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Abstract

In this paper we give a new perspective on the Cauchy integral and transform and Hardy spaces for Dirac-
type operators on manifolds with corners of codimension two. Instead of considering Banach or Hilbert
spaces, we use polyhomogeneous functions on a geometrically “blown-up” version of the manifold called
the total boundary blow-up introduced by Mazzeo and Melrose [R.R. Mazzeo, R.B. Melrose, Analytic
surgery and the eta invariant, Geom. Funct. Anal. 5 (1) (1995) 14-75]. These polyhomogeneous functions
are smooth everywhere on the original manifold except at the corners where they have a “Taylor series”
(with possible log terms) in polar coordinates. The main application of our analysis is a complete Fredholm
theory for boundary value problems of Dirac operators on manifolds with corners of codimension two.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Boundary value problems for Dirac operators on manifolds with smooth boundary have a
complete systematic Fredholm theory [15,20,107] developed by Calderén and Seeley. Now take
a Dirac operator on a smooth manifold (e.g. R") and restrict the Dirac operator to a manifold with
corners inside the manifold (e.g. a polyhedral region in R"; cf. Section 2.1). For the restricted
Dirac operator there is no complete Fredholm theory, rather each situation is handled via ad hoc
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methods (cf. [30,41,58,72,80,84,97,101,102] and many more references in the sequel). One goal
of this paper is to develop a complete Fredholm theory (see Theorem 2.5) on polyhomogeneous
functions when the corners are of codimension two. This Fredholm theory is developed through
the Cauchy integral and transform.

The Cauchy integral (= the Poisson operator) and the Cauchy transform (= the Calderén
projector) have impacted many areas of science such as analytic function theory [56], physics
[60], Fourier analysis [64], several complex variables [94], representation theory [40] and of
course boundary value problems [12] to name a few areas. These singular integral operators are
defined on function spaces associated to boundaries of manifolds and it is well known that when
the boundary is smooth, these operators preserve smooth functions; however, when the boundary
is not smooth, smooth functions are not preserved. For this reason, when the boundary is not
smooth, the space of smooth functions is always completed to Banach spaces (Besov, Holder,
Sobolev, etc.) where many tools are available to facilitate the analysis of the Cauchy integral and
transform [17,40,81,82]. In this paper we propose a geometric alternative (Theorems 2.1 and 2.2):
We analyze the Cauchy integral and transform not on functions on the original manifold but on
“smooth” (polyhomogeneous) functions on a geometrically “blown-up” version of the manifold
called the total boundary blow-up introduced by Mazzeo and Melrose [71]. As remarked above,
we apply our analysis of the Cauchy integral and transform to develop a complete Fredholm
theory for boundary value problems of Dirac operators on manifolds with corners of codimension
two (Theorem 2.5)—we determine exactly when a boundary value problem is “elliptic,” that is,
Fredholm. To precisely state our results, we recall the prerequisite material as it was developed,
much of which we later generalize to the context in which we work.

1.1. Complex analysis and the Cauchy integral

We begin our introduction with a review of some well-known properties of the Cauchy integral
(see [110] for more history). Let X C C = R2 be a smooth two-dimensional compact manifold
with boundary in the complex plane where we orient the boundary in the usual counterclockwise
manner. Then by Cauchy’s integral formula [12,27] we know that if f is a holomorphic function
on X, then

fx)= @, / & dy forall x € X (the interior of X).
2 ) x—Yy
X

The right-hand side of this equality defines a continuous map
K:C®0X)—> C®(X)
called the Cauchy integral or Poisson operator

(Ko)(x) := L/ YO 4y forall p € C®HX),
2 ) x—y

X

where (K¢)(x) is defined on 0X by continuity from the interior of X. For generalization later
on, we rewrite /C in the following way
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I () Jv— i @(y) dy

- = — —d
Ko 2 ) x—y Y 2 ) x—yds s
X X
; 1
_ ZL wT(y)ds(y) = —f&N(y)dS(y), (L.1)
) x—y 2r J x—y
X 0X

where s denotes the arclength parameter, 7 is the unit tangent vector to dX and N =iT is the
inward unit normal. By Cauchy’s integral formula we know that if f is holomorphic on X, then
f =K (flax), which says that C reproduces holomorphic functions from their boundary values.
Thus, K can be called a “reproducing kernel.” From this it follows that

ran K = ker(3: C*°(X) — C*°(X)) = holomorphic functions on X.

The “local implies global” property of /C (local properties of f on d X determines f on all of X)
is a precursor to many of the topics covered in global analysis.

There is another way to write /C that will be important in the sequel. Consider the Cauchy-
Riemann operator

9 1= dy, +idy, : C°(R?) — C®(R?). (1.2)
Although this operator is not invertible, it does have an inverse on compactly supported functions:
s—1,._ L [u®)

:E X =Yy
R2

dy  forall u € C°(R?).

Then with this definition, we have 309 '=9'03 =1Id on cx (R2). Then the last expression
in (1.1) shows that

Ke=0"1083xNp) forallp e C®X), (1.3)
where 83y is the delta function concentrated on X and where the image of 3! is initially
restricted to X and then extended to d X by continuity. This formula can be used to generalize
the Cauchy integral operator to any differential operator with an inverse on compactly supported
functions.

An operator closely related to the Cauchy integral operator is the Cauchy transform or
Calderon projector
C:C®(0X)—> C®(0X)
defined as
Co:=(Ko)|sgx forall p e C*(0X).
If we define the Hardy or Cauchy-data space of d over X by

H(®) :={¢lax | ¢ € CZ(X), d¢ =0},
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then it is well known (and easy to prove) that C has the following properties: C’=C,C=1d
on H(d), and ranC = H(9d). Here are the main properties of the Cauchy integral operator and
Cauchy transform:

K:C®0X)— C®(X), ranK=ker(d:C®(X)—> C*(X))
and
C:C®(HBX)— C®(X), (C*=C, C=Id onH(d), ranC="H().
1.2. Dirac-type operators

Let (M, g) be a smooth Riemannian manifold (not necessarily compact) without boundary
and let E, F be vector bundles over M. A Dirac-type operator

D:C®(M,E)— C®(M,F)

is an elliptic first-order differential operator mapping sections of E to sections of F' such that
0 (D*D) = g where o denotes principal symbol. Some of the main examples include the original
(Riemannian version of the) Dirac operator of P.A.M. Dirac [34], the Hodge—Dirac operator on
differential forms [31], the Darboux—Dirac operator on anti-holomorphic differential forms [52],
and of course the spin and spin<C Dirac operators [8,46]; see Section 3.1 for more examples. An
example that is a “hot” topic nowadays is Clifford analysis, which we shall cover in Section 3.2.

For a Dirac-type operator D on a (not necessarily compact) smooth Riemannian manifold M,
motivated by the Cauchy—Riemann operator described earlier we shall assume that D has an
inverse D! on compactly supported sections. Thus, our working assumptions are

I) D:C*®°(M,E)— C>®(M,F) isof Dirac-type (1.4)
and there is an operator

) D ':CX(M,F)— C®(M,E) with
DoD '=1d on C*(M, F) and D loD=1d on C°(M, E). (1.5)

In practice, we shall be working on a neighborhood of a compact manifold X € M with boundary
(or even corners) inside of M ; then an arbitrary Dirac-type operator can be made invertible on a
neighborhood of X via the invertible double construction of Wojciechowski [15,114]. Thus, the
assumption (1.5) is not restrictive.

Let X be a compact manifold with smooth boundary in M with dim X = dim M. In analogy
with (1.3), we define the Cauchy integral or Poisson operator by

Ko =D"1(85xGyp) forallp € C*3X, E), (1.6)
where d5x is the delta function of the boundary, G: E — F is the principal symbol of D eval-

uated on the inward pointing unit normal vector field to X, and where the image of D! is
initially restricted to X and then extended to d X by continuity.
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In fact, a deep result of Calder6n and Seeley [20,107] states that
K:C®(0X,E)—> C®(X,E) and ranK =ker(D:C®(X,E)— C*(X,F)). (1.7)
The Cauchy transform or Calderon projector is the operator
C:C®0X,E)— C®0X,E)
defined by
Co:=(Ko)|sgx forallp e C*(0X,E). (1.8)
If we define the Hardy or Cauchy-data space of D over X by
H(D) = {¢lox | ¢ € C*(X, E), D¢ =0},
then by works of Calderén and Seeley [20,107], the following properties hold:
C:C®0X,E)— C*0X,E),
C*=C, C=I1d onM(D), tanC="H(D). (1.9)

There is a complete Fredholm theory for boundary value problems involving the Calderén pro-
jector: If P is any pseudodifferential projection on C*°(d X, E), define

Dp :=D:dom(Dp) — C*(X, F),
where
dom(Dp) := {¢ € C¥(X, E) | P(¢lax) =0},
then the following elegant Fredholm criterion holds [15]:

Dp is Fredholm if and only if PC : H(D) — ranP is Fredholm, in which case
ind Dp = ind(PC: H(D) — ranP). (1.10)

2. Goal of this paper and statement of main results

The goal of this paper is to extend the results (1.7), (1.9), and (1.10) for Dirac-type operators
on manifolds with boundary to the case when X has corners.

