jLG12n9daYCEkDfqfikLg+GnDapxgpjbrm4bj0cBKXoTMg99DxKYdOAjUrn45LKZ4UumbRqlhTwUVjZ6YIMtW75pfTC3DkE64wQ1J2bCtUboKEopiRScGJJAkRHqEB6WjLkU+km0xPmcBjTXqwHwj9uIJT+nsiQb6Use/pTh+poZyvpfC/WidS/Us3oTyMFOF4tqgfMagCmOYCe1QQrFisDcKC6r9CPEQCYaXTS0Ow509eNM1qxT6rVG/Pi7WrLI48OABHoARscAFq4AbUQQNg8AiewSt4M56MF+Pd+Ji15oxsZh/8kfH5A0/CmBo=</latexit>

v : K ! R [1
<latexit sha1_base64="mVjfDwRw0TqWXU7nrtw0u88hDQQ=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBYhd0oKFZBG8EminlAdgmzk9lkyOzsMnM3EJbUNv6KjYUitn6BnX/jJNlCEw8MHM65l7nn+LHgGmz728otLa+sruXXCxubW9s7xd29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/cD3xm0OmNI/kA4xi5oWkJ3nAKQEjdYqHQ3yJb7ELEU7dkEDf9/H9GLs0ibHLZQCjTrFkl+0p8CJxMlJCGWqd4pfbjWgSMglUEK3bjh2DlxIFnAo2LriJZjGhA9JjbUMlCZn20mmUMT42ShcHkTJPAp6qvzdSEmo9Cn0zOblWz3sT8T+vnUBw4aVcxgkwSWcfBYnAJvikF9zlilEQI0MIVdzcimmfKELBtFcwJTjzkRdJo1J2TsuVu7NS9SqrI48O0BE6QQ46R1V0g2qojih6RM/oFb1ZT9aL9W59zEZzVrazj/7A+vwBJ6WZUQ==</latexit>



EXAMPLES OF VALUATIONS

The order of vanishing of a Laurent series f(T) at T=0

The p-adic valuation of a rational number (for some 
prime p), e.g.

v5(17/125) = v5(17)� v5(125) = 0� 3 = �3
<latexit sha1_base64="UsZn0KALrfZO1zM2UeBmEgra8SY=">AAACEHicbVDLTgIxFO34RHyNunTTSIywAGdAghsSohuXmMgjgcmkUzrQ0Hmk7ZCQCZ/gxl9x40Jj3Lp0599YZlgoeJKmp+fcm9t7nJBRIQ3jW1tb39jc2s7sZHf39g8O9aPjtggijkkLByzgXQcJwqhPWpJKRrohJ8hzGOk449u535kQLmjgP8hpSCwPDX3qUoykkmz9YmJX82bt0ixXC7AO01ehmNypZBQr9WLF1nNGyUgAV4m5IDmwQNPWv/qDAEce8SVmSIieaYTSihGXFDMyy/YjQUKEx2hIeor6yCPCipOFZvBcKQPoBlwdX8JE/d0RI0+IqeeoSg/JkVj25uJ/Xi+S7rUVUz+MJPFxOsiNGJQBnKcDB5QTLNlUEYQ5VX+FeIQ4wlJlmFUhmMsrr5J2uWRWSuX7q1zjZhFHBpyCM5AHJqiBBrgDTdACGDyCZ/AK3rQn7UV71z7S0jVt0XMC/kD7/AHY/5bJ</latexit>



THE NEWTON POLYGON

The Newton polygon of P(x)=a0+a1x+...+anxn with 
coefficients in a field K equipped with a valuation is 
the lower convex hull of the points (i,v(ai)).

slopes :� 2,�1,+1
<latexit sha1_base64="sRotz8QxSHzSoSL1Ju5M32pSrzI=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQBJMwEwXFU9CLxwhmgWQIPZ2epEkvQ3ePEIZ48Ve8eFDEq3/hzb+xsxw08UHB470qquqFMaPaeN63k1laXlldy67nNja3tnfc3b26lonCpIYlk6oZIk0YFaRmqGGkGSuCeMhIIxzcjP3GA1GaSnFvhjEJOOoJGlGMjJU67kHaVhxqJmOir0awWC7Aol+Ap37HzXslbwK4SPwZyYMZqh33q92VOOFEGMyQ1i3fi02QImUoZmSUayeaxAgPUI+0LBWIEx2kkw9G8NgqXRhJZUsYOFF/T6SIaz3koe3kyPT1vDcW//NaiYkug5SKODFE4OmiKGHQSDiOA3apItiwoSUIK2pvhbiPFMLGhpazIfjzLy+Sernkn5XKd+f5yvUsjiw4BEfgBPjgAlTALaiCGsDgETyDV/DmPDkvzrvzMW3NOLOZffAHzucP5+GUkw==</latexit>

multiplicities : 1, 3, 1
<latexit sha1_base64="zRuj7s1Si6P1a0Q4DMyluep/kos=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSplpBUU3RTcuK9gHdIaSSdM2NJkZkjtCGfoTbvwVNy4UcSu482/MtBW09ZBcDufcy+WeIBZcg+N8WUvLK6tr67mN/ObW9s6uvbff0FGiKKvTSESqFRDNBA9ZHTgI1ooVIzIQrBkMrzO/ec+U5lF4B6OY+ZL0Q97jlICROnYx9ZTEMhHAzTrKgTN9McbeJXaLWTWv8kPcjl1wSs4EeJG4M1JAM9Q69qfXjWgiWQhUEK3brhODnxIFnAo2znuJZjGhQ9JnbUNDIpn208lVY3xslC7uRcr8EPBE/T2REqn1SAamUxIY6HkvE//z2gn0zv2Uh3ECLKTTRb1EYIhwFhHucsUoiJEhhCoTCcV0QBShYILMmxDc+ZMXSaNcciul8u1poXo1iyOHDtEROkEuOkNVdINqqI4oekBP6AW9Wo/Ws/VmvU9bl6zZzAH6A+vjG3fnm8U=</latexit>



NEWTON’S POLYGON RULE

Let P(x)=a0+a1x+...+anxn be a polynomial with 
coefficients in a field K equipped with a valuation v.

Newton’s Polygon Rule: The number of roots of P(x) 
in K with valuation equal to s is at most the 
multiplicity of -s in the Newton polygon of P. 



REVISITING OUR EXAMPLE

multiplicities : 1, 3, 1
<latexit sha1_base64="zRuj7s1Si6P1a0Q4DMyluep/kos=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSplpBUU3RTcuK9gHdIaSSdM2NJkZkjtCGfoTbvwVNy4UcSu482/MtBW09ZBcDufcy+WeIBZcg+N8WUvLK6tr67mN/ObW9s6uvbff0FGiKKvTSESqFRDNBA9ZHTgI1ooVIzIQrBkMrzO/ec+U5lF4B6OY+ZL0Q97jlICROnYx9ZTEMhHAzTrKgTN9McbeJXaLWTWv8kPcjl1wSs4EeJG4M1JAM9Q69qfXjWgiWQhUEK3brhODnxIFnAo2znuJZjGhQ9JnbUNDIpn208lVY3xslC7uRcr8EPBE/T2REqn1SAamUxIY6HkvE//z2gn0zv2Uh3ECLKTTRb1EYIhwFhHucsUoiJEhhCoTCcV0QBShYILMmxDc+ZMXSaNcciul8u1poXo1iyOHDtEROkEuOkNVdINqqI4oekBP6AW9Wo/Ws/VmvU9bl6zZzAH6A+vjG3fnm8U=</latexit>

minus slopes : 2, 1,�1
<latexit sha1_base64="ft/YsM/e5kgKoI5L+6Iw8SB64Mk=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCF7XMVEHRTdGNywr2Ap2hZNJMG5pkhiQjlKGv4MZXceNCEbfu3Pk2ZtpZaOshgY//P4fk/EHMqNKO820tLa+srq0XNoqbW9s7u/befktFicSkiSMWyU6AFGFUkKammpFOLAniASPtYHST+e0HIhWNxL0ex8TnaCBoSDHSRurZ5dSTHHIqEgW9K6hYFBN1aXACa5VMMcetwBO3Z5ecqjMtuAhuDiWQV6Nnf3n9CCecCI0ZUqrrOrH2UyQ1xYxMil6iSIzwCA1I16BAnCg/nW40gcdG6cMwkuYKDafq74kUcaXGPDCdHOmhmvcy8T+vm+jwwk+piBNNBJ49FCYM6ghm8cA+lQRrNjaAsKTmrxAPkURYmxCLJgR3fuVFaNWq7mm1dndWql/ncRTAITgCZeCCc1AHt6ABmgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsCfsj5/AC8amgM=</latexit>



OUR THIRD PROTAGONIST 

Marc Krasner 



HYPERFIELDS

Roughly speaking, a hyperfield is an algebraic 
structure similar to a field, but where addition is 
allowed to be multi-valued.

Hyperfields were introduced by Marc Krasner in the 
mid-1950’s.

