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Introduction

Statistical techniques are employed in almost every phase of life.

@ Surveys are designed to collect early returns on election day and
forecast the outcome of an election.

@ Consumers are sampled to provide information for predicting product
preferences.

@ Research physicians conduct experiments to determine the effect of
various drugs and controlled environmental conditions on humans in
order to infer the appropriate treatment for various illnesses.

o Engineers sample a product quality characteristic and various
controllable process variables to identify key variables related to
product quality.

@ Newly manufactured electronic devices are sampled before shipping
to decide whetherto ship or hold individual lots.

@ Economists observe various indices of economic health over a period
of time and use the information to forecast the condition of the
economy in the future.

Statistical techniques play an important role in achieving the objective of
each of these practical situations.
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The objective of statistics is to make an inference about a population
based on information contained in a sample from that population and to
provide an associated measure of goodness for the inference.

In the broadest sense, making an inference implies partially or completely
describing a phenomenon or physical object.

Little difficulty is encountered when appropriate and meaningful
descriptive measures are available, but this is not always the case.

We can characterize the available data

@ Graphically, e.g. using a histogram to plot relative frequencies of,
say, GPAs of students in the class,
or

@ Numerically, e.g. finding the average annual rainfall in California
over the past 50 years and the deviation from this average quantity
in a particular year.

We may also be interested in the likelihood of a certain event, e.g.
drawing the Royalty (King and Queen) of different suits from a standard
deck of cards.
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Basic to inference making is the problem of calculating the probability of
an observed sample.

As a result, probability is the mechanism used in making statistical
inferences.

Intuitive assessments of probabilities can often turn out to be
unsatisfactory, and we need a rigorous theory of probability in order to
develop methods of inference.

Probability (447)

Data Data with
Generating Aggregate
Process Features

Statistics (448)

We will begin with a study of the mechanism employed in making
inferences, the theory of probability.

This theory provides theoretical models for generating experimental data
and thereby provides the basis for our study of statistical inference.
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Reference

WACKERLY + MENDENHALL * SCHEAFFER

Mathematical

Statistics
with Applications

7¢h Edition

| have prepared these notes from the
book "Mathematical Statistics with
Applications, 7th Edition" by
Wackerley, Mendenhall, and Scheaffer.
(Thomson Brooks/Cole)

For the course, this shall be the
reference book.

Throughout the notes, the words
“Text” and “Book” will refer to the
book mentioned above.
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Two problems which will be in the Final Exam (in some form or other)

@ The “Monty Hall Problem " (Text 2.20, Wikipedia)
@ Bayes' Theorem Problem (e.g. Text 2.125)
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Prerequisite: C or better in Math 323.

A C- is acceptable if your first semester at Binghamton was before Fall

2014.

Please try to log in to the homework system. For a link, look at the
syllabus page: www.dikran.com

Data
Generating
Process

Probability (447)

Data with
Aggregate
Features
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Remarks on how to study:

We want to get to a point where we can do almost any problem
from the book.

Use the fact that no problem in the book is terribly difficult.
Usually they don't take more than 10 minutes each.

Know the tricks and techniques from each section.

Try to do the problems. Don't spend huge amounts of time hung up
on a single problem.

If you can’t do it in 20 minutes, time to look things up:

is there a technique you forgot? A formula for expectation or
variance?

If you have all the techniques, maybe it's time to look at the
solution. (Solutions to every problem are available.)

After reading the solution, close the solution book and try to solve
the problem again.

Can you explain the steps?

Could you solve the problem 2 days later without referring to the
solutions?

Over time you will build a library of problems you can solve.

You will notice patterns — the problems will fit-intosinto categories.
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Why should you do the applet exercises from the book?

To check whether you know the various distributions, | can show you
graphs and ask “Which of the distributions we studied is this?” or “What
are the parameter values?".

You can prepare for this using the Applet exercises.

(Look at the book; there are dozens.)

You could also prepare by using R.

Please attempt every problem | assign, and try a few more: Many have
answers in the back of the text.
If you can't do the problem:

@ Look at examples from the relevant section.

@ Answers for odd-numbered problems in the back of the text.
@ Student Solution Manual (All odd-numbered problems solved).
@ Look for analogous problems.

@ Yahoo! answers.

@ Instructor's Solution Manual.
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You have to do the work.

An example to show that what is easy is not obvious:

The University of California at Berkeley was sued.

Discrimination against women in graduate admissions was alleged.
Women were admitted to graduate school at a much lower rate.

The university attempted to find the culprit(s).

Every department was required to report admission rates for men and
women.

The reasoning: if women applicants are admitted at a lower rate overall,
there must be some department(s) which are discriminating against
women.

Find those departments and institute appropriate remedies.

A\
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Surprise: every department reports that women are admitted at higher
rates than men.

Detailed records prove it.
How is this possible?

Toy example with two departments: Engineering and Humanities
Engineering admits 40% of women and 30% of men
Humanities admits 20% of women and 10% of men

Engineering applicants: 90 men, 10 women

Humanities applicants: 90 women, 10 men

@ Overall: women 24% men 28%

“Simpson’s Paradox”

Probability: simple, but not obvious. You have to do the work!
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End of Chapter 1
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Chapter 2

Probability
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An “Interview Problem”

We're going to play a game. The player is allowed to flip a fair coin
repeatedly, and decide after each flip whether to stop. When the player
stops, if they have so far flipped k heads in n flips, they are paid %
dollars.

If the player flips H on the first try and stops, their payout is % = $1.

If the player flips T, T and then stops, their payout is g = $%0.

If the player flips T, H, T and then stops, their payout is % =$0.33....
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@ How much would you pay to play this game?
@ How much would you charge someone else?
@ What is the best strategy?

4

o If we flip H on the first try, stop.

o If we flip T, flip 1000 times; the result will be very close to 50%
heads, very likely.
(If not, flip a few thousand times more.)

Approximate Payout: 50% chance of $ 1
+  50% chance of about 50 ¢
Total: 75 ¢.

This is called the “Chow-Robbins Game". The exact value is unknown.
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@ It may be correct to keep playing even though you have more than
50% heads; for example, with 1T and 2H, it is correct to keep

playing.

The correct strategy is unknown; to see the complexity, consider
questions like: Would you continue with 5H and 377
How about 66H and 5977

The idea that the payout will “eventually be 50% or close to it" is a
limit theorem — called “The Law of Large Numbers™.

@ The fair price for the game is called an “Expected Value" or “Mean".
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“Subjective Probability”

@ What is the probability that Hillary Clinton will be the next
President of The United States?

@ What is the probability that this patient survives the operation?

We study “Axiomatic Probability” (Kolmogorov, circa 1931).

Definition (Probability)

A probability is an assignment of numbers (probabilities) to sets of
possible outcomes satisfying certain axioms.

Example: Coin Flip

On flipping two fair coins, the possible outcomes are HH, HT, TH, and
TT, all equally likely. So the probability of each outcome is % = 0.25.

v
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Axiomatic Probability

Definition ((Axiomatic) Probability)
Suppose S is a sample space associated with an experiment.
To every event Ain S (A is a subset of S), we assign a number, P(A),
called the probability of A, so that the following axioms hold:
Axiom 1: P(A) > 0.
Axiom 2: P(S) =1.
Axiom 3: If A, Az, ... form a sequence of pairwise mutually
exclusive events in S (that is, A;NA; = 0 if i # j), then

P(A1UA2U):iP(An)
n=1

SUNY-Binghamton
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Example (Rolling a die)
The “sample space” S of possible outcomes is
5=1{1,2,3,4,5,6}

An event is a subset of S.

Example (continued)

Let A be the event “The result of the die roll is an even number”. Then
A={24,6}

We already know how to assign a probability P(A):
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Define three events E;, E,, Eg by
@ F» = Result is a 2,
@ E; = Result is a 4,
@ Eg = Result is a 6.

Then
1
A= EUE UE,, P(Ey) = P(Es) = P(Es) = 3
and
1 1 1 1
P(A) = P(E,) + P(Es) + P(Es) = ctets=3

You already know the axioms of probability.
The fact above is a special case of the most complex axiom.
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

1Al

P(A) = S|

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

1Al

P(A) = S|
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

1Al

P(A) = S|
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

1Al

P(A) = S|
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

1Al

P(A) = S|
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = S|

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

This applies to our example of rolling the die.

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

This applies to our example of rolling the die. There
5={1,2,3,4,56} [S[=6
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

This applies to our example of rolling the die. There
5=1{1,2,3,4,56} [S|=6
A=1{2,4,6} |Al =3

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in

S is equally likely.
We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

This applies to our example of rolling the die. There

S=1{1,2,3,4,56) |S|=6 3 1
A= {246 |A=3 ~ PA=g=2

SUNY-Binghamton
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Problems in Discrete Probability

Here is a type of problem where there is a sample space S (which is a
finite set) and we know, or can assume, that every individual outcome in
S is equally likely.

We have an event A C S, and we want to find P(A).

Count the elements of S and those of A. Then

|Al <— number of elements of A

P(A) = |S|  ¢— number of elements of S

This applies to our example of rolling the die. There
§=1{1,2,3,4,56} |S[=6 _3_1
A- {246} |a=3— PA=5=73
Note that this process only works when we know that all members of S
are equally likely outcomes.

SUNY-Binghamton
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The “Sample-Point Method”

The following steps are used to find the probability of an event:

@ Define the experiment and clearly determine how to describe one
simple event.

@ List the simple events associated with the experiment and test each
to make certain that it cannot be decomposed. This defines the
sample space S.

© Assign reasonable probabilities to the sample points in S, making
certain that P(E;) > 0 and >, P(E;) = 1.

@ Define the event of interest, A, as a specific collection of sample
points
(A sample point is in A if A occurs when the sample point occurs.
Test all sample points in S to identify those in A.)

@ Find P(A) by summing the probabilities of the sample points in A.
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It is possible to define probabilities in a different way so that not all
members of S are equally likely.

This might correspond to, say, loading the die so that 6 is more likely to
come up.

Exercise 2.12

A vehicle arriving at an intersection can turn right, turn left, or continue
straight ahead. The experiment consists of observing the movement of a
single vehicle through the intersection.

(a) List the sample space for this experiment.

(b) Assuming that all sample points are equally likely, find the probability
that the vehicle turns.

V.

S = {turns right, turns left, straight ahead}.
Assuming all sample points are equally likely, find the probability that the
vehicle turns.

Here T = {turns} = {turns right, turns left}. So P(T) = T = 2.
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We can still define probabilities even if not all points in the sample space
are equally likely.

Exercise 2.10

The proportions of blood phenotypes, A, B, AB, and O, in the population
of all Caucasians in the Unites States are approximately .41, .10, .04, and
.45, respectively. A single Caucasian is chosen at random from the
population.

(a) List the sample space for this experiment.

(b) Make use of the information given above to assign probabilities to
each of the simple events.

(c) What is the probability that the person chosen at random has either
type A or type AB blood?
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S={A,B,AB,O};
P(A) = 0.41, P(B) = 0.10, P(AB) = 0.04, P(O) = 0.45;
E = {person has type Aor ABblood}.

Then

P(E) = P(A) + P(AB) = 0.41 + 0.04 = 0.45.

In a situation like this (not all simple events are equally likely), we need
extra information to find the probabilities.
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So far, we have thought of S as a finite set of points (“simple events”).
We can also think of S as a continuous space.

The probability then becomes something like a measurement of area.
Note that all axioms of probability are satisfied if S = unit square and
the event A is a subset of the unit square; then P(A) = area of A.

In Section 2.8, we will see various probability formulas to get an idea of
what's going on.

Pretend we are in the situation of subsets of the unit square and that
probability = area.
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Theorem 2.6: “Additive Law”
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).

Let's draw a picture:
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).

Proof:

Let's draw a picture:
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).

Proof:

Let's draw a picture:

area(AU B) = area(A) + area(B) — double counted part.
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Theorem 2.6: “Additive Law”

P(AU B) = P(A) + P(B) — P(AN B).

Proof:

Let's draw a picture:

area(AU B) = area(A) + area(B) — double counted part.

area(ANB)
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Example (Theorem 2.7: P(A) =1 — P (A))

A

AUA=S ANA=0 = P(A)+ P(A) = P(S) = 1.
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Exercise:

Suppose A and B are two events with P(A) = 0.8, P(B) = 0.7.
Is it possible that P(AN B) = 0.37

Answer: NO!
A 5

Combine the two statements
P(AUB) = P(A)+ P(B)— P(ANB)
and P(AUB) < 1:
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More complex example: Counting (Example 2.10)

A labor dispute has arisen concerning the distribution of 20 laborers to
four different construction jobs.

The first job (considered to be very undesirable) required 6 laborers; the
second, third, and fourth utilized 4, 5, and 5 laborers, respectively.

The dispute arose over an alleged random distribution of the laborers to
the jobs that placed all 4 members of a particular ethnic group on job 1.
In considering whether the assignment represented injustice, a mediation
panel desired the probability of the observed event.

(a) Determine the number of sample points in the sample space S for
this experiment, that is, determine the number of ways the 20
laborers can be divided into groups of the appropriate sizes to fill all
of the jobs.

(b) Find the probability of the observed event if it is assumed that the
laborers are randomly assigned to jobs.
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Analysis:

How many ways can you assign 20 laborers to 4 construction jobs
requiring 6, 4, 5, and 5 laborers, respectively?

Notice that 6 +4 +5 + 5 = 20.

Question: How many ways can we divide a 20-element set into 4 subsets
of size 6, 4, 5, and 5, respectively?

Answer: Theorem 2.3: There are
20 B 20! B 10
(6 4 5 5) “ear s (489107 ways.

How many ways can we do this so that all 4 members of the minority
group are assigned to the most “unpleasant” job?
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people.
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.
Answer:

16
2 4 5 5

Math 447 - Probability

Dikran Karagueuzian SUNY-Binghamton



Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

16 7 16!
2 4 5 5) 21.41.5!.5!

Answer:

Math 447 - Probability
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

Math 447 - Probability
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?
_A

PA =15
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were

assigned randomly to a job?
16!

|A| 2!.41.5!.5!
PIA) =151 = o
61-41-515!
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?

P(A) = |Al _ sarerer _ 16061
ISl 2 202!
BLASTE
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?

P(A) — |A| - zg;r?;r}gri 16! - 6!

( )_E_#‘”_m!.z!
6145151

16!- 6 - 5.4 . 3 .21

20 -19- 18 -17-16!-2!
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?

P(A) = |Al _ sarerer _ 16061
ISl 2 202!
BLASTE

_ 160.(6)-{54}-(3) 2 1
{20} -19-(18) - 17 -16+2T 19-17
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Analysis: (continued)

Note that the “unpleasant” job requires 6 people. We now have 16
people to assign to 4 jobs; the first job still needs 2 more people.

Answer:

16 16!
= ST = = 1.51 x 108).
(2 45 5) a5 5 (= 151x10°9

What is the probability that this would happen if every worker were
assigned randomly to a job?

P(A) = |Al _ sarerer _ 16061
ISl 2 202!
BLASTE

60§ (5432 11
{20} -19-(18) - 17 -16-2T 19.-17 323’
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L

Observe that it is easier to expand the factorial and cancel the common
factors out, than to compute the numerator and the denominator
separately and then do the division.

Remarks:

| A

@ In Example 2.10, we worked out the probability of assigning 20
laborers to jobs requiring 6, 4, 5, and 5 laborers, respectively, such
that 4 particular laborers are assigned to the first job, with respect
to the random assignment.

o If the question is, “Are the 4 laborers of the particular ethnic group
being treated uniformly?"”, this evidence is not conclusive by itself.

@ There are two possible mitigating factors:

e Maybe not all assignments of laborers to the jobs are equally likely.

o Maybe there were many chances to observe this event.
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Recall:

Theorem (2.3)

If n=ny + - - - + ng, the number of ways of partitioning n objects into
subsets of size ny, ..., ng is the “Multinomial Coefficient”

n n!
n np ... Ng n1!-n2!--~-~nk!'

Remark: Binomial Coefficients

Binomial coefficients are a special case of Multinomial coefficients (k=2).

|
n This is

Recall the binomial coefficient is written (Z) = m

the same as n _nil
k n—k 7k!-(n—k)!'
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Binomial Theorem:

There is an analogous “Multinomial Theorem™:

n__ n n n,
(it +x)" = Z (nl ”.nk>X11~~ka~

Niyees Nk

E _nj=n
i
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Exercise 2.43
A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

SUNY-Binghamton
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

v
Answer:
v
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

v
Answer:

9 L
3 5 1) 31.50.1I
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L
Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

v
Answer:

9 9 . 9:8-7-6 5!
3 5 1) 31.50.11 3.2 .5l
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

<3 2 1)23 : 9'8.7.(@..5{:9'8'7
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Math 447 - Probability Dikran Karagueuzian



L
Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

g 9 9.8.7-(8)-5 -
<3 5 1>_3I.5!.1!_ (3-2) -5 =0-.8-7=504.

SUNY-Binghamton
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

| A

Answer:

g 9 9.8.7-(8)-5 -
<3 5 1>_3I.5!.1!_ (3-2) -5 =0-.8-7=504.

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

v
Answer:

g ol 9.8.7-(6)-51
<3 5 1>_3!-5!-1!_ 3-2) . 51 =9-8-7=>504.

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

9 ol 9.8.7-(6)-51 -
<3 5 1>_3!-5!-1!_ (3-2) 57 =0-.8-7=504.

| A\

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?

“17 choose 2, 5, 10"
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

9 ol 9.8.7-(6)-51 -
<3 5 1>_3!-5!-1!_ (3-2) 57 =0-.8-7=504.

| A\

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?

1
“17 choose 2, 5, 10" = < ! )

2 5 10
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

9 ol 9.8.7-(6)-51 -
<3 5 1>_3!-5!-1!_ (3-2) 57 =0-.8-7=504.

| A\

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?

1 17!
“17 choose 2, 5, 10" = < f ) = %

2 5 10 I-50.10!
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Exercise 2.43

A fleet of nine taxis is to be dispatched to three airports in such a way
that three go to airport A, five go to airport B, and one goes to airport
C. In how many ways can this be accomplished?

Answer:

9 ol 9.8.7-(6)-51 -
<3 5 1>_3!-5!-1!_ (3-2) 57 =0-.8-7=504.

| A\

Exercise 2.45

What is the coefficient of x?y®z1% in the expansion of (x + y + z)!7?

]. ]. ! easy!
“17 choose 2, 5, 10" = ( ! ) - % ' 408408.

2 5 10 I-50.10!
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Conditional Probability and Independence

Definition

The "“Conditional probability of A given B” is

def P(AN B)
P(A| B) = W

This is defined only if P(B) > 0.

Two dice are thrown: let A be the event that the total showing is > 10.
Let B be the event that one of the dice shows a 1.
Then

P(A)==,  P(A|B)=0.
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Independent Events

Two events A and B are independent if P(AN B) = P(A) - P(B).

Otherwise the events are dependent.

V.

e If P(B) > 0, this is equivalent to P(A | B) = P(A).
Also, if P(A) > 0, this is equivalent to P(B | A) = P(B).

@ Independence is very special — similar to orthogonality.

@ Sometimes independence is implicit: “We throw two dice”; it is
assumed here that the two dice are independent.

V.

The Multiplicative Law of Probability:

P(ANB)=P(A|B)-P(B)=P(B|A):P(A).

Remark: P(A | B) # P(B | A) in general.
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The “Law of Total Probability”

Definition (Partition of a Set)

A “partition” of S is a division of S into disjoint pieces:
sets By, ..., Bk contained in S so that

Q@ S=BU---UB,
9 B,'mszwaI’i#j.

Law of Total Probability:

If By,..., By is a partition of S, then
k
P(A)=Y _P(A|B))-P(B).
i=1

This is really saying P(A) = ZLI P(AN B;).
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Example:

An B
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Theorem (Bayes' Rule)

If By, ..., By is a partition of S and P(B;) > 0 for all i, then
P(A | B)) - P(B))
K

> P(A|B) - P(B)
i=1

P(B; | A) =

By definition,
P(AN B;)
P(Bj| A) = —— 2
Now apply the law of total probability in the denominator. O
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You are a doctor, you have a 90% accurate test for a disease. The
prevalence of this disease in the population is 1%. A patient tests
positive. What is the probability that the patient actually has the disease?

We write B; = patient has the disease,
B, = patient does not have the disease, A = patient tests positive.
The problem asks: what is P(B; | A)?

P(A| B1) - P(B1)
P(By | A) = .
A = paTe) P+ PA B P(BY)
Interpretation: There are two ways of testing positive:
@ have the disease (P(A | By) - P(By)),
or

@ false positive (P(A | By) - P(B)).
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Example (continued):

We are given P(A | B1) = 90%, P(A | Bx) = 10%, P(B1) = 1%.
We can deduce P(B;) = 99%.
We plug this information in Bayes' formula (previous slide):

P(A| B1) - P(B1)
P(A| B:1)- P(B1) + P(A| By) - P(B2)
- (0.9)(0.01)
= (0.9)(0.01) + (0.1)(0.99)
0009 0.009
"~ 0.009+0.099 0.108

1
=5~ 0.0833.

The probability that the patient actually has the disease is only about 8%.

P(Bi | A) =

SUNY-Binghamton
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Another way to think about this:

Suppose in the same setup that we have 1000 patients, of which 10
actually have the disease.

In this group, 9 will test positive. In the remaining 990 patients, we will
get 99 positive tests.

If we know that a patient tests positive, we know that they are one of the
108 = 9 + 99 patients identified above.

The number of those who actually have the disease is 9.

So the probability that a patient who tests positive actually has the

9
di is — =~ 0. .
isease is 108 0.0833

The key to the analysis is: there are two ways to test positive: have
disease, or false positive.

Analysis: What is the relative likelihood of these two events?
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Vlad is to play a 2-game chess match with Gary and wishes to maximize
his chances of winning, and minimize Gary's chances of winning. To do

this, he may select a strategy right before he plays each game: timid or

bold.

Unfortunately, Gary is the superior player.
If Vlad plays timidly, Gary will still win 10% of those games, and the rest

5
will be draws. If Vlad plays boldly, Gary will win 9 of those games, and
lose the rest.

Describe Vlad's optimal strategy in this 2-game match.
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Analysis of the problem:

1
@ Scoring of a chess match: win = 1, loss = 0, draw = 5

After 2 games, the player with more points wins the match.
If the players have the same number of points, the match is tied.

@ Gary is the better player, but Vlad can vary his strategy:
(T) Timid: Gary wins 10%, draw 90%.
(B) Bold: Gary wins g Vlad wins g

@ Conclusion of the problem: With the correct strategy, Vlad has
better chances of winning the match.

Correct Strategy:

Play boldly in the first game. If win, play timidly in the second game.
Otherwise, play boldly again.
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Exercise 2.133

A student answers a multiple-choice examination question that offers four
possible answers.

Suppose the probability that the student knows the answer to the
question is .8 and the probability that the student will guess is .2.

Assume that if the student guesses, the probability of selecting the
correct answer is .25.

If the student correctly answers a question, what is the probability that
the student really knew the correct answer?
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@ Setup: name the events: N = student knows answer, N = student
does not know answer, C = student answers correctly.

@ Translate info from problem into notation:

P(N) = 0.8, P(N) =02,P(C|N)=1,P(C| N) = 0.25.
@ What do we want?
P(N | C).

Bayes' Formula:

P(C| N)P(N)
P(C | N)P(N) + P(C | N)P(N)
@ Now plug in the numbers:

P(N| C)=

(1)(0.8) _ 080 16 g4 10%.

PINTC) = M08y + (0.25)(02) ~ 0.85 17
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Where does Bayes' Formula come from?

@ Setup: By, ..., B, = partition of S, A = separate event. Bayes’
Formula:
P(A | B)P(B;
ZCIDE (A B)P(B) .
P(A| B1)P(B1) + -+ P(A| By)P(B,)

@ To derive this, use the definition of conditional probability:

P(Bi | A) = P(',Ej’(/z)A) _ A |P%4))P(B') (Multiplicative Law).

@ Now apply “Law of Total Probability" in the denominator:

P(A| Bi)P(Bi)
(Al B)P(B)+---+ P(A| By)P(By)

P(Bi | A) = 5
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Monty Hall Problem (Exercise 2.20)
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show.
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car)
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car)

==

BENTLEY
-

Good Prize
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car) and behind the other two curtains were
worthless prizes (duds).

==

BENTLEY
-

Good Prize
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car) and behind the other two curtains were
worthless prizes (duds).

BENTLEY
e

Good Prize
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car) and behind the other two curtains were
worthless prizes (duds). The contestant was asked to choose one curtain.

BENTLEY
e

Good Prize
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car) and behind the other two curtains were
worthless prizes (duds). The contestant was asked to choose one curtain.
If the curtains are identified by their prizes, they could be labeled G, Dy,
and D, (Good Prize, Dud 1, and Dud 2).

EY, —

 BENTL

Good Prize
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Monty Hall Problem (Exercise 2.20)

You MUST learn this problem.

The following game was played on a popular television show. The host
showed a contestant three large curtains. Behind one of the curtains was
a nice prize (maybe a new car) and behind the other two curtains were
worthless prizes (duds). The contestant was asked to choose one curtain.
If the curtains are identified by their prizes, they could be labeled G, Dy,
and D, (Good Prize, Dud 1, and Dud 2). Thus, the sample space for the
contestant’s choice is S = G, Dy, D,.

EY, —

 BENTL

Good Prize
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Monty Hall Problem (Exercise 2.20)

(a) If the contestant has no idea which curtains hide the various prizes
and selects a curtain at random, assign reasonable probabilities to
the simple events and calculate the probability that the contestant
selects the curtain hiding the nice prize.

(b) Before showing the contestant what was behind the curtain initially
chosen, the game show host would open one of the curtains and
show the contestant one of the duds (he could always do this
because he knew the curtain hiding the good prize). He then offered
the contestant the option of changing from the curtain initially
selected to the other remaining unopened curtain.

Which strategy maximizes the c ontestant’s probability of winning the
good prize: stay with the initial choice or switch to the other curtain?
In answering the following sequence of questions, you will discover that,
perhaps surprisingly, this question can be answered by considering only
the sample space above and using the probabilities that you assigned to
answer part (a).
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Monty Hall Problem (Exercise 2.20)

(i)

If the contestant choses to stay with her initial choice, she wins the
good prize if and only if she initially chose curtain G. If she stays
with her initial choice, what is the probability that she wins the
good prize?

If the host shows her one of the duds and she switches to the other
unopened curtain, what will be the result if she had initially selected
G?

Answer the question in part (ii) if she had initially selected one of
the duds.

If the contestant switches from her initial choice (as the result of
being shown one of the duds), what is the probability that the
contestant wins the good prize?

Which strategy maximizes the contestant's probability of winning
the good prize: stay with the initial choice or switch to the other
curtain?
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@ Let G be the event that the initially selected curtain hides the good

1
prize: P(G) = 3
@ Let W be the event that we win (assuming we choose to switch
curtains).

What is P(W)?
@ Law of Total Probability:

P(W) = P(W | G)P(G)+ P(W | G)P(G) =0-

It is correct to switch curtains: the probability of winning by switching

2
is 3 while that of winning by not switching is 3
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Remark:
You can experiment with cards: You'll need a friend to act as the game
show host.
For example,
@ Queen of Hearts = good prize,
@ 3 of Spades, 5 of Clubs = bad prizes. |

What if there were 4 curtains instead of 37 \

Similar to the previous case!
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Analysis (4 curtains):

Again, let G be the event that the initially selected curtain holds the
good prize.

Assume we use the switching strategy. Let W be the event that we win.
By Law of Total Probability,

P(W)=P(W | G)P(G)+ P(W | G)P(G)=0-- +

INER

=
N~

1
P(G) = Z’P(W | G) =0 as before.
What is P(W | G)?
Two curtains are eliminated: one because the event G is “our selection

does NOT hide the good prize”, and one because we see a dud.

We should switch because g > %
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5 curtains, but at a cost:

Now suppose that there are 5 curtains. The good prize is $1000, but it

costs $100 to switch.
Should you still switch? Why or why not?

Same analysis: G and W as before.

P(W) = P(W | G)P(G)+ P(W | G)P(G)=0-

~ U‘I\P—\

The probability of winning by NOT switching is P(G) =

4 1
Since 15 > —, we would switch if it were free.

1
We have, by NOT switching, a 3 chance of $1000; this is worth about
$200.
4
By switching, we get a 15 chance of $1000, minus the switching cost of

$100; A
that is, I $1000 — $100 ~ $166.67.
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End of Chapter 2
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Chapter 3

Discrete Random Variables and
Their Probability Distributions
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Random Variables and Expected Values

Definition

A Random Variable is a real-valued function on a sample space.

In practice, we may write a random variable like this:

X 2 with probability 2/3
" =1 with probability 1/3

Definition

The average value of a random variable (over a large number of trials,
say) is called the Expected Value of the random variable.

This is written E[X] and we speak of “the expectation of X" or “the
mean of X".
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The formal definition captures some properties and subtleties not seen in
our format. But this format is very convenient for computing the
expected value E[X] or “mean of X": in this case,

2 1 4 1
EX]|=2-= -1)-==-—=-=1.
Here X can take on values 2 and —1, and P(X = 2) = 2/3,

P(X =-1)=1/a.
So the “probability function” p(x) := P(X = x) is
23 (x=2)
p(x) =15 (x=-1)

0 otherwise.
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The probability function must have the properties
Q 0 < p(x) <1 for all x,

@ >, p(x)=1
Further, E[X] = > xp(x) (Definition 3.4).

Example (Monty Hall: 5 curtains at a cost)

In this example, where we win $1000 or $0 (and maybe pay $100), our
winnings are a random variable.

