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Conjugation in groups

AS a binary relation

Let G be a group. For a,b € G, we say a,b are
conjugates if there is x € G such that

a~b iffthereis z€8, st. b=z lax

Extend this to monoids and semigroups.
(G-conjugated

M a monoid;
G subgroup of invertible elements; a,b € M

a~cgb Iff drxedG, st. b= v tax

~ and ~q are equivalence relations. The equiv-
alence classes are the conjugacy classes.

S-conjugated

a~psb iff dz,y €5, st. a=uzy,b=yx

Denote by ~g the transitive closure of ~,g.
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AS a binary operation

axx =z taz. (1)

Proposition 1. The binary operation of group
conjugation satisfies the following laws:

(L1) (xxy)*xz=(xz*x2z)x*(y=*2z2)
(right self-distributivity)

(L2) zxx==x (idempotency)
(L3) zxz=yx*xz = x =1y (right cancellation)
(L4) zxy=x = y*xx =y (symmetry)

Conjugation without inverses

b=axxz if and only if zb=ax (2)



Conjugation in semigroups

Proposition 2. Let S be a left cancellative semi-
group. The partial operation of conjugation, as
defined in (2) satisfies (L1,L2,L4).

If S is right cancellative, then it satisfies (L3).

In the identities (L1-L2) this means that when
both sides are defined, they are equal. For the
quasi-identities (L3—L4), the meaning is that when-
ever the terms in the antecedent equation are
defined and equal, the terms in the consequent
equation are also defined and equal.

Left cancellation is used only to have the opera-
tion well-defined, but not in the proof. Without
left-cancellation the result holds for the binary
relation pg

apgzb if and only if b= ax (3)



Inverse semigroups

Regular semigroup: inverses exist
(Vee X)(dye S) s.t. zyr =2 and yxy=y.

Inverse semigroup: inverses exist and are unique.
I-conjugation:

axx =gz lax (4)

i-conjugation fails (L1-L4) in general. (symmet-
ric inverse semigroup)

Proposition 3. S an inverse semigroup, x € S.

1. zz— ! and z— 1z are idempotents,
the left and right identities for x.

Every idempotent in S is its own inverse.
Idempotents commute.

The product of idempotents is idempotent.

o A WD

Left and right identities are all the idempo-
tents of S.

6. T he set of idempotents form an inverse sub-
semigroup.



Proposition 4. Let S be an inverse semigroup.

1. a < b defined by ab—! = aa—1, is a compatible
partial order on S.

2.a€S8,ecE, f=aa"l the left identity of a.
ea < a, With equality if and only if f <e.

S acts by i-conjugation on FE.

e € E is stable under ac¢ S if a lea=c¢
it is weakly-stable if a lea<e
Notice that a lea < a la.

Proposition b. Let a € S and e € E. Consider
(i) e is stable under i-conjugation by a,
(ii) e and a commute,

(iii) e is weakly-stable under i-conjugation by a,

then (i) = (i1) = (441). Strict implications.



Proposition 6. Let S be an inverse semigroup,
a,x €585,

1. The i-conjugate of a by =, a*xx = z lax is a
conjugate of a by x, in the sense of (2), if and

only if the left identity of x is weakly-stable

under i-conjugation by a— 1.

2. If a has a conjugate by x, in the sense of (2),
then a x x Is the smallest such conjugate.

Theorem 7. Let S be an inverse semigroup.
For a,x € S, the conjugation of a by x defined
as the smallest b satisfying (2), if it exists, is a
well-defined partial operation.

It is equal to (4) when defined.

It satisfies the laws (L1,L2,L4).



Conjualgebras

A (partial) conjualgebra consists of a set A with
a (partial) binary operation * that satisfies the
Laws (L1-L4).
For x € A, the centralizer of x is the set
Cr:={{a€ Alaxz =a}

Proposition 8. Let (A, x) be a conjualgebra, and
x € A.

1. The map

a — a*x

is an injective homomorphism of A.

2. The centralizer Cy is a subalgebra of A, i.e.
the subalgebra [pz: = 14].

3. Axz, the image of py, is a subalgebra of A.

4. Cpr < Axx < A.



Theorem 9. Let A be a conjualgebra, and let
IEnd(A) be the semigroup of injective endomor-

phisms of A.

1. IEnd(A) is a subsemigroup of the symmet-
ric inverse semigroup J,, but not an inverse
subsemigroup in general.

2. The map
p.: A — IEnd(A)
r — pPg

has the property that pz«y IS @ conjugate of py
by py. When considered inside J 4, it satisfies

the inequality

Pxxy = Pz * Py-