2.1. Manifolds with corners

Specifically, we are interested in the case of a manifold with corners of codimension two
X C M. This means that if » = dim M, then X is locally diffeomorphic to either R" (the interior
points), [0, 1) x R"~! (near the boundary but away from the corners), or [0, 1)? x R"2 (near
the corners). See Fig. 1 for a couple of examples. It turns out that the results (1.7), (1.9), and
(1.10) are not true when the smoothness of X is relaxed. Indeed, define C*°(X) := C®°(M)|x
and C*(0X) := C>®(M)|yx, and consider, for example, the case of X C R? (a “tear drop” of
angle 0 < 6y < 27) given in Fig. 2.
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<

Fig. 1. Examples of manifolds with corners of codimension two; the left-hand manifold in R2 and the right-hand man-
ifold in R3. The right manifold is a solid “flattened sphere” in R3. Around the edge, this manifold is diffeomorphic to
[0, 1)% x st

o

Fig. 2. A manifold with a corner in the plane.

Example 1. If (p)(x) := ﬁ faX ﬁ(Tyy) dy, then £:C>®(0X) — C°°(X) if and only if 6y = 7;
that is, if and only if d.X is smooth.

Sufficiency is just Calderén—Seeley and to prove necessity, consider ¢(x1, x2) = x1, which
is a perfectly infinitely differentiable function. Then modulo a smooth function, for x € X (the
interior of X) in terms of polar coordinates we can express (/Ce)(x) as an integral over the rays
y=p,y=pefor0<p<1:

1 1

cosby
/ 1 dyz/ & dp—fp—peleﬂdp.
xX—y X—p x — peito
0 0

0X

The integrals on the right can be evaluated explicitly using the partial fractions formula —- =

X—a
xxTa — 1, and we find that modulo a smooth function at x =0,

Ko :/ l dy = (1 — cosfpe %) x log(—x), 2.1)

X

where log(—x) is the principal logarithm defined on X; note that if x € X, then —x has argument
in (—s, ). In particular, in general we have a logarithmic singularity at x = 0. Of course, the
only angle for which this singularity vanishes is 6y = m; in this case, the sector is not really a
sector, it is flat at the origin and hence 9 X is actually smooth.

This simple example shows that in the general case, in order for the results of Calderén and
Seeley (1.7), (1.9) to be valid, one needs to use spaces which are strictly larger than C*°; in other
words, C* is foo small. Common choices of function spaces include the familiar Banach spaces:
L? spaces, Holder spaces, Besov spaces, and Sobolev spaces, where the formulas (1.7), (1.9) do
hold in appropriate spaces. We remark that the proofs of boundedness are nontrivial because in
the presence of corners, the operators C and C are not pseudodifferential but at best are singular
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integral operators [111] (when the boundary is C! some C* techniques can still be employed
[38,96], but when the boundary is Lipschitz as in our case, the C*° techniques breakdown).
The fact that the standard Cauchy transform in the plane is bounded on L” (0 X) was proved by
Coifman, Mclntosh, and Meyer [26] (cf. [25]) generalizing a result of Calderén [21]. This was
later generalized by Murray [87] and then by McIntosh [74] to the Clifford—Dirac case in R**!,
which has many applications to the growing field of Clifford analysis; see for example [14,54,
61-63]. Finally, the Clifford—Dirac case was later generalized to the full Dirac operator case on
a Riemannian manifold by Mitrea [69,83,84]. See also [1-6,9,49,65,112] and the books [17,41,
55,81,82,93] for related results and more references. The methods used to prove boundedness
on these Banach spaces work for Lipschitz domains and use, amongst other methods, singular
harmonic measures (e.g. the Carleson measure), elliptic estimates, the Calderdn rotation method
(or commutator method), variational principles, a priori estimates, Clifford or Haar wavelets
systems, and Littlewood—Paley theory.

2.2. A geometric “smooth function” approach via blow-up

The goal of this paper is to develop a “smooth” theory for the Poisson operator and Calderén
projector on a manifold with corners. There are two obstructions to this goal: (1) We have to de-
fine what “smooth” means because we already know that (1.7), (1.9) fail if “smooth” is meant in
the usual sense; (2) None of the techniques mentioned earlier (singular harmonic measures, etc.)
that work for Banach spaces can be used for “smooth” functions so the standard approaches
cannot be applied.

The idea of “smoothness” comes from a closer analysis of Example 1, in particular, the for-
mula (2.1). Observe that if we introduce polar coordinates x; = r cosf and x, = r sinf in (2.1),
then modulo a smooth function, for ¢(x1, x2) = x1, we can write

Ko = / % dy = f(@)rlog(r) +rg(0), 2.2)

X

where f, g € C*°([0, 8y]) (there are formulas for f, g but these are not important). Geometrically,
the introduction of polar coordinates radially “blows-up” the corner as seen in Fig. 3; see Melrose
[78,79] for the general notion. The manifold obtained by using polar coordinates near the original
corner instead of the original rectangular coordinates is called the rotal boundary blow-up of X,
denoted by Xy, and was introduced by Mazzeo and Melrose in [71].

In view of (2.2) we shall define “smoothness” as functions that are smooth on the interior
of X, smooth up to the boundary hypersurfaces of X away from the corners, and which near the
corners look like (2.2) in polar coordinates. To make this precise, for a general manifold X with
corners of codimension two, we first form the new manifold X, by introducing polar coordinates
near the corners of X; see Fig. 4 for a couple of examples. Thus, if Y C X is a corner, then writing

X Xib

Introduce polar coordinates
_—
90 That is, “blow-up” the corner

Fig. 3. “Blowing-up” the corner (introducing polar coordinates) forms the manifold Xy,.
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blow-up

—_—

blow-up

?Q
(70

Fig. 4. Two examples (a polygonal region in the plane and a solid squashed sphere) showing Xy,, the total boundary
blow-up, which is obtained by blowing up the corners.

X =10, 1y, x [0, Dy, x ¥ 2.3)

near Y, introducing polar coordinates x; = r cos# and x, =r sin6, we have

X 20, ), x [o, %} <Y, &>0. (2.4)
0

(Note that = in (2.3) means “diffeomorphic to” not “isometric to”’; in other words, the hypersur-

faces intersecting that ¥ do not have to intersect at 90°, they can intersect at any angle, but any

angle in R? is diffeomorphic to the standard upper right quadrant.)

For each corner Y in X, let fy C C x Ny be a discrete subset with No = {0, 1,2, ...}; see
Sections 4 and 5.3 and the definitions (5.9), (4.16) for thorough discussions of the properties
of such a set, called an index set (the bar over Zy means that this index set is “completed” in
a certain sense). Let Z = {Zy | Y is a corner of X}. We define the polyhomogeneous space of
functions AL (Xg) as the set of all functions ¢ that are C* on the interior of X, C® up to
the interior of every boundary hypersurface of X, and if ¥ € X is a corner of X, then in polar
coordinates, (r, 6, y) near the corner as in (2.4), we have

¢~ Y r(logr) Ya i, y), 2.5)

(a,k)eLy

where ¥4 £ (0, y) € C*°([0, %] x Y). The meaning of “~” basically means that for any N € N,

¢= Y rUogr Yar®, ) +rVén(r0,y), (2.6)

(.k)eLy, Ra<N

where ¢y (r, 6, y) is continuous in r € [0, &) and smooth in (0, y) € [0, %] x Y; see Section 4
for a precise definition. We define AL (0X):= (AI (Xw))|ax, where |5x means restriction to the

interior of each boundary hypersurface of X; this makes perfect sense since elements in AL (Xw)
are C* (in particular, continuous) up to the interior each boundary hypersurface of X. The spaces

A% (X ) and AZ(8X) have natural topologies explained easiest by convergence properties; for
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example, if {¢;} is a sequence in AZ (Xw), then ¢p; — ¢ € AZ (Xtv) means that ¢; — ¢ in the
C topology away from the blown-up corners and near the blown-up corners, the coefficients
of ¢; in the expansion (2.6) (for any N) converge to the corresponding coefficients of ¢; see

Section 5.3 for the precise topology on AL

Such “polyhomogeneous functions” or “functions of asymptotic type” have occurred in a va-
riety of contexts involving manifolds with singularities; see for example, Callias [22], Kondrat’ev
[57], Maz’ja and Plamenevskii [70], Mazzeo [72,73], Melrose and Mendoza [80], Rempel and
Schulze [92], Schulze [100-102], and references therein. Recall our assumptions:

(I) D:C*®°(M,E)— C®°(M,F) isof Dirac-type

over a smooth Riemannian manifold M and (which can always be achieved on a neighborhood
of any compact manifold with corners in M) there is an operator (II)

() D':C®(M,F)— C®(M,E) with
DoD '=1d onCX®M,F) and D 'oD=Id onCX(M,E).