Let X be our winnings if we don't switch:
X {$1000 with probability 1/5
$0  with probability 4/5.
Let Y be our winnings in the switch at a cost:
Y — {$1000 —$100  with probability 4/15
—$100 with probability 11/15.
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Example (Monty Hall: 5 curtains at a cost)
We find

1 4
E[X] = $1000 - = +$0 - = $200,

11

E[Y] = ($1000 - $100) - -1 + (~$100) - 7

4 4 11
$1000 5 $100 (15 + 15)

= $1000 - % — $100 ~ $166.67.

The expected value in switching is |less than that without switching. So
we should NOT switch.
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Some simple types of Exercises

@ Write down the probability function for a random variable. Find the
mean.

Exercise 3.1:

When the health department tested private wells in a county for two
impurities commonly found in drinking water, it found that 20% of the
wells had neither impurity, 40% had impurity A, and 50% had impurity
B. (Obviously, some had both impurities.)

If a well is randomly chosen from those in the county, find the probability
distribution for Y , the number of impurities found in the well.

| \

Solution:
Y can take the values 0, 1, or 2. We must find P(Y =0), P(Y =1),
and P(Y = 2).

From the problem statement, P(Y = 0) = 20%.

A\

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (continued)

To find P(Y =1) and P(Y = 2), use the “Event-Composition Method”
(recall Monty Hall: 5 curtains).

We define events
@ A = well has impurity A,
@ B = well has impurity B.

Now translate the problem statement into probability statements about
these events:

P(ANB) = 20%, P(Y =2) = P(AN B).
How can we write down P(Y = 1)?
P(Y =1)= P(AUB) — P(AN B).
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Solution: (continued)
We know that P(A) = 40%, and P(B) = 50%. Also

P(Y =1)+ P(Y =2) = P(AU B) = 80%.
Plug this in P(AU B) = P(A) + P(B) — P(AN B) to deduce
P(AN B) = 10%.
We find the probability distribution of Y as

y | ply) =P(Y =y)

0 20%
1 70%
2 10%

Note that if some y is not listed in
the table, then p(y) = 0.

We can now find E[Y]:
E[Y] :0-2o%+1-70%+2-10%=0.7+o.2=.
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Exercise 3.3

A group of four components is known to contain two defectives. An
inspector tests the components one at a time until the two defectives are
located. Once she locates the two defectives, she stops testing, but the
second defective is tested to ensure accuracy.

Let Y denote the number of the test on which the second defective is
found. Find the probability distribution for Y.

Solution:

Observe that Y must be 2, 3, or 4.
Where can the defective components be? We can distribute 2 defectives

| A

4
among 4 components in (2) = 6 ways. Use X to represent a defective

component and o to represent a good component. There are 6
possibilities:
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Solution: (continued)

X X o o (Y=2) Xx o x o (Y=2)
X o o x (Y=4) o x x o (Y=3)
o X o x (Y=4) o o x x (Y=4)

In each of these cases, we can write down the number of the test on
which the second defective is found. (Proceed left to right).

Find the probability distribution of Y using the “Sample Point Method”
from Chapter 2:

1 2 3
P(Y=2)=—-,P(Y=3)==-,P(Y =4) = —.
(Y=2)= g, P(Y=3)=2,P(Y =4)= -
. . . . y 2 | 3] 4
Probability function is then given b
y p(y) g Y p(y) 1/6 ‘ 1/3 ‘ 1/2
The expected value E[Y] is
1 1 1 1
E Y :2‘7 o = 4.7: — |
[v] 6+3 3+ 2 33
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Properties of Expected Value:

Ways to think about the expected or mean value:
@ Long-run average value.
o Like an integral or sum.

Properties of integrals and sums usually hold for expected value.
In particular,

@ Expected value is linear,

@ Expected value of a nonrandom variable (like a constant) is just that
variable / value.

We can use these properties to give a standard formula for “variance".
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Definition (Variance, Standard Deviation)

If Y is a random variable with mean E[Y] = p, the variance of the
random variable Y is defined to be the expected value of (Y — ).
That is,

VY] = E[(Y — p)?].
The standard deviation of Y, denoted by o, is the positive square root of
V[Y].

v

By the properties of expectation, we can prove the formula

Proof of V[Y] = E[Y?] — u?:
By definition,
VIY] = EI(Y — w)2] = E[Y? — 2uY + 2]
= E[Y?] —2uE[Y]+ E[1*]  (linearity of E)
=E[Y?] —2u-p+p? (properties of expected value)
= E[Y?] - 12
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We noted that expectation was linear:
if X, Y are random variables and a, b are real numbers (constants), then

E[aX + bY] = aE[X] + bE[Y].
This is NOT true for variance:
if ais a constant, then V[aY] = a>V[Y].
This is because E[aY] = aE[Y] = ap,
so
V[aY] = E[(aY — ap)?]

— E[(Y - p)?)

= 2E[(Y — n)?]

= a’V[Y].
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There is a concept of independence for the random variables:
If X and Y are independent, then V[X + Y] = V[X] + V[Y].

Think of variance as being like “norm-squared” and independence as
being the orthogonality. The above equation is the Pythagorean
Theorem.

In the rest of this Chapter, several random variables are introduced, and
we compute means and variances.

For the tests, know the variables, their means and variances, and how to
derive them. The derivation of these results is often an exercise in
Calculus.

Note: We use one of the equivalent terms “distribution”, “probability
distribution”, “probability function”, and “probability mass function”.
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Definition (Bernoulli Random Variable)

A Bernoulli random variable with parameter p is one which has
probability function p(1) = p and p(0) =1 — p.

This means if X is such a variable, then

X 1 (with probability p)
" 10 (with probability 1 — p)

We can find E[X] and V[X]:
By definition,

E[X] = Y xp(x) = 0p(0) + 1p(1) = 0+ p = [ p

VIX] = E[(X — )] = EIX] — 42
To compute E[X?], we apply Theorem 3.2:
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Let Y be a discrete random variable with probability function p(y) and
g(Y) be a real-valued function of Y.
Then the expected value of g(Y) is given by

Elg(M]=>_gy)p(y).

We get

E[X?] = 0?- p(0) + 12 - p(1) = p, V[X] = p — p? :.

Notation: Sometimes we write g for 1 — p; we need context to know if g
is being used this way.

Many of the variables of Chapter 3 are built from repeated independent
Bernoulli trials. Example: Binomial random variable with parameters n
and p.
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Definition (Binomial Random Variable)

We do n Bernoulli trials with parameter p which are all independent, and
count the number of 1s.
The total Y is a Binomial random variable with parameters n and p.

Equivalently, Y is Binomial with parameters n and p if Y has the
probability function

50 = (Z)pk(l—p)"‘k (k=0,1,...,n),

0 otherwise.

Notation: Y ~ Bin(n, p).
Why must Y have the above probability function?
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n
k) ways to distribute these.

Once we consider a particular pattern of successes, each success has
probability p and each failure has it 1 — p.

If we have k successes in n trials, there are (

Since the trials are independent, we can multiply to get pX(1 — p)"~.

In the text, the definition is that Y ~ Bin(n, p) if Y has the probability
function given above.

Terminology: Sometimes we say “Y has the binomial distribution with
parameters n and p”.

We can now compute E[Y] and V[Y].
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If X1,...,X, are the random variables for Bernoulli trials, then
Y=X1+ -+ X,
E[Y] = E[Xi + -+ X,
= E[Xi]+ -+ E[X,]
—_———

n times

= ,
VIV = VX -4 X
=V[X]+ -+ V[X] (because Xi, ..., X, are independent)
=p(l—p)+---+p(l—p)
n times
=|np(1—p) |

Alternate derivation is given in Theorem 3.7.
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If' Y ~ Bin(n, p), then E[Y] = np and V[Y] = npq.

We have
E[Y]=> yp(y)  (by definition of expectation)

n
= ZY(;) p’q"~Y  (by definition of “binomial”)
= Z |p q"" (note that the first term is zero)

_ n n(n—1)! V1 ey
—Zm”’ K

. ‘ (n—1)! PR
@ P (e ) L '
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Proof (continued):

Now write z =y — 1, and change the variables in the sum:
(n—1)! —1_(n—1)—(y—1
E[Y] = np pLgln=D-r=1)
vl Z (-1~ D)

n—1
nfl
:npz Z| ) P q(n )=

np Z
z=0
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Proof (continued):

Now write z =y — 1, and change the variables in the sum:
(n—1)! —1_(n—1)—(y—1
E[Y] = np pLgln=D-r=1)
vl Z (-1~ D)

n—1
nfl
:npz Z| ) P q(n )=

np Z
z=0
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Proof (continued):

Now write z =y — 1, and change the variables in the sum:
(n—1)! —1_(n—1)—(y—1
E[Y] = np pLgln=D-r=1)
vl Z (-1~ D)

n—1
nfl
:npz Z| ) P q(n )=

np Z
z=0
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Proof (continued):

Now write z =y — 1, and change the variables in the sum:
(n—1)! —1 (n—1)—(y—
E[Y] = y—1,(n—1)—(y—1)
[Y]= npz (e E )L
n—1 ni 1
_ npz =T i P q(n )=

n—1 1)y
_ npz < . )qu(n 1)
z=0

This is the probability function for Bin(n — 1, p), so the whole sum above
is

(ptay=17"=1
So E[Y] = np.
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Proof (continued):

Now write z =y — 1, and change the variables in the sum:
(n—1)! —1 (n—1)—(y—
E[Y] = y—1,(n—1)—(y—1)
[Y]= npz (e E )L
n—1 ni 1
_ npz =T i P q(n )=

n—1 1)y
_ npz < . )qu(n 1)
z=0

This is the probability function for Bin(n — 1, p), so the whole sum above
is

(pt+ayt=17"=1
So E[Y] = np.
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Proof (continued):

For the computation of V[Y], we could write similar sums of binomial
coefficients. But the book introduces another method.

Work with the expectation E[Y (Y — 1)] = E[Y?] — E[Y].

Since we already know E[Y], knowing E[Y (Y — 1)] is equivalent to
knowing E[Y?].

We find

E[Y(Y —1]—Zy —1<>p q".

When we expand the binomial coefﬁaent, we can cancel the y(y — 1)
with the y!.
Do the computations to obtain V[Y] = npqg.
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Definition (Geometric Random Variable)

We do repeated independent Bernoulli trials until we get a success.
Let Y be the number of the trial on which the first success occurs.
Then Y is a Geometric random variable with parameter p, written
Y ~ Geom(p). (p is the parameter in all the independent Bernoulli
trials.)

Think of flipping a coin again and again until we get “heads".

We use the convention that the number of the first trial is 1 (not zero).
SoY > 1.

From the description above, we can find the probability function, mean,
and variance of Y.
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p(1) =P(Y =1) =p,
p(2) = P(Y =2) = P(Failure in 1 and success in 2).
Since trials are independent,
P(Failure in 1 and success in 2) = P(Failure in 1) - P(success in 2) = gp.
Thus p(2) = gp.
We use similar reasoning to deduce p(3) = ¢°p,...,p(y) = ¢* p.

From the above probability function, we can write down an infinite series
for E[Y]:

(oo}
E[Y]=) ya"'p.
y=1

(This is an exercise in Calculus 2.)

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Warm-up Exercise:

What is 377, p(y) = Y2, ¥ 'p?

This sum is
0o - oo 1 p p
1 z
pr @ =pP) a=p = =C =1}
; ZZ:; l-q 1-(1-p) »p
Review of Calculus: for |x| < 1,
1 oo
1_X:ZXH
n=0
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Warm-up Exercise:

What is 377, p(y) = Y2, ¥ 'p?

This sum is
— - 1 p p
pY @ '=p> d=p = == =1/
; ; l1-qg 1-(1-p) »p

Review of Calculus: for |x| < 1,

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Warm-up Exercise:
What is 377, p(y) = Y2, ¥ 'p?

This sum is
0o - oo 1 p p
yl: zZ — = = — = 1.
p;q p;" Plmq " 1-(1-p »
Review of Calculus: for |x| < 1,
1 oo
= X"
1—x =
d (1 =
—1(1-x)"3(-1) = — — n—1
0= g (175) =2

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Warm-up Exercise:

What is 377, p(y) = Y2, ¥ 'p?

This sum is
0o - oo 1 p p
pY @ '=p> d=p = == =1/
; ; l-q 1-(1-p) »p
Review of Calculus: for |x| < 1,
1 oo
= X"
1—x =
d (1 = =
-1 = (1 _X> Y i
n=0 n=1
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Now change x to g and n to y to get

l o
-1
— =D v
(1-q92 o
— p p
"> yqlp= ===
;; (1-92 P p
) 1
Conclusion: E[Y] = o

This is very intuitive: if the chance of success is 3 the expected waiting
time until success is 3 trials.

What about V[Y]?

V[Y] = E[Y?] - E[Y]~.

Math 447 - Probability

Dikran Karagueuzian SUNY-Binghamton



1
We need to compute E[Y?]; we already know E[Y]* = —.
p
Thisis 327, y2q” 1p.
This doesn't look like the derivative of something we know.
But we could use the technique of the last calculation to sum

D oyly=1)g? oreven Y y(y—-1)¢ 'p (%)
y=1 y=1
This last guy (%) is E[Y(Y —1)] = E[Y?] — E[Y].

So, by computing this sum (%), we can find E[Y?], because we know
E[Y] already.

Do the work outlined above to get

V[Y]:p%.
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Step 1: Compute

d? 1 2 d? & -

_ — - n_ _ 1 n—2

dx? <1X) (1-—x)3 dx2ngox ;On(n X
Step 2: Write in terms of ¢ and y and multiply by gp.

(12—qI:)3 =2 yly=1elp = E[Y(Y - 1))
y=1

Step 3: Use E[Y(Y — 1)] = E[Y?] — E[Y], V[Y] = E[Y?] — E[Y]?, and
E[Y]=1/p to find V[Y].

E[Y?] = E[Y(Y — 1)] + E[Y] = %‘j +%
Vv - v -evp -2 1L g
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Negative Binomial Random Variable

We consider repeated independent Bernoulli trials, all with parameter p.
Let Y be the number of the trial on which the rt" success occurs.

From this description, we can find the probability distribution of Y/,
E[Y], and V[Y].

If the r*" success is on trial y,ie. Y =y, then

(1) The yt™ trial must be a success,

(2) There must be exactly r — 1 successes in the first y — 1 trials.

What is the probability of (2)?

There are 1) ways to distribute r — 1 successes in y — 1 trials.
r

The probability of any particular way occurring is
pr—lq(y—l)—(r—l) — pr—lqy—r.

The probability of (1) is just p, and (1) and (2) are independent.
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Put this all together to get

_ y_]' r—1_y—r  __ y_]' r_y—r
p(y)—(r_l)p q p—(r_lpq :

@ In the text, the definition of a negative binomial random variable is
something which has the probability distribution as above.

Q@ If r =1, this is just a geometric random variable.

© The waiting time for r successes is the waiting time for the first,
plus the waiting time for the second, ..., plus the waiting time for
the rth success.

© The waiting time for each success is a geometric random variable
with parameter p.
This means that the negative binomial random variable with
parameters r and p is the sum of r independent geometric random
variables, each with parameter p.
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Now we can write down E[Y] and V[Y] where Y is a negative binomial
random variable with parameters r and p.

Let Xi,..., X, be independent geometric RVs with parameter p.
Then
1 1
EIY] = EDX o4 X)) = EDG] 44 EX] = b D =
\—./—/
r times
_ * _q q _ 1
VIY]=V[Xi+- -+ X]=V[X]+ -+ V[X]= 5+ + 5 = —=.
p P> p
———
r times

*. because Xi,..., X, are independent.

1
So if we remember that for a geometric RV the mean is — and the
p

. . q . . . .
variance is —, then the mean and variance of a negative binomial RV are

easy to remember.
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L
Exercise 3.72:

Given that we have already tossed a balanced coin ten times and
obtained zero heads, what is the probability that we must toss it at least
two more times to obtain the first head?

4

One solution:

@ Note that the information about the first 10 flips is not relevant.

@ The probability that we need at least 2 flips to get the first head is
the same as the probability that the first flip is tails.

@ The word “balanced” in the problem statement means that this

1
probability is o
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Formal solution: The problem is about a geometric RV with p = 1/2.
The question asks: What is P(Y > 12| Y > 11)?

P(Y >12nY >11) P(Y >12)
> > = =
Py 2121y =11) P(Y > 11) P(Y > 11)

For a geometric RV, P(Y > k) = the probability of at least k — 1

successive failures = gk~ 1.

P(Y > 12) ¢121 1

P(Y212|Yzll):P(y;ll)qllflquE
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What if we allowed for some possibility that it was a trick coin?
Then the first ten flips do make a difference, because they give us
evidence that the coin is biased.

New problem, 3.72 revised

We have a bag of 100 coins. One is “double-tails” and 99 are normal.
We pick one coin from the bag and flip it 10 times. It comes up tails 10
times in a row. What are the chances that it is actually the trick coin?

Name the events:

T = event that the coin selected is the trick coin.
R = event that we get a run of 10 tails.

Compute with Bayes’ Rule.
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Calculations with Bayes' Rule

P(T)=0.01, P(T)=0.99, P(R| T) =1, P(R| T)=1/2%°
Problem asks for P(T | R)

- P(Tﬁ R) - P(R| T)P(T)
PR = =Ry = BRI TP(T) + P(R | T)P(T)
P(T |R) = 1-001 ~0.912

1-0.01+2-10.0.99
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So far we have studied the following distributions:
(1) Bernoulli random variable (Bernoulli trial).
(2) Binomial RV, Bin(n, p).
“Number of successes in n independent Bernoulli trials”.
(3) Geometric RV.
“Number of Bernoulli trials required to get first success".
(4) Negative Binomial RV.
“Number of Bernoulli trials required to get exactly r successes”.

For each of these RVs, you should be able to produce the “probability
function” (sometimes called distribution or PDF) p(y) = P(Y = y).

You should also be able to produce the mean and variance. Note that a
few tricks may be required to complete the computation.

Let's try now to produce a table with the probability function, mean, and
variance for all of these RVs.
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Distribution p(y) E[Y] VI]Y]
Bernoulli pP’a (y=01) p pqg  [g=1-p]
p y=1
or
{q y=0
. 1 q
Geometric g’ 'p —
p P
. . n _
Binomial ( >pyq” Y np npq
y

-1
Negative Binomial <y )qy’pr L i
r—1 p
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Hypergeometric Random Variable

Suppose we have an urn with r red balls and N — r black balls.

We select (without replacement) n balls from the urn and count the
number Y of red balls.

Then Y is said to have the hypergeometric distribution with parameters
N,r, n.

The hypergeometric RV has probability function
<r> (N - r) (# of ways to get y red from r)x

p(y) y)\n—y/) _ (# of ways to get n — y black from N — r)
(N) # of ways to take n balls from N
n

There is a close analogy between the binomial and hypergeometric RVs.
In the limit as N becomes large, they are almost the same.
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Suppose for the moment we only take one ball from the urn, so n = 1.
r
Then the probability that we get a red ball is m and the probability that

—r

we get a black ball is

So the expected number of red balls is ﬁ

If we increase n, and do the selection n times, then the expected number
of reds is
(Expected # on try 1) + (Expected # on try 2) r
+ -+ (Expected # ontry n) ~ "N

Notice the analogy with the Binomial RV.

The probability of success, p, is ﬁ and the mean is n - L.

We would therefore expect to get for the variance V[Y] the result

N r N—r
N N
BE CAREFUL!
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There is a correction term:
The variance is less, because when we remove reds, we make blacks more
likely, and vice versa.
Computation (Chapter 5) shows
r N—r N-—n
ViY]=n-—- . .
N N N-1
+ This we just
have to remember
for now.

N—n
Notice lim —— =1, i.e. the results for hypergeometric and binomial
N—oo N —1

RVs are the same in the limit N — co.

A convention for binomial coefficients:

<Z>:o if k> n.

This convention is relevant in evaluating the probability function for the
hypergeometric distribution.
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Exercise 3.103:

A warehouse contains ten printing machines, four of which are defective.
A company selects five of the machines at random, thinking all are in
working condition. What is the probability that all five of the machines
are nondefective?

Solution:
@ N =10 <« total # of machines.
@ "“Red ball” corresponds to a nondefective machine: r = 6.
@ n=>5 < # of machines in the sample.
@ Y = # of nondefective machines in the sample.

We have to find P(Y =5) = p(5).
Use the hypergeometric probability function:

NGl
"y e
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Distribution p(y) E[Y] V[Y]
Bernoulli p’qY (y =0,1) p pq
p y=1
or
{q y=0
1
Geometric ¢ 'p - %
P p
. . n _
Binomial ( )pyq" Y np npq
y
-1
Negative Binomial (y )qy_’p’ L r—z
r—1 p p

0)G-)
(2)

Hypergeometric

=[3
ai
=
=
L

l[g=1-p]
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Poisson Distribution

Suppose we have a type of event (say, tornadoes in Kansas) which occurs
randomly at a certain rate, say 5 per year.

In any given year, there might not be exactly 5. We mean only that 5 per
year is somehow an average rate; in a particular year, the actual number
might be 0, 10, 3, or 17.

The Poisson random variable is a model for this situation. There is a
parameter A corresponding to the average rate. The variable Y is the
number of events in a given period.

Definition (Poisson Distribution)

Y has the Poisson distribution with parameter X if Y has the probability
function
e >

ply) = i (y=0,1,2,...).

Notice that Y can take on any positive integer value.
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For this to make sense, the probabilities need to add up to 1.

Let’s check:
X \e A >\
S ey Smere
y=0 ‘y y=0 ‘y

So the probabilities do make sense.

Next step: What are the mean and variance of Y7

This is the easiest part of the table: if Y ~ Pois()), then E[Y] = X and
ViY] =\

Easy to remember, but the derivation requires some work with power
series:
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ElYI=Y yply) = Zyv%l_
y=0 y=0 ’
2
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oo Y
ElY]= Zyp(y Zyve
y=0
o W 1)\ ~ 0o W 1)\
:Zyy = )\Z (y — 1)!

p— 7A. . —_— P —
=e A ZOZ! (herez=y —1)
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> /\ye_A

E[Y] = Zyp(y Zy

yO

Y1>\ o A°° PYAED
:Zy Z (y — 1)!
_ A i _
=e .)\.ZOZ (herez=y —1)
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_ A i _
=e .)\.ZOZ (herez=y —1)

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



> /\ye_A

E[Y] = Zyp(y Zy

yO

Y1>\ _ — M7IX
Zy e Gy
)‘Z;T (herez=y —1)

z=0

—e_>‘-)\~e)‘
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> )\ye_A

E[Y] = Zyp(y Zy

yO
yl)\ B SISV BY
Zy e Gy
Z— (herez=y —1)
—MA/( A

The derivation of V[Y] involves similar tricks.

This result is important in understanding problems which say “Y is a

Poisson distributed with average rate
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Moment Generating Functions

Definitions:

@ The k™ moment (also moment about the origin) of a random
variable X is p := E[X*].

@ The k™ central moment (or moment about the mean) of X is
pk = E[(X — k], where u = E[X].

Notation: moment = i, central moment = fu.

Definition:

The moment generating function of a RV X is mx(t) = E[e*X]. Thisis a
function of t.

| A

Remark:

We do this because the distribution is determined by the moment
generating function (MGF).

A
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How is this of any use?
Sometimes we can determine the MGF of an unknown distribution.
We will use this technique in the proof of the Central Limit Theorem.

Remark:

Knowing the moments p) and knowing the MGF are equivalent, using

the power series for etX:
e =14 tX + (t;)z +...:kz::0 (ti(!)k
Ele™] = 3" p(x)e = 3 p(x) (Z i )

X X k=0
00 k 0 k

-3 <Z p(x)xk> o _ > et ©
o0 K

=y ul%
k=0
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What about other random variables?

Let Y be a Bernoulli RV with parameter p.
Then

E[e™] =) p(y)e” = pe'™ + qe'® = g + pe".
y
Now suppose Y ~ Bin(n, p).
Then Y is the sum of n independent Bernoulli RVs, each with parameter

Remark:

If X and Y are independent, then E[XY] = E[X]E[Y].
Thus if X and Y are independent, we compute

mxyy(t) = E[ef*FTY)] = E[eXetY]
= E[e¥]E[e!"] (by independence)
= mx(t)my(t).
So if Y ~ Bin(n, p), then ’my(t) = (g + pe')"

|
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We could, of course, do exercises from Calculus 2 to get this result
without the remark.

Remark on rigor:

In the text, we may exchange the order of limits without justification.
This does not generally work, but works in the context.

Example:

. . n .
lim Im —— = Ilim 0=0
n—oo m—oo N+ m n—o00
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We could, of course, do exercises from Calculus 2 to get this result
without the remark.

Remark on rigor:

In the text, we may exchange the order of limits without justification.
This does not generally work, but works in the context.

Example:
. . n .
lim lim = lim 0=0
n—oo m—oo N+ m n—o00
. . n .
lim lim = |lim 1=1.

m—oo n—oo N+ m m—»00

Where did we do this?

Note that an infinite sum is a limit:
feo) N

def .
a, = lim E an
N—oo

n=1 n=1
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A derivative is a limit:

d o [f(x+h)—f(x)
a0 = Jim, {h -
In computing the mean of a geometric RV, we exchanged derivative and

infinite sum.

We will show for the geometric RV that

pe'
1— get’
Using the connection between the geometric and the negative binomial
RVs, namely that the negative binomial RV is the sum of r independent
geometric RVs, we get, for the negative binomial RV,

m) = (222)

m(t) =
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Problem:

Players A and B compete in a game in which they alternate throws of a
die. The objective is to be the first player to throw a 1.

A goes first. What is the probability that B wins?

One way:

Apply what we know about the geometric RV.

Let Y be the number of the turn on which the game ends.
Then Y is geometric, with p = 1/6.

Let A be the event that the player A wins. Then

A={Y =1,3,5,...(an odd number)}.
Let B be the event that B wins, that is, Y is an even number.
For a geometric RV, P(Y = k) = g !p.
Then

P(B)= > dtp=> ¢"p=) ¢"p

|
e
Q
7]
Q
N
N—r
3
I
=
Q
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Solution: (continued)

Now plug in p=1/6,q = 5/6 and find
15 1 5 1 5
P B — . = — = —.
(B) 66 1—253 36(1136) 11

Other ways to think about this:

P(B) =1 — P(A), so we can compute P(A) instead.

Also, instead of using what we know about geometric RVs, we could
write down directly the probability that B wins on turn 2 4+ B wins on
turn 4 4+ ...

P(A doesn't win on turn 1)- 51

P(B wins at 2 | A doesn't win at 1) ~ 66’
and similarly for the rest of the terms.

P(B wins on turn 2) =

This is basically re-deriving the probability function for the geometric RV.

v

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Recall:

We studied the “moment generating function” my(t) = E[et"].
We saw that the “central moments” i} = E[Y*] are related to this

function:
Expand E[efY] as a power series and the moments appear:

o0 k
E[e™]=> e"ply)=> > %p(y)

c9 tkyk c9 tk "
=D PW =D [ DoveW)
k=0 y k=0 y
=3 EY1= 3

Consequence: mgf()(O) =, = E[YX].
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In particular, mg)(O) = uj = E[Y].

t0 tt t2
The series is —pug + Fu’l + 5”5 +....

0!
2t 3t
Take one derivative: 0+ u} + EMIQ + ?ug +.o
Evaluate at 0: py +0+0+--- = pf.
o K
Continue in this way to show m{)(0) =, = E[Y*].

An example of this phenomenon: the geometric RV.
What is the MGF of Y ~ Geom(p)?
Let's derive this now (Exercise 3.147):

(oo} (oo}
E[e™] = e¥py) =) e¥q'p=> e gp
y y=1 z=0

1
1 — get

o0 oo
— Zpetetzqz — Zpet(etq)z _ pet
z=0

z=0
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In particular, mg)(O) = uj = E[Y].
0 1 2

t t t
The series is auo + ﬁu’l + 5”5 +....
2t 3t
Take one derivative: 0+ pj + = Tk 54+ ?ug +....
Evaluate at 0: py +0+0+--- = pf.

Continue in this way to show m{)(0) =, = E[Y*].

An example of this phenomenon: the geometric RV.
What is the MGF of Y ~ Geom(p)?
Let's derive this now (Exercise 3.147):

(oo} oo
E[e™] =) e”p(y) = Z g 'p= Z ef=tg7p
- — -

> 1
= etet?g? = et(et
;p q ;p q)* 1—qef

pe'
p— p— t
T my (t)




.
In particular, mg)(O) = uj = E[Y].
t0 tt t2
The series is a% + Fu’l + 5”5 +....
2t 3t?
Take one derivative: 0+ u} + EMIQ + ?ug +.o
Evaluate at 0: py +0+0+--- = pf.
L k

Continue in this way to show m{)(0) =, = E[Y*].

An example of this phenomenon: the geometric RV.
What is the MGF of Y ~ Geom(p)?
Let's derive this now (Exercise 3.147):

(oo} (oo}
E[e™] = e¥py) =) e¥q'p=> e gp
y y=1 z=0

o0 oo 1
— t tz z __ t t z __ t
= pe'eq” =) pe'(e'q)” = pe o
z=0 z=0
pe’
= 1_qet:mv(t)-
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What about m},(0)?
We should get E[Y].
We find

(1) = pe’ - (1—ge’) — pe’ - (—qe’)
(1 —ge)?

Evaluate this at 0:

use e® =1 and get

il (0) = pl—q)—p(=9) _pP°+pg _plpt+q) 1

(1—q)? p? p? P

indeed this is E[Y].

e This may or may not be a good way to compute E[Y*].
e Using the identity V[Y] = E[Y?] — E[Y]?, we can compute
VY] = m(0) — [m, (0)].