Like fields, hyperfields come equipped with a 
multiplicative identity element 1, an additive identity 
element 0, and a negation map x 7! �x

<latexit sha1_base64="CdsbEwNddi6U/6wb6S/zOO7QZFg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosevFYwX5AdynZNNuGJtklyUrL0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0d3Mbz9RpVksH80koYHAA8kiRrCxkj9GvsCJNjG6GPfKFbfqzoFWiZeTCuRo9Mpffj8mqaDSEI617npuYoIMK8MIp9OSn2qaYDLCA9q1VGJBdZDNb56iM6v0URQrW9Kgufp7IsNC64kIbafAZqiXvZn4n9dNTXQTZEwmqaGSLBZFKUf2x1kAqM8UJYZPLMFEMXsrIkOsMDE2ppINwVt+eZW0alXvslp7uKrUb/M4inACp3AOHlxDHe6hAU0gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDZSmRQw==</latexit>



HYPERFIELDS (CON’T)

However, one does not require that the hypersum of 
x and -x is equal to zero, only that zero is 
contained in the hypersum

There seems to be a reappraisal of sorts going on in 
the math community of the “bias” against multi-valued 
operations. 

x��x
<latexit sha1_base64="RwIyEPObC1AciVpnwGMmqTrE0vY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosevFYwX5Au5Rsmm1Ds8maZEvL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHDS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDfzmyOqNJPi0Uxi6ke4L1jICDZW8seoE8hxzBONLsbdYsktu3OgVeJlpAQZat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNpoZNoGmMyxH3atlTgiGo/nR89RWdW6aFQKlvCoLn6eyLFkdaTKLCdETYDvezNxP+8dmLCGz9lIk4MFWSxKEw4MhLNEkA9pigxfGIJJorZWxEZYIWJsTkVbAje8surpFEpe5flysNVqXqbxZGHEziFc/DgGqpwDzWoA4EneIZXeHNGzovz7nwsWnNONnMMf+B8/gBGmpHG</latexit>



OLEG VIRO ON 
MULTIVALUED OPERATIONS

“Krasner, Marshall, Connes and Consani and the author came to 
hyperfields for different reasons, motivated by different mathematical 
problems, but we came to the same conclusion: the hyperrings and 
hyperfields are great, very useful and very underdeveloped in the 
mathematical literature… Probably, the main obstacle for hyperfields to 
become a mainstream notion is that a multivalued operation does not fit to 
the tradition of set-theoretic terminology, which forces to avoid 
multivalued maps at any cost. I believe the taboo on multivalued maps 
has no real ground, and eventually will be removed.  Hyperfields are 
legitimate algebraic objects related in many ways to the classical core of 
mathematics…”



THE KRASNER HYPERFIELD

                  with the usual multiplication and the 
following hyperaddition rules:

0� 0 = {0}
<latexit sha1_base64="2Lehta1Ls1026dLp4M6nBxCy5Bs=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJFXQjFN24rGAf0IQymU7aoZNMmJmIJXbhr7hxoYhbf8Odf+O0zUJbD1zu4Zx7mTsnSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41lUgloQ0iuJDtACvKWUwbmmlO24mkOAo4bQXD64nfuqdSMRHf6VFC/Qj3YxYygrWRuvaBg7xAPCQ8VchBl8jLTPPGXbvsVJwp0CJxc1KGHPWu/eX1BEkjGmvCsVId10m0n2GpGeF0XPJSRRNMhrhPO4bGOKLKz6b3j9GxUXooFNJUrNFU/b2R4UipURSYyQjrgZr3JuJ/XifV4YWfsThJNY3J7KEw5UgLNAkD9ZikRPORIZhIZm5FZIAlJtpEVjIhuPNfXiTNasU9rVRvz8q1qzyOIhzCEZyAC+dQgxuoQwMIPMIzvMKb9WS9WO/Wx2y0YOU7+/AH1ucPDy6UMQ==</latexit>

0� 1 = 1� 0 = {1}
<latexit sha1_base64="1KdL3E3raV8ewR20FnJWaK5Uozs=">AAACDnicbVDLSsNAFL3xWesr6tLNYCm4KkkVdCMU3bisYB/QhDKZTtqhk0mYmYgl9Avc+CtuXCji1rU7/8ZpG0RbD1w495x7mbknSDhT2nG+rKXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk381h2VisXiVo8S6ke4L1jICNZG6tplB3lBfJ/wVCEXXZj6aR3TetlEGXftklNxpkCLxM1JCXLUu/an14tJGlGhCcdKdVwn0X6GpWaE03HRSxVNMBniPu0YKnBElZ9NzxmjslF6KIylKaHRVP29keFIqVEUmMkI64Ga9ybif14n1eG5nzGRpJoKMnsoTDnSMZpkg3pMUqL5yBBMJDN/RWSAJSbaJFg0IbjzJy+SZrXinlSqN6el2mUeRwEO4QiOwYUzqME11KEBBB7gCV7g1Xq0nq036302umTlOwfwB9bHN6PVmVA=</latexit>

1� 1 = {0, 1}
<latexit sha1_base64="mj97uWyvfmejI5ug8mPPOeg/Hmg=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcCElqYJuhKIblxXsBZpQJtNJO3SSCTMTsYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/iDhTGnH+bYWFpeWV1YLa8X1jc2tbXtnt6FEKgmtE8GFbAVYUc5iWtdMc9pKJMVRwGkzGFyP6817KhUT8Z0eJtSPcC9mISNYG6tj77teIB4SnirkokuEvAw5Jwa9UccuOWVnIjQPbg4lyFXr2F9eV5A0orEmHCvVdp1E+xmWmhFOR0UvVTTBZIB7tG0wxhFVfjY5YYSOjNNFoZDmxRpN3N8TGY6UGkaB6Yyw7qvZ2tj8r9ZOdXjhZyxOUk1jMl0UphxpgcZ5oC6TlGg+NICJZOaviPSxxESb1IomBHf25HloVMruablye1aqXuVxFOAADuEYXDiHKtxADepA4BGe4RXerCfrxXq3PqatC1Y+swd/ZH3+AFT4lM4=</latexit>

K = {0, 1}
<latexit sha1_base64="kK0vVrSbkXPKMXCWqpeTtuObh/8=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1KSKuhGKLoR3FSwD2hCmUwn7dDJg5mJUELc+CtuXCji1r9w5984abPQ1gMXDufcy733eDFnUlnWt7GwuLS8slpaK69vbG5tmzu7LRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2Rte5336gQrIovFfjmLoBHoTMZwQrLfXM/dQJsBp6HrrN0CVyUmSdIBs5Wc+sWFVrAjRP7IJUoECjZ345/YgkAQ0V4VjKrm3Fyk2xUIxwmpWdRNIYkxEe0K6mIQ6odNPJBxk60kof+ZHQFSo0UX9PpDiQchx4ujM/V856ufif102Uf+GmLIwTRUMyXeQnHKkI5XGgPhOUKD7WBBPB9K2IDLHAROnQyjoEe/bledKqVe3Tau3urFK/KuIowQEcwjHYcA51uIEGNIHAIzzDK7wZT8aL8W58TFsXjGJmD/7A+PwBYr+U5g==</latexit>



THE SIGN HYPERFIELD

                     with the usual multiplication and the 
following hyperaddition rules:
S = {0, 1,�1}

<latexit sha1_base64="E9xRtP3u/4+9Ncg/t+YnXOc9sm4=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwUUtSBd0IRTcuK9oHNKFMppN26OTBzEQoIeDGX3HjQhG3/oQ7/8ZJ24W2HrhwOOde7r3HizmTyrK+jYXFpeWV1cJacX1jc2vb3NltyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vM791gMVkkXhvRrF1A1wP2Q+I1hpqWvup06A1cDz0F2GLpGTIqtsl09s5GRds2RVrDHQPLGnpART1Lvml9OLSBLQUBGOpezYVqzcFAvFCKdZ0UkkjTEZ4j7taBrigEo3Hf+QoSOt9JAfCV2hQmP190SKAylHgac784PlrJeL/3mdRPkXbsrCOFE0JJNFfsKRilAeCOoxQYniI00wEUzfisgAC0yUjq2oQ7BnX54nzWrFPq1Ub89KtatpHAU4gEM4BhvOoQY3UIcGEHiEZ3iFN+PJeDHejY9J64IxndmDPzA+fwBoqpVs</latexit>

0� x = {x}
<latexit sha1_base64="XabNViMzWW1oPDVtDLoRw7ZuXjM=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EohuXFewDmlAm00k7dJIJMxNpiV34K25cKOLW33Dn3zhts9DWA5d7OOde5s4JEs6Udpxva2l5ZXVtvbBR3Nza3tm19/YbSqSS0DoRXMhWgBXlLKZ1zTSnrURSHAWcNoPBzcRvPlCpmIjv9SihfoR7MQsZwdpIHfvQQV4ghglPFRqiK+Rlpnnjjl1yys4UaJG4OSlBjlrH/vK6gqQRjTXhWKm26yTaz7DUjHA6LnqpogkmA9yjbUNjHFHlZ9P7x+jEKF0UCmkq1miq/t7IcKTUKArMZIR1X817E/E/r53q8NLPWJykmsZk9lCYcqQFmoSBukxSovnIEEwkM7ci0scSE20iK5oQ3PkvL5JGpeyelSt356XqdR5HAY7gGE7BhQuowi3UoA4EHuEZXuHNerJerHfrYza6ZOU7B/AH1ucP7RaUwQ==</latexit>

1� 1 = {1}
<latexit sha1_base64="cbXvAgZZqWYp0oNJtO8YCgtDRYA=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJFXQjFN24rGAf0IQymU7aoZNMmJmIJXbhr7hxoYhbf8Odf+O0zUJbD1zu4Zx7mTsnSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41lUgloQ0iuJDtACvKWUwbmmlO24mkOAo4bQXD64nfuqdSMRHf6VFC/Qj3YxYygrWRuvaBi7xAPCQ8VchFl8jLTPPGXbvsVJwp0CJxc1KGHPWu/eX1BEkjGmvCsVId10m0n2GpGeF0XPJSRRNMhrhPO4bGOKLKz6b3j9GxUXooFNJUrNFU/b2R4UipURSYyQjrgZr3JuJ/XifV4YWfsThJNY3J7KEw5UgLNAkD9ZikRPORIZhIZm5FZIAlJtpEVjIhuPNfXiTNasU9rVRvz8q1qzyOIhzCEZyAC+dQgxuoQwMIPMIzvMKb9WS9WO/Wx2y0YOU7+/AH1ucPE9yUNA==</latexit>