Writing the Dirac operator in polar coordinates near any corner of the manifold with corners X
one can show that

D: AL (X, E) - AL (X, F).
As a side note, in Theorem 5.4 we prove that this map is surjective for any T > —1, where
7 > —1 just means that all the powers « in (2.4) are strictly larger than —1. In the following
theorem we extend the Calderén—Seeley result (1.7) to corners.
Theorem 2.1. Let X be a compact manifold with corners of codimension two in M with dim X =

dim M and fix any index family I > —1. Then the Poisson operator defined by (1.6) extends to a
continuous linear map

K:AZ(9X, E) > AL (X, E)
such that
ran K = ker(D: .Aj(th, E)—> AL Xw, F)).
Furthermore, K reproduces harmonic functions as seen in Theorem 2.4 below.

The condition Z > —1 guarantees that if ¢ € Af(aX, E), then ¢ € L'(3X, E), so Ko is at
least defined as an L! function [69,83,84]; the point of the theorem is that ¢ has the same
structure as ¢ itself. Define the Cauchy—Hardy space by

Hz(D) == [¢lax | # € AT (X, E), D =0},

where ¢|5x really means to restrict ¢ to the interior of each boundary hypersurface of X. We
now extend the Calder6n—Seeley result (1.9) to corners.
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Theorem 2.2. Let X be a compact manifold with corners of codimension two in M with dim X =
dim M and fix any index family 7 > —1. Then the Calderon projector given by (1.8) defines a
continuous linear projector

c:AL9X, E)—> AL(9X, E)
whose range is exactly the Cauchy—Hardy space H= (D). In other words,
C*=C, C=I1d onHz(D), and ranC="Hz(D).

For the specific example M = Rt E=F = CL(R™), the Clifford algebra, and D the
Clifford—Dirac operator considered in Section 3.2, the scalar part of

K: AZ(0X, CL(R")) > AL (Xpp, CL(R"))
is exactly the double-layer potential operator for the Laplacian on Xy, and the scalar part of
2¢ —1d: AT(3X, CL(R")) — AT (8X, CL(R"))

is exactly the singular double-layer potential for the Laplacian on Xy, ; see Eq. (3.4) (cf. [26,82]).
Therefore, Theorem 2.2 immediately implies the following.

Corollary 2.3. Let X € R"*! pe a compact manifold with corners of codimension two with
dim X =n + 1 and fix any index family T > —1. Then the double-layer potential defines a con-

tinuous linear map from AL (X, CL(R™)) 10 Aj(th, CU(R")) and the singular double-layer
potential operator defines a continuous linear map on AT(3X, CLRM)).

In a future paper we hope to use this corollary to prove existence of solutions on polyhomoge-
neous spaces to the Dirichlet and Neumann problems of the Laplacian on a manifold with corners
of codimension two. This of course has already been done on Banach spaces, see for example
the work of Dahlberg [29], Jerison and Kenig [50], Verchota [113]. See [75,82], for proofs of the
existence of solutions to Laplace’s equation on Banach spaces using Clifford analysis techniques.

Before discussing Fredholm properties of Dirac operators, we generalize Cauchy’s theorem
to polyhomogeneous spaces on manifolds with corners. Let M, denote the manifold obtained
by blowing up the corners of X in M, then blowing up the hypersurfaces of X in M as seen in
Fig. 5. In the following theorem, /C denotes the “full” Poisson operator, which means we initially
restrict the image of D~! in Eq. (1.6) to M \ 3X.

Theorem 2.4. For Z > —1, the Poisson operator defines a continuous linear map
K: AZ(9X, E) — AL (Mg, E).
Moreover, if Dp =0, then Cauchy’s formula holds

¢(-x)7 X Eth7

(Ko)(x) = {0’ X € My \ X¢p.
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o

%\I-up edges

blow-up corners

_ >

Fig. 5. Blowing up the corners then blowing up the edges forms My,. Here, My, is given by the RZ\ the “hallways U
bubbles” and consists of two connected components. Note that the bounded component is diffeomorphic to Xy,.

Note that in Theorem 2.1, we were really talking about the restriction of the “full” Poisson
operator to the subset X, C My,.

2.3. A complete Fredholm theory

It is well known (see the discussion by Mitrea [84, p. 209]) that there does not exist a general
notion of regular elliptic problem for a Dirac operator on a manifold with corners but instead
each specific problem must be dealt with via ad hoc methods; cf. also the books [30,41,58,101,
102]. However, using the results in this paper, we can give a complete and general notion of
regular elliptic BVP on polyhomogeneous spaces.

Let P be a (not necessarily continuous) projection on AT (0X, E); that is, P is a linear map
on AZ(3X, E) with P2 = P. Consider the operator

Dp :=D:dom(Dp) — AL~ (X, F), 2.7)
where
dom(Dp) := {¢ € AL(Xup, E) | P(¢lox) =0).

In the following theorem we give a complete characterization of boundary value problems (2.7)
that are Fredholm.

Theorem 2.5 (Complete Fredholm theory). For T > —1 and an arbitrary projection P on
AL(3X, E), the operator

Dp :dom(Dp) — AL (X, F)
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is Fredholm; that is, has a finite-dimensional kernel and cokernel, if and only if the operator
PC:Hz(D) — ranP
is Fredholm, in which case
ind Dp = ind(PC: Hz(D) — ranP).
In fact, Dp and PC have isomorphic kernels and cokernels.

Remark 2.6. Therefore, for a projection P on AT (0X, E) defining a boundary value problem
Dp for the Dirac operator D, it makes sense to define this boundary value problem to be elliptic
if and only if PC: Hz(D) — ranP is Fredholm.

Finally, we remark that in a future paper, we hope to discuss the pseudodifferential nature
of the Cauchy integral and transform as an element of a Boutet de Monvel [16] type calculus.
See [42,51,53,59,98,103,104] for more on the Boutet de Monvel calculus on manifolds with
boundary and other singular manifolds. In our case, the Boutet de Monvel calculus is related to
pseudodifferential calculi on manifolds with edges; see the works of Schulze and collaborators
[59,89,97,99,106], especially without the transmission condition [105]; more specifically, the
calculus is defined on the union of the hypersurfaces of a manifold with corners with special
compatibility conditions between the hypersurfaces.

The rest of this paper is structured as follows. We begin in Section 3 by discussing and pro-
viding examples of Dirac-type operators. Next, in Section 4 we give the necessary background
on manifolds with corners, blow-ups, and polyhomogeneous spaces. We also study the mapping
properties of various transforms (Fourier, Laplace, etc.) on polyhomogeneous spaces. The main
results in this paper rely heavily on the mapping properties of pseudodifferential operators on
polyhomogeneous spaces. We study such mapping properties in Sections 5 and 6. In Section 7
we apply the results of the previous sections to prove our main results on the Cauchy integral and
transform. Finally, in Section 8 we prove Theorem 2.5 on Fredholm boundary value problems
for Dirac operators on polyhomogeneous spaces.

3. Dirac operators, Clifford algebras, and Clifford analysis

This section serves as background to Dirac operators. We especially focus on the Clifford—
Dirac operator since this operator demands little prerequisites to define (unlike, for example, the
spin Dirac operator [8,46]) and this operator plays a large role in the increasingly important and
growing field of Clifford analysis [95].
3.1. Dirac operators

For vector bundles E and F over a Riemannian manifold M, a first-order differential operator

D:C®°(M,E)— C>®(M, F)

is said to be of Dirac-type if D is elliptic and the principal symbol of D*D is the metric. Here
are some common Dirac-type operators.
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The Cauchy—Riemann operator. The most elementary Dirac operator is the Cauchy—Riemann
operator d = dy, + 9y, already discussed in the introduction.
The Hodge—Dirac operator [31]. If d* is the formal adjoint of the exterior derivative
d:C®°(M,A) — C>*®(M, A) acting on smooth forms on M, then D :=d + d* is a Dirac-
type operator.
The 9-operator. If M is a complex manifold and 3* is the formal adjoint of the Cauchy—
Riemann operator PE C>*(M, Ao’k) — C*®(M, AO’kH) acting on smooth 0, k forms on M,
then D := 9 + 9* is a Dirac-type operator. This operator plays a key role in the Riemann—
Roch—Hirzebruch theorem [13].
The quaternionic Dirac operator. Let H denote the quaternions; thus, if 7, j, k denote the
imaginary units of H, then i?> = j2 =k> =ijk=—1,ij =k, jk =i, ki = j, and multiplica-
tion 1s anticommutative. The operator, studied by Fueter [39],

0 0 0 0

_ . . . 00 (Té o0 (4
D_8x0+zax1+]ax2+k8x3.c (R*, H) - C™(R*, H)

is a Dirac-type operator. Here, the inner product on H is aa with a denoting the conjugate
of a. Then

a a ad 0
D" =— j ] k ,
9xg + 0x1 tJ d0x2 + 0x3

so D*D = — Z?:O 8@ = A and therefore D is indeed a Dirac-type operator.