Caution: V[Y] is not m(\f)(O), unless E[Y] = 0.
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Tchebysheff's Theorem

Theorem (Tchebysheff)

Let Y be a RV with mean y and variance o. Then for any k > 0,

1
P(Y —ul < ko) >1—

1
P(IY —ul > ko) < = P

k2’

Note that the two events are complementary: if |Y — pl is not > ko,
then |Y — u| < ko.

What does this really say?

Let's set k = 3.
Then the first statement says
1 1
P(lY —pu| >30)< = = =.
The result says that P(Y is far from mean) is small.
In particular, the probability that Y is 3 or more standard deviations away

: . 1
from its mean is less than or equal to 9
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@ The theorem has a hypothesis that Y has a mean and variance.
Not every RV has a mean and variance.
Virtually all of the RVs we study will have means and variances.

@ We said nothing else about Y/, so this applies to all the RVs we have
studied, plus anything you can imagine (with a yz and 0?2).

© This bound is sharp, in the sense that it cannot be improved for
general RVs.

© The bound is weak, in the sense that it can be greatly improved with
the knowlegde of the distribution.

v
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Let
0  with probability 16/18
Y=< 1 with probability 1/18
—1 with probability !/18
1
Then E[Y] =0, VY] = E[Y?] - E[Y]* = ;.
1
So in applying Tchebysheff, . = 0,02 = 9
1
The theorem says P(|Y — 0] > 30) < g
1 1 1
Herea—\/g—3,so3a—3~3—1.
1
So P(|Y|>1) < 5
1 1 1
But for our RV Y, P(|Y| >1) = 18 + 5= So the bound cannot be

possibly improved.

Remark:

Ao
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Example (Exercise 3.123)

The random variable Y has a Poisson distribution and is such that
p(0) = p(1). What is p(2)?

| A\

Solution:

e

y!

Y ~ Poisson(}), so p(y) =

We are given p(0) = p(1). So
Ne=r  Ale™A

0 _ 1 _
TR — A=\ = A=1.

Thus

Notice that we had to know the probability function for the Poisson RV.
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Another thing to try:
Derive!

Examples: MGF of geometric RV, the mean and variance of the Poisson
RV (and lots of ther examples).

MGF of the Geometric RV

What is the probability function of the geometric RV?

PV )=q¢'p y=123....
What is the definition of MGF?

o0

my(t) = E["] "2 p(y)e” = 3 o' pe?
y y=1
o0 oo o0
_ Zquet(z+l) _ Z etzquet _ pet Z(etq)z
z=0 z=0 z=0
__pet
11— get’
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Famous Problem: “St. Petersburg Paradox”

You are to play a game where a fair coin is flipped repeatedly. If the first
flip is heads, you get pais $ 1 and the game ends. If the first flip is tails
and the second is heads, you get $2. If the first 2 flips are tails and the
third is heads, you get $4; and so on.

@ How much should you be willing to pay to play this game?

@ How much should you charge if someone else wants to play and you
are responsible for the payouts?

Interpretation:
We are looking at the expectation of a function of a geometric RV.
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Let Y ~ Geom (;)

The naive “fair value" of this game is E[2Y~1].
Notice that
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Before we move on to Chapter 4:

Challenging problems in Probability: “Interview Puzzles”.

© The Chow-Robbins Game (From the 1% slide).

@ 100 passengers get on a plane with 100 seats. The first passenger
has lost his boarding pass and chooses a seat at random. Subsequent
passengers sit in their assigned seats (if empty) or choose a seat at
random (if the assigned seat is occupied). What is the probability
that the 100" passenger is able to sit in their assigned seat?

@ 4 points are chosen at random on the unit sphere in R3. They form
a tetrahedron. What is the probability that the origin (the center of
the sphere) lies in the tetrahedron?
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So far we have only treated “discrete probability”. In Chapter 4, we will
discuss continuous probability.

What does a random point on the surface of a sphere mean?

“Random point on the surface of the sphere” means that the probability
that the point lies in a set S is proportional to the area of S.

Second thing which is not part of this course but very important in
practice:

Statistical software.

In practice “R" is most common, and there are many online courses on
how to use R.

Knowing R is an “employable skill"!.

Almost every question we discuss here is empirical: it can be addressed
by experiment and simulation.

This exposition is to give you enough background to understand what R
is doing.
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End of Chapter 3
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Chapter 4

Continuous Variables and Their
Probability Distributions
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Continuous Probability

If we have a random variable Y, we can define a real-valued function
Fy :R = R:

Fy(y) = P(Y < y).

Example

Suppose Y ~ Bin (2, ;)

The probability function of Y is

1 1 1
= — 1 = — 2 = —.
p(0) =7, pP()=5. pP(2)=
What is Fy?
Try to draw a graph!

First note that if y < 0, then P(Y < y) =0.
So Fy(y) =0 for y < 0.

What is Fy(0)?

: 1
Fy(0) & P(Y < 0) = —
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Example (continued)

For 0 < y <1, whatis Fy(y)?

def 1
FY(Y)éP(YSY):Za

1
because Bin <2, 2) can only take values 0, 1, 2.

What is Fy(1)?

Fy(1) = P(Y <1)=P(Y =0)+ P(Y = 1)
:M®+MU=%+%=Z

Bl w

And if 1 < y < 2, then Fy(y) =

What is Fy(2)?

Fy(2) = P(Y <2) = P(Y =0)+ P(Y = 1)+ P(Y = 2)

1.
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Graph of Fy(y):

Fy(y)

05

Math 447

-0.25

Dikran Karagueuzian




This Fy is called the “Distribution function” of Y (sometimes called
“Cumulative Distribution Function”).

For all the random variables we have studied thus far, it has this
step-function structure.

Remarks:

© We could just as well define a RV by giving Fy rather than the
probability function.

@ If we define an RV by a CDF Fy, then a continuous random variable
is one for which the function Fy is continuous.

@ If we define a RV this way, then for any interval [a, b], we can write
P(a <y <b)= Fy(b) — Fy(a).

For a continuous RV Y, what is the probability that Y = 17

P(Y =1)=P(1 <Y <1)=Fy(1) - Fr(1) =[0]
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By definition, P(Y < a) = Fy(a).
Thus
Fy(b) — Fy(a) = P(Y < b)— P(Y < a)
=P{Y <b}\{Y <a})
=Pla< Y <b).
But the difference does not matter, because, as we saw before,
P(Y=2a)=0, and {a}N{a< Y < b} =0.

Intuition: For a continuous RV Y we really don't want to talk about
P(Y = a). Remember the analogy between probability and length (or
area).

P(Y = a) is like the length of a single point (zero). But a line segment,
which is made up of points, has a nonzero length.

So just as we only want to talk about the length of sets that are
“non-discrete” (discrete sets have zero length), for a continuous RV Y
we only want to talk about P(Y € S) if S is a set that makes sense in
the context.
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Example (Choosing a point at random in the unit interval)
Define

0 y<0
Fy(y)=<y O0<y<l1.
1 y>1

Note that for this Fy,
PO<y<1)=F(1)-F(0)=1-0=1
If [a, b] C [0,1], then
P(a<y <b)=Fy(b)— Fy(a) = b — a = length(][a, b]).
So the probability that a point chosen according to this distribution lies
in a subinterval [a, b] is proportional to the length of that subinterval.

Such distributions are called Uniform.
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Here is another way we could define the uniform distribution on [0, 1]:

Let’s consider the function
_J1 yelo,1]
i) = {o yé 0.1
Then
y
Fy(y) = / fy(x) dx,

and we have
b
Fy(b) — Fy(a) = / fy(X) dX.
a

This fy is called the “Probability Distribution Function” (PDF) of Y, and
we could just as well define Y by giving the PDF.

And this is what we will do for most of Chapter 4. Note by the
Fundamental Theorem of Calculus,

fly) = iny(y).
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We defined a “Cumulative Distribution Function” (CDF) or sometimes
just “Distribution Function” of a RV Y to be Fy(y) = P(Y <y).

Notice that Fy : R — R. This is different from the RV Y in the sense
that the domain of Y is some “sample space”, i.e. Y :S5 — R.

Properties of a distribution function:
(1)

lim Fy(y)=0. [Book writes Fy(—o0) = 0]

y——00

()
lim Fy(y)=1. [Book writes Fy(c0) = 1]

yA)OO
(3) Fy is nondecreasing: if y1 < ya, then Fy(y1) < Fy(y2).
(4) Fy is "right continuous".

1
Recall that we studied F(Y) where Y ~ Bin(2, 5)
We saw that Fy is a step function.
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0 y <0
_JYs 0<y<1
Friy) = 34 1<y<?2
1 y > 2.
Fy(y)
Y
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F(Y) is defined for general RVs Y.

Y is said to be “continuous” if Fyis continuous. This is the definition of
a “continuous RV".

Counter-intuitive point: For a countinuous RV Y, P(Y = a) = 0 for any
acR

1
If P(Y = a) were some non-zero number, say 0’ then we would have,

for any y < a,
P(Y <a)— P(Y 1) 2 5.
So
. 1
yl—@, P(Y<y)<P(Y<a)-— ) < P(Y < a).

But if Fy is continuous,
lim P(Y <y)=P(Y <a).

y—a_
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So this is impossible, because if Fy is continuous,

yl—i[g, Fy(y) = Fv <y|_'[g }/> = Fy(a).

Recall the intuition: Probability is like length or area.
The length of any single point is zero. But the length of [0, 1] (which is
made up of points) is 1.

Similarly, the probability (for a continuous RV Y) that Y = a is zero, but
P(Y € [0,1]) can be positive.

We defined the “Probability Density Function” (PDF) (sometimes
“Density Function”) to be

d .
fy = ?yFY’ that is, fy(y) = Fy(y).

In this book we can just assume that Fy is differentiable.
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For a continuous RV Y with CDF F and PDF f, we have

P(aéyéb)ZP(a<Y<b)=/ F(y)dy.

This follows directly from the definitions we have given:

So

because P(Y = a) is zero.

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Mostly we will define our random variables by giving the PDF.

Properties of PDF:

(1)

fy(y) > 0. [Recall Fy is nondecreasing]
)

/ fy(y)dy =1. [= P(—0 <y < ]
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Let's define a RV by giving a PDF.

Suppose
0 y <0
fyr(y)=q1 0<y<1
0 y>1
fy(y)
16—
— 0 —
0 Ty
Notice that (1) and (2) are satisfied.
Define
y 0 y <0
A= [ fd={y 0<y<1
=€2 0 y>1
Fy(y)
1
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Much of the rest of this chapter will go according to the following
scheme:

@ We define a RV Y by giving some PDF.
@ Then we compute the mean and variance of this RV.

@ Then you have a bunch of problems in which you use the properties
of this RV to figure something out.

@ This is much the same as Chapter 3, but all sums will be replaced by
integrals, because

Definition 4.5

For a continuous RV Y,

E(Y) =/ yf(y)dy,
where f is the PDF of Y.

As before, not every RV has an expectation: we need this integral to
be convergent.
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@ Also, analogously to Chapter 3,

oo

Elg(Y)] = / g()F(y)dy.

—0o0

Now we know enough to begin computing means and variances.

We already defined a RV Y ~ Unif([0, 1]) by the PDF

_J1 €[0,1]
fy—{o Y ¢ 0.1

What is E[Y]?

[e%s) 0 1 )
E[Y]Z/ yf(Y)dy=/ y-0dy+/0y-1dy+/1 y - 0dy

— 00 — 0o
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What is V[Y]?
We know that V[Y] = E[(Y — p)?], and the expectation E has the same
linearity properties as it did for discrete RVs.

So
E[(Y — )] = E[Y? = 2uY + %]
= E[Y?] = 2uE[Y] + i? (Linearity of E)
= E[Y?] =2 p+p® = E[Y?] = 4%,
Thus

VIY]=E[Y?] - * = /Zyzf(y)dy (;)2

0 1 [e%)
1
:/ y2-0dy+/y2-1dy+/ y2-0dy—1
—00 0 1
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Exercise 4.11.a

Suppose that Y possesses the density function

_Joy 0<y<2
fly)= { 0 elsewhere.

Find the value of ¢ that makes f(y) a probability density function.

Recall that, from property (2) of PDFs,
f(y)dy =1
So we have
2
/ cydy =1,
0
that is,
2 2 2
cy c(2) c(0) 1
2 |,” 2 2 )
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Note that we could also have an undefined c in the definition of a CDF
Fy, which is determined by some property of CDFs, e.g. lim Fy(y) = 1.
y—o0

This might give us an equation for c.

Definitions: “Quantile”, “Median”

Let Y denote any random variable. If 0 < p < 1, the pt" quantile of Y,
denoted by ¢p, is the smallest value such that P(Y < ¢,) = Fy(ép) > p.
If Y is continuous, ¢, is the smallest value such that

FY(¢p) =P(Y < ¢p) =P
The quantity corresponding to 0.5, ¢g 5, is called the “Median” of Y.

Many problems use this notation.

We said that E is linear. But E does not commute with arbitrary

functions:
it is not true that E[g(Y)] = g(E[Y]).

This only works for linear functions.
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N
@ We will study a few continuous probability distributions.

@ We will find means, variances, and MGFs.

o We will study the continuous version of Tchebysheff's Theorem.

Usually the distribution will be defined by the density function (PDF).
Recall that a PDF has 2 properties:

(1) fy(y) >0 for all y € R.
)

/ T Ry =1.

—o0
The relationship of the density function to the values of the random
variable is:

Pla<Y <b)= /b fy(y)dy.

A\
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Remark:

Any function satisfying properties (1) and (2) is a valid density function,
and defines a random variable.

We will study a few special ones (useful in applications).

Thus a random variable is about as general as a function.

Analogy to calculus: In principle, you can talk about the integral of any
function, but we study certain special functions that are useful in
applications.

The main random variables we will study:

The Uniform distribution, Unif(S).
The Normal distribution, N (u, o2).
The Beta distribution, Beta(«, ).
The Gamma distribution, ['(«, 3).
The Exponential distribution, Exp(}\).

The Chi-Squared distribution, x?(k).
In various exercises

you may also see

Weibull distribution,

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



We defined the uniform distribution on [0, 1] by the PDF
1 yelo,1]

fly) = ’

W={o Vil

and we computed
1 1
E[Y]|=|=z | V[Y]=|—=]|
[YI=|5 LVIY] !

The uniform distribution on [0y, 62] is defined by the PDF

=466 Y%
0 y ¢ [01,62].

The same computation as before will give us

RY
E[Y] = 91;92 vy =) 1291) .
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If Y is in units v, is V[Y] in units v?

The uniform distribution may seem trivial, but there are many nontrivial
problems based on it.

@ If we choose 2 points at random in the unit interval, we get a
random subinterval. Suppose we choose n random subintervals.
What is the probability that there is one which has nonempty
intersection with all of the others?

@ (Classic Problem:) The uptown and downtown trains come equally
often to our station, but we wind up taking the uptown train 90% of
the time. How is this possible?

(You can look up many versions of this.)
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The Normal Distribution: “Bell Curve”

@ This distribution is very important: in practice, many distributions
are “approximately normal”.

@ Also, the main theorem of this class, the “Central Limit Theorem”,
says that if we add up a bunch of independent and identically
distributed (IID) RVs, the result is approximately normal.

Definition
The normal distribution is defined by its PDF
1 _e=w?
f(Y) = e 2%,
oV2m

where ¢ > 0 and —oo < p < 0o are two parameters.

If Y is normal with parameters ;1 and o (denoted Y ~ N(p,2)), then
E[Y] = p and V[Y] = 02
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Remarks on the function:

2

fly) =€

Start with e~>".

This is a “Bell Curve”.

Suppose we wanted to center it on e~ (—m)?
75

We could change this to e r—n), ¢

/00 e*(y*“)zdy = /oo e’yzdy ?

What is
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This integral is usually done in Calculus 2 or 3.

Write
= / e dy.
Then

b ([ ([e70) - [ [

Convert to polar coordinates, and deduce that

P=m = / e dy = /7.

Our PDF needs to be

fly) = %e‘yz,

so that
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Next, note that if

then the mean is 0O:

*° 1 2
E[Y] = -—e Y dy =0,
M= [ vy
by symmetry — “odd function”.

Now normalize to have variance 1: 1

What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

V[Y] = E[Y?] -
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Next, note that if

then the mean is 0O:

*° 1 2
E[Y] = -—e Y dy =0,
M= [ vy
by symmetry — “odd function”.

Now normalize to have variance 1: 1

What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

V[Y] = E[Y?] -
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Next, note that if

then the mean is 0O:

*° 1 2
E[Y] = -—e Y dy =0,
M= [ vy
by symmetry — “odd function”.

Now normalize to have variance 1: 1

What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

V[Y] = E[Y?] -
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Next, note that if

then the mean is 0O:

*° 1 2
E[Y] = -—e Y dy =0,
M= [ vy
by symmetry — “odd function”.

Now normalize to have variance 1: 1

What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

V[Y] = E[Y?] -

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Next, note that if

then the mean is 0O:

*° 1 2
E[Y] = -—e Y dy =0,
M= [ vy
by symmetry — “odd function”.

Now normalize to have variance 1: 1

What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

V[Y] = E[Y?] - E[Y]?
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Next, note that if

then the mean is 0:
*° 1 2
E[Y] = -—e YV dy=0
M= [ yzeTay -0
by symmetry — “odd function”.
Now normalize to have variance 1: 1
What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

0

VIY] = E[Y?] - EPrP = E[V?]
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Next, note that if

then the mean is 0O:

o 1
E[Y]:/ y~ﬁe*y2dy:0,

by symmetry — “odd function”.

Now normalize to have variance 1:

1
What is the variance of the RV Y defined by the PDF f(y) = Te’yz?
™
0 00
1
VIYI = ELY - EWP= VY = [ 2 e dy.
—oo VT
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Next, note that if

then the mean is 0O:

o 1
E[Y]:/ y~ﬁe*y2dy:0,

by symmetry — “odd function”.

Now normalize to have variance 1:

1
What is the variance of the RV Y defined by the PDF f(y) = Te’yz?
™
0 00
1
VIYI = ELY - EWP= VY = [ 2 e dy.
—oo VT

This is a simple exercise in integration by parts.
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Next, note that if

1
f(y) = \/77'6 Y )
then the mean is 0O:
oo 1
EYi= [ rmeTar=o

by symmetry — “odd function”.
Now normalize to have variance 1: 1
What is the variance of the RV Y defined by the PDF f(y) = Te’yz?

™

0 oo
1
VIYI = ELY - EWP= VY = [ 2 e dy.
o Nis
This is a simple exercise in integration by parts.
When we are done with all this “adjusting” and “normalizing”, we get

1 _=n?

fly) = e 27
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If Y is a normal RV with mean u and variance o2, then

b 1 (62
P(aSYSb):/ -
2 0V2m

—p)?
e 202 dy.
Unfortunately it is not possible to express this integral in closed form.
So we use tables or library functions. (e.g. Table 4, Appendix 3, Text).
The table gives, for a “standard normal RV"” (1 = 0,0 = 1),

P(Z§Y<oo)—/oo\/:;TT

}/2
e zdy  for Y ~N(0,1).

. If Y is normal with mean  and standard deviation o (variance ¢2),
—p

Y . . .
then is also normal with mean 0 and variance 1.

2. Suppose, for a standard normal RV Z, we want P(—1 < z < 1). This
is the same as P(—1 < z < 00) — P(1 < z < o0): (pictures follow:)
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P(—1<z< 00) P(1 < z< o0)
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Look up in the table: P(1 < z < o0) = 0.1587.
What about P(—1 < z < 00)?

There are no negative numbers in Table 4, Appendix 3. But
P(-1<z< o)+ P(—o<z<-1)=P(-0<z<o0)=1
So
P(-1<z<o0)=1-P(-oo<z<-1)=1-P(1l <z < 00),
by symmetry:

l l

And we can look this up in the table:
P(-1<z<o00)=1-0.1587 = 0.8413.
Thus
P(—1<z<1)=0.8413 — 0.1587 = 68%.
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One more trick / method:

Suppose we have a normal RV Y with mean 3 and variance 4, and we are
asked to find P(1 < Y <5).

Transform Y so that it is a standard normal RV.
Don't forget to transform the 1 and the 5!

1<Y<5 = 1_3§ Y_3§5_3 — 1< Y_3§1.
2 2 2
Now Z := Y- is a standard normal RV, so that the probabilities can
be found by table lookup and symmetry as before.
So

PL<Y<5)=P(-1<Z<1).

(We already saw how to compute this.)

That Z has E[Z] =0, V[Z] = 1 is easy (linearity of E).
That Z is also normal is not trivial or obvious, but we will see it later
using MGFs.
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Example 4.9:

The achievement scores for a college entrance examination are normally
distributed with mean 75 and standard deviation 10. What fraction of
the scores lies between 80 and 907

Interpretation:
Y is normal with ;o = 75,0 = 10. Find P(80 < Y < 90).

Solution
We write

P(80§Y§90)_P(

80—-75 Y -—-75 90-75
< < 5
10 — 10 — 10

Noting that Z =
P(0.5 < Z < 1.5).

This is
1.5 [e'e) ')
/ F2(y)dy = / F2(y)dy — / 2(y)dy.
0.5 0.5 1.5

where f7 is the standard normal PDF.

is standard normal, we need to find
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Solution: (continued)

Both the integrals can be looked up in table.

Answer: 0.3085-0.0668 = |0.2417|.

@ This is the most common application of probability theory. Because
this is so basic, there are many ways to do and describe this
computation.

@ The numbers 0.5 = 801_075 and 1.5 = U

a “raw score” is converted to a “z-score”, which is measures in
standard deviations away from the mean.

are called z-scores:

@ Z is a common notation for a standard normal RV.
@ The table in the book is “complementary error function”:

erfc(z) = /OO fz(y)dy.
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Remarks: (continued)

@ Sometimes you'll get a table of
M@= [ £y (=ef(z).

Since N (z) + erfc(z) = 1, it is equivalent to use either N'(z) or
erfc(z) for calculations.

@ Warning: Make sure you know what kind of table you have.

Exercise 4.73(a):

The width of bolts of fabric is normally distributed with mean 950 mm
(millimeters) and standard deviation 10 mm. What is the probability that
a randomly chosen bolt has a width of between 947 and 958 mm?

’

Interpretation:
Find P(947 < Y < 958), where Y ~ N/(950, 100).
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We have
P(947 <Y <958) =P <

947 —950 Y —950 _ 958 — 950

< <
10 - 10 — 10

— P(~03< Z<08) (where zZ- YIO950>

= erfc(—0.3) — erfc(0.8)

(we cannot look up erfc(—0.3)!)

= (1 — erfc(0.3)) — erfc(0.8)

= (1-0.3821) — (0.2119) = |0.406].

The book does not use the erfc notation.
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Remark: The “95% Rule” aka the “68 — 95 — 99.7% Rule”

Common probabilities for a standard normal RV are often memorized.
In particular:

P(-1<Z<1)~0.68,

P(—2 < Z <2) ~ 0.954,

P(—1.96 < Z < 1.96) ~ 0.95,

P(-3< Z <3)~0.997.
These probabilities P(—n < Z < n) converge very rapidly to 1 as n grows.
Sometimes people say that the normal distribution has “thin tails".

By this they mean that P(Z > n) + P(Z < —n) is very small for values
of n greater than, say 4.

In practical problems, it may be appropriate to use a different
distribution, if we are interested in, say, P(Z > 5).
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Gamma Distribution

Observe that a normally distributed RV can take on any real value.
We might be interested in a situation where we know that the RV is
positive (or at least non-negative).

Example: Time-to-failure, or “first repair”.

The Gamma distribution is a model for this.
There is a hump “near 0", and a “tail” going out to +oo.

Definition (The Gamma Distribution)

Y has the Gamma distribution with parameters a and S if the PDF is

ya—lefﬁ
L >0
fr(y) =14 Bor(a) 7=
0 y <0,

where
fa)= [y terdy
0

is the “generalized factorial function".
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How to make sense of this?
Simplify to a special case: a« =2,5 = 1.
Then

e Y >0,
Frly) = {yo i?o,

and we get this shape:

—

Note that the number 5T («) is put in the PDF so that

Y

[ = | artay o=

This is true by the change-of-variable v = % and the definition of I':

First
dv = %,dy = Bdv,y = Bv.
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Using the change-of-variable, we get

00 ya—lefﬁ v=00 (ﬂv)o‘_le_v
Y _© Ty = A
L S =,
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Using the change-of-variable, we get

LS ya—lefﬁ v=00 (ﬂv)o‘_le_v
—— —dy = ~——f3d
B A R
:/OO ﬁailvaileivﬂdv
0 BT (a)
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Using the change-of-variable, we get
oo L a—1 *% V=00 a—1,—v
/ !dy:/ Mﬁdv
o BT(a) v=0  B°T(a)
o0 Ao a—1,—v
:/ JB//I/—V © ﬁdv
0 ST (a)

e e} Va—le—v
=/ I—dv
/o M(e)
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Using the change-of-variable, we get
oo L a—1 *% V=00 a—1,—v
yed_/ (ﬁV)eﬁdV
o B°T(a) v=0  B°T(a)
o0 Ao a—1,—v
:/ JB//I/—V © ﬁdv
0 ST (a)
e e} Va—le—v
= ———adv
/o ()
1

S — - v le™Vdy IN(«) is a number
< (o) )
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Using the change-of-variable, we get

LS ya—lefﬁ B v=00 (ﬂv)o‘_le_v
=] ey o

:/0 VF(();)dV
= / v®le™Vdv (T'(a) is a number)

a) Jo
— —

/r/\
IR

o BoT(a)

- —
S =
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Using the change-of-variable, we get
oo L a—1 *% V=00 a—1,—v
yed_/ (ﬁV)eﬁdV
v=0 Bar(a)
o0 N a—1_—v
:/ JB//I/—V € ﬁdv
0 ST (a)
e e} Va—le—v
= ————dv
/o Ma)

= — / v@~le™vdv  (T(a) is a number)
0

o BoT(a)
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You can expect a lot of computations like this:
e.g.

IfY ~T(a,B), then E[Y] = af and V[Y] = af3%.

Proof is an exercise in integration similar to above, but more complicated.

@ « and (3 are called the “shape” and the “scale” parameters,
respectively.

e a>0,8>0.
o If Y ~T(a,p), then Y > 0.

1
@ Other sources may work in terms of A = ik
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The definition of the Gamma PDF involves the Gamma function, a
“generalized factorial:

M) dZEf/ y e Ydy.
0

Integration by parts proves the formula I'(a) = (o — 1) (e — 1).

r(1) :/ yl=le™Vdy :/ e Ydy =1.
0 0

Using the two facts above, we find

rQ)=@-1)re-1) =1-r{1)=1,
re)=3-1r3—1) =2-rR2)=2 =21,
r4)=@-1r@-1 =313 =6 =3

Induction shows that I'(n) = (n — 1)! for all n € N.

Notice that ['(«) is defines for real values of «, whereas the factorial is
defined only for nonnegative integers.
This is the sense in which the " function is a generalized factorial.
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The values of '(a)) when « is not an integer can be difficult to determine,
e.g.

Exercises 4.194 and 4.196

4.194 If u > 0, then
1

1 /ooe*%d =
V2T J oo y_\/ﬂ

r <1> :/ yieVdy =1
2 0

2
by making the transformation y = X? and employing

Exercise 4.194.

The way we handle the " function in this course is to treat it as a black

box:
The Gamma PDF uses the I function as a normalization.
We generally will not evaluate I'(«) unless « is a nonnegative integer.

4.196 Show that

v
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IfY ~T(a,B), then E[Y] = af and V[Y] = af?.

Sketch of Proof:

Use integration by parts and the standard formula
V[Y] = E[Y?] - E[Y]%.

We find
ev= [ = [y L
= | Wy = |y Ty

In evaluating such an integral, remember what is a function of y and

what is a number:
Y
1 © y*eT B
E[Y] = dy.
V=i [ o

Substitute v = % so that y = v and dy = Bdv.
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e,
M=l e

1 OOQ—V.
_@/ v&e Bdv

0
_ 1 ) 6/00 V(a+1)—le—vdv
0

M(a)
1
= ) “B-T(a+1) by definition of I function.
1
= (o) B al(a) by the recursive formula for I'.

Finding V[Y] is similar, but much more complicated.
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Here is a trick which is useful:
Recall that any PDF fy(y) has

/ fy(y)dy =1 < P(—o0o <Y <) =1
We checked that this was true for the ' PDF:
© La—1,—%
y e s
—— —dy=1.
o BoT(a)

But 5% and I'(«) are numbers. So
/ y* e Fdy = BT ().
0

So we have a scheme for evaluating any integral of this form.
For example,

o0 y o0 y a =
/ y3e‘5dy=/ y*te Bdy _
0 0 ﬁ -

= BT () = 2°T(4) =2%-31 =16 -6 = .
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Special cases of the Gamma distribution:

The Exponential Distribution:

The exponential distribution is the case « = 1, and is denoted Exp(J3).
If Y ~ Exp(f3), then E[Y] = 3 and V[Y] = j°.

The Chi-Squared (x?) Distribution with k degrees of freedom:

This is the [ distribution with o = g,ﬂ =2
If Y ~ x?[k], then E[Y] = k and V[Y] = 2k.

The reason we study this separately is in Theorem 7.2:

If Z1,...,Zy are independent standard normal RVs and
Y = Z7 + .-+ Z? (think of Y as a sum of squared errors), then
Y ~ x%[K].
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Exercise 4.91 (a):

If Y has an exponential distribution and P(Y > 2) = .0821, what is
B =E[Y]?

Y ~ Exp(B), P(Y > 2) = .0821.
Now find S.

o0

Notice that P(Y > 2) = / fy(y)dy.