�1��1 = {�1}
<latexit sha1_base64="Icu5M9QSKCKue5oq7IAd08jOMks=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4MYyUwXdCEU3LivYC3RKyaSZNjQzGZKMWIbixldx40IRtz6FO9/GTDsLbT0Q8vH/55Cc3485U9pxvq2FxaXlldXCWnF9Y3Nr297ZbSiRSELrRHAhWz5WlLOI1jXTnLZiSXHoc9r0h9eZ37ynUjER3elRTDsh7kcsYARrI3Xt/RMXeb54iHmikOFL5KXZ7Y27dskpO5NC8+DmUIK8al37y+sJkoQ00oRjpdquE+tOiqVmhNNx0UsUjTEZ4j5tG4xwSFUnnawwRkdG6aFASHMijSbq74kUh0qNQt90hlgP1KyXif957UQHF52URXGiaUSmDwUJR1qgLA/UY5ISzUcGMJHM/BWRAZaYaJNa0YTgzq48D41K2T0tV27PStWrPI4CHMAhHIML51CFG6hBHQg8wjO8wpv1ZL1Y79bHtHXBymf24E9Znz9gdZTZ</latexit>

1��1 = {�1, 0, 1}
<latexit sha1_base64="hPagqtpNTjBy/0JtL7qKJgNVCOQ=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwUctMFXQjFN24rGAf0BlKJs20oZnJkGTEMnTnxl9x40IRt/6CO//G9LHQ1gOXezjnXpJ7goQzpR3n21pYXFpeWc2t5dc3Nre27Z3duhKpJLRGBBeyGWBFOYtpTTPNaTORFEcBp42gfz3yG/dUKibiOz1IqB/hbsxCRrA2Uts+cJEXiIeEpwqduOgSeZnpReQUkXGGbbvglJwx0Dxxp6QAU1Tb9pfXESSNaKwJx0q1XCfRfoalZoTTYd5LFU0w6eMubRka44gqPxvfMURHRumgUEhTsUZj9fdGhiOlBlFgJiOse2rWG4n/ea1Uhxd+xuIk1TQmk4fClCMt0CgU1GGSEs0HhmAimfkrIj0sMdEmurwJwZ09eZ7UyyX3tFS+PStUrqZx5GAfDuEYXDiHCtxAFWpA4BGe4RXerCfrxXq3PiajC9Z0Zw/+wPr8AXUpldc=</latexit>



THE TROPICAL HYPERFIELD

                          with the following rules:

a� b = a+ b
<latexit sha1_base64="lyDY4BEdPkAS0J91k/54GvRmems=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCIJSkCnoRil48VrAf0Iay2WzapZts2N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7CmdKO820VVlbX1jeKm6Wt7Z3dPbu831IilYQ2ieBCdnysKGcxbWqmOe0kkuLI57Ttj26mfvuBSsVEfK/HCfUiPIhZyAjWRurbZYx6IhAa+egKYXSK/L5dcarODGiZuDmpQI5G3/7qBYKkEY014Viprusk2suw1IxwOin1UkUTTEZ4QLuGxjiiystmp0/QsVECFAppKtZopv6eyHCk1DjyTWeE9VAtelPxP6+b6vDSy1icpJrGZL4oTDnSAk1zQAGTlGg+NgQTycytiAyxxESbtEomBHfx5WXSqlXds2rt7rxSv87jKMIhHMEJuHABdbiFBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwB/YH3+AFZwkhk=</latexit>

a� b = min{a, b} if a 6= b
<latexit sha1_base64="skjsDhCaL6Mq6tSwWNVLVc5lKEA="></latexit>

a� b = {c : c � a} if a = b
<latexit sha1_base64="3FUNsxfMLK6YY7ELiZrixEuvfDA=">AAACKnicbVDLSgNBEJz1GeMr6tFLYxA8hV0VFEWIevGoYBIhG8LspDcOzj6c6RXDku/x4q948aCIVz/E2ZiDr4ZpiqpqerqCVElDrvvmTExOTc/MlubK8wuLS8uVldWmSTItsCESleirgBtUMsYGSVJ4lWrkUaCwFdycFnrrDrWRSXxJgxQ7Ee/HMpSCk6W6lWMOfpDcpyozEMAR+DkI8A/hoGgW9fEWrGUIPuE96SgveBkWfWiFIwi6lapbc0cFf4E3BlU2rvNu5dnvJSKLMCahuDFtz02pk3NNUigclv3MYMrFDe9j28KYR2g6+ejUIWxapgdhou2LCUbs94mcR8YMosA6I07X5rdWkP9p7YzC/U4u4zQjjMXXojBTQAkUuUFPahSkBhZwoaX9K4hrrrkgm27ZhuD9PvkvaG7XvJ3a9sVutX4yjqPE1tkG22Ie22N1dsbOWYMJ9sCe2At7dR6dZ+fNef+yTjjjmTX2o5yPT1/Fou8=</latexit>

T = R [ {+1}
<latexit sha1_base64="I6vWFQ6BNZZPQlXHLaGR6TWUx50=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCoSRV0I1QdOOySl/QhDKZTtqhk0mYmQgh5CPc+CtuXCji1oU7/8ZJG0RbDwycOede7r3HixiVyrK+jKXlldW19dJGeXNre2fX3NvvyDAWmLRxyELR85AkjHLSVlQx0osEQYHHSNebXOd+954ISUPeUklE3ACNOPUpRkpLA7OaOgFSY8+DrQxewp/fXQYdHEfQSasO5b5KoJMNzIpVs6aAi8QuSAUUaA7MT2cY4jggXGGGpOzbVqTcFAlFMSNZ2YkliRCeoBHpa8pRQKSbTo/K4LFWhtAPhX5cwan6uyNFgZRJ4OnKfGc57+Xif14/Vv6Fm1IexYpwPBvkxwyqEOYJwSEVBCuWaIKwoHpXiMdIIKx0jmUdgj1/8iLp1Gv2aa1+e1ZpXBVxlMAhOAInwAbnoAFuQBO0AQYP4Am8gFfj0Xg23oz3WemSUfQcgD8wPr4BMtWdqQ==</latexit>



HOMOMORPHISMS

A map                  between hyperfields is called a 
homomorphism if: 

� : K ! F
<latexit sha1_base64="dpPF7cLMg5BeG1JoF5AxSHO9/F4=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mqoHgqCiJ4qWA/oIlls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz84KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfBq4rceqVQsFvd6lFA/wn3BQkawNtKDlwwYukC3yNMxuu7aZafiTIEWiZuTMuSod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+bXj1GR0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq3puI/3mdVIfnfsZEkmoqyGxRmHJkXpxEgHpMUqL5yBBMJDO3IjLAEhNtgiqZENz5lxdJs1pxTyrVu9Ny7TKPowgHcAjH4MIZ1OAG6tAAAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AHnlkTE=</latexit>

�(0) = 0
<latexit sha1_base64="qkpIgI8VCO8qoVs6edhtIX9ckuM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+hFKHrxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw789tPVGkWyQcziakv8FCykBFsrPTYi0es7J5fu/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSterVK9vyjVb7I48nACp1AGDy6hDnfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AQCKPYw==</latexit>

�(1) = 1
<latexit sha1_base64="KBSUOhOP2tnD6zUbHeEMsYj1kug=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+hFKHrxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw789tPVGkWyQcziakv8FCykBFsrPTYi0es7J1fe/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSterVK9vyjVb7I48nACp1AGDy6hDnfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AQy2PZQ==</latexit>

�(xy) = �(x)�(y)
<latexit sha1_base64="q0DqDV4W1+ilqRXfaD3sXuLExUg=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSL0G7KTBV0IxTduKxgW6EdSibNtKGZC0lGHIYu3Pgqblwo4taHcOfbmGlnoa0HQj7+/xyS87sRZ1JZ1rdRWFldW98obpa2tnd298z9g44MY0Fom4Q8FHculpSzgLYVU5zeRYJi3+W0606uMr97T4VkYXCrkog6Ph4FzGMEKy0NzHI/GrPqQ1JDF2iOtfmd1EoDs2LVrVmhZbBzqEBerYH51R+GJPZpoAjHUvZsK1JOioVihNNpqR9LGmEywSPa0xhgn0onnS0xRcdaGSIvFPoECs3U3xMp9qVMfFd3+liN5aKXif95vVh5507KgihWNCDzh7yYIxWiLBE0ZIISxRMNmAim/4rIGAtMlM4tC8FeXHkZOo26fVJv3JxWmpd5HEUowxFUwYYzaMI1tKANBB7hGV7hzXgyXox342PeWjDymUP4U8bnD33MlhA=</latexit>

�(x� y) ✓ �(x)� �(y)
<latexit sha1_base64="bdpiFLcX4QRGOBkggvUCnClHLek=">AAACHnicbZDJSgNBEIZ7XGPcoh69NAYhuYSZqOgx6MVjBLNAZgg9nZqkSc9iL5Ih5Em8+CpePCgieNK3sbMImljQ8PP9VVTX7yecSWXbX9bS8srq2npmI7u5tb2zm9vbr8tYCwo1GvNYNH0igbMIaoopDs1EAAl9Dg2/fzX2G/cgJIujW5Um4IWkG7GAUaIMaufO3KTHCgPXjwcJ1xKnRexK7UtQcIenniE/7gSkxWw7l7dL9qTwonBmIo9mVW3nPtxOTHUIkaKcSNly7ER5QyIUoxxGWVdLSAjtky60jIxICNIbTs4b4WNDOjiIhXmRwhP6e2JIQinT0DedIVE9Oe+N4X9eS6vgwhuyKNEKIjpdFGiOVYzHWeEOE0AVT40gVDDzV0x7RBCqTKLjEJz5kxdFvVxyTkrlm9N85XIWRwYdoiNUQA46RxV0jaqohih6QE/oBb1aj9az9Wa9T1uXrNnMAfpT1uc3652hsQ==</latexit>



EXAMPLES OF 
HOMOMORPHISMS

If F is a hyperfield, the map                  with             
and                               is a homomorphism. (“Forget 
everything except whether x is zero or non-zero.”)