The octonionic Dirac operator. Here, O, the octonions or Cayley algebra, is the only nonas-
sociative division algebra with real scalars and is showing much promise as a framework for
studying the fundamental particles [10,35,36,44,91]. An element of this algebra is a sum

E=ap+aii +ayj + azk + askl +asjl + agil + a7¢,

where each basis element by definition squares to —1. Therefore, O has seven imaginary
units. Multiplication of these imaginary units is governed by Fig. 6. Here, each straight line
and the middle circle (joining three imaginary units) is to be thought of as a circle with the
orientation of the line governed by the arrow on the line. Thus, the octonionic imaginary
units are grouped into seven quaternionic subalgebras given by the lines and the middle
circle. For example, the bottom line represents the multiplication (i€)k = j¢, k(j€) =i,

Kl

74 L > NI

Fig. 6. A pictorial of the octonions adapted from Dray and Manogue [36].
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and (j€)(i£) = k and their anticommutators. Conjugation of £, &, is the element defined by
switching the sign of each imaginary unit. The norm of an octonian £ is defined by

|§|2 ::S%:ag—l—a%—l—---—l—ag.
One of the several types of Dirac operators associated to the octonions is the operator
D:C*®(R%, 0) — C*(R?,0)

defined by the formula

0 d
D= 1 1 E_’
axg +18x1 +J 0xp Tt 0x7

which is easily checked to be of Dirac-type.

3.2. The Clifford—Dirac operator

The Clifford algebra on Euclidean space and its corresponding Dirac operator are higher-
dimensional analogs of the complex numbers and the Cauchy—Riemann operator; see [33] for
a detailed account. For n > 1, recall that C£(R"), introduced in 1878 by Clifford [23], is the
R-algebra generated by n + 1 independent vectors 1, eq, ..., e, with 1 € R the multiplicative
identity, governed by the rules

eiej+eje,~=—28ij foralli,j=1,...,n. (3.1
If ep := 1, then we can consider R"+! € C¢(R") as the span of {eg, e1, ..., e,}, and if we put

e; :=e; e, ---e; for any increasing list 1 <i; <ip <--- < iy < n, then ep together with all the
e;’s form a basis of C£(R"). Thus, any element a € C£(R") can be written in the form

a= Z ajey, (3.2)

where |I| =i + - - +ig. In particular, C£(R") is 2"-dimensional. Note that if n = 1, then the
identity (3.1) is just e% — —1. Hence, identifying e with the complex number i, C£(R!) is simply
the complex numbers C. Similarly, C¢(R?) = H.
We define the Dirac operator (cf. [18,86])
D:C®(R", CE(R")) — C® (R, Ce¢(R™))

by the formula

- )

D= P—
Zejax]'
J=0
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Here, C®(R"*+!, C¢(R™)) is the set of all smooth Clifford algebra-valued functions ¢ : R* ! —
C{(R™), where smooth means that we have ¢ (x) = Z|1|>0 &1 (x)e; with ¢; : R"71 — R smooth
for each 7. Then

There is another Dirac operator defined by D'¢p = Z;!:O Z| 1130 g;i’;e rej (which is usually de-
noted by ¢D with ¢ on the left of D), but we focus on D although everything stated below for
D has an analogous statement for D’.

If n =1, and we identify e; with i, then D = 9 = Oy, + i0x,, hence for general n, the op-
erator D is a higher-dimensional analog of the Cauchy—Riemann operator. A function ¢ is
(left-)monogenic if D¢ = 0 and the field of Clifford analysis is the study of monogenic functions.
Thus, Clifford analysis is a higher-dimensional analog of complex analysis. In fact, all the famil-
iar theorems from complex analysis: Cauchy’s theorem, Morera’s theorem, Liouville’s theorem,
Weierstrass’ theorem on uniform convergence, the maximum modulus principle, the mean-value
theorem, and so forth, have analogs in Clifford analysis [17,19,40,90]. Much of modern-day Clif-
ford analysis was developed, amongst others, by Delanghe [32], Eichhorn [37], Iftimie [48], and
Hestenes [45]; see Ryan [95] for a recent survey, and Clifford analysis has impacted many areas
of mathematics; see for example [115] for an application of Clifford analysis to analyze the full
water wave equation.

To define the formal adjoint D* we need an inner product on CZ¢(R"). Given a € C£(R")
written as in (3.2) we define the scalar part of a as Sc(a) := ag, the coefficient of ¢p in (3.2) and
we define the Clifford conjugate of a as the element

a:.= Z ajey, Wwhereej:= (—l)keikeik_1 --exel, eg = eq.
[71120

Note that e;e; = 1 and it is easy to check that for any a, b € C£(R"), we have ab = ba. We
define an inner product on CZ(R") by

(a.b):=Sc(ab) =Y ab;, foralla,be CLR").
11120

Then, for ¢, ¥ € CP(R"T!, CL(R")), we define
(6.9 = f (600, ¥ () dx = / Se(¢ ()T (1)) dx = Sc< f ¢<x>w<x>dx).

A straightforward computation shows that

D =Dy e =t Y,
=-D=— 6;i— = ——— e;i—.
¢ J Xj X0 — Jaxj
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Of course, this formula generalizes the identity (dy, + i0x,)* = —0yx, + {0y, for the Cauchy—
Riemann operator. One then easily finds that

D*D=DD* = — — =A.
J.Xz(:)asz.

Hence, D is a Dirac-type operator.
We now define the Cauchy integral and transforms in this setting. First, it is well known that
the fundamental solution of the Laplacian A is the operator

— > loglx|, ifn=1,

E¢=/E<x—y>¢<y>dy, E(x):=] T |

ifn>1,

where o, = 27r(”+1)/2/ ['((n + 1)/2) is the area of S", and which satisfies EA = AE =1d on
Schwartz functions. It is then straightforward to check that if

1 X
[ J— * —_— e —
e(x):=D"E(x) = o e[
with X =x¢ — e1x1 — - -- — e, x5, then on Schwartz functions, we have
-1 1 X =y
D= | ex=yp(dy=— | ——7¢0)dy, (3.3)
On |x — y|nt
Rn+l

in the sense that Do D~ '¢p = D~! 0 D¢ = ¢ for all Schwartz functions ¢. Note that when n = 1,
this formulas reduces to

B 1 1
D lg = z—f—my)dyodyl.
T X—Yy

In terms of the complex number w = yo + iy1, we have dw A dw = —2i dyg A dy1, therefore

) = — [ 2

- dw A dw,
dmi w—2z

the well-known formula from elementary complex analysis. Note: Usually there is a factor of 1/2

in the definition of 9, namely, 9 is usually defined as %(8)60 +10y,), in which case the factor in

front of the above integral is ﬁ and not 4—71”..
In view of (3.3) and the definition (1.6), the Cauchy integral or Poisson operator in the Clifford

analysis context is the operator
1 xX—y
Ko=— [ ——760e(»dSQy), (3.4)
On |x — y|"+
IX

where G is Clifford multiplication by the inward pointing normal vector to 0X and S is surface
measure.
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4. Polyhomogeneous expansions and asymptotics of z-transforms

In this section we first review some ideas concerning analysis on manifolds with corners; stan-
dard references include [77,78], and [73]. The main results in this section occur in Sections 4.2
and 4.3 where we describe in great detail the properties of “h-transforms” (generalizations of
Laplace and Fourier transforms) on polyhomogeneous functions. In particular, Theorems 4.4
and 4.8 will be used quite a bit in the sequel.

4.1. Analysis on manifolds with corners

We begin with a definition of a manifold with corners. An n-dimensional manifold with cor-
ners Z is a Hausdorff paracompact topological space with C*° structure given by local coordinate
patches of the form

[0, D* x (=1, )" 7%, 4.1)

where k can be any integer between 0 and n depending on where the patch is located in Z.
A codimension d face of Z is the closure of a connected component of points in Z which are
origins of charts of the form (4.1) with k = d. The set M;(Z) denotes the set of all codimension
d faces of Z. The codimension of Z is the largest k that can occur in a local chart (4.1). For
example, a manifold with boundary is just a codimension one manifold with corners.

Remark 4.1. In the terminology of Melrose [76], we should technically call Z a tied manifold.
A manifold with corners in the sense of Melrose [78] requires that each boundary hypersur-
face H, or codimension one face, be embedded in the sense that it has a globally defined
boundary defining function; a nonnegative function in C°°(Z) that vanishes only on H where it
has a nonzero differential. An example of a manifold with corners in the sense of this paper that
is not a manifold with corners in the sense of [78] is the tear drop shown in Fig. 2 of Section 2.

4.1.1. Asymptotic expansions
We now discuss asymptotic expansions. Let U = [0, 1)§ x (—1, 1)’;_" . Then for a =
(ai,...,ar) € R¥, the space of symbols S%(U) consists of smooth functions u € C Oo(Z/ol) that
can be expressed in the form
u(x,y):xl_al ...xk_akv(x,y), 4.2)
where all “b-derivatives” [78] (that is, partials of the form (x ax)aaf v(x, y))of v(x, y) are locally

bounded functions on U/; that is, bounded on compact subsets of /. If u has compact support,
then for any N =0, 1, 2, ... we define

lullsen =Y [@a)f ol v(x, )| .- (4.3)
IBI+1YISN

By taking a compact exhaustion of {/ we can make S“({) into a Fréchet space using the
norms (4.3) on compact subsets of I/; however, we will not need to do this although we shall
use (4.3) later to define semi-norms on polyhomogeneous spaces.