2

Plug in the PDF, evaluate the integral, and solve
(expression in 3) = 0.0821 for 3.

By definition, the PDF is

1-1,—%
y e s _y
—e B >0
) =4 pry Y =0=1{3 ="
0 y <0 0 y<o0

S | Y y |o°
. 0.0821 :/ —e Bdy = —e 7
2 B 4 2

So —2 =1In(0.0821) = f= - 0s ~

a
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Exercise 4.89 (a):

The operator of a pumping station has observed that demand for water
during early afternoon hours has an approximately exponential
distribution with mean 100 cfs (cubic feet per second). Find the
probability that the demand will exceed 200 cfs during the early
afternoon on a randomly selected day.

Solution:

Y ~ Exp(B), E[Y] = 100.

Since E[Y] = 3, we have = 100.
Now find P(Y > 200).

| \

oo (oo} 1 2
P(Y >200) = [ Fu(y)dy = / L~y
200 200 /8
— e 5T = g (e ®
€ 200 ( € )

_ 200 200
= e B :e_lT)O :'

A\
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Recall:

The Gamma PDF uses the I' function, a generalized factorial:

r(a)z/ ye~le7Vdy.
0

Integrate by parts:
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Thus the recursion formula I'(a) = (o — 1)l (a — 1).
Also T'(n) = (n— 1)! for positive integers n.

The key formula for many problems and exercises is
(o]
/ yeleThdy = 8°T(a). ()
0
I(«) can be evaluated by the recursion formula we just proved, if o € N.
The formula (%) is equivalent to the statement that the Gamma PDF
integrates to 1.
The above remarks will save you from having to integrate by parts several
times.

All of this is based on integration by parts, it's just made easier with
clever packaging.
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Exercise 4.111 (a):

Suppose that Y has a Gamma distribution with parameters « and 5. If a
is any positive or negative value such that a4+ a > 0, show that
Bl (a + a)

M)

ElY?] =

Solution:

E[Y?] :/ yfy(y)dy where fy is the Gamma PDF

o0 a—1_.—= o0

ay e’ 1 / ota—1,—%

= 7d = — e B
/o Y BeT(a) VT BT o 7

1
— M+ a by formula (%
Feray” (@ e by ()
_|8T(a+a) by cancelling powers of 3.
M(a)
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Definition (Beta Distribution)

A random variable Y is said to have the Beta distribution (denoted
Y ~ Beta(a, §) if the PDF is
{yal(l—}’)ﬂl 0<y<l1

fr(y) = B(a.5)

0 elsewhere,
where
1 il
B(a, ) = /O Yo (1 — y)P-ldy = m

is the “Beta function”.

If Y ~ Beta(a, 3), then 0 < Y < 1.

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



If Y ~ Beta(a, 8), then

E[Y]= ﬁ
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If Y ~ Beta(a, 8), then

of

EWL:E%B and V[Y]=

(a+B8)2(a+B+1)
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

A\
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

E[Y]= /oo yfy(y)dy

— 00

A\
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB((laﬁy))dy

A\
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB((laﬁy))dy
1

1
_ m/o y(a+1)—1(1 _ y)ﬁ—l

A\
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB((laﬁy))dy
1

1
- - (@+1)=1(1 — )81 (Now use B-integral formula.
5o, = g )

A\
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If Y ~ Beta(a, 8), then

of

E[Y]=—— and V[Y]= R CE RS

o+ p

Proof:

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB((laﬁy))dy

| \

= —— = 1—y)?"! (Now use B-integral formula.
B ) (1-y) ( g )
1
= -B(a+1,
B(a, B) ( 2

A\
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If Y ~ Beta(a, 8), then

afy
(a+B8)2(a+B+1)

E[Y]:ﬁ and V[Y]=

| \

Proof:

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB((laﬁy))dy

1 1
== (e+1)=1¢1 _ ,\B-1 .
B(a, B) /O 4 (1-y) (Now use B-integral formula.)
S __ 1 e+
- B(e,B) B(a+1,5) = Bla ) Tlatp+D)

A\
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If Y ~ Beta(a, 8), then

afy
(a+B8)2(a+B+1)

E[Y]:ﬁ and V[Y]=

| \

Proof:

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB(éaBy))dy

1 1
== (e+1)=1¢1 _ ,\B-1 .
B(a, B) /O 4 (1-y) (Now use B-integral formula.)
S __ 1 e+
- B(e,B) B(a+1,5) = Bla ) Tlatp+D)

Na+pB) _af(a)-T(B)
Ma)-T(8) (a+pB)M(a+p)

A\

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



If Y ~ Beta(a, 8), then

afy
(a+B8)2(a+B+1)

E[Y]:ﬁ and V[Y]=

| \

Proof:

Use the formulas for the Beta-integral and the ' function. We'll look at
E[Y]; V[Y] is left as an exercise.

) 1 a—1¢(1 _ ,,\6-1
E[Y]Z/_ yfv(y)dy=/0 yyB(éaBy))dy

1 1
== (e+1)=1¢1 _ ,\B-1 .
B(a, B) /O 4 (1-y) (Now use B-integral formula.)
S __ 1 e+
- B(e,B) B(a+1,5) = Bla ) Tlatp+D)

Mot olla) 0F) _[ @

T L@ T(8) (a+B)(atp) |a+B|

A\
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Remark and Terminology:

@ The CDF for the Beta distribution is called the “incomplete Beta
function”.

o If 0 <y <1, we can write this as
y ,a—1 B—1
y " (1-y)
F(y) = / dy.
( ) 0 B(avﬂ)
o If & and (8 are both integers, and we write n = a+ 8 — 1, then
~ (n\ =i
Fly)=> (i)y (1-y)""
i=0
This, like so much else, is proved by integration by parts.
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Exercise 4.125:

The percentage of impurities per batch in a chemical product is a
random variable Y with density function
_J12y’(1-y) 0<y<1
fry) = { 0 elsewhere.
Find the mean and variance of the percentage of impurities in a randomly
selected batch of the chemical.

| \

Solution:
Note that the given PDF is the Beta distribution with parameters
a=3,0=2.

Therefore the mean is

and the variance is
af 3.2 6 1

(a+B)2(a+B+1) (3+2)2(3+2+1) 52-6 |25]
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So far we have studied the following continuous distribtions:
@ Uniform,
@ Normal,

@ Gamma,
and

@ Beta.

Note that the Gamma distribution includes the special cases:
The 2 distribution and the Exponential distribution.

Now we move on to cover some things that are relevant to all
distributions:

@ Moment Generating Functions,
and

@ Tchebysheff's Theorem.
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Definition (Moment Generating Functions)

The moment generating function (MGF) of a RV Y is E[etY] = my(t)
or m(t).

The theoretical importance of this is in part that the MGF determines the
RV;

that is, if we want to check that a RV is (say) normal with mean a and
variance b, it is enough to check that this RV has the right MGF.

Why is the MGF called that?

It “generates” the moments 1) = E[Y*], in the sense that
= -

(2) :

Sometimes people think in terms of “central moments”
pk = E[(Y — w)¥], but we can derive these from the 1}, (and vice versa).

v
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It is not necessary that the integral defined by the expectation E[etY]
converges for all values of t; it is enough that it converges for some t.

What will we use this for?

| \

(1) A linear function of a normal RV is normal. (%)

y —
In particular, if Y ~ N (u,0?), then Z = E is a standard
normal RV.

We know this because Z has the right MGF.

Note that (x) would NOT be true if we replaced normal by Beta,
Gamma, Exponential, etc.

(2) Later we will see using similar ideas that a linear combination of
independent normal RVs is normal.
Again, this is special to the normal distribution.

A\
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How do we compute an MGF?

Of course we can look it up in a table.
But, if you are asked to derive the result, the answer is that you do an

exercise in integration.

Y ~ (o, 8). Find the MGF of Y.

Solution:

my(t) = E[e"] = /00 e &(}2 dy

—oo
The ' PDF
4

® yole ?

= e¥~————dy (as [ PDF is zero for y < 0).
/0 peT(a)

Now rearrange this to get an integral we can evaluate using the standard

formula for I integrals.

SUNY-Binghamton
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Solution: (continued)

Now
/ y*te"Fdy = B°T(a). (Integral of I PDF must be 1.)
0
So

m(t)= [ gy ek

= "y y.
o BT(a)

What should go in place of X?

y y 1 1
s = = t_f:_f X:—iz .
5- X X~ t—1 1-pt

ﬁar ( )r ):ﬁ'
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Further trickery in integration will show that for a normal RV with mean

02t2
0 and variance o2 that m(t) = (=),
From this, we can derive the MGF of any normal RV.

Suppose Y is a RV with MGF my(t) and X = aY + b.
What is mx(t)?

mx(t) _ E[etX] — E[et(aY+b)]
_ E[eatYebt] — eth[e(at)Y]
= e’ my (t). (%)

So if Y is normal with mean 0 and variance ¢2, and X = Y + 1, then

mx(t) = e my(t) = erte(537) = olner=)

Exercise in “trickery": (Example 4.16)

Find the MGF for g(Y) = Y — u, where Y ~ N (u,0?).
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Exercise 4.139
If Y ~ N(u,02) and X = —3Y + 4, find mx(t).

Solution

Using (x) from the previous slide, we find

o2(—3t
mx(t) = e**my(-3t) = e‘”e(ﬂ(_:’;tpr e )
<4t+( 3yt 2 ))

=e

(Csmrarereg?)
=e .
What is the distribution of X7

X is normal with mean —3pu + 4 and variance (30)? (or standard
deviation 30),

because X has the same MGF as a normal RV mean —3u + 4 and
standard deviation 3c.
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Theorem (Tchebysheff's Theorem)
If'Y is any RV with mean p and standard deviation o, then

1
P(IY — u| > ko) < A
Equivalently,

1
P(|Y—,u|<ka)21—p.

Note that “with mean p and standard deviation ¢" is part of the
hypothesis; not every RV has a mean and a standard deviation.
(Recall the St. Petersburg Paradox.)
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Start with the equation for 2, and estimate to get an inequality:
o0

azzE[(v—m:/ (v — WPFr(y)dy

— 00

_ / U — 1) (y)dy + / (v — n)?fy(y)dy
<p—ko ly—p|<ko

o[ Ry

Note that all 3 parts are nonnegative.

In particular, the middle one is > 0.

Also, in the first and the third part, (y — u)?> > k?c02 (Check this!).
So

o? z/ k2o2fy(y)dy+0+/ k2% fy (y)dy
<u—ko >p—ko

> K2g? ( [ wmaw+ | fy(y)dy)
y<p—ko y>p—ko

1
> k202 - P(|Y — p| > ko) = P(|Y — p| > ko) < =
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Similar proof works for discrete RVs.

When would you use Tchebysheff’'s theorem?
Mainly when you don't know the distribution of the RV being studied.
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Exercise 4.147:

A machine used to fill cereal boxes dispenses, on the average, i ounces
per box. The manufacturer wants the actual ounces dispensed Y to be
within 1 ounce of p at least 75% of the time. What is the largest value
of o, the standard deviation of Y, that can be tolerated if the
manufacturer’s objectives are to be met?

Solution:

We want P(]Y — pu| < 1) > 0.75.
Tchebysheff tells us that

1
P(|Y—,u|<ka)21—p.

From the context, the RV Y is continuous, so we won't worry about the
difference between < and <. (Why?)

1
To use Tchebysheff's Theorem, we need 1 — 2= 0.75.
So we can solve for k and then solve for o:

we find k:2and0:%.
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@ There is a lot of stuff buried in the exercises. For example, there are
relationships between the RVs we have studied. (Poisson-Gamma
relationship, and others.)

@ Hazard rate functions are frequently used in practice.

@ Moments of the normal distribution:

The standard normal RV Z has mean 0 and variance 1.
But then what about E[Z3] or E[Z%] or E[Z5]?

In fact we can show using integration by parts, Gamma integrals, or
thinking about x2(1), that E[Z3] = 0, E[Z*] = 3, and E[Z°%] = 0.
(Exercise 4.199 in the book explores further on this.)

@ If you want to go on, consider doing some of these exercises.
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Problem: A model for the height of adult American men.

Our model will be, that the distribution is normal with mean 5’9" and
standard deviation 3".

(a) According to the model, how many American men have height
between 5’9" and 6'0"7?

Solution:

Notice that we need to know the number of adult American men.

(This is typical of real-world problems: you need some extra information
which is not given to you.)

We look this up, or we estimate from the population of the US.

Say the US population is 320 million, of which 100 million are children,
and half of the rest are adult men. This gives 110 million adult men.
According to the model, heights between 5’9" and 6’0" have z-scores
between 0 and 1.

According to the 68% — 95% — 99.7% rule, and symmetry, this gives
34% x 110 million ~ 37.4 million.

(This could be improved with better data from the Census Bureau.)
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Problem: A model for the height of adult American men. (continued)

(b) According to the model, how many adult American men have
heights greater than 7'3"7?

Solution:
First note that
87" — 69" 18"
7’3" =87",5'9" = 69" — —a = 3 = 6.

So this is 6 standard deviations away from the mean.

What fraction of the adult male population is 6 standard deviations away
from the mean of the model?

Our table does not go this far.

<1
We cannot do the integral /
6

V2T
We could use numerical approximation or look up using R or a more
extensive table.

2
e X dx.
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Remark:

Here again, the problem requires that we find more information.
We have to know which sources of information are good.

Let's say, after looking up, we find that the answer is roughly 10~°.
Then our model estimates that the number of such men is

102 x 110 million ~ 0.11.

The number of men must be a nonnegative integer, so the model
prediction is practically zero.

Problem: (continued)

(c) According to your own method of estimation, how many adult
American men actually are taller than 7'3"7

Solution:

We have to look for data.

Important point we found very quickly is that the answer was NOT zero.
We think something in the order of dozens is right, but need to do more
research.

Question: Who counts as American? (Green Card? Only Citizens? etc.)
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Remark: “The map is not the territory.”

The model is not reality. For some questions, the model will yield a
reasonable answer, and for others, it won't.

As applied mathematicians, we are responsible for building and
understanding models. But we are also responsible for understanding the
difference between the model and reality.

Sometimes the model isn't appropriate for answering the question being
asked — question (b) is one of those times.
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End of Chapter 4
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Chapter 5

Multivariate Probability
Distributions
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“Multivariate Probability Distributions”

If we have 2 (or n) random variables Y1, Y> (,..., Y,), they may have
some relationship to one another, other than “independence”.
This relationship is specified by the “Joint Distribution” of Y; and Y5.

In the discrete case, there is a joint proability function
p(y1,y2) = P(Y1 =y1 and Y2 = y»).
Y7 and Y; are independent if and only if
P(y1,y2) = P(Y1=y1) - P(Y2 = y2).
This joint probability function satisfies many of the same (or similar)

axioms as an ordinary probability function.
In particular,

@ p(y1,y2) > 0.
Q

Z Z p(y1,y2) = 1.

yioy
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Example 5.1:

A local supermarket has three checkout counters. Two customers arrive
at the counters at different times when the counters are serving no other
customers. Each customer chooses a counter at random, independently
of the other. Let Y; denote the number of customers who choose
counter 1 and Y5, the number who select counter 2. Find the joint
probability function of Y; and Y5.

Observe that Y7 =0,1, or 2.

Also Y> =10,1, or 2.

So the “joint probability function” p(y1,y2) can be written down in a
3 x 3 table:

Mlol1]2
0 Lo | 2/9 | 1/g

1 29 | 2/9 1 0
2 o | 0

Y2
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Note that y; = 0 and y» = 0 iff both customers select counter 3. So
p(0,0) =1/3x 1/3 =1/,
Notice that y; = 1 and y» = 0 can happen in 2 ways:

Cust #1  selects counter #1  and cust #2  selects counter #3.
or: #1  selects counter #1 and cust #1 selects counter #3.
Question: Are Y; and Y5 independent RVs?
Answer: No. If Y7 and Y, were independent, p(y1,y2) would be
P(Yi =) - P(Y2 = y»).
So if we had a zero in the table, there would be a whole row or column of
zeroes.
What is the probability P(Y; = 0)?
Look at this in 2 ways:

(1) Y1 =0 means 1%t customer went to counter 2 or 3, and 2"! went to
counter 2 or 3.

The decisions of the customers are independent, so the probability is
23 x23=4/.
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(2) Look at the table:
P(Y1=0) = p(0,0) + p(0,1) + p(0,2) Zp (0, 2),

that is, consider Y7 = 0 and all possibilities for Y2, giving

10 +2/9+1/9 =4/,

From the joint probability function, we can derive the individual
probability functions (“Marginal Probability Functions”):

pily1) = Z p(y1, y2)-

all ¥
In our example, p1(y1) is given by the table:
w012
pi(yr) [ 46 | % | 1o
So the terminology “marginal distribution” comes from the fact that
this is the distribution on the margin of the original table.
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o2 | () |
0 1o | 2/9 | /g 4/9
1 29 | 2/9 1 0 4/o
2 Yo 0| O /9

pilyi) — [ | %6 | 1o

The “marginal distribution of Y;" is written p;(y1) in the text.

The condition for independence is p(y1, y2) = p1(y1) - p2(y2).

All of this is also treated for continuous RVs.

Recall that when working with continuous RVs, we introduced the
“cumulative distribution function” Fy: Fy(y) = P(Y <y).

When studying more than 1 RV, we have a “joint distribution function”
F(y1,y2) = P(Y1 < y1 andYs < y»).

There is a “joint density function” f(y1,y2), and the relationship is
similar to the one-variable case:

Y1 Y2
F(y1,y2) :/ / f(ty, ta) dtp dty.
—o0 J—o00

Everything that we did before will be repeated in the context of 2
random variables.
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Marginal Probability Functions: Discrete Case

In the discrete case, the joint probability function is

p(y1,y2) = P(Y1=y1 and Y2 = y»),
and the marginal probability functions are

pr(y1) =Y p(y1.y2),  pa(y2) ZPY17Y2
¥y2

The marginal probability functions are the single-RV probability functions
obtained by “ignoring” the other variable.

The conditional probability functions are p(y;1 | y2) and p(y» | y1):

~ py1,y2)  P(Yi=yiand Yo =y,) .
p(y1 \yz) - Pz()/2) B P(Yz :)/2) ' ( )

and similarly for p(y2 | y1)-
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@ This corresponds to

P(AnN B)

P(B)
because the comma in (x) means “and”, and “and” corresponds to
intersection.

P(A|B) =

@ This notation is not very good:
Note that p(y1 | ¥2) and p(y2 | y1) are different functions.
In other words, P(A | B) # P(B | A).
So, in this notation of the text, if we write P(5 | 3), what does this
mean?
Does it mean P(Y; =5 and Y2 =3) or P(Y> =5 and Y; = 3)?
We have to trust that no confusion will arise.

e Conditional probability p(y1 | y2) is only defined if p2(y2) > 0.
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Marginal Probability Functions: Continuous Case

All of these concepts exist for continuous RVs.
In addition, continuous RVs are often defined by a “Joint Distribution
Function”

F(y1,y2) = P(Y1 < y1, Y2 < ya).

The (joint) probability function for the discrete RVs corresponds to the
joint density function for two continuous RVs:

Y1 Y2
F(Yl»Yz) = / / f(t17 t2) dt, dty.

The marginal density functions are defined by replacing the sums in the
discrete case with integrals, e.g.

h(y) = /OO f(y1, y2)dy.

—00
Also the conditional density function f(y1 | y2) is

f
7()/1’ y2) analogous to Lyl’ y2)

f(y2) p2(y2)
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Recall that F(y1,y2) = P(Y1 < y1, Ya < o).

Suppose we have a rectangle in the (y1, y2)-plane.
(a,d) (c,d)

S

(a, b) (e, b)
What is P((Y1, Y2) € S)

=Pa<Yi<cb<Y,<d)interms of F?
Notice that F(y1, y2) gives the probability of a
set like this:

(Y1, ¥2)
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(e,b)

S=X\(AUB).
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. P(5)=P(X)—P(AUB) = P(X)— P(A)— P(B)+ P(ANn B)

=|F(c,d) - F(a,d) — F(c, b) + F(a, b)]. (x)

In all of this, we take P(Y; = a) (for example) to be 0.
Technically () above is P(a < Y; < ¢, b< Yy < d).

Consequence:

Any joint distribution function (JDF) F must satisfy
F(c,d) — F(a,d) — F(c,b) + F(a,b) >0
whenever d > b and ¢ > a, because P((Y1, Y2) € S) > 0.

Note that this JDF has other properties which are analogous to the
properties of a distribution function for a single RV, e.g.

lim lim F(y1,y) =1 (see p.228 in the text.)

Y1— 00 yr— 00
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Game plan for problems in this chapter:
@ Translate paragraph into P(Y1, Y2) = X.
@ Set up a multiple integral.
© Do multiple integral.

| A

Example

Define the joint distribution of two RVs Y7, Y, by taking them to be the
coordinates of a point chosen at random from the unit square
[0,1] x [0,1]. Find P(0.1 <Y; <0.3,0< Y, <0.5).

Solution:

We must find the joint density function f(y1, y2).

“Chosen at random"” means “uniform distribution”, which in turn implies
that “The density function is constant in some region and is 0 elsewhere”.

| A

Here the region is the unit square [0, 1] x [0, 1].
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Solution: (continued)

The density function is required to satisfy

Total Probability = / / f(y1,y2) dyr dy> = 1.

If this f is zero outside [0, 1] x [0,1] and f = c inside it, then
dy>

oo oo 1 1 1
/ / f(y1,y2) dyr dyz = / / cdyi dy, = / i
=9 J=62 o Jo 0 0
i 1
:/(Cl—CO)dy2:/Cdy2
0 0

1

=c-1—-c-0=c.
0
So ¢ =1, because the density function must integrate to 1.

1

= o

Or, more simply,

1,1
/ / c dy; dy, = area of unit square - ¢ = c.
o Jo
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Remark:

Later you will just be able to write down the density function almost
immediately, in cases like this.

Solution: (continued)
We're supposed to find P(0.1 < Y; <0.3,0 < Y, <0.5).
But f =1 here.

This is
03 0.5
[ o) dn e
01 Jo
So the probability is

0.3 0.5
f(y1,y2) dy1 dy» = (0.3 —0.1) x (0.5 —0) = 0.2 x 0.5 =10.1|.
L[ ronsdnde =03 -01) x (05 -0)

Remark:

The double integrals and setup can get more complicated; not every
region is a rectangle.
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Also, the questions can take a different form:
In the example we saw just now, what is F(0.2,0.4)?

0.2 0.4
F(02,04) = P( Y1 S 0.2, Y2 S 04) = / / f(yl,yQ) dy2 dyl.

Since f = 1 in the unit square and 0 elsewhere, this is

0.2 0.4
F(027 04) = / / 1 dy2 dyl =10.08|.
o

In the definition of density functions, do not forget about the “f =0

elsewhere” clause:
0.2
/ 1 dy1
— 00

does not converge.
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Example 5.4:

Gasoline is to be stocked in a bulk tank once at the beginning of each
week and then sold to individual customers. Let Y; denote the proportion
of the capacity of the bulk tank that is available after the tank is stocked
at the beginning of the week. Because of the limited supplies, Y7 varies
from week to week. Let Y5 denote the proportion of the capacity of the
bulk tank that is sold during the week. Because Y; and Y5 are both
proportions, both variables take on values between 0 and 1. Further, the
amount sold, y», cannot exceed the amount available, y;. Suppose that
the joint density function for Y; and Y5 is given by
3y 0< )y, <y <1

flry2) = { 0 elsewhere.
Find the probability that less than one-half of the tank will be stocked
and more than one-quarter of the tank will be sold.

We convert the above paragraph into some simpler-looking math:
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N
Interpretation:

Suppose Y; and Y; have the joint density function
3 0<y <y <1
Fy1,y2) = { Y1 Sysns

0 elsewhere.

Find P(0 < Y; < 0.5, Y > 0.25).

v

Start by graphing the region of integration.
Where is f(y1,y2) nonzero?

Tllz

Where is the region of integration?
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Solution: (continued)

Y2
But f is mostly zero in this region. !

So really the region for integration is
this:

0.5 o]
P(0 < Y; < 0.5, Y, > 0.25) :/ / f(y1,y2) dy2 dy1.
0.25

(0.5,0.5)
But, since f = 0 outside the small triangle, this
is
0.5
/ / (3y1) dy> dy1.
0.2
Close-up of the small triangle: 025225 ; 0>[023

(y1,0.25)
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Solution: (continued)

5
Suppressing the work, the integral comes out as 128"

So the answer is

5

For an example where you must find the density function, see problems
5.8-5.11 in Section 5.2.
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Recall:

We have discussed marginal and conditional distributions.
It is much easier to think about definitions in the discrete case:
p(y1, y2) = P(Y1 = y1, Ya = yo). (Recall that comma means “and".)
If we are interested in P(Y; = y1), this is the same as
P(Y1 = y1, Yo = anything) = Z p(y1, 2).
all y»
So the “marginal distribution” p;(y1) is given by

pi(y1) = Z p(y1,y2),

all y2
and in continuous case, by analogy,

fiy1) = /OO f(y1,y2)dys.

— 00

Here the integration with respect to y» replaces the sum over y».
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Recall:

Next we looked at the conditional distribution p(y1 | y2) and conditional

density f(y1 | y2).
Recall the analogy with conditional probability

P(A| B) = P(;‘(Q)B) :
_ pPy1,y2) _ fly1,y)
pyi | y2) = 0a) flyi | y2) = 00

Remembering these definitions is essential to being able to do problems
without the aid of the text.
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Exercise 5.33 (a):

Suppose that Y; is the total time between a customer's arrival in the
store and departure from the service window, Y> is the time spent in line
before reaching the window, and the joint density of these variables is
e 0<y, <y <o
f = e
(1, 2) { 0 elsewhere.

Find the marginal density functions for Y; and Y5.

<

[ee] Y2
fl()’l):/ f(}/h)/z)d)@:/ e dy>
0

— 00

Y2
= efﬂ/ ldy, = yre .
0
For what values of y; does this calculation work?

Notice that if y; <0, then f(y1,y2) = 0 for all y».
This means that f1(y;) =0 if y; < 0.
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Solution: (continued)

If y» > 0, then f(y1, y2) is nonzero for 0 < y» < y;.
So our calculation works for y; > 0, and the marginal density function is

e_.V1 > O
fl(Yl) = {yl 0 }}//11 <_O

Now we find £(y2):
A= [ fonddn= [ ey

— ¥2
o0

= —e N — e 72,

Y2
This computation works if y» > 0.
If y» < 0, then f(y1,y2) = 0 for all y;.
So
_Jje” y»=20
hly2) = { 0 <o
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Exercise 5.33 (b):

What is the conditional density function of Y; given that Y, = y»? Be
sure to specify the values of y, for which this conditional density is

defined. )
f(y1,
fn | y2) = g(lyi/)z)

is defined for f(y2) > 0.

efen 0<y, <y <00
. (1 | y2) = < undefined ¥y <0
0 0<y; <y < o0.

Note that e /e=» = e~(1=%2) (in order to reconcile with back of text).
It may help to keep a picture of the plane in which the functions are
defined.

A\
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Solution: (continued)

Let's consider f(yi, y2): y1.52) is

nonzero here

| o
Recall when we found f;(y1) we integrated over y»,.
This corresponds to the picture alongside if y; > 0:

Y2 =1,

ya=0"

Y. *Ul\
If y» < 0, we integrate over a line, and f(y1, y») is
identically zero on this line.

yp=0""
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Remark on multiplication / division of case-defined functions:

If f has 2 cases and g has 2 cases, then fg has 4 cases.

Example:
x x>0
f(X):|X|:{X x<0’ g(X):{O elsewhere.
Then
x-x x>0-1<x<1
x-0 x>0,x¢[-1,1
Fx)g(x) =9 . & X<_o,_1¢§[xg]1
—x-0 x<0,x¢[-1,1].
Thus
X2 x €[0,1]
f(x)g(x) = —x* x€[-1,0)
0 x¢][-1,1].

What we did for 5.33 (b) was much like this.

x —-1<x<1
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Independence of Random Variables

Recall:

RVs are independent iff the probability function (likewise, density
function, and distribution function) is a product.

Remark:

| A\

There is a long series of problems which have not been assigned (but
which you should look at anyway).

They ask “If Y1, Y2 have joint density function BLAH, are Y; and Y,
independent?”

An important property of independent RVs:

If Y1, Y are independent, then E[Y;Y2] = E[Y1]E[Y2].
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Independence is a somewhat subtle property.

It is possible, for example, to construct RVs Yi, Y2, and Y3, such that Y;
and Y5, are independent, Y5 and Y3 are independent, and Y; and Y3 are
independent; BUT Y7, Y5, Y3 are not independent.

Definition (Expectation of Functions of RVs)

If Y1, Y2 have joint probability function p(y1,y2), and g is a function of
Y1 and Y5, then

Elg(Y1, Y2)] = D> &y, y2)p(v1, 2).

y2
Analogously, for continuous RVs,

E[g(Yl,Yz)IZ/jo /jo g(y1,y2)f(y1,y2) dy1 dy».

Expectation has the same linearity properties we studied before. These
can be used to simplify many problems.
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Exercise 5.74:

Suppose that a radioactive particle is randomly located in a square with
sides of unit length. A reasonable model for the joint density function for

Y; and Y5 is
_J1 0<yn <0<y, <1
fn,y2) = {0 elsewhere.
Fng (@) ElVi—Yal. (b)) E[ViYa].

(© EV?+Y7l (d) Vvl

\

Solution: (a)

Observe that the RVs are independent, and the marginal distributions are
uniform on [0, 1].
So

1

E[Y1—Ya] = E[V1] — E[Y2] = 5—%20,

without any integration at all.