The map                     is a homomorphism. (“Forget 
everything except the sign of x.”)

If K is a field and v is a valuation on K,                  is a 
homomorphism. (“Forget everything except the 
valuation of x.”)

� : F ! K
<latexit sha1_base64="x0CJUPrPkp46KglwWi2k/PBffRQ=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkVVA8FQURvFSwrdCEstlu26WbTdjdCCXUi3/FiwdFvPovvPlv3LQ5aOvAwjDzHvtmgpgzpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJJLRBIh7J+wArypmgDc00p/expDgMOG0Fw8vMbz1QqVgk7vQopn6I+4L1GMHaSB17z4sHDJ2jK+TpCKVeiPUgCNDNuGOXnYozAZonbk7KkKPesb+8bkSSkApNOFaq7Tqx9lMsNSOcjkteomiMyRD3adtQgUOq/HSSYIwOjdJFvUiaJzSaqL83UhwqNQoDM5ldqGa9TPzPaye6d+anTMSJpoJMP+olHJmwWR2oyyQlmo8MwUQycysiAywx0aa0kinBnY08T5rVintcqd6elGsXeR1F2IcDOAIXTqEG11CHBhB4hGd4hTfryXqx3q2P6WjBynd24Q+szx+Eg5Wo</latexit>

�(0) = 0
<latexit sha1_base64="Z06+DkXPbamINyYyOc/Db7pP92g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGQS9C0IvHCOaByRJmJ73JkNnZZWZWCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/lgxkl6Ee0L3nIGTVWeuwkA15yz65d0i0U3bI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh28YScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+n7pMcVMiNGllCmuL2VsAFVlBkbUt6G4C2+vEwalbJ3Xq7cXxSrN1kcOTiGEyiBB5dQhTuoQR0YSHiGV3hztPPivDsf89YVJ5s5gj9wPn8AmCGPjQ==</latexit>

sign : R ! S
<latexit sha1_base64="30M0oVEv4HR7G9w8erkbM2xQw4w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoqsxUQXFVdOOyPvqAzlAyadqGJpkhyQhlmF9w46+4caGIW3fu/Bsz7YDaeiBwcs693HtPEDGqtON8WYWl5ZXVteJ6aWNza3vH3t1rqTCWmDRxyELZCZAijArS1FQz0okkQTxgpB2MLzO/fU+koqG405OI+BwNBR1QjLSRenYl8SSHig5FCs9h4nGkR0EAb1Lo6fDnf5v27LJTdaaAi8TNSRnkaPTsT68f4pgToTFDSnVdJ9J+gqSmmJG05MWKRAiP0ZB0DRWIE+Un04tSeGSUPhyE0jyh4VT93ZEgrtSEB6Yy21DNe5n4n9eN9eDMT6iIYk0Eng0axAyaY7N4YJ9KgjWbGIKwpGZXiEdIIqxNiCUTgjt/8iJp1arucbV2fVKuX+RxFMEBOAQV4IJTUAdXoAGaAIMH8ARewKv1aD1bb9b7rLRg5T374A+sj28/mZyl</latexit>

v : K ! T
<latexit sha1_base64="TgQfTMQ1zw8D5EU6L6tuhHs4CmI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSBcVV0Y3gpkIfQhPKZDpth04mYWZSKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXOfcEMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKPAVaUM0GbmmlOH2NJcRhw2g5Gt5nfHlOpWCQaehJTP8QDwfqMYG2krn00RtfoHnk6QqkXYj0MAtSYdu2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn87iT9GpUXqoH0nzhEYz9fdGikOlJmFgJrOEatHLxP+8TqL7V37KRJxoKsj8o37CkTk26wL1mKRE84khmEhmsiIyxBITbRormRLcxZOXSatacc8r1YeLcu0mr6MIx3ACZ+DCJdTgDurQBAIpPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gBR65Rx</latexit>

�(x) = 1 for x 6= 0
<latexit sha1_base64="MhkE/Ie5cNVrNLL0MMOr8kebeZE=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1U5IqKIhQdOOygn1AE8pkOmmHzkzizERaQn/Ajb/ixoUibt27829M0iy09Wzu4Zx7ufceL2RUacv6NhYWl5ZXVgtrxfWNza1tc2e3qYJIYtLAAQtk20OKMCpIQ1PNSDuUBHGPkZY3vE791gORigbiTo9D4nLUF9SnGOlE6pqHTjig5dHxpQ1jR3LoXEA/kGmZwBF0BLmHFuyaJatiZYDzxM5JCeSod80vpxfgiBOhMUNKdWwr1G6MpKaYkUnRiRQJER6iPukkVCBOlBtn30zgUaL0siv8QGiYqb8nYsSVGnMv6eRID9Ssl4r/eZ1I++duTEUYaSLwdJEfMagDmEYDe1QSrNk4IQhLmtwK8QBJhHUSYDEJwZ59eZ40qxX7pFK9PS3VrvI4CmAfHIAysMEZqIEbUAcNgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx8FLZj7</latexit>



QUOTIENTS OF FIELDS

Here is a very general construction: let K be a field 
and let G be a subgroup of the multiplicative group of 
K.  Then                                   is naturally a 
hyperfield.

Examples: 

K/G = (K⇥/G) [ {0}
<latexit sha1_base64="lopGDVgrzQvHFplOZKKT1FOwJ4Q=">AAACDHicbVC7SgNBFL3rM8ZX1NJmMAixibtR0EYIWiikiWAekF3D7GQ2GTL7YGZWCEs+wMZfsbFQxNYPsPNvnE220MQDA+eecy937nEjzqQyzW9jYXFpeWU1t5Zf39jc2i7s7DZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1epX7rgQrJwuBOjSLq+LgfMI8RrLTULRRr6BhdowtUqt3bivlUpvURskkcITtBJrLHusssmxOgeWJlpAgZ6t3Cl90LSezTQBGOpexYZqScBAvFCKfjvB1LGmEyxH3a0TTAeq2TTI4Zo0Ot9JAXCv0ChSbq74kE+1KOfFd3+lgN5KyXiv95nVh5507CgihWNCDTRV7MkQpRmgzqMUGJ4iNNMBFM/xWRARaYKJ1fXodgzZ48T5qVsnVSrtyeFquXWRw52IcDKIEFZ1CFG6hDAwg8wjO8wpvxZLwY78bHtHXByGb24A+Mzx/gSJe9</latexit>

S = R/R>0
<latexit sha1_base64="UOeu0farlqZ/uZbAFfsuvDV0IL8=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhurEkVdKMU3bisjz6gDWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0QWrrgYFzz7mXufd4EaNSWda3MTe/sLi0XFgprq6tb2yaW9sNGcYCkzoOWShaHpKEUU7qiipGWpEgKPAYaXqDq8xvPhAhacjv1TAiToB6nPoUI6Ul1zxMOgFSfc+Ddyk8h7/VbQqPJis3uYBW6polq2yNAGeJnZMSyFFzza9ON8RxQLjCDEnZtq1IOQkSimJG0mInliRCeIB6pK0pRwGRTjI6K4X7WulCPxT6cQVH6uREggIph4GnO7M95bSXif957Vj5Z05CeRQrwvH4Iz9mUIUwywh2qSBYsaEmCAuqd4W4jwTCSidZ1CHY0yfPkkalbB+XKzcnpeplHkcB7II9cABscAqq4BrUQB1g8AiewSt4M56MF+Pd+Bi3zhn5zA74A+PzB8sYnd8=</latexit>

K = R/R⇥
<latexit sha1_base64="7V6FrsmjQwCm0DvP5rSXbCC4hc4=">AAACF3icbVBNS8NAEN3Ur1q/oh69LBbBU0yqoBeh6EXwUsV+QBPLZrttl242YXcjlJB/4cW/4sWDIl715r9x0waprQ8G3ryZYWaeHzEqlW1/G4WFxaXlleJqaW19Y3PL3N5pyDAWmNRxyELR8pEkjHJSV1Qx0ooEQYHPSNMfXmb15gMRkob8To0i4gWoz2mPYqS01DGtxA2QGvg+vE7hOfzNblN4NJ3du4oGRHbMsm3ZY8B54uSkDHLUOuaX2w1xHBCuMENSth07Ul6ChKKYkbTkxpJECA9Rn7Q15Ugv8ZLxXyk80EoX9kKhgys4VqcnEhRIOQp83ZkdKmdrmfhfrR2r3pmXUB7FinA8WdSLGVQhzEyCXSoIVmykCcKC6lshHiCBsNJWlrQJzuzL86RRsZxjq3JzUq5e5HYUwR7YB4fAAaegCq5ADdQBBo/gGbyCN+PJeDHejY9Ja8HIZ3bBHxifP2qPntg=</latexit>