Let Ngo =NU{0} ={0,1,2,...}. A(C®) index set T is a discrete subset of C x Ny such that
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o (,kyel= (x,l)elforall0 <<k,
e given any N € R, the set {(«, k) € Z | Ra < N} is finite (where 91 denotes the real part);
e (t,k)el= (x+ j,k)eZforall jeNy.

If B € R, to say that 7 > B we mean that for any («, k) € Z, we have Sia > B.
Given an index set Z, a function u € S (Uf) is said to have an asymptotic expansion at x; =0
with index set 7 if, for each N > 0, we can write

uCe, )= > xfogx) ugr ', y) +x un (x, ), (44)
(a,k)eT, Ra<N

where if a = (a1, a’), then uy (x, y) € SO U), u@r (', y) € ¢ U") with x = (x, x") and
U’ =0, 1)§/_l x (—1, 1)’;_". It is common to write

u(x,y) ~  xf (logx1) ugr (', y)
(a,k)eT

to express the asymptotic expansion. For example, note that if Z = (J, then the expansion property
(4.4) holds if and only if for all N > 0, we can write u = x{VuN(x, y) with uy (x, y) € S4U).
This is equivalent to the statement that u vanishes with all derivatives at x; = 0. For another
example, taking 7 = Ny, we see from (4.4) that for any N > 0, we have

uGe,y) = du',y) +xfun(x, y) 4.5)
0<j<N

with uy (x, y) € S“U) and uj(x’, y) € S¥ (U'). This just means that u(x, y) is C* in x; even
down to x; = 0 and this expansion is nothing more than the Taylor expansion of u(x, y) taken
at x; = 0. Of course, asymptotic expansions at any other boundary x; =0 for i =2, ...,k are
defined similarly.

On a manifold with corners Z we can define symbol spaces and asymptotic expansions by
reducing to the local cases described above. Henceforth assume that Z has finitely many hy-
persurfaces Hy, ..., H,. For a = (ay,...,a;,) € R™, a function u € COO(Z) is said to be in
the symbol space S¢(Z) if given any coordinate patch ¢ = [0, 1)]; x (—1, 1)’;_1‘ and com-
pactly supported function ¢ € C2°(U), we have pu € S U) where ay = (a;,, ..., a;) with
{(x1=0}=H; NU, ..., {xx =0} = H;, NU. Note that S (If) has already been defined above.

A function u € $%(Z) is said to have an asymptotic expansion at a hypersurface H with index
set Z, if for any patch & = [0, 1)y, x U’ on Z as in (4.1) with H NU = {x; = 0}, and for any
function ¢ € C°(U), the function gu has an asymptotic expansion at x; = 0 with index set 7
in the sense described in (4.4). (One can show that the notion of symbol space and asymptotic
expansion is independent of the choice of local coordinates (4.1); see [67,77].)

Let ‘H be a collection of hypersurfaces of Z and let Z be a collection of index sets Z =
{Zy | H € H} associated to the collection of hypersurfaces H. If 8 € R, to say that Z > 8 we
mean that for any 7y € Z, we have Zy > B and if 8 € C, we define Z + 8 = {Zy + B} where
Iy + B ={(a+ B,k) | (o, k) € Iy}. We denote by AI(Z) the space of functions u such that
(1) u € §%(Z) for some a € R™ (depending on Z and not on u), (ii) for each H € H the function
u has an expansion at H with index set Zy, and (iii) if H ¢ H, then u has an expansion at H
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with index set 7y := Ny. By the example given around (4.5), for H ¢ H, u is smooth up to H
and note that the values of the a;’s in S*(Z) are related to the leading terms in the expansion
(4.4). The letter “.A” stands for “asymptotics.” If Z has exactly one hypersurface, then an index
family Z consists of just one set Z = {7} for an index set .7, in which case we denote AL (Z) by
AT (7).

The space AL (Z) has a Fréchet space structure described as follows. Let u € AL (Z). Then
u € §(Z) for some a € R™ depending on Z. Let H € M{(Z) and let U = [0, 1)§ x (—1, 1)§_k
be a coordinate patch as in (4.1) with H N = {x; = 0}. Then for any ¢ € C°(if) and N € N,
we can write (ou)(x, y) as in (4.4) where 7y = Ny if H ¢ 'H:

Px, yulx,y) = > x§ (logx1) ua ) (&, y) + x{un (x, y), (4.6)
(,k)ely, Ra<N

where if pu € S (U) (using the notation in the definition of $(Z) above) and ay; = (a;,, a’),
then uy (x,y) € SOOU). u@p('.y) € YU with x'= (x1.x") and U = [0, D!
(—1, D?7*. We define

loulan = lunlgorr v+ Do M@ llse y-
(o, k)T, Ra <N

where the norms || “S(Oa) n and || || g v are defined in (4.3). Let {({/;, ¢;)} be a partition of
unity of Z where the {{;’s are charts of the form (4.1)and ¢; € C2°(U;). For each H € M(2),

let Jy be the set of j’s such that {; N H # ) and let J be those j’s such that ¢{; is in the interior
of Z. Let || ”j’CN be a CV norm over U; for j € J. Foreach N € Ny we deﬁne

lullyv ==Y > Mejulun+ Y. lejul;en. (4.7)

HeM(Z) jelu,j<N JeJ, JSN

With these norms, A% (Z) becomes a Fréchet space. One can check that in this topology, a se-
quence {u;}, with u; € AL(2), converges to u € AL(Z) if and only if on compact subsets of
the interior of Z, u; — u in the C*°-topology, and in any expansion of the sort (4.6), the co-
efficients in the expansion of ¢u; converge to the corresponding coefficients of ¢u; that is,
i) (X', ¥) = (@ (s y) in ST QU and uiy (v, y) = un (x, y) in SCO ).

4.1.2. Blow-ups and compactifications
Let Z be a manifold with corners and let Y € Z be an embedded submanifold of codi-
mension ¢, which by definition means that near each point of Y there is a coordinate patch
= [0, DX x (=1, 1)"=% of the form (4.1) on Z such that Y N is equal to the zero set of ex-
actly ¢ of the coordinates xi, ..., x,. The blow-up [Z; Y] of Z along Y is then a new manifold
with corners that has an atlas consisting of the usual coordinate patches on Z \ Y together with
polar coordinate patches over Y in Z. For instance, if

=10, 1)” x (=1, D7 x [0, D*7P x (=1, 1)**=4
with

Y NU=1{0} x {0} x [0, )P x (=1, 1) %4,
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then local coordinates for [Z; Y] are given by the original coordinates on the factor [0, l)l;_p
(—1, 1);,_k_q together with polar coordinates on [0, )Y x (=1, )7

/
— (x, x7) cSpta-1

IRIERD]

r= }(x,x/)} >0

The blow-down map B :[Z; Y] — Z is the map that takes a point in polar coordinates back to the
original coordinates: (r, w, y,y’) — (x,x’,y,y’) where (x,x’) = row. For example, if Z = R"
and Y = {0}, then

[R"; {0}] = [0, 00) x §"~!

is just the standard polar coordinates » = |x| and w = x/|x|. The blow-down map in this case is
just the map (r, w) — x =row.

Back to our general discussion involving [Z; Y], if X C Z is a closed subset of Z, then the /ift
of X into [Z; Y], B*X C[Z; Y], is defined under the following conditions:

e if Z C Y, then we define B*X := ,B_I(X);
e if X = X\ Y, then we define B*X := B~ L(Y \ X).

If X satisfies either of these two conditions, and if in addition, 8*X is an embedded subman-
ifold of [Z; Y], then [Z; Y] blown-up along *X is defined, and we denote it by [Z; YV; X] =
[[Z;Y]; B*X]. A family V = {Y1, ..., Yn} of embedded submanifolds of Z is said to intersect

normally if the conormal bundles of Y1, ..., Yy are independent at intersections; for example,
this trivially holds when Y7, ..., Yy are pairwise disjoint. For any normal family, the iterated
blow-up

[Z; Yiys - Yl =[[ - [[Z: Yo, : Yin |-+ Yy ] (4.8)

is defined independent of the ordering [76]. This manifold is denoted by [Z; )/]. For example,
if Z is a manifold with corners of codimension two, then the submanifolds in ) = M>(Z) are
pairwise disjoint, so Zy, :=[Z; M2(Z)] is defined.

We now describe compactifications. We denote by [0, co) the compactification of the interval
[0, 00), which is obtained from [0, o0) by adding a point 0 at infinity and using the function p
definedby p =0at 0 and p := 1 for x € (0, 00) as the coordinate function near 0'. The manifold
[0, c0) has two boundary components, 0 and 0. The compactification of R”, denoted by R”, is
the disjoint union of R” with the sphere S"~!, which forms the “boundary at infinity.” R” has
the usual structure on the R” portion of R” and outside of the _point 0 € R", where we identify
R"\ 0= (0, 00), x S"~! using polar coordinates, we identify R” with [0, 00), x §"~ 1\ ({0} x
S"=1Y. Thus, outside of the origin, (o, @) € [0, 00) x $"~! with p = 1 define coordinates on R”.
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4.2. h-Transform expansions at 0o

Let h(&) € C°°(R") be a smooth bounded function. Then for » > 0 and ¢ (&) a locally inte-
grable function on R", we shall analyze the following integral “transform”

Tn(¢p,r) = /h(ré)qﬁ(é)d%, (4.9)

Rﬂ

when this integral can be given a meaning; see [66] for related results. Specifically, we shall
assume that the function /(&) is one of the following types:

Example 1: h(¢) = e~ ¢!, More generally we can consider h(§) = e "l for 1 € (0, 00). The
h-transform (4.9) then represents a type of “Laplace transform.”