\
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Tricks for Double-Integral Problems

Example
©,1)
The joint distribution of Yi, Y, is uniform
over the triangle shown alongside. Find
E[Y4]. (1, 0) (1, 0)

Solution by formal procedure and integration:

/ / y1f(y1,y2) dy1 dys,

where f is the joint density function.

What is this joint density function?

“Uniform” means f is a constant in the triangle (let's call it T) and 0
outside.

We must integrate
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Solution by formal procedure and integration: (continued)

What is this constant?
We can find this constant by using the fact that the “total probability” is

1,
i.e.
/ / f(y1,y2) dyr dya = 1.
// cdyidy, =1 because f = {g ellr;::/(\j/fe\ez;
// ldyndy, =1 = c-area(T) = 1.
But area(T) == -b- h_a 2-1=1.
Soc=1.

So now we know the joint density f.
To find E[Y1], we must integrate

E[Y1]=/ / YIf()/laYZ)d)’ld}’Q:// y1 dy1 dy,.
—00 J —00 T
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Solution by formal procedure and integration: (continued)

Now we must find the limits of integration
for the triangle:

y=x+1

0 yi+1 1-y1
/ / yidyidy, = / / y1dy2 dy; + / / y1 dyz dy1
-
y1+1 1-y1
= / " / dy> dy1 + / " / dy> dyi

=/ Y1(}/1+1)d)/1+/ yi(1 — y1)dy
~1 0

0 1
=/ (y12+y1)dy1+/ (r1 — yi)dn
—1 0
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Solution by formal procedure and integration: (continued)

0 1
yory (2 y
3 2/, "\ 2 3)|,
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Solution by formal procedure and integration: (continued)

0 1
3 2/, "\ 2 3)|,

-2 ] [5-]

3 2 3

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution by formal procedure and integration: (continued)

0 1
3 2/, "\ 2 3)|,

[ B

-3
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Solution by formal procedure and integration: (continued)

0 1
3 2/, "\ 2 3)|,

-2 ] [5-]

3 2

g B
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Solution by formal procedure and integration: (continued)

3 2\ [0 2 3\ 1
(X y _r

[ -

Solution by symmetry:
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Solution by formal procedure and integration: (continued)

3 2\ [0 2 3\ 1
(X y _r

[ -

Solution by symmetry:

What is the geometric interpretation of E[Y;]?
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Solution by formal procedure and integration: (continued)

3 2\ [0 2 3\ 1
(X y _r

[ -

Solution by symmetry:

What is the geometric interpretation of E[Y;]?
This is the y;-coordinate such that we can
“balance” the triangle at this point,
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Solution by formal procedure and integration: (continued)

3 2\ [0 2 3\ 1
(X y _r

[ -

Solution by symmetry:

What is the geometric interpretation of E[Y;]?
This is the y;-coordinate such that we can
“balance” the triangle at this point, i.e.,

Balance Point
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Solution by formal procedure and integration: (continued)

3 2\ [0 2 3\ 1
(X y _r

_ {(—31)3 N (—21)2] N [12 - 13}

Solution by symmetry:

What is the geometric interpretation of E[Y;]?
This is the y;-coordinate such that we can
“balance” the triangle at this point, i.e.,

By symmetry, E(Y;) = 0.

Balance Point
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With (Y1, Y2) uniformly distributed over the
triangle T alongside, find E[Y5].

(0, 1)

(-1, 0), 1, 0)
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With (Y1, Y2) uniformly distributed over the
triangle T alongside, find E[Y5].
You can use the results obtained earlier, e.g.

(0, 1)

f1 inT (.9 -
fyi,y2) = {0 elsewhere.
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Example

With (Y3, Y2) uniformly distributed over the o1
triangle T alongside, find E[Y5]. '
You can use the results obtained earlier, e.g.

1 in T (-1, 0) (1, 0)

fyi,y2) = {0 elsewhere. ‘

A\

Solution:

A\
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Example

With (Y3, Y2) uniformly distributed over the o1
triangle T alongside, find E[Y5]. '
You can use the results obtained earlier, e.g.

1 in T (-1, 0)

(1, 0)

fyi,y2) = {0 elsewhere. ‘

A\

Solution:

E[Yo] :// y2 dy1 dy>
T

A\
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Example

With (Y3, Y2) uniformly distributed over the o1
triangle T alongside, find E[Y5]. '
You can use the results obtained earlier, e.g.

1 in T (-1, 0)

(1, 0)

fyi,y2) = {0 elsewhere. ‘

A\

Solution:

E[Yy] = / / yadyrdys  (just like before)
T

A\
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Example

With (Y3, Y2) uniformly distributed over the o1
triangle T alongside, find E[Y5]. '
You can use the results obtained earlier, e.g.

f1 inT ) >0
fyi,y2) = {0 elsewhere. ‘

A\

Solution:

E[Yy] = / / yadyrdys  (just like before)
T

0 y1+1 1 pl—yn
= / / y2dy> dyr + / / yo dy> dy;
yi=—1Jy>=0 0o Jo

2

A\
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Example

With (Y3, Y2) uniformly distributed over the o1
triangle T alongside, find E[Y5]. '
You can use the results obtained earlier, e.g.

f1 inT ) >0
fyi,y2) = {0 elsewhere. ‘

A\

Solution:

E[Yy] = / / yadyrdys  (just like before)
y1+1 1 11—y
/ / y2 dya dy1 + / / yo dys dyr
n=—1Jy= 0 Jo

2 Y1+l 1 2(1l-n

Y Y2
LA s [
/—120 0 2

0

A\
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Example

With (Y3, Y2) uniformly distributed over the
triangle T alongside, find E[Y5].
You can use the results obtained earlier, e.g.

1 in T (-1, 0)

(0, 1)

(1, 0)

fyi,y2) = {0 elsewhere. ‘

A\

Solution:

E[Yy] = / / yadyrdys  (just like before)

yi+1 1 11—y
= / / y2dy> dyr + / / yo dy> dy;
n=—1Jy= 0o Jo

2 Y1+l 1 2(1l-n
Y Y2
LA e [
/—1 2 0 0 2

0
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Solution: (continued)

0
-/,
_ (i

6

(=1)°

z 1
2 0
n_n
+2+2>_

2 2
(=1)?

=

_<_

6

n
6
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Suppose we do this problem by symmetry like this:

AN

= Find a so that the area of the top triangle is the
same as the area of the bottom trapezoid.

The a that works has

1 1 2
5-23-3:1—5-23-3 — a=1-a = a:%;«é

Why is this wrong?

Wl N

We are not asking for “area of top A" = "area of the trapezoid”.

We are asking geometrically for the balance point.

Weight far from the balance point disturbs the balance more than the
weight near the balance point.

This problem shows the weakness of symmetry methods:
It's possible to find an attractive argument which is just wrong.
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Covariance and Correlation

Definition (Covariance)

The covariance of two RVs Y7 and Y5 is
COV(Y]_7 Y2) = E[(Yl — /J)(Y2 — V)]7
wher © = E[Y1] and v = E[Y3].

Definition (Correlation)

The correlation of the RVs Y; and Y; is measured by
COV( Yl, Y2)
0102 ’
where o1, 07 are the standard deviations of Y, Y5, respectively.

PY1,Ys =

\

In order to compute these, we need to know the joint distribution of Y;
and Y5>.
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@ Using the linearity properties of E, we have
E[(Y1 = p)(Y2 —v)] = E[Y1Y2] — pw.
This is basically the same calculation that gave us
VIY] = EL(Y — )] = E[Y?] - 12
e If Y1, Y, are independent, then E[Y;Y>] = E[Y1]E[Y>], so that
Cov( Y1, Y2) = E[YAY2] — pv = E[VA]E[Y2] — puv = pv — pv = 0.
Thus
Y1, Y2 independent —> Cov(Y;, Y2) = 0.

But the converse is not true! )
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Suppose that Y, Y> are discrete RVs whose joint probability function is
given by the following table:

Y —
Ly, T | L] 0| | pAY2)d
-1 116 | 3/16 | 1/16 5/16
0 316 | 0 | 3/16 6/16
+1 116 | 3/16 | 1/16 5/16
p1(Y1) — 5/16 | 6/16 | 3/16

on = E[Yl] = 0,1/ = E[Yz] =0.
What is E[Y1Y2]?

1 1 1

1
+1'—6+1 6 —1- 1—6—1 1670‘
+1 0| -1
0 |0 O
-1(0]| +1
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Example (continued)

Cov(¥4, Y2) = E[V4Y5] — jiw = 0— 0= 0]
But Y7, Y5 are NOT independent.

Recall that Y3 and Y, are independent if the joint probability function
p(y1, y2) is the product of the marginal distributions:

p(y1,y2) = p1(y1) - p2(y2)-

But 0 # 6/16 - 6/16.
So Y7 and Y5 are NOT independent.
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over
the triangle shown
alongside. Are Y; and Y, independent? (1, 0) @
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle.
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle. What is Cov( Y1, Y2)?
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle. What is Cov( Y1, Y2)?

COV(Yl, Yg) = E[Yl YQ] - E[Yl] . E[YQ]
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle. What is Cov( Y1, Y2)?

Cov(Yy, Y2) = E[Y1 Y] —MOE[YQ] = E[V1 Ya].
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle. What is Cov( Y1, Y2)?

0
Cov(Y1., Ya) = E[V1Ya] — EPVI] E[Y2] = E[Y1Ya)].
After some computing, we find that E[Y;Y2] = 0.
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Example (continuous RVs)

(0,1)
The joint distribution of Y7, Y2 is uniform over

the triangle shown

alongside. Are Y; and Y, independent? (1, 0) @

|

No, because if they were, the joint density function would be nonzero in
a rectangle. What is Cov( Y1, Y2)?

0
Cov(Y1., Ya) = E[V1Ya] — EPVI] E[Y2] = E[Y1Ya)].
After some computing, we find that E[Y;Y2] = 0.

So Cov(Y1, Y2) =0, but Yy and Y, are NOT independent.
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Recall:

(Cov(X, ¥) = E[(X = m)(Y — )]}

where = E[X] and v = E[Y].
We noted the convenience that we can express Cov(X, Y) as
E[XY] — pv:

E[(X — pu)(Y —v)] = E[XY — pY — vX + v
= E[XY] — pE[Y] — vE[X] + pv
= E[XY] — pv — pv + pv = E[XY] — pv.

The covariance is a measure of the extent to which X and Y “vary
together”.
Note that the covariance can be negative.
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Theorem (5.12)

Let Yi,...,Y, and Xi, ..., Xy, be random variables with E(Y;) = u; and
E(X;) = vj. Define

U = i a; Y and U, = i bi X;
i=1 j=1

for constants a;y ...a, and by ... b,.
Then

(a) E[Ur] =321, aipi-
(b) VUil =371y afVIYil+2 323 aiap Cou( Y4, Y)).

1<i<j<n

(c) Cov(Ur, Un) =321y 3572, aiby Con(Y, X;).

The above theorem presents an important property of covariance:
Covariance is bilinear,

that is, it is a function of two variables which is separately linear in each
variable.
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Thus

Cov(2X +1,Y) = Cov(2X,Y)+ Cov(L,Y).
Also

Cov(X,3Y 4+ 4) = Cov(X,3Y)+ Cov(X,4).
Also

Cov(2X, Y) =2 Cov(X, Y), Cov(X,3Y) = 3 Cov(X, Y).

Note that it is “separately” linear in each variable:
it is NOT true that

Cov(2X +1,2Y + 1) =2 Cov(X, Y) + 1.

How does this give us the complicated statement of Theorem 5.127
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Observe that V[X] = Cov(X, X).
If U= b X1+ -+ byuXn, then we can apply bilinearity to compute

V[U] = Cov(U, U)
— Cov(bi Xy + -+ + byXam, BLX1 + - + b Xin)
= by Cov(X1, b1 X1 + -+ + b Xim) +
+ by CoV(Xims b1X1 + -+ + b Xon)
— byby Cov(Xy, X1) + bibs Cov(Xy, X2) + - - + bybm Cov(X1, Xm)
+ byby Cov(Xo, X ) + baby Cov(Xa, Xo) + - - - + bybym Cov(Xa, Xm)

+ : : :
+ bmby Cov(Xim, X1) + bmbo Cov( X, X2) + « -+ + bmbm Cov(Xm, Xim)

= Zb2V[x1+2Zbe Cov(X;, Xj).

1<i<j<n
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Remark:

The proof of Theorem 5.12 consists of calculations like this one.

The key point is the verification (directly from the definition) that the
covariance is bilinear.

How will this come up?

You may be asked to compute some variance (or covariance) and the
easiest way to do it will be to use this result.

Exercise 5.112

Let Y7 and Y, denote the lengths of life, in hundreds of hours, for
components of types | and Il, respectively, in an electronic system. The
joint density of Y7 and Y5 is

| N

Y1 a2

fy,y2) = { 8

The cost C of replacing the two components depends upon their length of
life at failure and is given by C =50 +2Y; +4Y5. Find E[C] and V[C].

i > 0,)/2 > 07
0 elsewhere.
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y).
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+4-4Cov(Y2, Ya)
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
=2-2V[Yi]+ (4-2+2-4)Cov(Yy, Ya) +4-4V[Y7]
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
=2-2V[Yi]+ (4-2+2-4)Cov(Yy, Ya) +4-4V[Y7]
= 4V[Y1] + 16Cov( Yy, Y2) + 16 V[Y2].
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
=2-2V[Yi]+ (4-2+2-4)Cov(Yy, Ya) +4-4V[Y7]
= 4V[Y1] + 16Cov( Yy, Y2) + 16 V[Y2].

v
Remarks:
v
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
=2-2V[Yi]+ (4-2+2-4)Cov(Yy, Ya) +4-4V[Y7]
= 4V[Y1] + 16Cov( Yy, Y2) + 16 V[Y2].

@ This dupliates the calculation for Theorem 5.12, but with 4 terms
and not m? terms.
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Additive constants don’'t matter for variance and covariance, i.e.
V[X + a] = V[X]. Also Cov(X + a, Y) = Cov(X, Y). So V[C] above is
Cov(2Y1 +4Y2,2Y1 +4Y5)
=2Cov(Y1,2Y1 +4Y3) + 4Cov(Y2,2Y1 +4Y53)
=2-2Cov(Y1, Y1) +4-2Cov(Yy, Y2) + 2 - 4Cov( Y2, Y1)
+ 4 -4Cov( Y2, Y2) [Remark: Cov(X, Y) = Cov(Y, X)]
=2-2V[Yi]+ (4-2+2-4)Cov(Yy, Ya) +4-4V[Y7]
= 4V[Y1] + 16Cov( Yy, Y2) + 16 V[Y2].

@ This dupliates the calculation for Theorem 5.12, but with 4 terms
and not m? terms.

@ The biggest “difficulty” in some of the problems is setting up and
doing double integrals.
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Practice Problem 1: Exercise 5.27 (b)
Given that the joint density function of Y; and Y5 is
6(1 — 0<y1 <y<1,
fy1,y2) = { ( y2) =J1=02=

0 elsewhere,
find P(Y2 < 12| Yy <3/a).

Solution:

P(Y2 <12, Yy <3/a)
P (Y1 < 3/a)

To get the two parts of this fraction, we must compute
P(Yi <3) = [[ fln.ye) da e

vi<3

We need to know

We need to graph the region of integration.
First draw the region where f # 0:
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Solution: (continued)

(<)

// 6(1 — y») dys dy»

shaded region

= / / 6(1 — y2) dy2 dyr
= Y2=xn
/ (6}’2 3y3 | ) dy1
0

[(6 —3) — (6y1 — 3y7)] dn1

3/a

|
3/4
= / [3 —6y1 +3y7] dy:s
0
|

3(1-y1)’dy1=3- (—i) (1)

0
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Solution: (continued)

3
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}
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Solution: (continued)
— - = [— (1 - 2)3] - [— 1- 0)3}
)
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Solution: (continued)
= —(1-n), = [— (1— Z)] - |-a-o

3
1 1
= —| - |l ===— 1
<4> + 64+
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

3
1 1

4 64 64"
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

Next: P (Yo <1/, Y] <3/a).
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

3
1 1

4 64 64"

Next: P (Yo <1/, Y] <3/a).
Again, draw the region:
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

Next: P (Yo <1/, Y] <3/a).
Again, draw the region: 2 -
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

Next: P (Yo <1/, Y] <3/a).
Again, draw the region: 2 -
Notice for this region, the cutoff Y; < 3/
doesn’t matter!
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Solution: (continued)

= —(1-n) = [_ (1_ 3)31 - [_(1_0)3}

Next: P (Yo <1/, Y] <3/a).
Again, draw the region: 2 -
Notice for this region, the cutoff Y; < 3/
doesn’t matter!

i
Remark: We might have missed this if we hadn't drawn the region: this is
a common mistake.

v
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Solution: (continued)

1 3
P(stz,vls4) _ // e e

shaded region

1/ 1/
:/ / 6(1 — y2) dy2 dy1
y1=0 Jyr=y1
1/2 L
_ a2
_/0 (6_)/2 3_)/2 ’y1> dy1
1/ M 1 1 2
- - —_— . _— — — 2
-/ (6 >3 (2>> (6n :m)} d.
- 2 .
371 —6y1 + 3y | dna

[ 3
<4) + (3 —6y1 + 3}’12)] dy1

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (continued)

To finish, divide this by the previous fraction.

32
Final e
inal answer 3
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Practice Problem 2:

Given that the joint density function of Y7 and Y is
4t e_%?z)

fy1,y2) = { 3

> 07y2 > Oa
0 elsewhere,
find £ [%].

[Hint: Yi, Y> are independent.]

y

Since Y1, Y» are independent, so are Y5, %
So E [ﬂ = E[Ys] - E [ﬂ
To find E[Y2], we first find the marginal density function

H(y2) = / f(y1,y2) dyr.

Then
E[Yzlz/ yafa(y2) dya.

— 00
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Solution: (continued)

We compute

fH(y2) = /oo f(y1,y2) dy1

— 00
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Solution: (continued)

We compute

fH(y2) = /oo f(y1,y2) dy1

— 00

:/Oo&e_(n;n) d}/1
o 8
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Solution: (continued)

We compute
o0

f2(y2) :[
J

f(y1,y2) dyi
¥
8 (]

_ bnty)

}’1*§

1 » [ _»n
@ Z yie” 2 dy
0
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Solution: (continued)

We compute

H(y2) = /0;

o0
1 _ b1t»)
= Le P |
o 8

f(y1,y2) dy1
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Solution: (continued)

We compute

f(y2) = /OO f(y1,y2) dy1

— 00
e (1t2) 1 &
= / %6_ e dy; = ge_% yie~ 7 dy
0 0
v=2%4 2v=y
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Solution: (continued)

We compute

f2(y2) :/ f(y1,y2) dy1

= / e dy1 = 16_%2 yie 7 dy

o 38 8 0

1 _» [ v=2%4 2v=y
= _—e 2 2ve~ Y 2dv 2

8 /v:o dv=1dy 2dv=dy
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Solution: (continued)

We compute
a2 = [ flnpe)dn
o0 1 -
= / &e_w dyy = ce ? yle_% W
0 8 8 0
1 2 ° vV = 4 2\/:y
— —e 2 v 2
— 8e 2 /v:ozve 2dv iy — %dy1 2dv = dy;

SUNY-Binghamton

Dikran Karagueuzian
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Solution: (continued)

We compute
a2 = [ flnpe)dn
o0 1 -
= / &e_w dyy = ce ? yle_% W
0 8 8 0
1 2 ° vV = 4 2\/:y
— —e 2 v 2
— 8e 2 /v:ozve 2dv iy — %dy1 2dv = dy;

SUNY-Binghamton

Dikran Karagueuzian
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Solution: (continued)

We compute
a2 = [ flnpe)dn
o0 1 -
— / %e‘% dy1 = ge_%2 yie 2 dn
) 0
1 2 o v=4%4 2\/:y
— —_p 2 - g
— 8e 2 /v:ozve 2dv iy — %dy1 2dv = dy;
1 > 1 = [
— 5e*%/ ve " dv = §e7y2/2 {_Vev|0 _/ CI dv]
v=0 0
_ Ll
= 2 o
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Solution: (continued)

We compute

f2(y2) :/ f(y1,y2) dy1

> (1 +2) 1 &
- /o %6_ Ty =ce [ e T dy

1 Y €S = ﬂ =
- 7e—%/ dve~" 2dv =02 2v=y
8 v=0

1 o 1 oo e
= fe*%z/ ve Vdv = Ze " {—vev|0 —/ eV dv]
2 v=0 2 0
1
2

e %, (Note f(y2) =0 for y» < 0.)
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Solution:
So

vl = [ 0;

continued)

yafa(y2) dy2
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Solution: (continued)
So

oo oo 1
E[Ys] = / yafa(y2) dys = / 5)/26‘7%2 dy>
0

— 00
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Solution: (continued)
So

oo oo 1
E[Ys] = / yafa(y2) dys = / 5)/26‘7%2 dy>
0

— 00

1 o0
=3 / y2e~ % dys
0
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Solution: (continued)
So
o0 o0 1 o
ElVo]= | yehlye)dp= | Sye”7 dy
0

— 00

1 [ , This is exactly the
2
=5 / y2€~ 2 dyo +— integral we just did
0 with y; replaced by y».
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Solution: (continued)
So

oo oo 1
E[Ys] = / yafa(y2) dys = / 5)/26‘7%2 dy>
0

— 00
1 [ " This is exactly the
== / y2e~ 2 dys +— integral we just did
2 Jo with y; replaced by y».

4

1
2
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Solution: (continued)
So

oo oo 1
E[Ys] = / yafa(y2) dys = / 5)/26‘7%2 dy>
0

— 00
1 [ " This is exactly the
== / y2e~ 2 dys +— integral we just did
2 Jo with y; replaced by y».
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Solution: (continued)

So
E[Y2] = vab(y2)dy2 = | Syee 7 dys
oo 9
1 [ This is exactly the
_» . . )
=5 / y2e~ 2 dys +— integral we just did
0

with y; replaced by ys».

1
:5-4:.

Similarly, compute E [%}
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Solution: (continued)

So
E[Y2] = vab(y2)dy2 = | Syee 7 dys
oo 9
1 [ This is exactly the
_» . . )
=5 / y2e~ 2 dys +— integral we just did
0

with y; replaced by ys».

1
:5-4:.

Similarly, compute E [%}

Now multiply these to get the final answer:
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Solution: (continued)

So
E[Y2] = vab(y2)dy2 = | Syee 7 dys
oo 9
1 [ This is exactly the
_» . . )
=5 / y2e~ 2 dys +— integral we just did
0

with y; replaced by ys».

1
:5-4:.

Similarly, compute E [%} (: 5).

Now multiply these to get the final answer:
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Solution: (continued)

So
E[Y2] = vab(y2)dy2 = | Syee 7 dys
oo 9
1 [ This is exactly the
_» . . )
=5 / y2e~ 2 dys +— integral we just did
0

with y; replaced by ys».

1
:5-4:.

Similarly, compute E [%} (: 5).

. . . Y o
Now multiply these to get the final answer: E [Vﬂ =1
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Exercise 5.27: (Relevant for MATH 448)

Let Y1, Y2, ..., Y, be independent random variables with E[Y;] = u and
VY] =02 . G Hie maw B = 1 LS 1 Y. What are the mean

and the variance of Y? )

n

1 1<
:EZE[Y"]:EZM:M’
=1 =1
1 < 1 < 1 <
1 n 1 n 1 n n
<ZZ><ZZ>

2l -4

i=1 j=1

n

1

\
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Solution: (continued)

But Y; and Y; are independent if i # j.
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0 if i # j.
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Solution: (continued)

But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

n

o 1
VY= Zcov Yi, Yi) +

ZCOV 5 Y5)

ij=1
i#j
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Solution: (continued)

But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

Iy
_ 1 L
V[Y]:? ZCOV \/,,Y +ZCOV i Tj
ij=1
i#j
1 2
:? n-o
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

1| & Z 0
V[Y]:? ZCOV(Y,', Yi) + ZCOV i Iy
i=1 ij=1
i#j
1 5 2
— p -n-0° = 7
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Solution: (continued)

But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

Iy
. 1 L
V[Y]:? ZCOV \/,,Y +ZCOV i Tj
ij=1
i#J

1 > |0
:72’70':—
n n

Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

_ 1 Z L
V[Y] = ? E COV \/,, Y + Cov i Tj
ij=1
i#J

1 > |0
:72’70':—
n n

Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].

Warning: It does NOT follow that V[X — Y] = V[X] — V[Y].
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

_ 1 Z L
V[Y] = ? E COV \/,, Y + Cov i Tj
ij=1
i#J

1 > |0
:72’70':—
n n

Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].

Warning: It does NOT follow that V[X — Y] = V[X] — V[Y]. In fact
VIX=Y]=V[X+(-1)Y]
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

_ 1 Z L
V[Y] = ? E COV \/,, Y + Cov i Tj
ij=1
i#J

1 > |0
:72’70':—
n n

Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].

Warning: It does NOT follow that V[X — Y] = V[X] — V[Y]. In fact
VIX=Y]=V[X+(-1)Y] = V[X]+ V[(-1)Y]
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

— 1 J
V[Y]:? ZCOV \/,,Y +ZCOV i Tj

ij=1
1 > |0
:72',7'0-:7.
n n

i)
Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].

Warning: It does NOT follow that V[X — Y] = V[X] — V[Y]. In fact
VIX=Y]=V[X+(-1)Y] = V[X]+ V[(-1)Y]
= V[X]+ (-1)*V]Y]
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Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

— 1 J
V[Y]:? ZCOV \/,,Y +ZCOV i Tj

ij=1
1 > |0
:72',7'0-:7.
n n

i)
Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].

Warning: It does NOT follow that V[X — Y] = V[X] — V[Y]. In fact
VIX=Y]=V[X+(-1)Y] = V[X]+ V[(-1)Y]
= V[X] + (-1)?V[Y] = V[X] + V[Y].

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (continued)
But Y; and Y; are independent if i # j. So Cov(Y;, Y;) =0if i # j. Thus

_ 1 Z L
V[Y] = ? E COV \/,, Y + Cov i Tj
ij=1
i#J

1 > |0
:72,70':—
n n

Shortcut: If random variables X, Y are independent, then
VX + Y] = V[X]+ V][Y].
Warning: It does NOT follow that V[X — Y] = V[X] — V[Y]. In fact
VIX - Y]=V[X+(-1)Y] = V[X]+ V[(-1)Y]
= V[X] + (-1)?V[Y] = V[X] + V[Y].
Note that in the correct version of this computation, we used

V[aY] = a?V[Y], and that if X, Y are independent, then X and — Y
are independent.
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Example 5.29:

Suppose that an urn contains r red balls and N — r black balls. A random
sample of n balls is drawn without replacement and Y, the number of red
balls in the sample, is observed. Find the mean and variance of Y.

[Hint: From Chapter 3 we know that Y has a hypergeometric
probability distribution.]

Solution:

We have learnt that for a hypergeometric distribution Y/,

nr ntr N—r N-—n

Now we will prove this:
Let

0 if it is black.
Let Y =X; +---+ X,.
Consider each X; separately.
P(X;=1) = ﬁ so E[Xi] = %
By linearity of Expectation, we find

X — {1 if i*" ball in the sample is red,
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Solution: (continued)

E[Y] = EDG + -+ Xo] = EDG] + -+ E[X:] = .

Note that the X; are dependent on one another and we can use linearity

of E anyway.
Let’s consider the dependence more carefully:
-1
PXo=1,X%=1)=PXo=1]|X=1)-P(Xg =1) = —

N—1

2|~

-1
More generally, P(X; =1,X; =1) = ((/\r/_j[;;V

-1
Since X; = 0 or 1, E[X;X]] = HV
We can now start thinking about

V[Y] = Cov(Y, Y) = Cov ZX”ZX iicov(x,-,xj).

i=1 j=1
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Solution: (continued)

If i # j, then
r—1r ror
Cov(X:, X)) = EIXiX;] — EIXIELX]] = ((Nl;N S,
If i =j, then
Cov(Xi, X;) = E[X?] — E[Xi]*.
But Y; =0or 1.
So X,2 = X,'.
Thus E[X?] = ﬁ 2
r r
and COV(X,‘,X,‘) = N — (N) .
Therefore
r r\2 (r—21)r r\2
VY] = — — (= 1 (=
[Y]=n [N (%) ] tata=1) [(N—I)N (%) }
r r
‘ |
1
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Solution: (continued)

1/7\;.<N—r—,\§n—1)r+(n—,\})(rl—1))
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Solution: (continued)

:7\;.<N—r—(n—1)r+(n—1)(r—1))

N N—-1
_nr N—r—nr—i—r_'_ﬂ(n—l)(r—l)
N N N N—-1
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Solution: (continued)

:7\;.<N—r—(n—1)r+(n—1)(r—1))

N N—-1
~nr (N—f/—nr+/ N(n-1)(r—1)
/\/'< N TN ON-1 )
~nr (N—nrN—1 N(n—1)(r—1)
_/v'( N N—1'  NN-1) )

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (continued)

nr </\/_r_(n_1)r+ (n—,\})frl— 1))

:% <N /—nr+/+x(n—l\})_(r1—1)>
-5 (v )
(N—-1)
_nr < — nr)(N —1)+N(n—1)(r—1)>
N N(N—1)
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Solution: (continued)

nr </\/_r_(n_1)r+ (n—,\})frl— 1))

:% <N /—nr+/+x(n—l\})_(r1—1)>

-5 (v )

_nr < — nr)(N —1)+N(n—1)(r—1)>
N N(N —1)

_nr < Nnr—N+nr)+(Nnr—Nn—Nr—|—N)>
N N(N —1)
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Solution: (continued)

:% <’V—f—(n—1) +(n—,\})(r1—1))

:% <N f—nr+r N(n—l\})_(rl_n)

- < vanrxj (A})(r)l))
:'/7\;< — Nnr — N+nr() (N;f—Nn—/errN))
_nr [(N=r)(N—n)

N{ N (N—1)} as claimed.
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Definition (Multinomial Experiment)

A multinomial experiment possesses the following properties:
(1) The experiment consists of n identical trials.
(2) The outcome of each trial falls into one of k classes or cells.