POLYNOMIALS OVER 
HYPERFIELDS

Let F be a hyperfield.  A polynomial with 
coefficients in F is a formal expression of the form 

with all 

P (x) = a0 + a1x+ · · ·+ anx
n

<latexit sha1_base64="rrqFXSh2INawnMQQavo9TZhDOv8=">AAACDnicbVDLSgMxFM34rPVVdekmWAoVocxUQTdC0Y3LCvYB7VgymUwbmkmGJCMtQ7/Ajb/ixoUibl27829Mp7PQ1gPJPZx7Lsk9XsSo0rb9bS0tr6yurec28ptb2zu7hb39phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vJ72Ww9EKir4nR5HxA1Rn9OAYqSN1CuU6uXRMbyEqGfDE3M7cGRqF/tCq1TgcHRvfEW7YqeAi8TJSBFkqPcKX11f4DgkXGOGlOo4dqTdBElNMSOTfDdWJEJ4iPqkYyhHIVFukq4zgSWj+DAQ0hyuYar+nkhQqNQ49IwzRHqg5ntT8b9eJ9bBhZtQHsWacDx7KIgZ1AJOs4E+lQRrNjYEYUnNXyEeIImwNgnmTQjO/MqLpFmtOKeV6u1ZsXaVxZEDh+AIlIEDzkEN3IA6aAAMHsEzeAVv1pP1Yr1bHzPrkpXNHIA/sD5/AD8ImHw=</latexit>

ai 2 F.
<latexit sha1_base64="8o5v9WnyS0gW5NeJhGlNLwEMPlI=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FgUxGMF+4FtKJvtpF262YTdjVBK/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXpoJr43nfzsrq2vrGZmGruL2zu7dfOjhs6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4M/WbT6g0T+SDGaUYxLQvecQZNVZ6pF1OOlySW7dbKnuuNwNZJn5OypCj1i19dXoJy2KUhgmqddv3UhOMqTKcCZwUO5nGlLIh7WPbUklj1MF4dvGEnFqlR6JE2ZKGzNTfE2Maaz2KQ9sZUzPQi95U/M9rZya6CsZcpplByeaLokwQk5Dp+6THFTIjRpZQpri9lbABVZQZG1LRhuAvvrxMGhXXP3cr9xfl6nUeRwGO4QTOwIdLqMId1KAODCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/Mc2P8g==</latexit>



ROOTS OF POLYNOMIALS

We say that             is a root of the polynomial P(x) 
over F if:

0 2 a0 � a1↵� · · ·� an↵
n

<latexit sha1_base64="9z/apRrqlQEqFRwoFx+7qgKIwI8=">AAACLHicbVDLTgIxFO3gC/GFunTTSExckRk00SWRjUtM5JEwSO6UAg2ddtJ2jGTCB7nxV0yMC4lx63dYYBIRPEnT03PPbXtPEHGmjetOnMza+sbmVnY7t7O7t3+QPzyqaxkrQmtEcqmaAWjKmaA1wwynzUhRCANOG8GwMq03HqnSTIp7M4poO4S+YD1GwFipk6+42GcCQ8fugXyKeKztwcM+8GgAv5pPutLoRY9IPQ/2loJbdGfAq8RLSQGlqHbyb35XkjikwhAOWrc8NzLtBJRhhNNxzo81jYAMoU9blgoIqW4ns2HH+MwqXdyTyi5h8Exd7Egg1HoUBtYZghno5dpU/K/Wik3vup0wEcWGCjJ/qBdzbCSeJoe7TFFi+MgSIIrZv2IyAAXE2HxzNgRveeRVUi8VvYti6e6yUL5J48iiE3SKzpGHrlAZ3aIqqiGCntEr+kAT58V5dz6dr7k146Q9x+gPnO8fjX+nQw==</latexit>

↵ 2 F
<latexit sha1_base64="GAtHQEbQ+xW074mmsGCed+KCk4o=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiIB4r2A9oQplsN+3SzSbsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMUdakiUhUJ0TNBJesabgRrJMqhnEoWDsc3c789hNTmify0YxTFsQ4kDziFI2VfB9FOkTic0nueuWKW3XnIKvEy0kFcjR65S+/n9AsZtJQgVp3PTc1wQSV4VSwacnPNEuRjnDAupZKjJkOJvObp+TMKn0SJcqWNGSu/p6YYKz1OA5tZ4xmqJe9mfif181MdB1MuEwzwyRdLIoyQUxCZgGQPleMGjG2BKni9lZCh6iQGhtTyYbgLb+8Slq1qndRrT1cVuo3eRxFOIFTOAcPrqAO99CAJlBI4Rle4c3JnBfn3flYtBacfOYY/sD5/AEZtJER</latexit>



EXAMPLES

When F is the sign hyperfield, 1 is a root of a nonzero 
polynomial P(x) iff some ai = 1 and some aj = -1.

When F is the tropical hyperfield, s is a root of a 
nonzero polynomial P(x) iff min(aisi) is achieved at 
least twice.



DIVISION THEOREM

 We say           divides 

 if there exists                          

such that                                

  i.e.

Thm:            is a root of P(x) iff           divides P(x).

x� ↵
<latexit sha1_base64="LmEFFvDEA9KXRpgV+KAl5HCcN2A=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6YhNA7mU2GzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplo+aCS5Z3XAjWCtWDENfsKY/upn6zUemNI/kvRnHrBviQPKAUzRWengiZ6SDIh5ir1hyy+4MZJl4GSlBhlqv+NXpRzQJmTRUoNZtz41NN0VlOBVsUugkmsVIRzhgbUslhkx309nFE3JilT4JImVLGjJTf0+kGGo9Dn3bGaIZ6kVvKv7ntRMTXHVTLuPEMEnni4JEEBOR6fukzxWjRowtQaq4vZXQISqkxoZUsCF4iy8vk0al7J2XK3cXpep1FkcejuAYTsGDS6jCLdSgDhQkPMMrvDnaeXHenY95a87JZg7hD5zPH4L4kCk=</latexit>

Q(x) = b0 + b1x+ · · ·+ bn�1x
n�1

<latexit sha1_base64="d/bfzsOqSPGEXrXHnHwDZ+jjsKs=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoqGWmCroRim5ctmAf0I5DJpPW0ExmSDLSMvQn3Pgrblwo4lZw59+YTmehrQeSezjnXpJ7vIhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre4Hritx6IkDTkt2oUESdAfU57FCOlJdc8rpeGh/ASeq4Fj/Rtw6GuXeyHSqZCwk/s8fAuLa5ZtMpWCjhP7IwUQYaaa351/RDHAeEKMyRlx7Yi5SRIKIoZGRe6sSQRwgPUJx1NOQqIdJJ0qzE80IoPe6HQhyuYqr8nEhRIOQo83RkgdS9nvYn4n9eJVe/CSSiPYkU4nj7UixlUIZxEBH0qCFZspAnCguq/QnyPBMJKB1nQIdizK8+TZqVsn5Yr9bNi9SqLIw/2wD4oARucgyq4ATXQABg8gmfwCt6MJ+PFeDc+pq05I5vZBX9gfP4AeCGbUg==</latexit>

P (x) = a0 + a1x+ · · ·+ anx
n

<latexit sha1_base64="iKfP38qJQqCVnU12EPnmwXLbGFA=">AAACD3icbVBNS8MwGE7n15xfVY9egkOZCKOdgl6EoRePE9wHbLWkabqFpWlJUtkY+wde/CtePCji1as3/41p14NOH0jeh+d5X5L38WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w6vUb98TIWnEb9U4Jk6I+pwGFCOlJdc8bFRGR/ACIteCx/q24UjXHvYjJTOBw9EdL7lm2apaGeBfYuekDHI0XPOz50c4CQlXmCEpu7YVK2eChKKYkWmpl0gSIzxEfdLVlKOQSGeS7TOFB1rxYRAJfbiCmfpzYoJCKcehpztDpAZy3kvF/7xuooJzZ0J5nCjC8eyhIGFQRTANB/pUEKzYWBOEBdV/hXiABMJKR5iGYM+v/Je0alX7pFq7OS3XL/M4imAP7IMKsMEZqINr0ABNgMEDeAIv4NV4NJ6NN+N91low8pld8AvGxzd91piQ</latexit>

P (x) 2 (x� ↵)Q(x)
<latexit sha1_base64="eP8fkxXcBoK89o1L1T4vJxsb92U=">AAACAnicbVA9SwNBEJ3zM8avUyuxWQxCUhjuoqBl0MYyAfMBuRD2Nptkyd7esbsnCUew8a/YWChi66+w89+4Sa7QxAcDj/dmmJnnR5wp7Tjf1srq2vrGZmYru72zu7dvHxzWVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPb6d+44FKxUJxr8cRbQe4L1iPEayN1LGPK/lRAXlMoPwInSMP82iAC1UjduycU3RmQMvETUkOUlQ69pfXDUkcUKEJx0q1XCfS7QRLzQink6wXKxphMsR92jJU4ICqdjJ7YYLOjNJFvVCaEhrN1N8TCQ6UGge+6QywHqhFbyr+57Vi3btuJ0xEsaaCzBf1Yo50iKZ5oC6TlGg+NgQTycytiAywxESb1LImBHfx5WVSLxXdi2Kpepkr36RxZOAETiEPLlxBGe6gAjUg8AjP8Apv1pP1Yr1bH/PWFSudOYI/sD5/AHHllOc=</latexit>

ai 2 (�↵bi)� bi�1 for i = 0, . . . , n
<latexit sha1_base64="72ge/tVGG8XTzJW3dPnRYgr528s="></latexit>

↵ 2 F
<latexit sha1_base64="GAtHQEbQ+xW074mmsGCed+KCk4o=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiIB4r2A9oQplsN+3SzSbsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMUdakiUhUJ0TNBJesabgRrJMqhnEoWDsc3c789hNTmify0YxTFsQ4kDziFI2VfB9FOkTic0nueuWKW3XnIKvEy0kFcjR65S+/n9AsZtJQgVp3PTc1wQSV4VSwacnPNEuRjnDAupZKjJkOJvObp+TMKn0SJcqWNGSu/p6YYKz1OA5tZ4xmqJe9mfif181MdB1MuEwzwyRdLIoyQUxCZgGQPleMGjG2BKni9lZCh6iQGhtTyYbgLb+8Slq1qndRrT1cVuo3eRxFOIFTOAcPrqAO99CAJlBI4Rle4c3JnBfn3flYtBacfOYY/sD5/AEZtJER</latexit>

x� ↵
<latexit sha1_base64="LmEFFvDEA9KXRpgV+KAl5HCcN2A=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6YhNA7mU2GzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGplo+aCS5Z3XAjWCtWDENfsKY/upn6zUemNI/kvRnHrBviQPKAUzRWengiZ6SDIh5ir1hyy+4MZJl4GSlBhlqv+NXpRzQJmTRUoNZtz41NN0VlOBVsUugkmsVIRzhgbUslhkx309nFE3JilT4JImVLGjJTf0+kGGo9Dn3bGaIZ6kVvKv7ntRMTXHVTLuPEMEnni4JEEBOR6fukzxWjRowtQaq4vZXQISqkxoZUsCF4iy8vk0al7J2XK3cXpep1FkcejuAYTsGDS6jCLdSgDhQkPMMrvDnaeXHenY95a87JZg7hD5zPH4L4kCk=</latexit>