Example 2: h(§) = €'V where y € S""!. More generally we can consider h(§) = e'”¢ for
y € R”" nonzero. In this case, the integral (4.9) must be interpreted as an oscillatory
integral as e.g. in Hormander’s book [47, Section 7.8].

Example 3: We can combine Examples 1 and 2 with

h(E) = v E—1lEl

where (y,1) € R* x [0, 00) with |y|> + 2 > 0. When y = 0 we have Example 1
and when ¢t = 0 we have Example 2.

In this section we shall study the asymptotic expansions of 7,(¢,r) as r — oo for ¢ €
AL([R"; {0}]) compactly supported. Here, we recall from Section 4.1 that [R”; {0}] = [0, 00), X
S"~1 is the manifold R” blown-up at {0}. In Section 4.3 we consider the behavior of 7 (¢, r) as
r — 0. To study r — oo, we introduce the variable p = 1/r and study

1
Th(¢, —) =/h(§)¢@>ds
p p

as p — 0. We begin with the following lemma. In this section, our standing assumption is that
h(&) is a function described in Examples 1-3 above.

Lemma 4.2. Let x(§) € C*®°(R") such that x (&) = 1 near 0 and x (&) = 0 outside a neigh-
borhood of 0. Then given any function ¢ (£) of the form ¢ (&) = |&|%(log ISl)ka(S/lél) where
a(w) € C®°(S" ), Ra > —n and k € Ny, there are constants aj € C, such that

k
1 & ,
o <x¢, ;) = / h(;)x(sw(&) dg = p*™ ) "aj(logp)’, (4.10)
Jj=0
modulo a smooth function on [0, 00), that vanishes to infinite order at p = 0.

Proof. Scaling & — p&, one can see that for some constants ¢ ;, we have

k .
¢ (p&) = p*|5|%a(£/1€1) > cx.j(log p)* 7 (log £])’.

Jj=0
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Therefore, changing variables & — p&, we see that

1
70,5 ) = [ (5 )@ ae
k .
=" Y a0z ) [ hEx(IE logls)) ale ) de. 41D

j=0

Let us fix j and consider the function

Fi(p) = / h(E) X (pE)IE 1" (log 1) a(& /12 1) .

Note that f;(p) is smooth for p € (0, 00); this is obviousif # > Oin h(§) = eVl andif r =0,
this smoothness follows from the oscillatory integral definition of the right-hand side of f;(p).
We claim that f ]/ (p) 1s smooth on [0, 00) and vanishes to infinite order at p = 0. To see this,
observe that since pd, x (0§) = (§ - 9¢ x)(p&), we have

papfj(p)=/h(§)(§-3gx)(pé)|€|“(10gISI)ja(E/ISI)dS-

Changing variables & — & /p and expanding just as we did to get (4.11), we can write

J .
popfi(p)=p"*"Y cji(—logp) / h(%)(& - 0g x)(§)1E1% (log |€1)" a (€ /1€1) dE.

i=0

Since x (§) = 1 near 0 and x (§) = 0 outside a neighborhood of 0, the function

(€ - 0: x)(6) &% (log 1) a(&/18))

is a smooth compactly supported function on R” vanishing near the origin. It follows that for the
examples of & we are considering that the function

/h(%)(f -9 ) (§)1E1* (log €1) a(8/1€1) d&
is a smooth function of p € [0, c0) vanishing to infinite order (that is, with all derivatives) at
o = 0—for h(&) = 7§16l with t > 0 this statement is obvious and in the Fourier transform
example A (&) = 7%, this statement is just the well-known fact that the Fourier transform of a
Schwartz function is again a Schwartz function. In particular, pd, f;(p) is smooth and vanishes
to infinite order at p = 0. Therefore 9, f;(p) is smooth on [0, 0c0) and vanishes to infinite order
at p =0, and so by integration, we see that

fi(p) = f;(0) +g;(p),
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where g;(p) is smooth on [0, 00) and vanishes to infinite order at p = 0. Substituting this into
(4.11) we see that

k
1 .
7 (qu, —) = p*™ Y " cx j(log ) £;(0)
P o,
modulo a function vanishing to infinite order at p = 0. This concludes the proof. O

Next, we need the following lemma.

Lemma 4.3. If a(r, w) € rV 5°([0, 00), x SZ)_I), with N > 0, is compactly supported, then the

function
,_ §
A(p) .—/h(;>a(§)d$,

where a(&) := a(|€|, £/ |€), defines an element of p¥ T"~159(|0, 00)p).

Proof. Recalling that #(§) = eV §~18l we need to show that

,O_N_n+1A(,0) — p—N—n+1 /ei%-ge—t%a(S)dé c So([o, OO),O)

Note that A(p) certainly has this property if ¢ > 0. Indeed, making the change of variables
& — pé& in the formula for A(p) we obtain

p—N—n+1A(p):p—N+1/eiy.se—ﬂsla(pg)dg_

Using that a(r, ) € r’V 5°([0, 00), x SZ)_l) i1s compactly supported in r, it is easy to check
that p~N"t1A(p) € 5°([0, 00)) for ¢ > 0. Therefore we might as well assume from the very
beginning that t =0 and |y| > 0. Summarizing, all we have to do is show that

p—N—I’H-IA(p) — p—N—n+1 /el%fa(g’:)déj = SO([O, OO))

Before proving this, we note that using the definition of rV 8910, 00), x Sz)_l), one can check
that for any g, there is a constant C such that

8fa@)| <clgV ", for g1 < 1. (4.12)

Observe that if we define L,, := _Iy% Dg=—130_, %a&, then

Lyei%'s = —,o_lei%'s.

Hence, using the estimates (4.12) to justify integrating by parts, we have
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p—N—n+1A(p) — (_1)N+n—1 /(L;V-‘rn—leigf)a(g)d%- — f ei%-%-LJI/V-H’l—la(%-)dé
= [ ¥ a)as,

where ag(§) := LI)Y tn=lg(g). By definition of our symbol spaces, it follows that in polar coor-

dinates, ao(r, w) € S*~1([0, 00), x SZ)_I) and of course is still compactly supported in r. Thus,
we are reduced to proving the statement: if a(r, ®) € S;’_l (10, 00), x Sz)_l), where the subscript
¢ denotes compact support, then

A(p) = / ¢ FEa() de

is an element of S°([0, 00)). To prove this, first of all observe that a(§) is integrable because
a(€) = O(&]7"!) near £ =0, so A is bounded. We claim that

pd,A(p) :/e"%fal(s)dg, where a; € 871 ([0, 00), x SI71). (4.13)
Once we prove this statement, given any k € N, induction proves that
(pd,)*A(p) = f ¢ Eap(E)dE,  where ay € SP71(10, 00), x SB71.

Since ay is integrable, (pap)kA(p) is bounded. Thus, A(p) € S°([0, 00)). So, it remains to prove
(4.13). To do so, we use the estimates (4.12) to justify integrating by parts and find that

bt Aipy=—p [ 75y Dae)ds
= [, 5y - oae s
:_fe"%fLy[(iy .E)a(®)]de.
Note that L, [(iy -&)a(&)] € S*71([0, 00), x SI~1). Thus, (4.13) holds. O

We can now prove the following theorem.

Theorem 4.4. If 7 > —n, then
o AZ([R":{0}]) = Tu(9) e A7 ([0, 0)),

where the subscript ¢ denotes compact support and where on the right, 7 + n is associated to the
boundary at infinity O' of the compactification [0, 00). (Thus, T, (¢) is smooth at 0 € [0, 00).)
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Proof. If 7 > —n and ¢ € ACI ([R; {0}]), then using the formula (4.9), it is easily seen that
Th(¢,r) is smooth at r = 0 (recalling that ¢ (£) has compact support). Thus, we just need to
show that an expansion of the sort

¢(r.w)~ Y r*(logr)fagi(w) asr— 0,
(o,k)el

implies an expansion of the sort

1
Th(q), —)~ > baip®(logp)* asp—0.

(a,k)eZ

Let ¢pq x =r%(log r)kaayk(a)) and let x (&) € C°°(R") with x (§) = 1 near 0 and x (¢) = 0 outside
a neighborhood of 0. Then fixing any large N > 0, consider the finite expansion

o)=Y xCo)dur(ro) + fn(r o),

(k) eZ, ha <N

where fy(r, w) € rV §°([0, 00), x S’Z)_l) and vanishes for r large. Thus,

%(«p,%): 3 %(x%,k,%)wh(ﬁv,%).