(3) The probability that the outcome of a single trial falls into cell 7, is
pi, i =1,...,k and remains the same from trial to trial. Notice that
pr+--+p=1

(4) The trials are independent.

(5) The random variables of interest are Y1, ..., Yk, where Y; equals the
number of trials for which the outcome falls into cell i. Notice that
Y1+~-~—|—Yk:n.

Multinomial experiment is like a binomial experiment, but there are k
possible outcomes, not just 2.
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These RVs Yy, ..., Yy are said to have a multinomial distribution.
Formally,

Definition (Multinomial Distribution)

Assume that py, ..., px are such that .7 ; p; =1, and p; > 0 for
i=1,...,k. The random variables Yi,..., Y\ are said to have a
multinomial distribution with parameters n and py, ..., px if the joint
probability function of Yi,..., Yy is given by
n!
p(y1s- s yk) = mp{l c --Pika
where, for each i, y; =0,1,...,n and Zf;ly,- = n.

v

By thinking of outcome type i as success, and anything else as failure, we
see that the marginal distribution of each Y; is binomial with parameters
n (the number of trials) and p; (the probability of outcome type /).
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Theorem (5.13)

If Y1, ..., Y have a multinomial distribution with parameters n and
pi,- .., Pk, then

(1) E[Yi] = np;, V[Yi] = np;q;, where g =1 — p;.

(2) CovYs, Y:) = —npsps, if s # t.

| \

Remark:

The hard part of Theorem 5.13 is the statement (2).

Notice that this covariance is negative; this is intuitive from

Yi+:--+ Ye=n.

(Since the sum is constant, if one Y; is large the others are more likely to
be small.)

Proof: (Part (2) of Theorem 5.13)

Define
1 if trial i results 1 if trial j results
U = { in outcome s, |/, = { in outcome t,
0 otherwise 0 otherwise.
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Proof: (continued)
Then

Y, = Z U, Y, = Z Vi, Cov(Ys,Y:) = Cov (Z Un > v,) :
j=1 =1 j=1

Now we can use the bilinearity of covariance.

Notice also that if i 7 j, then trial i is independent of trial j, by definition

of multinomial experiment.

So U; is independent of Vj if i # j.

So Cov(U;, Vj) =0,

and
Cov(Ys, V2) = Zcov U, Vi) +ZW

i#j
Now Cov(U;, V;) = E[U;Vi] — E[U]]E[Vi].
Since U; and V; cannot both be 1, E[U;V;] = 0.
Also E[Ui] = ps, E[Vi] = p
implies Cov(U;, V;) = —psp:.
Thus

Cov(Ys, V) = Cov(U;, V;) = —npsp:,
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Exercise 5.119

A learning experiment requires a rat to run a maze (a network of
pathways) until it locates one of three possible exits. Exit 1 presents a
reward of food, but exits 2 and 3 do not. (If the rat eventually selects
exit 1 almost every time, learning may have taken place.) Let Y; denote
the number of times exit i is chosen in successive runnings. For the
following, assume that the rat chooses an exit at random on each run.

(a) Find the probability that n =6 runs result in Y; =3, Y> =1, and
Ys = 2.

(b) For general n, find E[Y1] and V[Y1].

(c) Find Cov(Y2, Y3) for general n.

(d) To check for the rat’s preference between exits 2 and 3, we may look
at Yo — Y3. Find E[Y2 — Y3] and V[Y, — Y3] for general n.
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Hints and Answers:

1
Note that k = 3 and p1:p2:p3:§.
@ For part (a), apply the joint probability function of the multinomial

distribution:

6 61 (1\°/1\ /1) 20
A : n3plnd — 1 1 ) =2
newer (312> P1P2Ps = 311151 (3) (3> (3) 243

@ For part (b), apply our knowledge of binomial distributions:

n 2n
Evil=2,  vw]=".
@ For part (c), apply Theorem 5.13:
COV(\/z7 Y3) = —g.
e For part (d),
n n
E[Y; - Ya] = E[¥] — E[¥s] = 2 — 2 =0.
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Correlation

There is one issue with covariance as a measure of how much X and Y
‘vary together":

It is larger when X and Y are larger, even if the connection between X
and Y is not very strong.

For example, if Cov(X, Y) =1, then Cov(2X,2Y) = 4, by bilinearity of
covariance.

But the connection between 2X and 2Y is no better than the connection
between X and Y.

One way to measure this (undefined) “connection” is correlation.
For two RVs X, Y with some joint distribution,

Cov(X,Y
pPXy = M, where ox = \/V[X],0y = /V[Y].
oxoy
For the example above with 2X and 2Y, we have
Cov(2X,2Y)  Cov(X,Y)

oo Xor Y oxXOy

P2x2y =

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Think of this as a covariance “normalized” for the size of X and Y. \

FACT: —1 S PX,Y S 1.

To see this, we use the Cauchy-Schwarz inequality adapted to random
variables.

Cauchy-Schwarz Inequality:

(v, w)| < vl - lwl].
You may recall that (v, w) = ||v|| - ||w]|| - cos 8, where 6 is the angle
between v and w.
If you are willing to assume this fact, then the Cauchy-Schwarz inequality
follows from |cosf| < 1.

V.

If we translate this to the language of random variables by saying that
the inner product of two RVs X, Y is Cov(X, Y)
— notice that (-,-) and Cov(:,-) are both bilinear.
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The length or norm ||v|| translates to o, i.e. \/V[X].

Then the Cauchy-Schwarz inequality translates to |Cov(X, Y)| < oxoy.
So

_|Cov(X, Y)]

Ox0y

lpx.vl <1l

Remark:

If the correlation is exactly 1 or — 1, this implies a perfect linear
relationship between X and Y, i.e. Y = aX + b with probability 1.

| \

Remark: “Correlation does not imply causation”

There is no value of the correlation that implies a causal connection
between X and Y.

There might be, for example, some common cause of X and Y that
explains the correlation.

Remark:

| \

If you think of X and Y as being like vectors, you can think of px y as
being like the cosine of the angle between them.
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L

Suppose px.y = 0.9 and py 7z = 0.8. What is the minimum possible
value of px, 77

Solution:

| A

Suppose that we write fx y and 0y 7 for the angles between the RVs
X,Yand Y, Z.

Then 0x,y = cos~1(0.9) and fy 7 = cos1(0.8).

(Note that the principal range of cos~1(t) is [0, 7].)

The maximum possible angle between X and Z is less than or equal to

Ox,y + 0y z, thatis, Ox 7 < Ox y + 0y z.
So

px.z = cosbOx 7z < cos(fx.y + Oy z)
< cos(cos™1(0.9) + cos™1(0.8)) < 0.458.
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Example (Properties of Correlation)
Suppose px,y = 0.2 and Z =2Y + 3. What is px,z?

Solution:

From the definitions, we calculate
Cov(X, 2) _ Cov(X,2Y +3)

PX,Zz =
ox0z Ox0z
2Cov(X,Y
_ X ¥) oz =v/V[2Y +3] =2/ V[Y]
Ox0z
2Cov(X, Y)
= = PXy-
JX‘2UY

What if Z = —3Y + 4 instead?

Same calculation shows that px.z = —px,v.

This means that a linear change of variable can only change the sign of
the correlation and not the magnitude.
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The Bivariate Normal Distribution

No discussion of multivariate probability distributions would be complete
without reference to the multivariate normal distribution, which is a
keystone of much modern statistical theory.

We look at the simplest case, the Bivariate Normal Distribution:

Definition (Bivariate Normal Distribution)

Two continuous RVs Y7, Y, are said to have the bivariate normal
distribution if the density function is given by

—Q/
e
fy1,00) = ——————=, —00<y1 <00,—00 <y < 00,
( ) 271'(710’2\/@
where
1 [ —m) (1 — pa)(y2 — p2) | (y2 — p2)?
Q= 12 5 —2p + ; .
— P 01 0102 a5
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Thus the bivariate normal distribution is a function of five parameters:
M1, 12, U%a 0’%, and p.
The choice of notation employed for these parameters is not coincidental:

Exercise 5.128

The marginal distributions of Y; and Y, are normal distributions with
means p; and jip and variances o2 and o2, respectively.

V.

e With a bit of somewhat tedious integration, we can also show that
_ COV( Yl, Y2)

p= 0102
the correlation coefficient between Y7 and Y5.

= PY1,Y2s

@ This distribution is special, in the sense that, if Y; and Y5 have a
bivariate normal distribution, they are independent if and only if
their covariance (equivalently, p = py, y,) is zero.

Zero covariance does not imply independence in general.

A\
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The expression for the joint density function of the k-variate normal
distribution (k > 2) is most easily expressed by using the matrix algebra.

Definition (The k-variate Normal Distribution (k > 2))

Let Y = (Yi,..., Yk) denote a k-dimensional random vector (i.e.
Y1,..., Yk are k random variables).
Also let = E[Y] = (E[Y4], ..., E[Yk]) denote the k-dimensional mean
vector,
and
2= E[(Y — p)(Y — )] = [[Cov(Y;, Y)|l1<ij<k the k x k Covariance
Matrix.
Then Y1, ..., Yk have the k-variate normal distribution if their joint
density function is
1 1 Ts—1
= = (3=mTETY=)
oy = o S s
_ 1 (-3 Tm 7 (Y—p))

/det(273)

Check that k = 2 gives the bivariate normal distribution we have just
seen.

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Conditional Expectation

E[Vi|Ya=y] or  E[g(Y1)]Y2=y].
This is defined by integrating with respect to the conditional density
defined earlier:

Ele(v) [ Yo=yel = [ £0a)f0 | ) o
Notice that this is a function of y».
f(y1,2)
Recall that = =
(yl ‘ }/2) ,:2(}/2)

Assuming that everything is defined and we haven't divided by zero, we
could compute the expectation of E[Y; | Y2 = y»], because it is a
function of Y5.
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Theorem (5.14)

Let Y1 and Y5 denote random variables. Then

E[vi] = E[E[Y1 | Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)

oo

ELELY: | Ya) = / ELY: | Yalfaly2) dya

— 00
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)

ElEr | vl = | T B | Vi) dvs

— 00

=/ [/ yvif(yi | y2) dyr| fa(y2) dy2
Y Y

D—=—00 1—=—0Q
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)

oo

ELELY: | Ya) = / ELY: | Yalfaly2) dya

— 00

=/ [/ yvif(yi | y2) dyr| fa(y2) dy2
Y Y

D—=—00 1—=—0Q

/ / " yl’y2)f()’2)d)’1 dy»
o= —o0 Jyr=—oo ¥2)
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)

oo

ELELY: | Ya) = / ELY: | Yalfaly2) dya

— 00

=/ [/ yvif(yi | y2) dyr| fa(y2) dy2
Y Y

D—=—00 1—=—0Q

/ / 72 Md)ﬁ dys
yp=—00 y:*oo

2

:/ / yif(y1, y2) dy1 dy»
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Theorem (5.14)
Let Y1 and Y5 denote random variables. Then
E[vi] = E[E[Y1 ]| Y2]],
where on the right-hand side the inside expectation is with respect to the

conditional distribution of Y; given Y, and the outside expectation is
with respect to the distribution of Y5.

Proof: (continuous case; the discrete case is analogous.)

oo

ELELY: | Ya) = / ELY: | Yalfaly2) dya

— 00

=/ [/ yvif(yi | y2) dyr| fa(y2) dy2
Y Y

D—=—00 1—=—0Q

/ / 72 Md)ﬁ dys
yp=—00 y:*oo

2

- / / sl ) i i = (=l

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



L

Our computation may be easier with the information given in the
problem.

Note:

E[Y1 | Y2] can be regarded as a RV.
Then

| A

VY1 | Y] = E[Y] | Yo] — E[V1 | YaJ*.

The formula in Theorem 5.14 was a relationship between the
unconditional expectation E[Y1] and the conditional expectation

E[Y1 ] Ya].

There is a more complicated relation between the unconditional variance
V[Y] and the conditional variance V[Y7 | Ya]:

Theorem (5.15)

VIvi] = E[V[Y1 | Y2]] + V[E[Y1 | Y2]].
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There are similar, but more complicated relationships between conditional
and unconditional higher moments E[Y}], etc.

Proof of Theorem 5.15:
Recall

VY1 | Yo] = E[Y? | Yo] — E[Y1 | Yo]?.
Then
E[V[Vi | V2]l = E[E[Y] | Yall - E[E[V1 | Ya]?].
By definition,
VIEIY1 | Y2]] = E[E[Y? | Ya] - E[E[Y1 | Ya]I*.
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Proof: (continued)

The variance of Y; is
V[vi] = E[Y]] - E[V)?
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Proof: (continued)

The variance of Y7 is
VIvi] = E[Y{] - EM1]
= E[E[YZ | Yo]] - E[E[Y1 | Ya]P2
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Proof: (continued)

The variance of Y; is
V] = E[Y{] - EIVJ
= E[E[Y? | Yo]] — E[E[Y1 | Y2]]*  (By Theorem 5.14)
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Proof: (continued)

The variance of Y; is

VIvi] = E[Y] - E[V1]
E[E[Y? | Yo]] — E[E[Y1 | Yo]]*  (By Theorem 5.14)
E[E[Y? | V2]l — E[E[Y{ | Yal] + E[E[Y] | Yal?]

— E[E[Y1 | Y2]]?
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Proof: (continued)

The variance of Y; is

VIvi] = E[Y] - E[V1]
E[E[Y? | Yo]] — E[E[Y1 | Yo]]*  (By Theorem 5.14)
E[E[Y? | V2]l — E[E[Y{ | Yal] + E[E[Y] | Yal?]

— E[E[Y1 | Y2]]?

——
= E[V[v1 | Yo]]

@ By the definition of “conditional variance”.
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Proof: (continued)

The variance of Y; is

VIvi] = E[Y] - E[V1]
E[E[Y? | Yo]] — E[E[Y1 | Yo]]*  (By Theorem 5.14)
EIE[Y? | Yol — E[E[YT | Y2]?] + IE[E[Y12 | Y2]2]|

—E[EM | Y2]]2I

=E[VIVa | Yall + VIE[VA | Yall,

@ By the definition of “conditional variance”.
@ Because E[Y; | Ya] is a RV and V[X] = E[X?] — E[X]?.
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Proof: (continued)

The variance of Y; is

VIvi] = E[Y] - E[V1]
E[E[Y? | Yo]] — E[E[Y1 | Yo]]*  (By Theorem 5.14)
EIE[Y? | Yol — E[E[YT | Y2]?] + IE[E[Y12 | Y2]2]|

—E[EM | Y2]]2I

=E[V[Vi| Y]] + VIE[V1| Ya]].  as claimed.

@ By the definition of “conditional variance”.
@ Because E[Y; | Ya] is a RV and V[X] = E[X?] — E[X]?.
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Proof: (continued)

The variance of Y; is

VIvi] = E[Y] - E[V1]
E[E[Y? | Yo]] — E[E[Y1 | Yo]]*  (By Theorem 5.14)
EIE[Y? | Yol — E[E[YT | Y2]?] + IE[E[Y12 | Y2]2]|

—E[EM | Y2]]2I

=E[V[Vi| Y]] + VIE[V1| Ya]].  as claimed.

@ By the definition of “conditional variance”.
@ Because E[Y; | Ya] is a RV and V[X] = E[X?] — E[X]?.

Note: Make sure to remember this result: it will help with Exercises
5.136 and 5.138.
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Exercise 5.136

The number of defects per yard in a certain fabric, Y, has a Poisson
distribution with parameter \, which is assumed to be a random variable
with a density function given by

e A>0,
F(A) _{ 0 elsewhere.

Find (a) the expectation, and (b) the variance of Y. (c) Is it likely that
Y > 97

Exercise 5.138

Assume that Y denotes the number of bacteria per cubic centimeter in a
particular liquid and that Y has a Poisson distribution with parameter .
Further assume that A varies from location to location and has a Gamma
distribution with parameters o and 3, where « is a positive integer. If we
randomly select a location, what is the

| A

(a) expected number of bacteria per cubic centimeter?

(b) standard deviation of the number of bacteria per cubic centimeter?

4
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Hints for Exercises 5.136 and 5.138:
@ Use Theorem 5.14 for parts (a) and Theorem 5.15 for parts (b).
e Now 5.136(c) is easy.

Exercise 5.167

Let Y7 and Y5 be jointly distributed random variables with finite
variances.

(a) Show that

E[Y1Ya]* < E[Y]E[Y]
by observing that
E[(tY: — Y2)’] >0
for any real number t.
(b) Hence prove that
—1<py,y, <1
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Solution: (Exercise 5.167(a))

If Y1, Y2 are RVs, then note that E[(tY; — Y2)?] > 0.
So
E[t?YZ —2tY1 Y2 + YE] > 0.
t2E[Y?] — 2tE[Y1Ys] + E[YZ] > 0.
This is a quadratic at?> + bt + ¢ > 0.

Since this is true for all real t, b2 — 4ac < 0.
Now

b= —2E[Y1Ya], a= E[Y?], c = E[Y]].
S
’ (—2E[Y1Ya2])? — 4E[YZ]E[YZ] < 0.
4(E[v1Y2])* — E[YF]E[YS]) < 0.
E[Y1Y2)? < E[YZ]E[YZ].
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Solution: (Exercise 5.167(b))

Now recall, for RVs Xi, X5,

Cov(Xi, Xo) _  E[(X1 — pa)(Xo — po)]
TX0% VEIq — m)ZE[(X; — 12)?]’

where p; = E[X1] and pp = E[Xy].

Now let Y7 = X; — g and Yo = Xo — po.

By Exercise 5.167(a), we know that E[Y; Y>]* < E[YZ]E[YZ],
that is,

PX1, X2 =

E[Y1Y5)?
E[YZIE[Y3]
where we have used the linearity of Expectations.
Thus

2
<1 = Py, < 1

- ]- S pY].,Yg S ]-)
as desired.
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L
Exercise 5.31:

The joint density function of Y; and Y5 is given by
_f30ny; n—1<y<1-y,0<y <1,
Fly,yo) = { 0 elsewhere.

(a) Show that the marginal density of Y; is a beta density with o = 2
and g = 4.

(b) Derive the marginal density of Y5.
(c) Derive the conditional density of Y5 given Y; = y;.

(d) Find P(Y2 >0 | Y] = 75)

|

Solution:

y2=1-y
First, graph the region in which the density
function is nonzero:

y2=y1—1
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Solution: (a)

Recall the definition of marginal density function:

fi(y1) :/Oo f(y1,y2) dya

— 00

1-y 5
/ 30y1ysdy, 0<y; <1,
Y

1—1
0 otherwise.

y3 1-y
_ )30 = 0<y <1,
B 3 n—1

0 otherwise.
~[20y1(1 =) 0<y <1,
o 0 otherwise.

All of this is part of the definition of fi(y1)!
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Solution: (b)

o0

f(ys) = / F(y, y2) s,

— 00
Now there are 3 cases!

1+y» y2 1+y,
f 1020, [ somddn =303 B~ 1531+ )2
0 0
1—-y, y2 1-y»
if0<y, < -1, / 30nyz dyr =30y5 | =155(1 - )%,
0 0
and 0 otherwise.
That is,
0 ¥2 ¢ [71, 1],

B(y2) = < 15y5(1+ y2)> y2 € [-1,0],
15y5(1—y2)*  y2 €0,1].
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Solution: (c)

Fys | y1) = %
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Solution: (c)

f
Fya | y1) = F010%2) s is defined only if y; € (0,1).

fi(y1)
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Solution: (c)

f
f(y2 | 1) = M This is defined only if y; € (0,1). In the triangle

fi(y1)

30y, y2
Nn=—1<y<l—-n,0<y <1} itis Y1Y2

20y1(1 = y1)?
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Solution: (c)

f
f(y2 | 1) = M This is defined only if y; € (0,1). In the triangle

fi(y1) ,
o 30y1y5 3 2 -3
-1 1—,0 1} itis ————=—— = —y5(1 — .
Mm-1<y»<l-y,0<y <1} itis 20 (1 — 1) Y2 (1=x1)
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Solution: (c)

f
fy2 | 1) = m This is defined only if y; € (0,1). In the triangle

. 30}’1)’22 3 2 -3
~1 1—y1,0 1}, itis ———22 — = Zy2(1 — :
i}: <y <l-y,0 <y <1}, itis 20 (1 — 1) Y2 (1=x1)
us

undefined y1 ¢(0,1),

3
fly2 | y1) = §y22(1—y1)_3 O<yp<landy;—1<y <1-—y,

0 otherwise.
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Solution: (c)
f
fly2 | y1) = Sfy(lj/y;) This is defined only if y; € (0,1). In the triangle
11
o 30y, 2 3 _
M-1<y<l-y,0<y <1} itis m = 5)/22(1—)/1) 3
Thus
; undefined y1 ¢ (0,1),
flaln)=1580-n)7 0<n<landy—1<y<l-p,
0 otherwise.
Solution: (d)

\
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Solution: (c)
f
f(y2 | 1) = %/};2) This is defined only if y; € (0,1). In the triangle
11
. 30}’1)’22 3 2 -3
-1 1—-y,0 1} itis ———————= = -y5(1 — .
WM-1<y<l-n0<y <1} itis 201 (1 = y1)3 Y2 (1=x1)
Thus
undefined w1 ¢(0,1),
3
fy2|y1) = 5)’22(1—}/1)_3 O<yi<landy;—1<y,<l1l—n,
0 otherwise.
Solution: (d)
P(Y2>0|Ys=.75) = [ fla| 1)
0

\
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Solution: (c)
f
)= Sry(lj’/}?) This is defined only if y; € (0,1). In the triangle
11
. 30}’1)’22 3 2 -3
-1 1—y,0 1} itis —————= = -y (1 — g
WM-1<y<l-n0<y <1} itis 201 (1 = y1)3 Y2 (1= 1)
Thus
undefined y ¢ (0,1),
3
Flaly) =437 1-n)7 0<pu<landy—1<y <l-y,
0 otherwise.
Solution: (d)
> This is 0 unless
PY>0Y:.75=/ f(y2 | v1) dy: _ _
(Y2>0|7 ) | 2ln)dyn ) 21075 =0.25
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Solution: (c)
f
)= Sry(lj’/}?) This is defined only if y; € (0,1). In the triangle
11
a 30y1y5 3 2 -3
-1 1—y,0 1} itis —F——————= = -y5(1 — g
WM-1<y<l-n0<y <1} itis 201 (1 = y1)3 Y2 (1= 1)
Thus
undefined y ¢ (0,1),
3
fly2 [ y1) = 5}/22(1—)/1)_3 O<y<landy,—1<y<1—y,
0 otherwise.
Solution: (d)
> This is 0 unless
PY>0Y:.75=/ f(y2 | v1) dy: _ _
(Y2>0|7 ) | 2ln)dyn ) 21075 =0.25
0.25 3
:/ §y22(1 —0.75) 3 dy»
0
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Solution: (c)
f
)= Sry(lj’/}?) This is defined only if y; € (0,1). In the triangle
11
a 30y1y5 3 2 -3
-1 1—y,0 1}, itis ———————= = zy5(1 — g
WM-1<y<l-n0<y <1} itis 201 (1 = y1)3 Y2 (1= 1)
Thus
undefined y ¢ (0,1),
3
fly2 [ y1) = 5}/22(1—)/1)_3 O<y<landy,—1<y<1—y,
0 otherwise.
Solution: (d)
> This is 0 unless
PY>0Y:.75=/ f(y2 | v1) dy: _ _
(Y2>0|7 ) | 2ln)dyn ) 21075 =0.25
= —y5(1—0.75)"dy, = ~.
| pia-o0m) 2 dn =3
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Example 5.32:

A quality control plan for an assembly line involves sampling n = 10
finished items per day and counting Y, the number of defectives. If p
denotes the probability of observing a defective, then Y has a binomial
distribution, assuming that a large number of items are produced by the
line. But p varies from day to day and is assumed to have a uniform

distribution on the interval from 0 to —. Find the expected value of Y.

| |
A

Solution:

We employ Theorem 5.14:

E[Y] = E[E[Y | pl].

because we know the expectation
of a binomial RV.

E[Y] = E[np] where p ~ Unif (O, i) .

E[Y | p]=np

1
We know E[p] = g’ because we know the expectation of a uniform RV.

%HW:E.
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Example 5.33:
In Example 5.32, find the variance of Y.

Solution:

Here we apply Theorem 5.15:

VIY] = E[V[Y | pl] + VIETY | pII.

We know that for any particular value of p, Y is a binomial RV, whose
mean and variance are known:

E[Y | pl = np, V[Y | p] = npq, (where g =1 —p).
So V[Y] = E[npq] — V[np].
Remember that p ~ Unif O,% .

So

/s 1
E[npq] = nE[pq] = n/ y(l=y)y dy
0

/s 1/s
:n/ y~4dy—n/ y?4dy = nE[p] — nE[p?].
0 0

So this can be done using the known mean and variance of a uniform RV.
Instead, we directly do the above integrals:
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Solution: (continued)

2 Y4 3 Y4
2, 3 1o
@@ 8
8 48 48
The other term is V[E[Y | p]].
which is
1
V[np] = n*V|p], where p ~ Unif (O, 4)
, 1 (1 S
=n - - — = —.
12 4 192
5n n?
VY] =|—+ —
S0 VIVl =125 * 10

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (Exercise 5.136 (c))
The simplest solution is to apply Tchebysheff’s theorem.

You previously found p and o2 for Y in parts (a) and (b).

The value 9 is far from p, measured in units of o.

So applying Tchebysheff makes sense.

Here =1, so

P(Y >9) = P((Y — ) > (9— ) = P(Y — 11> 8) < P(|Y — | > 8).
Now use the theorem.

Slogan for Tchebysheff’s Theorem:

| A\

The probability that Y is far from its mean, where “far” is measured in
units of o, is small.
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Suppose Y is a normal RV with mean 1 and variance o2.

What kind of RV is Z = "2

Standard Normal. 7
Why?
Notice that we can compute
Y —u 1 1
E[Z]=E = —E[Y —pl=—(p—n) =0,
o o o

Y — 1 1 1
V[Z] =V [U“} = SVIY =l = VIVl = 50% =1,
Does this show that Z is standard normal?
No. This shows the “standard” part, but not the “normal” part.
That is, we showed that Z has mean 0 and variance 1, but not that Z is

normally distributed.

Can you think of another RV which has mean 0 and variance 17
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Two examples:
@ Uniform RV on [—a, 3].

a+(—a)

This has mean = 0 and variance

(a-(-2) _42° _2°

12 T 12 37
So if we take a = v/3, this has variance 1.

Q Let

X {+1 with probability 1/2,
—1 with probability 1/2.
Then E[X] =0, V[X] = E[X?] - 0% = 1.
This shows that it is not possible to “recognize” a RV using only its

mean and variance.

One way to “recognize” a RV is to use the moment generating function.
That is, if we know (for whatever reason) that mx(t) = my(t) for all ¢
near t = 0, then we have that X and Y have the same distribution.
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The way we prove that Z = —— H'is normal is we show that Z has the

g
right MGF.
What is the MGF of a normal RV Y with mean p and variance o2?
2.2
et

This means that the MGF of Z is
Elet?] = E[et("F)] = E[e*(Y =1 = E[e()]E[e(7 (-]

— e ZEe(F)YV] = e Fmy (t) _ e—’é‘e(u(;)+02(§)2>

g

= e(i%t+%t+§) pry eé.
(1)2t2
And thus my(t) = e@H 7
This is the MGF of a normal RV with mean 0 and variance 1.
Therefore by “uniqueness of MGF”, Z is normal, with mean 0 and
variance 1.
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End of Chapter 5
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Chapter 6

Functions of Random Variables
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Functions of Random Variables

Suppose we have random variables X, Y with some joint distribution.

We can construct a new RV U from X and Y by combining them
somehow.

For example, U = é U=4X+3, U=X+Y, U=arctan X,

U= X2+ Y2 etc.

Suppose we “know” X and Y in the sense that we know the joint density
or joint distribution function.

How do we figure out the distribution or density function of U?

This problem is addressed by the methods of Chapter 6.

Simple Example:

Suppose Y has the density function

_J2y yelo1]
f(y)_{o y ¢[0,1].

Let U=3Y — 1.
Find the PDF of U.
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Finding the Probability Distribution of a Function of RVs

There are three key methods for finding the probability distribution for a
function of random variables:
(1) The method of Distribution Functions,
(2) The method of Transformations,
and
(3) The method of Moment-Generating Functions.

There is also a fourth method for finding the joint distribution of several
functions of random variables.

The method that works “best” varies from one application to another.
Hence, acquaintance with the first three methods is desirable.

Consider random variables Y1,..., Y, and a function U(Y3,..., Y,),
denoted simply as U.

Then three of the methods for finding the probability distribution of U
are as follows:
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“Method of Distribution Functions”

@ Find the distribution function (CDF) Fy(y) = P(Y < y).

@ Use this CDF to find the CDF Fy(u), by transforming the inequality
Y <y so that U(=3Y — 1) is on the LHS.

o Now differentiate Fy(u) to get the density function for U, fy(u).