MULTIPLICITIES OF ROOTS

If     is not a root of P(x), we set

Otherwise, we define  

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit> mult↵(P ) = 0

<latexit sha1_base64="YhzkhnvUzXwd+vStrTIVdr/VuFo=">AAACAXicbVBNS8NAEN34WetX1IvgZbEI9VKSKuhFKHrxWMF+QBPKZLtpl+4mYXcjlFAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvSDhT2nG+raXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDkBRziLa0Exz2k4kBRFw2gqGNxO/9UClYnF0r0cJ9QX0IxYyAtpIXfsw86TAIuV63PWAJwMo10/xFXa6dsmpOFPgReLmpIRy1Lv2l9eLSSpopAkHpTquk2g/A6kZ4XRc9FJFEyBD6NOOoREIqvxs+sEYnxilh8NYmoo0nqq/JzIQSo1EYDoF6IGa9ybif14n1eGln7EoSTWNyGxRmHKsYzyJA/eYpETzkSFAJDO3YjIACUSb0IomBHf+5UXSrFbcs0r17rxUu87jKKAjdIzKyEUXqIZuUR01EEGP6Bm9ojfryXqx3q2PWeuSlc8coD+wPn8AvuiVww==</latexit>

mult↵(P ) = 1 +max{mult↵(Q) : P 2 (x� ↵)Q}
<latexit sha1_base64="mAuw7cgWiBJdeaOzZMBYRDRbiqc="></latexit>



THE MULTIPLICITY 
INEQUALITY

Theorem (B-Lorscheid): Let                  be a 
homomorphism from a fi eld K to a hyperfi eld F and 
let P(x) be a polynomial with coeffi cients in K. Then 
for every           we have 

mult�(�(P )) �
X

↵2��1(�)

mult↵(P )

<latexit sha1_base64="lu3ULqxP2F3t1jdRoI9A33gPyAU="></latexit>

� 2 F
<latexit sha1_base64="EI5E6VSuLeiuS5YzlHPfNpmYzdU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiIB4r2A9IQtlsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dkpr6xubW+Xtys7u3v5B9fCoY1SmKWtTJZTuRcQwwSVrAwfBeqlmJIkE60bj25nffWLacCUfYZKyMCFDyWNOCVjJDyIGBAdc4rt+tebW3TnwKvEKUkMFWv3qVzBQNEuYBCqIMb7nphDmRAOngk0rQWZYSuiYDJlvqSQJM2E+P3mKz6wywLHStiTgufp7IieJMZMksp0JgZFZ9mbif56fQXwd5lymGTBJF4viTGBQePY/HnDNKIiJJYRqbm/FdEQ0oWBTqtgQvOWXV0mnUfcu6o2Hy1rzpoijjE7QKTpHHrpCTXSPWqiNKFLoGb2iNwecF+fd+Vi0lpxi5hj9gfP5A0+BkJ0=</latexit>

� : K ! F
<latexit sha1_base64="dpPF7cLMg5BeG1JoF5AxSHO9/F4=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mqoHgqCiJ4qWA/oIlls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz84KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfBq4rceqVQsFvd6lFA/wn3BQkawNtKDlwwYukC3yNMxuu7aZafiTIEWiZuTMuSod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+bXj1GR0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq3puI/3mdVIfnfsZEkmoqyGxRmHJkXpxEgHpMUqL5yBBMJDO3IjLAEhNtgiqZENz5lxdJs1pxTyrVu9Ny7TKPowgHcAjH4MIZ1OAG6tAAAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AHnlkTE=</latexit>



MULTIPLICITIES OVER 

When           we show that                is equal to the 
number of sign changes in the coefficients of P(x). 

This, together with the multiplicity inequality (applied 
to the homomorphism                    ) implies 
Descartes Rule of Signs.

F = S
<latexit sha1_base64="D/End6xCR31mowAPcMZy7Z1j1+Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgm6EoiAuK9oHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bYKK6tr6xvFzdLW9s5u2d7bb6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19nfvuRSsUi8aAnMfVCPBQsYARrI/Xt8g26RGkvxHrk++h+2rcrTtWZAS0TNycVyNHo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q6hAodUeeks+BQdG2WAgkiaJzSaqb83UhwqNQl9M5klVIteJv7ndRMdXHgpE3GiqSDzQ0HCkY5Q1gIaMEmJ5hNDMJHMZEVkhCUm2nRVMiW4i19eJq1a1T2t1u7OKvWrvI4iHMIRnIAL51CHW2hAEwgk8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QNWypI9</latexit>

mult1(P )
<latexit sha1_base64="R1J3brT22ozH2S/pfJi1OgBPfuk=">AAAB+HicbVBNTwIxEO3iF+IHqx69NBITvJBdNNEj0YtHTARJYLPplgINbXfTzprghl/ixYPGePWnePPfWGAPCr5kkpf3ZjIzL0oEN+B5305hbX1jc6u4XdrZ3dsvuweHbROnmrIWjUWsOxExTHDFWsBBsE6iGZGRYA/R+GbmPzwybXis7mGSsECSoeIDTglYKXTLWU9LLFMB09CvNs9Ct+LVvDnwKvFzUkE5mqH71evHNJVMARXEmK7vJRBkRAOngk1LvdSwhNAxGbKupYpIZoJsfvgUn1qljwextqUAz9XfExmRxkxkZDslgZFZ9mbif143hcFVkHGVpMAUXSwapAJDjGcp4D7XjIKYWEKo5vZWTEdEEwo2q5INwV9+eZW06zX/vFa/u6g0rvM4iugYnaAq8tElaqBb1EQtRFGKntErenOenBfn3flYtBacfOYI/YHz+QPWLpKL</latexit>

S
<latexit sha1_base64="xNk98LmZ1qkk0+qDZZK2YhUAx0o=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGSn/VjbMZhiB5mg2rNrbtzoFXiFaQGBVqD6ld/KEkaU2EIx1r7npuYIMPKMMLprNJPNU0wmeAR9S0VOKY6yOaRZ+jMKkMUSWWfMGiu/t7IcKz1NA7tZJ5QL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnUbdu6g37i9rzZuijjKcwCmcgwdX0IQ7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/Gc+RIQ==</latexit>

sign : R ! S
<latexit sha1_base64="30M0oVEv4HR7G9w8erkbM2xQw4w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoqsxUQXFVdOOyPvqAzlAyadqGJpkhyQhlmF9w46+4caGIW3fu/Bsz7YDaeiBwcs693HtPEDGqtON8WYWl5ZXVteJ6aWNza3vH3t1rqTCWmDRxyELZCZAijArS1FQz0okkQTxgpB2MLzO/fU+koqG405OI+BwNBR1QjLSRenYl8SSHig5FCs9h4nGkR0EAb1Lo6fDnf5v27LJTdaaAi8TNSRnkaPTsT68f4pgToTFDSnVdJ9J+gqSmmJG05MWKRAiP0ZB0DRWIE+Un04tSeGSUPhyE0jyh4VT93ZEgrtSEB6Yy21DNe5n4n9eN9eDMT6iIYk0Eng0axAyaY7N4YJ9KgjWbGIKwpGZXiEdIIqxNiCUTgjt/8iJp1arucbV2fVKuX+RxFMEBOAQV4IJTUAdXoAGaAIMH8ARewKv1aD1bb9b7rLRg5T374A+sj28/mZyl</latexit>



MULTIPLICITIES OVER 

When           we show that                is equal to the 
multiplicity of      in the Newton Polygon of P(x).

This, together with the multiplicity inequality (applied 
to the homomorphism                 ), implies Newton’s 
Polygon Rule.

F = T
<latexit sha1_base64="dZOdW5tTeTOjbCnL9o/as6YmZbM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgm6EoiAuK/QFbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7eZ33mkUrFINPU0pl6IR4IFjGBtpIFdvkPXKO2HWI99HzVnA7viVJ050Cpxc1KBHI2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lCtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q5V3fNq7eGiUr/J6yjCMZzAGbhwCXW4hwa0gEACz/AKb9aT9WK9Wx+L0YKV7xzBH1ifP1hPkj4=</latexit>

mults(P )
<latexit sha1_base64="pYMFRNjkuoO1chOdJmNQEHXyyzk=">AAAB+HicbVBNTwIxEO3iF+IHqx69NBITvJBdNNEj0YtHTARJYLPplgINbXfTzprghl/ixYPGePWnePPfWGAPCr5kkpf3ZjIzL0oEN+B5305hbX1jc6u4XdrZ3dsvuweHbROnmrIWjUWsOxExTHDFWsBBsE6iGZGRYA/R+GbmPzwybXis7mGSsECSoeIDTglYKXTLWU9LLFMB09BUm2ehW/Fq3hx4lfg5qaAczdD96vVjmkqmgApiTNf3EggyooFTwaalXmpYQuiYDFnXUkUkM0E2P3yKT63Sx4NY21KA5+rviYxIYyYysp2SwMgsezPxP6+bwuAqyLhKUmCKLhYNUoEhxrMUcJ9rRkFMLCFUc3srpiOiCQWbVcmG4C+/vEra9Zp/XqvfXVQa13kcRXSMTlAV+egSNdAtaqIWoihFz+gVvTlPzovz7nwsWgtOPnOE/sD5/AE7C5LN</latexit>

�s
<latexit sha1_base64="NkM5NFQzhfiDLhva0K+hLHstYuw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh3PTK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD0lHjTI=</latexit>