(a,k)EZL, Ra <N

By Lemma 4.2 we know that 7}, (x @y £, %) is of the form

k
1
Ty (X¢a,k, ;) = p*t" Zba,k,g (log p)*

£=0

modulo a smooth function on [0, 00), that vanishes to infinite order at p = 0. Because fy(r,w) €
N 5010, 00), x SZ)_I) and is compactly supported in 7, by Lemma 4.3 we know that 7;, ( fy, %) €

pNT1=150(10, 00) p)- Since N >> 0 was completely arbitrary, this completes our proof. O

Remark 4.5. By the proof of this theorem and the lemmas it used, one can check that if ¢, €
AL (R {0}]) depends smoothly on a parameter ¢ and has support in a fixed compact set for all
parameters ¢, then 7, (¢;) € AI+”([0, 00)) also depends smoothly on ¢. Here, “smoothly” has
a well-defined meaning since recall that AL ([R"; {0}]) and AZ1" ([0, 00)) have natural Fréchet
topologies, and differentiation for any Fréchet space-valued function is a well-defined notion.

4.3. h-Transform expansions at 0
We now give a “converse” to Theorem 4.4. We first prove the following lemma, which is akin

to Lemma 4.2. The proof is similar, but there is a big twist pointed out near the middle of the
proof.
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Lemma 4.6. Let ¢ = X(S)aﬁ,k(§/|*§|)|§|_ﬂ_” (log |E)X where B € C and x () € C®R") is zero
for |&| < 1 and identically 1 for |&| > 2. Then the h-transform

T, r) = / hre)$ (&) de

has the following expansion as r — 0

k k ook
Ti(@.r) ~rP> "ajlogr)) +rP Y "biogr)/ ™+ > "¢y jr(logr)/,
i=0 j=0

¢=0 j=0
where bj =0 if B ¢ No.

Proof. Observe that

k .
¢(&/r) = xE/rrPTEI7P " ag  (£/1€1) Y di jogr)*/ (log|&])’,

j=0

for some constants dy_ ;, therefore changing variables § — & /r, we see that
B0 =" [ h©oe/r) ds

k
=Py dy.j(logr) f W) x (/)61 P (log |€1) apx (6/181) dE. (4.14)

j=0
Let us fix j and consider the function

fi(r) i=/h(é)x(é/r)lél_ﬂ_”(logIél)ja,s,k(é/lél)dé;

note that f;(r) is smooth for r € (0, 00). We now expand f;(r) by expanding f J/ (r). To do so,
observe that since 79, (x (§/r)) = —(§ - 0¢ x)(§/r), we have

rop fi(r) = —fh(é)(é : 3sx)(§/r)|$|_’3_”(10gISI)jaﬁ,k(S/ISI)dS-
Changing variables £ — r& and expanding, we can write
j - .
ro, f;() =rP Y dji(—logr) / h(ré) (€ - 8 ) ()€1 P (log 18 1) apx (£/181) d&.
i=0

Observe that the function (£ - 85)()(5)|$|_’3_" (log|& |)iaﬂ,k (£/1&]) is a smooth compactly sup-
ported function on R” (vanishing near the origin). It follows that the function

/h(ré)(%‘ 0 X)(E)|E1 P (log €)' ap.x (£ /1E1) dE
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1s a smooth function of r € [0, 00). Hence, after expanding this integral at » = 0, we obtain

o
roy fi(r) ~ ZZF_ﬂMdj,i,z(logr)j_i asr — 0
£=0 i=0

for some constants d; ; ¢, or after division by r, we have

o J
O i)~ djier P logr)/ ™" asr—0. (4.15)
£=0i=0

In the proof of Lemma 4.2, at this point the proof was basically finished because the function
9, fj(p) in that proof was identically zero in Taylor series at p = 0; in our present situation,
0, fj(r) has an expansion at r = 0, which needs to be integrated to find f;(r). To this end,
observe that an integration by parts argument shows that for any complex number v # —1, we
have

T+1

t k
t"log )k dt = ——(1 r"——/t’l Ok 1az.
/(og) T dogn* — —— [r*a0gn)

Using this recurrence formula, an induction argument shows that modulo an integration constant,

k
/rf(logt)" dt =Y C;t" ' (logt)/, ©#-1,

J=0

for some constants C¢ j; when T = —1, we have
1
tTlogt) dt = ——(Jogt)**!, t=-1.
/ (log?) k+1( gr)

Now integrating both sides of (4.15) and using the formulas for [ 77 (log )% dt, we get a formula
of the type

J oo J
£ir)~Dj+ Y Cji(logr) 7+ 33 "Dj; r PH(logr)/ T asr — 0,
i=0 £=0i=0

for some constants D, Cj;, D; ; c and where C;; = 0if B ¢ Ny. Now substituting this expression
for f;(r) into (4.14) we obtain, as r — 0,

k
T, r)=rP Y " di j(ogr)*~ fi(r)
—

k kK J
~rP de,ij (logr)k=7 4P szk,jcji(logr)k_l+l
j=0 j=01i=0
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oo k
L k—i
+Y 3N " Djiedr jrtlogry* .
¢=0 j=0 i=0
This expansion completes our proof. O
Next, we need the following technical result.

Lemma 4.7. Let ay, as, as, . .. € AL([0, 00)) and suppose that f : (0, 00) — C has the property
that for all N € N sufficiently large, we can write
J
f= Z ai + fj,
i=1

where f; € C%i ([0, 00)) with £; — oo as j — oc. Then f e ATVNo([0, 00)).

Proof. For fixed Ny € N, we shall prove that

No—1
f= Z r®(log r)* by + Z crk +rNogn,
(a,k)EZ, R <Ny k=0

where gy, € 59([0, 00)); this proves our result. To prove this, choose N € N and then choose j
such that £; > No + N. Then by assumption we can write f = Z{Zl a; + fj, where f; €
C% ([0, 00)) € CMNTN ([0, 00)). In particular, expanding f; in Taylor series up to order rNo we
obtain

No—1

fi= Z ckrk —I—rNOfNO(r),

k=0

where fy,(r) € C N ([0, 00)). Expanding each a; up to a term that is O(rNO) we obtain

k N
ai= Y r%(ogr)aier+rain ),
(o,k)eZ, Ra< Ny

where a; N, (r) € SO([O, 00)). Hence,

J No—1
f= Z( >, r*(logr)*ai .k + i’NOaiNO(r)> + ) art N fa ()
i=1 " (@k)eZ, fa<No k=0

No—1

= Y r*Uognfbax+ Y art+rNgy (),
(a,k)eZ, R < Ny k=0

where by k = Zijzl i,k and g, (r) = Z',-i:1 aing(r) + fa,(r). Since fi,(r) € CV([0, 00))
it follows that (ra,)ngO (r) is locally bounded on [0, 00) for all k < N and gy, (r) isin C N
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for r away from zero. Of course, since N is completely arbitrary, it follows that gy, (r) is in
5910, 00)). This completes our proof. O

We now prove a converse statement to Theorem 4.4. To state this result, given an index set 7
we define the index set Z as the index set defined as follows:

(. k) €T,
kel = J(k+1)el ifaecN, (4.16)
(j.k)yeZ forall j e Np.

We box the formula because it plays such an important rdle in this paper. The following theorem
gives a partial “converse” to Theorem 4.4.

Theorem 4.8. We have
pe ATR) = Ti(¢) e AL([0,00)).

Proof. More explicitly, we need to show that an expansion of the sort

1
¢<—,w)~ Y ot (ogp)api(w) asp—0,
p (B,k)eZ

implies an expansion of the sort

Tn(p,r) ~ Z bﬂ,k”ﬂ(logr)k asr — 0.
(B.k)el

If x (&) € C°°(R") with x(§) =0 near 0 and x (£) = 1 outside a neighborhood of 0, then
Tn(9) =T (xd) + T ((1 — x)9).

Since a smooth compactly supported function gives rise to an i-transform that is smooth at r = 0,
the term 75, ((1 — x)¢) is smooth at r = 0, so we may focus on 7, (x¢). Put

w n —b—n k
$pi(6) = (;)p“ (log p)ap k(@) = x E)EIF" (—log 1) ap.x(5/1€1),
where p = 1/|&| and w = £/|£|. Then fixing any large N >> 0, consider the finite expansion

xe= Y. $pa)+ fn(p. ),

(B.k)eT, RBKN

where fy(p, ) € p" 5°([0, 00)p X SZ)_l) and vanishes for p large (that is, near the origin in R").
In particular,

Tix¢.r) = Y, Tuldpr.r)+Tu(fn.r).

(B.EL, RPN
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By Lemma 4.6 we know that as r — 0 we can write

k k ok
Ti(bpi.r) ~rP Y ajdogry +rP > biogr)/™ +> " "¢y jrt(logr)/,

j=0 j=0 ¢=0 j=0

where b; = 0 if 8 ¢ Ny, which implies that ¢g ; € Af([(), o0)) by definition of 7 in (4.16).
Because fn(p,w) € oV 59([0, 00), X S’ZU_I) = O(&|™) and is compactly supported in p, it
follows that

Ti(fy.r) = / h(ré) fr (&) dE € CV ([0, 00)).