Solution: (Simple Example)

y
Step 1: Find Fy = P(Y <y) = / f(t) dt.
Fy =0ify <O0.
Also, since the PDF fy integratesto 1, Fy =1 if y > 1.

y Yy y
Ifye[o,l],then/ f(t)dt:/ 2t dt = t2
—o0 0 0
So Fy(y) = y*.
Thus

y* yelo,1],

() ()
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Solution:(continued)

Step 2:
We know P(Y < y); we will use this to find P(U < u).

We write

Fy(u) = P(U < u) = PBY —1< u)

1
Now we start transforming: =PBY<u+1l)=P (Y < u—:|J)—
1
Now we use Step 1: = Fy (u—3&— )
()" e,
= 0 ugl <0,
1 =l 1

Notice “4 < 0 corresponds to u < —1, while “$* > 1 corresponds to
u> 2.
Thus
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Solution:(continued)
Step 3:
d
Find the PDF f = —Fy.
ind the u(u) L

Now that we know Fy, this is straightforward:

_ R e [-1,2),
f“(“){(g) ué[-1,2].

v
A more complicated example:

Suppose that X and Y are independent and have the unniform
distribution on the unit interval [0,1]. Let U = X + Y. Find the density
function fy(u).

(X, Y) is a random point in [0,1] x [0, 1].

Write Fy(u) = P(U < u)=P(X+ Y <u).
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Solution: (continued)
Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2.
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.
We want to draw a square and the region x + y < u:

Shaded region: (x,y) € [0,1] x [0, 1]

and x +y < u.
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

and x +y < u.

0,u)
x+y=u

(1,0
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

and x +y < u.

0,u)
x+y=u

What is the area of the shaded region?

(1,0
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

and x +y < u.

0,u)
x+y=u
2

What is the area of the shaded region? %

(1,0
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

o) and x +y < u.
x+y=u
2
What is the area of the shaded region? oL
) This works for 0 < u < 1.
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

o) and x +y < u.
x+y=u
2
What is the area of the shaded region? oL
) This works for 0 < u < 1.

If 1 < u <2, the picture is different:
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

2

o) and x +y < u.
x+y=u
u
What is the area of the shaded region? oL
) This works for 0 < u < 1.
If 1 < u <2, the picture is different: @-11)

yity,=u

1

1Lu-1)
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

o) and x +y < u.
x+y=u
2
What is the area of the shaded region? oL
) This works for 0 < u < 1.
If 1 < u <2, the picture is different: @-11) @)
Notice that this is no longer a triangle; it is a Gt

square with a triangle removed.

1Lu-1)
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Solution: (continued)

Since (X, Y) is a random point in [0, 1] x [0,1], we have 0 < X + Y < 2.
Thus Fy(u) =0if u <0 and Fy(u) =1if u> 2. In between we can
draw a picture and solve geometrically.

We want to draw a square and the region x + y < u:
Shaded region: (x,y) € [0,1] x [0, 1]

o) and x +y < u.
x+y=u
2
What is the area of the shaded region? oL
) This works for 0 < u < 1.
If 1 < u <2, the picture is different: @-11) @)
Notice that this is no longer a triangle; it is a Gt

square with a triangle removed.

1Lu-1)

1
The removed triangle has area 5(2 —u)(2—u).
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Solution: (continued)

This tells us that

0 u<0,

1 u>?2
F = 2
u(u) ”72 u € [0,1],

1-3(2-u)? wuell2).
Notice that values match at endpoints: Fy is continuous.
The PDF fy(u) is %FU.
So
if ué[0,2], fy(u)=0
if uel0,1], fy(u)=u

, and
ifuell2, fulu)= % (1 _ %(2 - u)2>
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Solution: (continued)

So the graph of fy(u) is

0 1 2

This is a special case of a general fact:
if U= X+ Y, then the density of U is the convolution of the densities of

X and Y. |

SUNY-Binghamton
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Remark:
Why are we interested in this problem of understanding a RV U which is

a function of other RVs?
From the point of view of this book, the answer is “statistics".

If Y1,...,Y, are lID samples from some distribution, we take our
samples and compute, for example, U = %(Yl +- -+ Y.

What is the distribution of U?

Note that it is NOT the the same as the distribution of one of the Y;!

We can ask the same question for, e.g., U= Y2,...,Y? U= standard
deviation or variance of the Y.

Since the Y; are RVs, U is a RV.
What is the distribution of U?
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L

Suppose Y1, Y> have joint density

31 0Ly <y <1,
fy, y2) = { 0 otherwise.

Find the PDF of U =Y; — Y.

4

Fu(u)=P(U<u)=P(Y1— Y <u).
To find this probability, we will need to do a double integral, so we draw
a picture:

Nn-—y2=u
e (1,1—u)

(u,0) yi ——
Shaded region is where y; — y» > u and the
PDF is nonzero.
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Solution: (continued)

P(Y1 — Yz < u) is one minus the integral of the PDF over the shaded
region.

Assuming that u € [0, 1], we see that
1 yi—u
P(Yl—Y2§U):1—/ / 3y1dy2dy1.
u JO
This is an exercise in integration.
1
Answer: 5(3u —u3).

Now we can write down the CDF Fy(u) by handling the “stupid” cases.
Recall that (Y1, Y2) is a point in the triangle, so 0 < Y; — Y, < 1.

Thus
0 u <0,
FU(U) = 1 L uz 1’
5(3u— v®) wuelo,1].
d

To find the density function fy(u), use fy(u) = — Fy(u).

du
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“Method of Transformations”

Recall our first example:
Y was a RV with the PDF
_J2y 0<y<1, _av
frly) = { 0 otherwise. U=3y -1
We found Fy(u) by writing Fy(u) = P(U < u) = P(3Y —1 < u) and

1 1
then rearranging to get P (Y < u—3|— ) = Fy (u+ )

3

Abstractly, we know fy and Fy.
Also u = h(Y'), where h is an increasing function, so it preserves
inequalities.
So we can write
Fu(u) = P(U < u) = P(h(Y) < u) = P(Y < h *(u)) = Fy(h~}(v)).
Thus
d

fulu) = - Fulu) = - Fy (b () = Fr(h () - (b)),

This also works if h is decreasing:
if his decreasing, it reverses inequalities.
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So for such an h,
P(U < u) = P(K(Y) < u) = P(h™ (h(y)) = h™"(s))
=P(Y>htu)=1-Fy(h Y(u)).

So

d d -1 _ -1 d -1
S Fu(u) = 2 [1= Fy(h7 ()] = = (h (W) - = (h)(w).

Thus, we can combine these two observations into the main formula:

fulw) = fe(h () | ()

Note that the absolute value covers both the cases.

Going back to our example, how do we apply this?
What is h~17

d 1
—(h Y| ==,
So du( ) 3

u+1
3

Thus fy(u) = %fy ( ) which is
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§<u+1> 0< u+1<1

fulu) = 3 ) 955 =t
0 otherwise.
2(u+1)
T 1<u<
fu(u):{ 9 tsus2
0 otherwise.

Notice that we have seen cases where U = h(X,Y)

— this will not be invertible.

Even cases with one variable might not be invertible.

The method can be adapted for non-invertible cases; we consider such an
example:

Let Y7, Y5 be independent exponential RVs with parameter = 1. Let
U= Y1+ Y,. Find the PDF fy(u).
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Solution:

We already know the method:

Write Fy(u) = P(U < u) = P(Y1 + Y2 < u), and then do a double
integral.

Note that we need to know the joint density function of Y7, Y5.

They are independent, so the joint density is the product of the marginal

densities:
—(1+y2) >0
- e Yi,y2 =2 U,
fv,y2) = { 0 otherwise.
(0,u)
P(Yi+ Y><u) = // f(y1,y2) dy> dyr
yi+y=u

shaded region

u pu—y
y2=0 (u,0) = / / e_(y1+y2)d}/2 dy;.
| 0 0

i
Rather than do this integral, we will apply the method of transformations.

Where is our function invertible and increasing?
For fixed y1, U = y1 + Yo = h(Y2).

Regard this as a function of Y.
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Solution: (continued)
Now we will use the method to obtain the joint density of U and Yi:

o b)) | )| 20,20,

g()/l, U) =
otherwise.

Note that h(Y2) = Yz + y1, so h"}(U) = U — y».
d
Thus —(h~ 1) = 1.
us du( )
The condition y, > 0 gives us u — y; > 0, or u > y;.
So “y1 > 0,y» > 0" translates to 0 < y; < u.
Thus

—ntlu=m)) .1 o<y <
_Je Sy =4,
gy, u) = { 0 otherwise.

{e” 0<y <u,

g(ys,u) = 0 otherwise.
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Solution: (continued)
How do we obtain the density fiy(u)?

This is the marginal density:
Take the joint PDF and integrate out the y;:

o) = [ " ) e

— 00
u
. / e “dy u>0,
= 0
0 otherwise.
_ Jue™® u>0,
- 0 otherwise.
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Exercise 6.26(a)

Let &, m > 0 be constants. Suppose that Y has the Weibull distribution,
whose density function is

ym

1 m—1
—my™ e & >0
fly) = amy € y )
0 otherwise.

Find the density function of U = Y.

v

We use the method of transformations:

Note that h(Y) = Y™ is an increasing function for Y > 0, and

h=1(U) = Un.
What is the density fy(u)?
d
fy(h=1()) - |——(h~?
o) — 4 @) [ @)y >0
0 otherwise.

Now translate this to obtain the desired fy(u):

\
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Solution: (continued)

fu(u)
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Solution: (continued)

y >0,

0 otherwise.
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Solution: (continued)

1 \M=1 Wy d 4
v ={am () [ Zow] v>0
0 otherwise.
1 m=1 1
_ —m(u%) et —u(7Y) u>0,
=94 « m
0 otherwise.
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Solution: (continued)

y >0,
0 otherwise.
Li(ur) " et 16
. —M(Um) e a~;ru u>9,
0 otherwise.
_ e a u(lfi) . u(%fl) u >0,
0 otherwise.
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Solution: (continued)

fm(uL>m_1e’(u 9 1)) >0
fulu) =< « du y ’
0 otherwise.
Li(ur) " et 16
_ E}ﬂ(uﬂv) € « ;ru u>0,
otherwise.
1 u
. Zetylw) WG u>0,
=1 «
0 otherwise.
1
_ ) —e @ u>0,
=1 «
0 otherwise.
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Solution: (continued)

y >0,

0 otherwise.

_ {clv”’(“"l“)mle_g L

0 otherwise.

_ {1MM u>0,
- (&%
0

otherwise.

1 u
—e u>0,
«

0 otherwise.

So U is exponential with parameter a.

SUNY-Binghamton
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Solution: (continued)

1 \M=1 Wy d 4
fulu) = am (Um) e & E(h )(u) y >0,
0 otherwise.
1 1 m—1 o 1 (l—l)
_ E}ﬂ(uﬂv> e a~;ru u>0,
otherwise.

0
_ {1MM y>0

0 otherwise.

1 u
_{ea u>0,
- o

0 otherwise.

So U is exponential with parameter a.

The text covers only the 4 distributions and 2 special cases mentioned in
Chapter 4, because many others can be obtained from these by simple

transformations.

SUNY-Binghamton
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Solution: (continued)

1 N\t Wyl d o,
v ={am () [ Zow] v>0
0 otherwise.
1 ™1 .1 (£-1)
_ E}ﬂ(uﬂv> e a~;ru u>0,
otherwise.

0
1 u
_ Cet ) LG s 0,
0 otherwise.
1 u
_ ) —e @ u>0,
=94 a
0 otherwise.

So U is exponential with parameter a.

The text covers only the 4 distributions and 2 special cases mentioned in
Chapter 4, because many others can be obtained from these by simple
transformations. In the book, you will find numerous exercises with good
material: Poisson-Gamma relationship, Hazard Rates, etc.
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Method of Moment Generating Functions

Method of MGF:
e Try to determine the MGF of U = f(X,Y).

@ Then try to “recognize” this MGF as one we already know (see
tables in the text).

@ Then, by uniqueness of MGF, we know the distribution of U.

This might go wrong: the MGF for U might not be one in our tables.
But for simple functions (X, Y) e.g. f(X,Y) =X+ Y and the right
RVs X, Y, we will be “lucky".

Suppose Z is a standard normal RV.
Suppose Y is a normal RV with mean p and variance o°.

Notice that the MGF of Y is e"”#, and that of Z is e+ — o7
What is the distribution of X = %?

2

@?2¢? 2

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



We use the method of MGFs.
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We use the method of MGFs.
mx(t) = E [e]
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We use the method of MGFs.
mx(t) = E [eX] = E [et(%)]
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

= /g [e(ﬁ)ye_%t]
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

=FE [e(ﬁ)ye_%t] = e_%t -E [e(i)y}
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

=FE [e(ﬁ)ye_%t] = e_%t -E [e(i)y}
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

=FE [e(i)ye_%t] = e_%t -E [e(i)y}
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

=FE [e(i)ye_%t] = e_%t -E [e(i)y}

: 2
wt <t> _mt
=e emy|—| =e e
o
_ ()
2
= e%, exactly the same as the MGF of Z.
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We use the method of MGFs.
mx(t) = E [eX] = E [et( Y;“)]

=FE [e(i)ye_%t] = e_%t -E [e(i)y}

: 2
_ ot t _ ot
= e amy<> =e e
o
_ o(Hy)
2
=e7 exactly the same as the MGF of Z.

Conclusion: X = has the standard normal distribution.
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L

Let Z be a standard normal RV, and let Y = Z2. What is the
distribution of Y?

v

We compute
my(t)=E [e"] = E {etzz}

:/ etzzf(z) dz where f is the standard normal PDF

_fe= mz
dz where p=0,0 =1
/ vV 271'02 K

_ etz e’é dz To integrate, use the trick:
Y V2 The integral of a PDF is 1.

If we can rearrange this into something that looks like
(factor) - (normal PDF), then /(factor)(PDF) = (factor).
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Solution: (continued)
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Solution: (continued)

o0 ZQ
my (t) :[ %6(77”22) dz.
2

72 z
We'd like = + tz2 = o for some o.
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Solution: (continued)

o0 ZQ
my (t) :[ %6(77”22) dz.
2

2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
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Solution: (continued)

my(t) :/ L2 gy

27
2
We'd like —? + tz2 = 252 for some o. What does o have to be?
1 . 1
2 202
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Solution: (continued)

my(t) = / L =) g

oo V2T
72 z?
We'd like Y + tz2 = 592 for some 0. What does o have to be?
o
1 e 1 . 1 ‘o 1
2 202 2 202
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Solution: (continued)

> 1
my(t) = / 7271_6

22 ) 2
We'd like —— + tz© =
e ke 2+z 252
1—I—t— 1 =
2 202
1
o

(7§+t22) dz.

z
—— for some 0. What does o have to be?

11
202

5 =
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Solution: (continued)

my(t) = / L =) g

oo V2T
72 z?
We'd Iike—7+tzzzﬁforsomea. What does o have to be?

o

L4 i .

2 202 2 202

1

=25 = — c = :

= 2 7 T1 %
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Solution: (continued)

my (t) :/ i27re(7%”22) dz.

2 2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
1 . 1 . 1 1
2 202 2 202
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Solution: (continued)

my(t) :/ L2 gy

2w

2 2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
1 . 1 . 1 ‘o 1
2 202 2 202

S — ozd h Y= .
/ e 202 dz where o T

\/27r
1 2 d
“mv(t) = e 22 dz
o ) = [oo oV2m
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Solution: (continued)

my(t) :/ L2 gy

2w

2 2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
1 . 1 . 1 ‘o 1
2 202 2 202

<1
my(t) = / Ee =z dz where 02 = T

1 1 2

—my(t) = e 22 dz=1.

;=]
—_——

normal PDF
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Solution: (continued)

my(t) :/ L2 gy

2w

2 2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
1 . 1 . 1 ‘o 1
2 202 2 202

<1
my(t) = / Ee =z dz where 02 = T

1 1 2
—my(t) = e 22 dz=1.
v(t) /,oo o\/21
—_——

normal PDF

Q

1
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Solution: (continued)

my(t) :/ L2 gy

2w

2 2
We'd like —% + tz2 = % for some 0. What does o have to be?
o
1 . 1 . 1 ‘o 1
2 202 2 202

<1
my(t) = / Ee =z dz where 02 = T

1 & 1 2
—my(t) = e 22 dz=1.
o v() [oo o2
—_——
normal PDF

This is the MGF for a Gamma RV with

1
L and 8 =2. The same is a MGF of a y?[1] RV.

a:§
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Solution: (continued)

1
Conclusion: The distribution of Y = Z2is I’ <2, 2) which is the same as

x*[1].

Problem

In the above setting, find E[Z*]

Solution

We have just shown that if Z is standard normal, then Z2 is y?[1].
E[Z*] = E[(Z%)3] = V[ZA + E[Z°?]* using V[X] = E[X?] — E[X].

Now let X = Z2.

Then

V[Z?] = af?, E[Z°]=aB, where a = %,5 —9.

12 = EZ2] = o + (08P = 32+ (52) =[3]
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Suppose X, Y are RVs with X ~ '(ay,8) and Y ~ I'(ap, 8), and X, Y
are independent.

Let U=X+Y.

What is the distribution of U?

Solution:

Note that
mu(t) _ E[etU] _ E[et(X+Y)] _ E[etXetY]
= E[e™]E[e!Y] (by independence) = mx(t)My(t)
1 1 1

(1-Bt) (1-pBt)= (1L-—Bt)ute’
This is the MGF of a (a1 + ap, 8) RV.
So if X ~T(ay,p) and Y ~ (g, 3) are independent, then
U:X+ Y ~ r(a1+a2,ﬁ).
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Theorem (6.3)

Let Yi,...,Y, be independent normally distributed random variables
with E[Y;] = p; and V[Y;] = 02, fori=1,....n, and let ay, ..., a, be

constants. If
n
Uu=> av,
i=1
then U is a normally distributed random variable with

E[U] = Z ENTy and VU] = Z a’o?.
i=1 i=1
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Sketch of Proof:

The normally distributed RV Y; has the MGF

foreachi=1,...,n.
So the RV a;Y; has the MGF . (Find it!)
Now use the independence of Y; (thus that of a;Y;) to find

n I
S 5 30
i=1 i=1

my(t) = H m,y,(t) = e< (Verify!)
i=1

By uniqueness of MGF, U is a normally distributed random variable with

n n
E[U] = Za,-,u,- and V[U] = Za?o—lz
=1 i=1
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Theorem (6.4)

If Zy,...,Z, are independent standard normal RVs, then
U= Z%+ -+ Z2 has the distribution x?[n]. (Same as T (g, 2) .)

We use the method of MGFs.

Claim:  my(t) =

aae the MGF of I (gz) .

my(t) = E[etU] _ E[et(Zf+-~~+Zn2)]
= E[ed .. etZ1)
= E[e'Z]... E[e'?) (by independence)
1 1 (as each Z? has the

(1—2t)" (1—2t)"” x2[1] distribution)
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Multivariate Transformations using Jacobians

Let’s consider the case of two random variables first.

The Bivariate Transform Method

Suppose that Y; and Y, are continuous random variables with joint
density function fy, v,(y1, y2) and that for all (y1, y2), such that
fri,v2(y1,¥2) > 0,
u = hi(y1,y2) and  wx = ho(y1,y2)

is a one-to-one transformation from (y1, y2) to (uy, up) with inverse

yi=h Y (v, u) and yr = hyY(ur, w).
If hy*(uy, up) and hy *(uy, up) have continuous partial derivatives with
respect to u; and wp and the Jacobian

J = det ahi/aul ahl:/au2 _ ahfl 8h;1 B 8h51 ahfl 0,
th /3111 8’72 /3’12 8U1 6U2 8u1 aUQ
then the joint density of U; and U is
fu,u, (U1, 12) = fy v, (hy (un, 1), by (ur, 1)) |,

where |J| is the absolute value of J.
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The transformation follows from calculus results used for change of
variables in multiple integration.
The absolute value of the Jacobian, |J|, in the multivariate

-1
transformation is analogous to the quantity ‘C”’T(”)‘ that is used when
making the one-variable transformation U = h(Y).

Be sure that the bivariate transformation uy = hyi(y1, y2), t2 = ha(y1, y2)
is a one-to-one transformation for all (y1, y2) such that fy, v,(y1,y2) > 0.
If not, then the resulting “density” function will not have the necessary
properties of a valid density function.

Let's use this method for the following example:

Example 6.13

Let Y7 and Y, be independent standard normal random variables. If
Ui =Y1+ Y2 and U, = Y7 — Y5, then what is the joint density of U
and U,?
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The density functions for Y; and Y; are
1,2 _1,2
e 2N e 2% —00 < yp < 00,

fi =—, f = —,
1(y1) = 2(y2) B —o0< yp < 0,
and the independence of Y; and Y5 implies that their joint density is

1 12,2 —00 < y1 < 00,
fY1,Y2(ylay2):§e 2(y1+y2), —00 < yp < 0.

In this case fy, v,(y1,¥2) > 0 for all —co < y3 < 00 and —c0 < y2 < 0.
We are interested in the transformation

up=y1+y:=h(y,y2) and w =y —ys = h(y1,¥2),
with the inverse transformation

vt U B U — Uy,
y= ! 3 Z — hy Yug,up) and y, = szhQ Hur, up).
ohrt 1 onTl 1 omt 1 ohyt 1
B 1 = , 1 = =, 2 = -, d 2 = —a th
ecause ou, 2 o 2 Ou Bl Oup 2 e

Jacobian of this transformation is
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Solution: (continued)

st - (0)(3)-G)0) -4

and the joint density of U; and U; is

() (252

1 _
fUl7U2(u17 U2) = ge 2

1 —o00 < Ut < oo,
2" —o0< U322 < oo,

A little algebra manipulation yields

2(3) 1)
2 2 2
p (uu):e e —00 < Uy < 00,

Uy, U2\ U1, U2 \/5 /727.[_ \/Q /727‘_7 —00 < Uy < 00.
Notice that U; and U, are independent and normally distributed, both
with mean 0 and variance 2.
The extra information provided by the joint distribution of U; and U is
that the two variables are independent!

Nl
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The k-variate Transformation

If Y1,..., Y\ are jointly continuous random variables and
U=m(, 0 Ye), oo U= he(Ya, .o, Yi),
where the transformation
ulzhl(y].v‘”ayk)v 7Uk:hk(y17"‘7yk)
is a one-to-one transformation from (y1, ..., yx) to (u,..., uk),
which has the inverse transformations
-1 -1
yi=hy (v, k), oo Ly =h (U, ),
such that hfl(ul, ce UKy h,?l(ul7 ..., ux) have continuous partial
derivatives with respect to uy, ..., Uk,
and the Jacobian
3hf1/8u1 A ahfl/é)uk
J =det : : #0,
o fow - O ou,

then there is a result analogous to the bivariate case that can be used to
find the joint density of Uy, ..., Ux.
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Why does this matter for statistics?

If Y1,...,Y, are independent normal RVs with means p; and variances
Yi — wi
2 1 1

g,
aj

we can write Z; =
and compute

i+ + 22 (a sum of squared normalized “errors”).
We know the distribution of this quantity.

So we can do hypothesis testing by computing this quantity, and seeing
how the results compare to the predicted distribution.

“Order Statistics”

Suppose we have Yi,..., Y, independent and identically distributed (lID)
RVs.
We could write Y(l) for the smallest, Y(,,) for the largest; so

Yy < Yo < < Y
where  Y(3) = min{Y1,..., Y5}, Y(n) = max{Y1,..., Yo}

What is the distribution of Y(y),..., Y(n)?
The answer is given by Theorem 6.5:
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A statistic is a function of the observable random variables in a sample
and known constants.

Theorem (6.5)

Let Yi,..., Y, be independent identically distributed continuous random
variables with common distribution function F(y) and common density
function f(y).

If Y(i) denotes the kth-order statistic, then the density function of Yk is
given by

n!

8y (vk) = m[’:(ﬂ)]k*l{l — F(y)l" *f(y).

If j and k are two integers such that 1 < j < k < n, the joint density of
Y(j) and Yy, for y; < yk, is given by

n! .
OGS0 R e 3 7 s w1 v L)

X [F(ye) = FOpI 1 > [1= F(yi)l™ " F () ().

We will look at the simplest cases Y, and Y(y).
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Proof:

Assume that the distribution of each Y; is known, with CDF F(y) and
PDF f(y).
What is the distribution of Y{,?

distribution of Y(n) = G(n)(y) := P(Y(n) < ¥).
Write g(ny(y) for the PDF of Y{,.

Then
Gny(y) = P(Y(n) S y) = P(max{Y1,..., Ya} < y)
= P(Y1 <y and and Y, <y)
=PYi<y) - P(Ya<y) (by independence)
=F(y)-- F(y) = (F(y))"

So Gny(y) = (F(¥))".
It follows that

8n)(¥) = Glw(y) = n(F(y))" " (y).
What about the CDF and PDF for Y{3y = min{Y1,..., Y,}7?
Work it out in a similar manner as above to discover

Guy(y)=1-(1—F(y)", and guy(y)=n(l—F(y)" " f(y).
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Exercise: (steps to find distributions of the minimum)

Let Yi,..., Y, be independent identically distributed continuous random
variables with common distribution function F(y) and common density
function f(y). Let Y, = min{Yy,..., Yo}

(1) In terms of the distribution function F, what is P(Y; > y)?
(2) In terms of the distribution function F, what is P(Y,, > y)?
(3) In terms of the distribution function F, what is P(Y,, < y)?
(4)

4) Find the probability density function f,, of Y}, in terms of F and f.
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(1) PM>y)=1-P(Mi <y)=[1- F(y)]

()

Yn>y < Yi>yand ... and Y, > y.

Therefore
P(Ym>y)=P(Y1>yand ... and Y, > y)

=P(Y1>y) - P(Y,>y) (by independence)
=@1-F@y) - (1=Fy)=|1=-F)"}

n times

() P(Ym<y)=1-P(Yn>y)=[1-(1-F(y))"}

(4)
uly) = dinm(y) _ % 1= (1= F(y))]
n—1 d

= —nll = FO)"™ 2 (-FO) =[n (1= FO)" ()]
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Exercise 6.6:

The joint distribution of amount of pollutant emitted from a smokestack
without a cleaning device (Y1) and a similar smokestack with a cleaning
device (Y2) is
_J1 0<y1<2,0<y<1land2y<y,
Fly,y2) = {0 elsewhere.

The reduction in amount of pollutant due to the cleaning device is given
by U= Yl — Y2.
Find the probability density function for U.

Solution:

Note that the region where the PDF
f(y1,y2) # 0 is as shown along:

I

y2
1

| A

2 y1 —
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u) = P(U S U)
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u)=P(U<u)=P(Y1— Y2 <u)
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u): P(US U): P(Yl— Y2 S U): P(Y2 Z Yl—u).
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u): P(US U): P(Yl— Y2 S U): P(Y2 Z Yl—u).

If 0 < u <1, the region looks like this:
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u): P(US U): P(Yl— Y2 S U): P(Y2 Z Yl—u).

V2 >y — u

If 0 < u <1, the region looks like this:

Math 447 - Probability Dikran Karagueuzian SUNY-Binghamton



Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u): P(US U): P(Yl— Y2 S U): P(Y2 Z Yl—u).

V2> y1— u

If 0 < u <1, the region looks like this:
How does the picture change depending on
the value of u?
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Solution: (continued)
Now we find the PDF for U = Y; — Y5.
Fu(u): P(US U): P(Yl— Y2 S U): P(Y2 Z Yl—u).

If 0 < u <1, the region looks like this:
How does the picture change depending on

the value

0.1

of u?

11, 0)

V2> y1— u

@2, 1)

This picture shows that u =1 is the
“transition"”.
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Solution:

continued)

If 1 < u <2, this is how the region looks:
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Solution:

continued)

If 1 < u <2, this is how the region looks:
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Solution: (continued)

If 1 < u <2, this is how the region looks:
The area of the region is 1 minus the area of
the small triangle.
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Solution: (continued)

If 1 < u <2, this is how the region looks:
The area of the region is 1 minus the area of
the small triangle.

The area of the shaded region, as a function
of u, is the PDF of U.
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Solution: (continued)

If 1 < u <2, this is how the region looks:
The area of the region is 1 minus the area of
the small triangle.

The area of the shaded region, as a function
of u, is the PDF of U.

Y2>y1—u

|
\

Example 6.4
Let Y have probability density function given by

o _1<y<1
A ={3 e

0 otherwise.
Find the density function for U = Y?2.
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Solution: (continued)

If 1 < u <2, this is how the region looks:
The area of the region is 1 minus the area of
the small triangle.

The area of the shaded region, as a function
of u, is the PDF of U.

Y2>y1—u

|
\

Example 6.4
Let Y have probability density function given by
o _1<y<1
A ={3 e

0 otherwise.
Find the density function for U = Y?2.

1
— O<u<l,
Answer: fy(u) = {2\0ﬁ elsewhere.
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End of Chapter 6
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Chapter 7

Sampling Distributions and the
Central Limit Theorem
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Sampling Distributions related to the Normal Distribution

Theorem (7.1)

Let Yi,...,Y, be a random sample of size n from a normal distribution
with mean . and variance o°.
Then

D

is normally distributed with mean pi; = . and variance 027 =’/n.

Proof:

Because Yi,..., Y, is a random sample from a normal distribution with
mean j and variance 02, Y;,i = 1,...,n, are independent, normally
distributed variables, i E(\Y))=pn e V(Y;) = o2

Further,

= 1< Y, Y,
Y:*ZYIZ71+"'+7n:31y1+"'+3nym
n n

where a; =1/n, i=1,...,n.
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Proof: (continued)

By Theorem 6.3, we conclude that Y is normally distributed with
— Y; Y,
E[Y]—E{1+...+] :H‘F"'—FE:%
n n n n
Y A
and
. Y, Y, 2 2 2
VY] = V{1_|_..._|_] :%+...+%:i_
n n n n n
—_———
n times

Remark:

| A

Under the conditions of Theorem 7.1, Y is normally distributed with
mean iy, = pu and variance 02 = o*/n.
It follows that

Z: — =S

has the standard normal distribution.
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I EEEEEEEEEEEE——.———.