T
<latexit sha1_base64="W2VzqaKdP+RWssK90T+s0Ls0V5Q=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsKfcF0KJk004ZmkiG5I5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE8ENuO63U9rY3NreKe9W9vYPDo+qxyddo1JNWYcqoXQ/JIYJLlkHOAjWTzQjcShYL5ze537viWnDlWzDLGFBTMaSR5wSsJKfDWICkzDE7fmwWnPr7gJ4nXgFqaECrWH1azBSNI2ZBCqIMb7nJhBkRAOngs0rg9SwhNApGTPfUkliZoJsEXmOL6wywpHS9knAC/X3RkZiY2ZxaCfzhGbVy8X/PD+F6DbIuExSYJIuP4pSgUHh/H484ppREDNLCNXcZsV0QjShYFuq2BK81ZPXSbdR967qjcfrWvOuqKOMztA5ukQeukFN9IBaqIMoUugZvaI3B5wX5935WI6WnGLnFP2B8/kDG1SRIg==</latexit>

v : K ! T
<latexit sha1_base64="TgQfTMQ1zw8D5EU6L6tuhHs4CmI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSBcVV0Y3gpkIfQhPKZDpth04mYWZSKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXOfcEMWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWihJJaJNEPJKPAVaUM0GbmmlOH2NJcRhw2g5Gt5nfHlOpWCQaehJTP8QDwfqMYG2krn00RtfoHnk6QqkXYj0MAtSYdu2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn87iT9GpUXqoH0nzhEYz9fdGikOlJmFgJrOEatHLxP+8TqL7V37KRJxoKsj8o37CkTk26wL1mKRE84khmEhmsiIyxBITbRormRLcxZOXSatacc8r1YeLcu0mr6MIx3ACZ+DCJdTgDurQBAIpPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gBR65Rx</latexit>



MULTIVARIATE 
MULTIPLICITIES

It is straightforward to generalize the notion of roots 
to multivariate polynomials in several variables over a 
hyperfield F.

Open problem: Can we generalize the notion of 
multiplicities of roots to the case of n polynomials 
in n variables (or, more generally, to “zero-dimensional 
ideals”)?

Motivation: Multivariate Descartes’ Rule of Signs



OUR NEXT PROTAGONISTS

      Hassler Whitney             Takeo Nakasawa



MATROIDS

A matroid M is a finite set E together with a non-
empty collection     of subsets of E, called the bases 
of M, such that for every                 and                   
there exists                     such that 

The rank of M is the cardinality of any basis B.

B
<latexit sha1_base64="5qNldf9iAgF/QPne4IL2Acc1oBs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZelblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKfubH2EwI5qg1H1Zrbt1dAK0TryA1KNAeVr/8UULSmApDONZ64LnSBBlWhhFO5xU/1VRiMsVjOrBU4JjqIFtknqMLq4xQlCj7hEEL9fdGhmOtZ3FoJ/OIetXLxf+8QWqi2yBjQqaGCrI8FKUcmQTlBaARU5QYPrMEE8VsVkQmWGFibE0VW4K3+uV10m3Uvat64+G61mwVdZThDM7hEjy4gSbcQxs6QEDCM7zCm5M6L86787EcLTnFzin8gfP5A80skYY=</latexit>

B,B0 2 B
<latexit sha1_base64="A2u5kRzMyaqOSP5+GYo7q/OcPbE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrCILqQkVdBlqRuXFewDmlIm00k7dDIJMxOhhIK/4saFIm79Dnf+jZM2C209MHA4517umePHnCntON9WYWV1bX2juFna2t7Z3bP3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9se3md9+pFKxSDzoSUx7IR4KFjCCtZH69lH9on6GPCZQ6oVYjwjmqD7t22Wn4syAlombkzLkaPTtL28QkSSkQhOOleq6Tqx7KZaaEU6nJS9RNMZkjIe0a6jAIVW9dBZ/ik6NMkBBJM0TGs3U3xspDpWahL6ZzCKqRS8T//O6iQ5ueikTcaKpIPNDQcKRjlDWBRowSYnmE0MwkcxkRWSEJSbaNFYyJbiLX14mrWrFvaxU76/KtXpeRxGO4QTOwYVrqMEdNKAJBFJ4hld4s56sF+vd+piPFqx85xD+wPr8AS8OlFs=</latexit>

b 2 B �B0
<latexit sha1_base64="JCl2ePSLKp+l2LBoefKr0KZ3ayQ=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbRi2W3Cnos9eKxgv2A7lKyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+G7md56o0iwRj2YiaRDjoWARI9hYyQ+RzwRqoEvUOO+XK27VnQOtEi8nFcjR7Je//EFC0pgKQzjWuue50gQZVoYRTqclP9VUYjLGQ9qzVOCY6iCb3zxFZ1YZoChRtoRBc/X3RIZjrSdxaDtjbEZ62ZuJ/3m91ES3QcaETA0VZLEoSjkyCZoFgAZMUWL4xBJMFLO3IjLCChNjYyrZELzll1dJu1b1rqq1h+tKvZHHUYQTOIUL8OAG6nAPTWgBAQnP8ApvTuq8OO/Ox6K14OQzx/AHzucPSf6P4w==</latexit>

b0 2 B0 �B
<latexit sha1_base64="8W3qkfm5ySodgIcw2WXUSL81mx8=">AAAB9HicbVBNSwMxEJ34WetX1aOXYJF6sexWQY+lXjxWsB/QLiWbZtvQbHZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5fiy4No7zjdbWNza3tnM7+d29/YPDwtFxU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6G7mt8ZMaR7JRzOJmReSgeQBp8RYyfNLuMslrpXwJa71CkWn7MyBV4mbkSJkqPcKX91+RJOQSUMF0brjOrHxUqIMp4JN891Es5jQERmwjqWShEx76fzoKT63Sh8HkbIlDZ6rvydSEmo9CX3bGRIz1MveTPzP6yQmuPVSLuPEMEkXi4JEYBPhWQK4zxWjRkwsIVRxeyumQ6IINTanvA3BXX55lTQrZfeqXHm4LlZrWRw5OIUzuAAXbqAK91CHBlB4gmd4hTc0Ri/oHX0sWtdQNnMCf4A+fwCsEJAU</latexit>

B [ b0 � b 2 B
<latexit sha1_base64="cu5AQYiHL2pBxdgxbHMuw/nU/kw=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyiF0tSBT2WevFYwX5AE8pmu2mXbjZhdyOU0JsX/4oXD4p49S9489+4aXvQ6oOBx3szzMwLEs6Udpwvq7C0vLK6VlwvbWxube/Yu3stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej69xv31OpWCzu9DihfoQHgoWMYG2knn1YRx5JExScoDMUII8JlHkR1kOCOapPenbZqThToL/EnZMyzNHo2Z9ePyZpRIUmHCvVdZ1E+xmWmhFOJyUvVTTBZIQHtGuowBFVfjb9Y4KOjdJHYSxNCY2m6s+JDEdKjaPAdOYnqkUvF//zuqkOr/yMiSTVVJDZojDlSMcoDwX1maRE87EhmEhmbkVkiCUm2kRXMiG4iy//Ja1qxT2vVG8vyrX6PI4iHMARnIILl1CDG2hAEwg8wBO8wKv1aD1bb9b7rLVgzWf24Resj2/FWpdc</latexit>



GIAN-CARLO ROTA ON 
MATROIDS

“Like many another great idea, matroid theory was invented by one of the 
great American pioneers, Hassler Whitney. His paper, which is still today the 
best entry to the subject, flagrantly reveals the unique peculiarity of this 
field, namely, the exceptional variety of cryptomorphic definitions for a 
matroid, embarrassingly unrelated to each other and exhibiting wholly 
different mathematical pedigrees. It is as if one were to condense all trends 
of present day mathematics onto a single finite structure, a feat that anyone 
would a priori deem impossible, were it not for the fact that matroids do 
exist.” 



THE FANO MATROID



GRASSMANNIANS

Let K be a field. If  W is a 2-dimensional subspace of 
the four-dimensional vector space K4, we can 
represent  W as the row space of a 2x4 matrix A with 
entries in K.  

Let aij be the determinant of the 2x2 submatrix given 
by the ith and jth columns of A. 

These quantities satisfy the Plücker equation
x12x34 � x13x24 + x14x23 = 0

<latexit sha1_base64="N3XQmZ7+bMTNz0FMj9jA+3CWdv8=">AAACF3icbVDLSgMxFM34rPU16tJNsAiCOMyjoBuh6MZlBfuAdhgyadqGZh4kGbEM8xdu/BU3LhRxqzv/xsx0Ftp6IOGcc+8lucePGRXSNL+1peWV1bX1ykZ1c2t7Z1ff22+LKOGYtHDEIt71kSCMhqQlqWSkG3OCAp+Rjj+5zuude8IFjcI7OY2JG6BRSIcUI6ksTzcevNSyM3U79QyewVw6ubSVPC1kvZBOBi+h6ek10zALwEVilaQGSjQ9/as/iHASkFBihoToWWYs3RRxSTEjWbWfCBIjPEEj0lM0RAERblrslcFj5QzgMOLqhBIW7u+JFAVCTANfdQZIjsV8LTf/q/USObxwUxrGiSQhnj00TBiUEcxDggPKCZZsqgjCnKq/QjxGHGGpoqyqEKz5lRdJ2zYsx7Bv67XGVRlHBRyCI3ACLHAOGuAGNEELYPAInsEreNOetBftXfuYtS5p5cwB+APt8wfkvJ04</latexit>



GRASSMANNIANS (CON’T)

Moreover, as a point of projective space       the 
vector                                               does not 
depend on the choice of the matrix A, and is thus an 
invariant of the subspace W.  

Additionally, any point of the projective space       
satisfying the Plucker relation corresponds uniquely 
to a 2-dimensional subspace W.