@ Notice that the variance of each of the random variables Yi,..., Y,
is 02 and that of the sampling distribution of the random variable Y
is Uz/n.

@ With Y as in Theorem 7.1, it follows that
Y- u— VY _— _
7o Yoy Yo o4 (’/“)
oy U/ﬁ
has a standard normal distribution.

Example 7.2:

| A

A bottling machine can be regulated so that it discharges an average of u
ounces per bottle. It has been observed that the amount of fill dispensed
by the machine is normally distributed with ¢ = 1.0 ounce. A sample of
n = 9 filled bottles is randomly selected from the output of the machine
on a given day (all bottled with the same machine setting), and the
ounces of fill are measured for each. Find the probability that the sample
mean will be within .3 ounce of the true mean p for the chosen machine
setting.
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Solution:

If Y1,..., Yo denote the ounces of fill to be observed, then we know that
the Y;s are normally distributed with mean p and variance 02 =1 for
i=1,...,9.
Therefore, by Theorem 7.1, Y possesses a normal sampling distribution
with mean py = p and variance 03 = /y/n = 1/
We want to find

P([Y —u| €£03)=P(-03<Y — 1 <0.3)

( 03 Y —pu 03)
=P(- < < :
I N N

N — Y _
Because by _ H has a standard normal distribution, it follows
oy U/ﬁ
that
= 0.3 0.3

Using Table 4, Appendix 3, we find
P(-09<7<09)=1-2P(Z>0.9)=1-2(0.1841) = 0.6318.

Thus, the probability is only .6318 that the sample mean will be within .3

ounce of the true population mean.
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Example 7.3:

Refer to Example 7.2. How many observations should be included in the
sample if we wish Y to be within .3 ounce of p with probability .957

Solution:

Now we want
P(]Y — | €0.3)=P(-0.3< Y — 1 < 0.3) = 0.95.
Divide each term of the inequality by oy = 7/vn to get
( 03 _Y—p_ 03
NI
(Recall that 0 = 1).

But using Table 4, Appendix 3, we obtain P(—1.96 < Z < 1.96) = 0.95.
It must follow that

1.96\°
03v/n=196 — n= (()3) ~ 42.68.

Practically, it is impossible to take a sample of size 42.68.
Our solution indicates that a sample of size 42 is not quite large enough
to reach our objective.

/ D

> = P(—0.3v/n < Z < 0.3v/n) = 0.95.

) — X (]
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Theorem (7.2)

=

Let Yi,...,Y, be as in Theorem 7.1. Then Z; = H are independent

standard normal random variables, i = 1,...,n, and

i=1 I g

i=1

has a x? distribution with n degrees of freedom.

Because Yi,..., Y, is a random sample from a normal distribution with
. Y — .
mean y and variance 02, Z; = — # has a standard normal distribution
o
fori=1,...,n.
Further, the random variables Z; are independent as the random variables
Y; are independent, i =1,...,n.

It follows directly from Theorem 6.4 that Z Z? has the distribution
i=1
X2[n]. O
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From Table 6, Appendix 3, we can find values x2 so that
P(x®*>x2)=a, thatis, P(x* <x2)=1-a.
Thus x?2 is the (1 — ) quantile of the x? RV.

Fra(u)

The following example illustrates the combined use of Theorem 7.2 and
the x2 tables.
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Example 7.4:

If Z1,...,Zs denotes a random sample from the standard normal
distribution, find a number b such that

6
P (Z 72 < b) =0.95.

i=1

6
By Theorem 7.2, ) ~ Z? has the distribution x?[6].

i=1

Looking at Table 6, Appendix 3, in the row headed 6 df and the column
headed x?;, we see the number 12.5916.

Thus

6 6
P (Z 72> 12.5916) =005 < P (Z 72 < 12.5916) =0.95,

i=1 i=1
and b = 12.5916 is the .95 quantile (95t percentile) of the sum of the
squares of six independent standard normal random variables.
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The x? distribution plays an important role in many inferential

procedures.
For example, suppose that we wish to make an inference about the
population variance o2 based on a random sample Y;,...,Y, from a

normal population.
A good estimator of o is the sample variance

1 < —
§% = 12(»/,-—»/)2.

n— -
i=1

The following theorem gives the probability distribution for a function of
the statistic S2.

Theorem (7.3)

Let Yi,...,Y, be a random sample from a normal distribution with
mean v and variance 0. Then
(n— 1)52 1
02 - 02

has the distribution x*[n — 1].
Also Y and S? are independent random variables.
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o : (n—1)S?
For simplicity, we only consider the case n = 2, and show that ~——>—
(o
has the distribution x2[1].
— Yh+Y
Incase n=2, Y = %
and, therefore,
1 g o Y+ Y22 Y+ Y22
=g -V = [Yl‘ 1 2] [Y2‘ = 2]

i=1
_ [Yl— er+ [Vz— er_Q [Yl— er (Y1 — Y2)?

2 2 2
It follows that, when n = 2,
(n—1)8*  (i—Ya)2 _ [(Yi-Y5\?
g2 = 252 < 202 ) '
We will show that this quantity is equal to the square of a standard

normal random variable; that is, it is a Z2, which possesses the
distribution x?[1].
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Proof: (continued)

Because Y7 — Y5 is a linear combination of independent, normally
distributed random variables (Y1 — Yo = a1 Y1 + a Y2 with a; = 1 and
dp = —1),

Theorem 6.3 tells us that Y; — Y5 has a normal distribution with mean
1y — 1p = 0 and variance (1)%02 + (—1)%02 = 202.

Therefore, Z = Vi Yo
V2072

Because for n = 2,
(n—1)8* _ (Yl - Y2>2 _ 7

has a standard normal distribution.

o? 202
—1)8?
it follows that % has the distribution x2[1].
g
Y; Y- Y - Y-
1 Bl 618, we mraved it 0 = 2 g gy = M2
g g
independent.
Notice that, because n = 2,
77Y1+Y270'7Ul 527(Y1—Y2)27(O'U2)2
T2 T2 T T T2 T2
Because Y is a function of onl and S2 is a function of onl the
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The t-Distribution

Definition (7.2)

Let Z be a standard normal random variable and let W be a
X2[v]-distributed variable. Then, if Z and W are independent,

T = \/W is said to have the t-distribution with v degrees of freedom

(or parameter v).

If Y1,...,Y, constitute a random sample from a normal population with
mean ;. and variance 02, Theorem 7.1 may be applied to show that

S _ V(Y =)

has a standard normal distribution.

(n—1)S2 D g s .
Theorem 7.3 tells us that W = -——"— has a x* distribution with
O— —
v =n—1df and that Z and W are independent (because Y and S? are

independent).
Therefore, by Definition 7.2,

Z _ n(@-wp) (Y-
\/WTV_ (<n1>52/02)/(n_1>_ﬁ< )
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Exercise 7.98 outlines a method to find the density function of a
t-distribution.

Exercise 7.98:

Suppose that T is defined as in Definition 7.2.

(a) If W is fixed at w, then T is given by Z/c, where ¢ = W/u. Use this
idea to find the conditional density of T for a fixed W = w.

(b) Find the joint density of T and W, f(t, w), by using
f(t,w) = f(t | w)f(w).

(c) Integrate over w to show that

v+l
2

) £\
f(t)_m(lJr;) : —00 < t < 0.
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Standard Normal
Distribution

t - distribution

Table 5, Appendix 3 lists the values of t, such that P(T > t,).

In general, t, = ¢1_4, the (1 — a) quantile (the 100(1 — «)t" percentile)
of a t-distributed RV.

Example 7.6:

The tensile strength for a type of wire is normally distributed with
unknown mean g and unknown variance 0. Six pieces of wire were
randomly selected from a large roll; Y;, the tensile strength for portion i,
is measured for i = 1,...,6. The population mean x and variance o2 can
be estimated by Y and S?, respectively. Because 02, = o*/n, it follows
that 027 can be estimated by o/n. Find the approximate probability that

Y will be within 25/,/ of the true population mean .
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We want to find

P(—f/sﬁ gv—mﬁ):xa(-zsﬁ(’/;“)gz)

=P(-2<T<2),
where T has a t-distribution with, in this case, n — 1 = 5 df.

Table 5, Appendix 3 suggests that the upper-tail area to the right of
2.015 is 0.05.

Hence P(—2.015 < T < 2.015) = 0.9, and the probability that Y will be
within 2 estimated standard deviations of p is slightly less than 0.9.

Remark:

If 2 were known, the probability that Y will fll within 20+; of pu would be

(Geone) s (227 )<)
= P(-2< Z <2)=09544.
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The F-Distribution

Suppose that we want to compare the variances of two normal
populations based on information contained in independent random
samples from the two populations.

Samples of sizes n; and n; are taken from the two populations with
variances o2 and o2, respectively.

From the observations in the samples, we can estimate 2 and o3 from
52 and S2, respectively.

Thus it seems intuitive that the ratio S7/s? could be used to make
inferences about the relative magnitudes of o7 and o3.

Sf/af S?
The ratio %2 = 52 has the F-distribution with n; —1 numerator
2 /05

degrees of freedom and ny — 1 denominator degrees of freedom.

Definition (7.3)

Let Wi and W, be independent y>-distributed random variables with 2,

Wy
and v, df, respectively. Then F = W;m is said to have an F-distribution
2 /v,
with v; numerator degrees of freedom and v, denominator degrees of

freedom.
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Exercise 7.99 outlines a method to find the probability distribution
function of an F-distribution.

Exercise 7.99

Suppose F is defined as in Definition 7.3.

(a) If W, is fixed at wy, then F = Wi/c, where ¢ = w21/u,. Find the
conditional density of F for fixed W = wp.

(b) Find the joint density of F and W,.
(c) Integrate over wy to show that the probability density function of F
—say, g(y) — is given by
vit+vyp

vitivo %1 Vlz v -T2
gy = o) ) 7y < Y

FOp)T () 1+72 , 0<y<oo.
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F(u)

F, u

Table 7, Appendix 3 lists values of F, such that P(F > F,).

In general, F, = ¢1_4, the (1 — @) quantile (the 100(1 — «)™ percentile)
of an F-distributed RV.

If we take independent samples of size n; = 6 and ny = 10 from two
normal populations with equal population variances, find the number b

such that

52
P(=X <p]|=0.95.
<S§‘ >
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Because n; = 6 and n, = 10, and the population variances are equal,
Si/o}

S
— — —12 has an F-distribution
S; [o2 S
with 1 = n; — 1 = 5 numerator degrees of freedom and v, =, —1 =9
denominator degrees of freedom.

Also,
S2 s2
P(Z<b)=1-P(ZL>0b).
<S§) (S§>>

Therefore, we want to find the number b cutting off an upper-tail area of
0.05 under the F density function with 5 numerator degrees of freedom
and 9 denominator degrees of freedom.

Looking in column 5 and row 9 in Table 7, Appendix 3, we see that the
appropriate value of b is 3.48.

Even when the population variances are equal, the probability that the
ratio of the sample variances exceeds 3.48 is still 0.05 (assuming sample
sizes of n; = 6 and n, = 10).
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The Central Limit Theorem

Heuristically, if you add up a lot of 1ID RVs and normalize appropriately,
the result is a standard normal RV.
More specifically,

Theorem (7.4)

Let Yi,...,Y, be independent and identically distributed random
variables with E[Y;] = p and V[Y;] = 02 < c0.
Define

n N/ n
C Y — Y — = 1
U, = 2= Yi = it = H where Y = — Z Y.
ay/n o/\/n n <=
Then the distribution function of U, converges to the standard normal
distribution function as n — co.
That is,

u
1 2
lim P(U, <u :/ ———edt for all u.
n—o00 ( ) —c0 ‘/271'

Y — — 1<
Note: The formula U, = u, where Y = — Z Y;, guarantees that
e 2% "2

n

Q
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(1) Show that E[U,] = 0 using linearity of expectation and E[Y;] = pu.

(2) Also show that V[U,] =1 using independence, properties of

variance, and V[Y;] = o2

So U, is “correctly normalized” to approach a standard normal RV, in
the sense of convergence in distribution.

The distribution function of U, converges to the distribution function of
a standard normal RV.
That is,

lim P(Ungu):/ L ergy,

n—o00 00 271'

Note: This result is true for any distribution of the Y's that satisfies the
hypotheses V[Y] = 02 < oo, etc.

Remark: There are other senses of convergence, such as “weak
convergence”, “almost sure convergence”, etc.
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How do we apply this theorem in the context of Chapter 77
The problems will not specifically say “Apply the CLT".

Exercise 7.43:

An anthropologist wishes to estimate the average height of men for a
certain race of people. If the population standard deviation is assumed to
be 2.5 inches and if she randomly samples 100 men, find the probability
that the difference between the sample mean and the true population
mean will not exceed .5 inch.

Interpretation:

@ Rule of thumb: For most distributions, we get good convergence of
U,s to normal after about n = 30.
The exercise has 100 samples.
Since 100 > 30, it is OK to apply the CLT.

@ No specific distribution is mentioned.
So if we don't apply the CLT, how can we do the problem?

@ We are given the population standard deviation, which we need to
apply the CLT for this exercise.
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= 1
Let Yi,..., Y100 be the heights, and let Y = 100 }22 Y; be the sample
mean.

We are interested in P (|Y — p| < 0.5).

To solve, translate this into P (|Uigg| < something), and then use that
Uioo is approximately standard normal (by CLT).

Whatisijloo? . -
Y—p  Y—pu Y—ypu

T ofvs  @9/vIm  0.25
So |Y — p| < 0.5 iff |Usgo| < 2.

Uioo =

Thus our question “What is P (|Y — p1| < 0.5)?" is the same as “What
is P(|U100| < 2)?”.

But Uigp is approximately standard normal.
Using the “95% rule” approximation, the answer is
P (|Uigo| < 2) =1 —2(0.0228) ~ 95.4%.
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Remark:

We said V[Y;] = 02 < oo was a hypothesis of the CLT.
The CLT is not true for distributions without a variance.
What kind of distribution doesn’t have V[Y] < co?

There is one we will study in this chapter: The t-distribution with “1
degree of freedom"” (or with parameter 1).
This is also called the Cauchy distribution, and it comes up in physics.

Definition (The t-distribution)

Let Z be a standard normal random variable and let W be a
x?[v]-distributed variable. Then, if Z and W are independent,

V4
T=
VWi

(or parameter v).

is said to have the t-distribution with v degrees of freedom

Remark:

| A

The t-distribution with larger v does have a variance.
v = 1 is something of an exceptional case.
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1 1
The t—distribution Wlth v=1 has the PDF f(y) = ;m
If we take n IID samples Yi,..., Y, from a t-distribution with v = 1,
— 1,
then Y = - > i1 Yi also has the t-distribution with v =1 for any n.
So this sum will never converge to a standard normal RV.
Recall that if Z3,...,Z, are independent standard normal RVs, then
Z2 + .-+ Z2 has the x?[v] distribution.
So think of T as the observation Z divided by "observed normalized

errors”.
This comes up as a “regression coefficient”.

The reason for defining T is that it is a “Sampling Distribution derived
from the normal distribution.

Remark: (for those interested in finance)

The standard model for “log-returns” in risk management is the
t-distribution with v = 5 (maybe 4 or 6).

Reason: “fatter tails".
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Recall: The Central Limit Theorem

Theorem (7.4)

Let Yi,...,Y, be independent and identically distributed random
variables with E[Y;] = u and VY] = 0% < <.
Define

" Yi—n Y — — 1<
_ZimYimm Yo where Y = =Y V.
o\/n o/y/n n
Then the distribution function of U, converges to the standard normal
distribution function as n — co.
That is,

Y 1 .
lim P(U,<u :/ ——e"dt for all u.
n—00 ( ) 700\/271—

Proof:

Start with some key ingredients:

(a) Theorem 7.5, which we use as a black box.

(b) Taylor's theorem with remainder, which is another black box.
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L
Theorem (7.5)

Let Y and Y1, Ya,... be random variables with moment-generating
functions m(t) and my(t), my(t), ..., respectively. If

lim,— o0 my(t) = m(t) for all real t, then the distribution function of Y,
converges to the distribution function of Y as n — oo.

Theorem (Taylor's theorem with remainder)

f(ty= FfO)+f'(0)-t + @ t?, where0 < &< t.

linear approximation to f

error term

We will bound the error term by knowing something about .

The Exponential Function:

n— oo n— oo

. 1\" . X\ "
Recall that lim 1+; = e and lim (1+7) = e¥,

and if lim b, = b, then |im <1 + b,,) = eb.
n— 0o n

n—oo
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Proof: (continued)
How does this apply to the CLT?
(a) shows that it is enough to show that my, (t) — mz(t) = e/,

We know that U, = Z:, where Z; = Yi — N.
o

I o
7 Dz

The Z; are independent since Y; are.

So
e () e ()

Also the Z; are identically distributed.

t n
So this means my, (t) = [mz1 ( .
n \/E
Now apply

(b) to mz:

2

mz () = mz,(0) + my (0)t + m (), 0<é<t

But we know that the derivatives of MGF are the moments:
mzl(O) = 1,

mY (0) = E[Z1] =0,

m% (0) = E[Z2] = V[Z] + E[Z]? = 1.
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Proof: (continued)
So
/ /! t2
mz(t) = mz,(0) + mz (0)t + mz (¢) -
Thus

Now lim my,(t) = lim |1+

n—o0 n—oo

Since the MGF is continuous and 0 < &, <

and m7 (§,) — m7% (0) = 1.
So

1 +m 21 (En)

Here 0 < &, <

t2
=1+0+mz (&)~

(/f)Z]n

-t
NG

mz(gn)f; ’
|

Vn'

we have &, — 0
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Proof: (continued)

Now use
(c)
b n
This tells us that lim my, (t) = lim <1+”) , where
n—oo n—o00 n

£2 £2
b, = mY (5,,) , and nILmOO b, = >

b — ¢“/2. This proves the Central Limit Theorem.

What do we need to know for solving CLT problems?

@ We need to know facts about MGF used in the proof.
You should be able to prove, for example, that m,x(t) = mx(at).

So lim mUn(t) =e
n—o0

@ Also using the facts about mean and variance used, you should be
able to show E[Z;] =0 and V[Z] = 1.

@ You should be able to produce a correct statement of the CLT.
Most importantly, using this, you should be able to do the problems
of the form “Apply the CLT", even if the problem statements do not
explicitly mention the CLT.

V.
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Application of the Central Limit Theorem

Exercise 7.45:

Workers employed in a large service industry have an average wage of
$7.00 per hour with a standard deviation of $0.50. The industry has 64
workers of a certain ethnic group. These workers have an average wage
of $6.90 per hour. Is it reasonable to assume that the wage rate of the
ethnic group is equivalent to that of a random sample of workers from
those employed in the service industry?

[Hint: Calculate the probability of obtaining a sample mean less than
or equal to $6.90 per hour.]

Solution:
Let Y1,..., Y64 be the pay rates of the workers in the ethnic group.
We are interested in the probability P (Y < $6.90), where

< 1
Y = - Z?il Y; is the average.

We can apply the CLT because of the rule of thumb - “30 samples is
good enough”, and 64 > 30.
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Solution: (continued)

Y<69 «<— Y-7<69—-7=-0.1.

But U, — L —*
J/ﬁ
Here 0 = 0.5 and /n = V64 = 8.
So
= Y -7 —-0.1 8
Y-7<-01 < Wg 057 = Uﬁ4§_§ — U, < -1.6.

The approximation of the CLT is P(U, < —1.6) =~ P(Z < —1.6).

From the table, P(Z < —1.6) "= P(Z > 1.6) ~|0.0548|

That is, the probability that we would observe such a wage variation by
chance is about 5.5% in this model.

Remark:

Is this sufficient to conclude that there is differential pay for this ethnic
group?

Answer: The calculation above is not sufficient — You have to believe that
the model is valid.
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The most important part of the CLT to memorize is the formula
Y - - 1
U,,:iu, where Y:fZY,-.
IV =
The problems are all of a form where you start from “U, is approximately
standard normal” (for large n) and derive some conclusion.

(In the example we just did, it was about P (Y < 6.9).)
You cannot do this without the formula for U,,.

The formula U, is NOT arbitrary; it is the simplest thing it could possibly
be:

we start with Y and normalize it to have mean 0 and variance 1.

A\

Exercise 7.37(a):

Let Yi,..., Ys be a random sample of size 5 from a normal population
with mean 0 and variance 1 and let Y = 1 3> | ;. What is the

distribution of W =37 | Y?? Why?

Answer: Using MGFs, we can show that W ~ x?[5].
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Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

A\ | A\
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

Thejbove exercise tells us that o = 10, and that we want
P(|Y —pu| <1) ~0.99.

| A
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

| A

Solution:

Thejbove exercise tells us that o = 10, and that we want
P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

The above exercise tells us that o = 10, and that we want

P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.
We can guess, since o = 10, that the required n is large, so the CLT
applies.
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

Theibove exercise tells us that o = 10, and that we want
P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.

We can guess, since o = 10, that the required n is large, so the CLT
applies. To use the CLT and normal tables, we need to translate the
probability requirement of the problem to something involving U,, and
then figure out what n we need.
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

The above exercise tells us that o = 10, and that we want

P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.
We can guess, since o = 10, that the required n is large, so the CLT
applies. To use the CLT and normal tables, we need to translate the
probability requirement of the problem to something involving U,, and
then figure out what n we need.

Start with

Y —nl <1
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

Theibove exercise tells us that o = 10, and that we want
P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.

We can guess, since o = 10, that the required n is large, so the CLT
applies. To use the CLT and normal tables, we need to translate the
probability requirement of the problem to something involving U,, and
then figure out what n we need.

Start with
Y -p
U/ﬁ

1
=

Y —p| <1 =
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

Theibove exercise tells us that o = 10, and that we want
P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.

We can guess, since o = 10, that the required n is large, so the CLT
applies. To use the CLT and normal tables, we need to translate the
probability requirement of the problem to something involving U,, and
then figure out what n we need.

Start with
Y -p
U/ﬁ

Y —p| <1 =

- 0/\/; 10/\5 - 10/\/5'
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Exercise 7.51:

Shear strength measurements for spot welds have been found to have
standard deviation 10 pounds per square inch (psi). How many test welds
should be sampled if we want the sample mean to be within 1 psi of the
true mean with probability approximately .997

Solution:

Theibove exercise tells us that o = 10, and that we want
P(|Y — | < 1) ~ 0.99. We are asked to find a suitable n for this.

We can guess, since o = 10, that the required n is large, so the CLT
applies. To use the CLT and normal tables, we need to translate the
probability requirement of the problem to something involving U,, and
then figure out what n we need.

Start with
= Y —pu 1 (Y — u) 1
Y—-—ul <1 <= <— = —_— < .
[V —ul< AR 0/ ) | = O/m
———

By CLT, the braced expression above is standard normal for large n.
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Solution: (continued)

Now we need to find n such that P <|Z| < /7 ) 0.99.

For which a is the shaded
area = 0.997

By symmetry, this is the
same as:

For which a is the shaded
area = 0.0057

This we can look up!
a~ 2.575 from the table.
So we solve for n:

~ 2575 —> \1/—05 ~ 2575 —> \/n~ 25.75

1
10/\/3
— n~ (25.75)% ~ 663.
Thus n = 663 is good enough.
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The CLT only requires that the samples Yi,..., Y, are IID and have
02 < oo.

Exercise 7.53 (b):

One-hour carbon monoxide concentrations in air samples from a large
city average 12 ppm (parts per million) with standard deviation 9 ppm.
Find the probability that the average concentration in 100 randomly
selected samples will exceed 14 ppm.

y

In such problems, CLT applies even though Yi,..., Y, are NOT normally
distributed.

Y —
What is normally distributed is U, = —
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The Normal Approximation to the Binomial Distribution

The central limit theorem also can be used to approximate probabilities
for some discrete random variables when the exact probabilities are
tedious to calculate.

One useful example involves the binomial distribution for large values of
the number of trials n.

Suppose that Y has a binomial distribution with n trials and probability
of success on any one trial denoted by p.

If we want to find P(Y < b), we can use the binomial probability
function to compute P(Y = y) for each nonnegative integer y < b and
then sum these probabilities.

Tables are available for some values of the sample size n, but direct
calculation is cumbersome for large values of n for which tables may be
unavailable.

Alternatively, we can view Y/, the number of successes in n trials, as a
sum of a sample consisting of Os and 1s;
that is,

1 if the /™ trial is success,

Y= Z Xi, where X; = 0 otherwise.
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The random variables X; for i = 1,..., n are independent (because the
trials are independent), and it is easy to show that E[X;] = p and
VIXiJ=p(l—p)fori=1,...,n

Consequently, when n is large, the sample fraction of successes,

Y 1 -
7T a X=X

possesses an approximately normal sampling distribution with mean
ViXil _ p(1—p)
n n

px = E[Xi] = p and variance V5 =

Thus, Theorem 7.4 (the central limit theorem) helps us establish that if

Y
Y ~ Bin(n, p) and if n is large, then — has approximately the same
n

1
distribution as U ~ N |{ p, u

Equivalently, for large n, we can think of Y as having approximately the
same distribution as W ~ N (np, np(1 — p)).
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The normal approximation to binomial probabilities works well even for
moderately large n as long as p is not close to zero or one.

A useful rule of thumb is that the normal approximation to the binomial
distribution is appropriate when

0<p—3\/@ and p+3\/@<1.

Equivalently, the normal approximation is adequate if
1—
nsofmadpl-ph)
min{p,1 — p}
For example, suppose that Y has a binomial distribution with n = 25 and

p = 0.4 (we will see this in the example that follows).
We have

max{0.4,1 — 0.4} =0.6, min{0.4,1-0.4} =04

(2o 121) o (%) s

Since n = 25 > 13.5, the normal approximation is indeed adequate.
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Here is a comparison of the distributions Y ~ Bin(25, 0.4) (histogram in
blue) and the normal approximation W ~ N(10,6) (green):

02
0.18
0.16

0.14 f XY
0.12
01
0.08
0.06

0.04

0.02

ol 2 3 4 5 6 7 8 9 1o 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

Note that
uw = np = 25(0.4) = 10,
and
oty = np(1 — p) = 25(0.4)(0.6) = 6.
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Example 7.11

Suppose that Y ~ Bin(25,0.4). Find the exact probabilities that Y < 8
and Y = 8 and compare these to the corresponding values found by
using the normal approximation.

Solution:

| \

The exact probability
that Y < 8 is the blue

(filled) area of the
histogram shown
along:

0.16
0.14
0.12

0.1

0.08

7f

™

Math 447 - Probability

rd
Dikran Karagueuzian

SUNY-Binghamton



Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.

The exact probability that
Y = 8 is the difference
between P(Y < 8) and
P(Y <7).
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.
The exact probability that 01s
Y = 8 is the difference 014 /
between P(Y < 8) and o1z
P(Y < 7). This is the blue "
(filled) strip in the picture: '

0.08

0.06

0.04

0.02

-.-""’T
4 5 [ ) B ! 19 10 11 1z
7.5 8.5
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.

The exact probability that 01s

Y = 8 is the difference 014 /
between P(Y < 8) and o1z
P(Y < 7). This is the blue "
(filled) strip in the picture: '
0.08
From the table, we find 0.08
P(Y = 8) 0.04
=P(Y <8)—P(YLT) 0.02
-.-""’T

4 5 [ ) a8 8 10 11 1z
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.

The exact probability that 01s
Y = 8 is the difference 014 /
between P(Y < 8) and 012
P(Y < 7). This is the blue "
(filled) strip in the picture: '
0.08
From the table, we find 0.08
P(Y — 8) 0.04
=P(Y <8)—P(YLT) 0.02
=0.274 — 0.154 —'-#-14 5 5 7 .8 | 9 10 11 12
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.

The exact probability that 01s
Y = 8 is the difference 014 /
between P(Y < 8) and o1z
P(Y < 7). This is the blue
(filled) strip in the picture: o
0.08
From the table, we find 0.08
P(Y = 8) 0.04

=P(Y<8)—P(Y<T7) oo
=0.274—0.154=0120. = o555 T T T &

Now our normal approximation is W ~ N/(10,6).
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Solution: (continued)

We look up Table 1, Appendix 3, to find P(Y < 8) = 0.274.

The exact probability that 01s
Y = 8 is the difference 014 /
between P(Y < 8) and 012
P(Y < 7). This is the blue "
(filled) strip in the picture: '
0.08
From the table, we find 0.08
P(Y — 8) 0.04
=P(Y <8)—P(YLT) 0.02
—0274—0.154=0.120. = o555 T TH T ©

Now our normal approximation is W ~ A/(10,6). Looking at the picture,
we need to find P(Y < 8) ~ P(W < 8.5), and

P(Y =8) ~ P(7.5 < W < 8.5); the half-integers accouting for the
(obvious) correction.
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Solution: (continued)

014 AK Thus
0.2 P(W < 8.5)
U“ﬂ; :P<W—10<8.5—10>
Ve T Ve
—P(Z < —0.61) = 0.2700.
002 from Table 4, Appendix 3.
Likewise,
N P(7.5 < W < 85)
o 7.5—-10 W-10 85-10
: A&7 =% =% )
=P(~1.02 < Z < —0.61)
| B | =0.2709 - 0.1539 = 0.1170.
Note that the approximate values (0.2709 and 0.1170) are very close to
the actual values (0.274 and 0.120) calculated earlier.
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End of Chapter 7
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