P5
K

<latexit sha1_base64="ORO8f61W/v//69uanXKmhVrcF7s=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpii6LbgQ3FewD2hgm02k7dDIJMxOhhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnThBzprTjfFuFldW19Y3iZmlre2e3bO/tt1SUSEKbJOKR7ARYUc4EbWqmOe3EkuIw4LQdjK8zv/1IpWKRuNeTmHohHgo2YARrI/l2Oe2FWI+CADWmD+f+rW9XnKozA1ombk4qkKPh21+9fkSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q6hAodUeeks+BQdG6WPBpE0T2g0U39vpDhUahIGZjJLqRa9TPzP6yZ6cOmlTMSJpoLMDw0SjnSEshZQn0lKNJ8YgolkJisiIywx0aarkinBXfzyMmnVqu5ptXZ3Vqlf5XUU4RCO4ARcuIA63EADmkAggWd4hTfryXqx3q2P+WjByncO4A+szx8ULZK0</latexit>

(a12 : a13 : a14 : a23 : a24 : a34)
<latexit sha1_base64="RwB7Fb51fnOq0cDjOOFWyLVsSW4=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSRpQXFVdOOygn1AG8JkOmmHTh7MTIQS8hFu/BU3LhRx68Kdf+PksdDWA8M999x7uXOPGzEqpGF8ayura+sbm5Wt6vbO7t6+fnDYE2HMMenikIV84CJBGA1IV1LJyCDiBPkuI313dpPV+w+ECxoG93IeEdtHk4B6FCOpJEc/ryMnMa30KgvNIrTyYBWZVWTNVnrm6DWjYeSAy8QsSQ2U6Dj612gc4tgngcQMCTE0jUjaCeKSYkbS6igWJEJ4hiZkqGiAfCLsJD8qhadKGUMv5OoFEubq74kE+ULMfVd1+khOxWItE/+rDWPpXdoJDaJYkgAXi7yYQRnCzCE4ppxgyeaKIMyp+ivEU8QRlsrHqjLBXDx5mfSshtlsWHetWvu6tKMCjsEJqAMTXIA2uAUd0AUYPIJn8AretCftRXvXPorWFa2cOQJ/oH3+AFWfnH4=</latexit>

P5
K

<latexit sha1_base64="ORO8f61W/v//69uanXKmhVrcF7s=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpii6LbgQ3FewD2hgm02k7dDIJMxOhhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnThBzprTjfFuFldW19Y3iZmlre2e3bO/tt1SUSEKbJOKR7ARYUc4EbWqmOe3EkuIw4LQdjK8zv/1IpWKRuNeTmHohHgo2YARrI/l2Oe2FWI+CADWmD+f+rW9XnKozA1ombk4qkKPh21+9fkSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q6hAodUeeks+BQdG6WPBpE0T2g0U39vpDhUahIGZjJLqRa9TPzP6yZ6cOmlTMSJpoLMDw0SjnSEshZQn0lKNJ8YgolkJisiIywx0aarkinBXfzyMmnVqu5ptXZ3Vqlf5XUU4RCO4ARcuIA63EADmkAggWd4hTfryXqx3q2P+WjByncO4A+szx8ULZK0</latexit>



GRASSMANNIANS (CON’T)

More generally, one can parametrize the r-
dimensional subspaces of the n-dimensional vector 
space Kn by the points of a projective algebraic 
variety            , called the Grassmannian, defined 
by a set of equations called the Plücker relations.

G(r, n)
<latexit sha1_base64="OSjHxxNDgISZPpNENyYAr/0HwCc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0WXeiygn1AG8pkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6Z48ecKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x3eZ355QqVgknvQ0pl6Ih4IFjGBtpL5tp70Q65Hvo/tZRV6I875ddqrOHGiVuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFbqJYrGmIzxkHYNFTikykvnyWfozCgDFETSPKHRXP29keJQqWnom8ksplr2MvE/r5vo4MZLmYgTTQVZHAoSjnSEshrQgElKNJ8agolkJisiIywx0aaskinBXf7yKmnVqu5ltfZ4Va7f5nUU4QROoQIuXEMdHqABTSAwgWd4hTcrtV6sd+tjMVqw8p1j+APr8wdg/ZLV</latexit>



PLÜCKER RELATIONS

In general, the Plücker relations are as follows.  Let

with 

Then we have 

I = {xi1 , . . . , xir�1}, J = {yj1 , . . . , yjr+1}
<latexit sha1_base64="m29EW2meDwI97p9ZsfSrgwIE+gI="></latexit>

i1 < · · · < ir�1, j1 < · · · < jr+1.
<latexit sha1_base64="z/1spTbnb1o+PoDJqqpz0zrpOAk=">AAACGHicbZDLSsNAFIYnXmu8RV26GSyCoMakCrpwUXTjsoK9QBvCZDJpp51cmJkIJeQx3Pgqblwo4rY738Zpm4Vt/WHg5zvncOb8XsKokJb1oy0tr6yurZc29M2t7Z1dY2+/IeKUY1LHMYt5y0OCMBqRuqSSkVbCCQo9Rpre4H5cbz4TLmgcPclhQpwQdSMaUIykQq5xQV0b3sIO9mMplKFuxs/t/Ezvz/K+4qd2brpG2TKtieCisQtTBoVqrjHq+DFOQxJJzJAQbdtKpJMhLilmJNc7qSAJwgPUJW1lIxQS4WSTw3J4rIgPg5irF0k4oX8nMhQKMQw91Rki2RPztTH8r9ZOZXDjZDRKUkkiPF0UpAzKGI5Tgj7lBEs2VAZhTtVfIe4hjrBUWeoqBHv+5EXTqJj2pVl5vCpX74o4SuAQHIETYINrUAUPoAbqAIMX8AY+wKf2qr1rX9r3tHVJK2YOwIy00S9c2Zzd</latexit>

r+1X

k=1

(�1)kxi1i2···jk···ir�1xj1j2···ĵk···jr�1
= 0.

<latexit sha1_base64="6icaXOs87bOn2h4MGQSxiY5RVj0="></latexit>



THE PLÜCKER EQUATIONS 
OVER A HYPERFIELD

If F is a hyperfield, we can look at solutions in

to the Plücker “equations”     

Theorem:  When           is the Krasner hyperfi eld, 
there is a canonical one-to-one correspondence 
between solutions to the Plücker equations in         
and matroids of rank r on E={1,...,n}.

0 2 �r+1
k=1(�1)kxi1i2···jk···ir�1xj1j2···ĵk···jr�1

.
<latexit sha1_base64="fJtIhj/QqoX1tx7zm6FdJyjsduQ="></latexit>

P(
n
r)

F
<latexit sha1_base64="qFOTvzRHA3T3v4YV8r5ylb92BAs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoMuiIC4r2Ac0MUym03bozCTMTIQSsnHjr7hxoYhb/8Gdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA8Z6YTjq9zvPBCpaCTu9CQmPkdDQQcUI22kwD5MPY70KAxhM7tPvZCKiKciS2WWBdeBXXVqzhRwkbgFqYICzcD+8voRTjgRGjOkVM91Yu2nSGqKGckqXqJIjPAYDUnPUIE4UX46/SKDx0bpw0EkTQkNp+rviRRxpSY8NJ35yWrey8X/vF6iBxd+SkWcaCLwbNEgYVBHMI8E9qkkWLOJIQhLam6FeIQkwtoEVzEhuPMvL5J2veae1uq3Z9XGZRFHGRyAI3ACXHAOGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QN805k1</latexit>

P(
n
r)

K
<latexit sha1_base64="40GEBiI1ju+ZCYccp9Vp9CgyLdg=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSlIFXRbdCG4q2Ae0MUymk3bozCTMTIQS8gdu/BU3LhRx69adf+OkDaKtBy4czrmXe+8JYkaVdpwva2FxaXlltbRWXt/Y3Nq2d3ZbKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQejy9xv3xOpaCRu9TgmHkcDQUOKkTaSbx+lPY70MAhgI7tLewEVEU9Flsos83+s68y3K07VmQDOE7cgFVCg4dufvX6EE06Exgwp1XWdWHspkppiRrJyL1EkRniEBqRrqECcKC+d/JPBQ6P0YRhJU0LDifp7IkVcqTEPTGd+oZr1cvE/r5vo8NxLqYgTTQSeLgoTBnUE83Bgn0qCNRsbgrCk5laIh0girE2EZROCO/vyPGnVqu5JtXZzWqlfFHGUwD44AMfABWegDq5AAzQBBg/gCbyAV+vRerberPdp64JVzOyBP7A+vgFhnZ2A</latexit>

F = K
<latexit sha1_base64="4KmB41srKzFCt1xSXFjpzR5VxZM=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRV0I1QFERwU8E+oA1lMp20QyeTODMplJDvcONCEbd+jDv/xkmbhbYeGDiccy/3zPEizpS27W+rsLK6tr5R3Cxtbe/s7pX3D1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sY3md+eUKlYKB71NKJugIeC+YxgbST39irpBViPPA/dp/1yxa7aM6Bl4uSkAjka/fJXbxCSOKBCE46V6jp2pN0ES80Ip2mpFysaYTLGQ9o1VOCAKjeZhU7RiVEGyA+leUKjmfp7I8GBUtPAM5NZQrXoZeJ/XjfW/qWbMBHFmgoyP+THHOkQZQ2gAZOUaD41BBPJTFZERlhiok1PJVOCs/jlZdKqVZ2zau3hvFK/zusowhEcwyk4cAF1uIMGNIHAEzzDK7xZE+vFerc+5qMFK985hD+wPn8AJBuRsA==</latexit>



OTHER SOLUTIONS TO THE 
PLÜCKER EQUATIONS

When F is the hyperfield of signs, solutions to the 
Plücker equations are the same thing as oriented 
matroids.

When F is the tropical hyperfield, solutions to the 
Plücker equations are the same thing as tropical linear 
spaces (or valuated matroids).