Since N —n —1— 00 as N — oo, by Lemma 4.7 it follows that 7,(¢) € AfUNO([O, 00)).
Finally, since Ny C 7 , we have AZYNo ([0, 00)) = AL ([0, 00)) and our proof is complete. O

Remark 4.9. Remark 4.5 holds for Theorem 4.8 as well: If ¢; € AL+ (R?) depends smoothly
on a parameter ¢, then 7 (¢;) € AL ([0, 00)) also depends smoothly on ¢.

5. PDOs on blown-up spaces I

Suppose we have a (classical) pseudodifferential operator on a smooth manifold without
boundary. If we blow-up codimension two submanifolds inside M, what are the mapping prop-
erties (if any) of the pseudodifferential operator on polyhomogeneous functions on the resulting
blown-up manifold? The goal of this section is to answer this question (see Theorem 5.2) and
then use the answer to derive properties of our Dirac operator (see Theorems 5.3 and 5.4).

5.1. Symbols and polyhomogeneous functions

Let M be a smooth manifold without boundary and let N € M be a connected codimension
two embedded submanifold of M; thus, centered at each point in N there is a coordinate patch
U of M such that

U=V X W, S.D

where V C R? is open containing (0, 0) and W € R"~2 is open such that &/ N N = {(0, 0)} x
W. Assume that ¢ € AL ([M; N]) is supported in the coordinate patch (5.1). Recall from (4.4)
this means that with (#, v) = rw written in polar coordinates, where (u, v) are the rectangular
coordinates on V), we have, for any N > 0,

ptro, =Y  rlogrfagi(@,y)+r" fn(r0.y), (5.2)
(a,k)eZ, Ra<N

where the coefficients a, x (@, y) are smooth functions of w and y and are compactly supported
iny, and fy(r, w,y) is bounded with all b-derivatives in r € [0, 0o) and derivatives in @ and y.
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Note that the expansion (5.2) and the fact that ¢ is compactly supported in y are equivalent to
the statement

Y ¢, v, y) € C2(W; A ([U; 10}])),

the compactly supported functions in W with values in the space A% ([I/; {0}]). Here we recall
that AL ([U; {0}]) has a natural Fréchet topology so the notion ¢ € C°(WV; AT (U; {0}])) is well
defined. Below we shall use similar Fréchet space-valued notation so we do not have to write out
long expansions of the sort (5.2). For example, .7 (R"; AL (R™)), which appears in Lemma 5.1
below, denotes the space of all AZ (R™)-valued Schwartz functions on R”. For any o € C, we
define

Set” (R?) = A0 (RP),

where o + No = {a + k | k € No}. It is straightforward to check that a(n) € S_,* (R”) just means
that a(n) is a classical symbol of order « in the usual sense: For any N we can write

a+N+1

N
a(n) = Zx(n)aj(%)lnl_“_j +(L+m?)" 7 by, (5.3)
j=0

where x(n) =0nearn=0and x(n) =1forn=>1,a; € C>®(SP~1), and for any y the function
In1718) by () is bounded.

The following lemma will be an important ingredient in the theorems in the subsequent sec-
tions.

Lemma 5.1. For any a € C and index set T, if a(§,1) € SC_Z“(R’” x R") and t +— @(&,7) €
S (R"; AT(Rm)), then

T a(g,0)eE, 1) € S (R AT (R™M)).

Proof. Since ¢ (&, 1) € S (R"; AL (RM)Y), for any N > 0 we can write

pEn= 3 x@®IE P (oglg) i) + (1+1E2) T Ry D),

(Bk)EL, RBLN

where x(§) =0near£ =0and x (§) = 1for [§| > 1, pg «(r) € (R"), and for any multi-indices
m, vV, ¥y,

1824 aga;)RN (£,7) is bounded. (5.4)
Now let ¢(7) € . (R") and suppose we can show that for any N >> 0, we can write

N N+
a, D@ = > @I Ty + (1+1ER) T Sy 1), (5.5)

Jj=0
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where ¥ (7) € S (R"), and Sy (&, 7) has the same boundedness property (5.4) as Ry (&, 7)
above. Then writing

aE. DG D= Y. x@IEP(loglsl) aE s (r)
(B.k)eL, RBKN

_ N+l

+ (1416177 2 a, RN (E, 1),

and applying the expansion (5.5) to a(§, T)@g « (7) for each B, k, it follows that
T aE e 1) e S (RY; AT(RY)).
which is exactly the statement of this lemma. Thus, it suffices to prove (5.5).

To prove (5.5) we first use the expansion (5.3) of elements in the symbol space SC_ZO‘ (R™ x R™):
For any N we can write

N N+
a6, )= x(& Da; )& 1) + (14182 + 122) 7 by (€, ),

j=0

where (£, 1) = (|€)2 + |t|)V2, x(&,7) =0 near (§,7) =0 and x(£,7) =1 for (§,7) > 1,
aj(0) e C®(S™*"=1), and for any y,

(€, r)'V'aéJ)bN(g, ) is bounded.

Thus,

N N+1
aE. De(m) =Y x(E Da;jO)E 1) To@ + (1+EP+1r1P)” 7 by Do)

J=0

N
=D xEDa;O) 1) o)
=0

+(1+ ISIZ)_H#[(l L )
1+ &2

The remainder term in brackets is easily shown to satisfy the boundedness property (5.4). There-
fore, to prove (5.5) it suffices to prove that for each j,

_at+N+1
2

by, T)(P(T)}

x(&,0)aj0), 1) o(r)

has an expansion of the form (5.5). To see this, first write

x(E, Da;jO)E 1) o(n)
= x(E)a;jO)E 1) o) + (x €, 1) — x(E))a;O)E, 1) " o(x).
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Notice that for |§| > 1, we have x(§,7) — x(§) =1 —1 =0, so we can drop the last term and
focus on the first term x (§)a;(0) (€, )" (7).

In summary, we have reduced our theorem to deriving an expansion of the sort (5.5) for the
special case

a(€, )= xEbO)E, )™ and ¢(r) € S(R"),

where b(0) € C®(S"*+"~1). By choosing a partition of unity of the sphere S”*"=! we may
further consider two cases for any fixed ¢ > 0:

Case 1. a(&, t) is supported in an angle of the form [§| < c|7]|.
Case 2. a(&, 1) is supported in an angle of the form || < c|&].

In Case 1, for any N >> 0, we can write

1+ &
1+|7)?

N/2 N2
aE, Do) = (1+ &%) / ( ) a(§, en(t),

where ¢y (t) = (1 + |t]*)N/?¢(7) is still a Schwartz function and the function (%)N/2 is

bounded. Therefore, if a(&, 7) is supported in an angle |§| < c|7|, then because of the decaying
term (1 + |£]%) /2 and the arbitrariness of N it is clear that such a term will contribute to the
residual term in (5.5). Therefore, we may consider Case 2 when a(&, t) is supported in an angle
of the form |7| < c¢|&]. In this case, we may use projective coordinates

E T
0=01,600)=(—,—),
NG <|5| |s|>

which are coordinates on the sphere Sm+n=1 in the region where |t| < c|&| (in fact, even in the
larger region where |&| > 0). In this case, we have

£
9 = ’ b .
a§, De(r) = x ()€, 1) “9(r) (|s| |$|>

Expanding b(01, 62) in a partial Taylor expansion at 6, = 0, we get
b(m |5|) > <|s|)fy's' PR R
ly1=0 ly|=N+1
where the b, ’s are smooth. By the binomial theorem we have
N .
A+x)72=> el +xN fy (x),

Jj=0

where fy € C*°([0, 00)). Using this expansion we have
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—o 2 2\—/2 —a | |2 o/
& )7 = (51" +171) = €| 1+@

N 2
=3l e 4 |5|—“—2N—2|r|2N+2fN(ﬂ>. 5.7

2
~ g

Finally, multiplying the expansions (5.6) and (5.7) and using that t¥|z|*/ ¢(t) is Schwartz for
any nonnegative powers y and j, we see that

g T
’ _ , b
a§, D) = xE)E 1) “e(0) - (|5| |§|)

has the desired expansion (5.5). O
5.2. Inverse on the total space
Let
D:C®°(M,E)— C®°(M, F)

be a Dirac-type operator and consider the coordinate patch &/ =1 x W in (5.1) considered earlier.
If (u, v) denote the coordinates on V, then over U we have

D:Glau +G2av+Bv

where G, G2: E — F are bundle maps over i/ and B = B, y) is a first-order differential oper-
ator on VY depending on (u, v). Choosing polar coordinates u = r cos6 and v =r sinf in the V
factor, one can check that

1
= (cos0G| +sinfGy)d, + (cos6 Gy —sin0G1)—0dy + B.
r

From this formula and the expansion (5.2) for a typical element of AL ([M; N]), one can show
that the Dirac-type operator has the mapping property

D: AL (IM; N1, E) — AT~ (IM; N1, F),

for an arbitrary index family Z. More generally, Theorem 5.2 below gives the mapping properties
for any pseudodifferential operator on such polyhomogeneous spaces. If Z = {Zg} is an index
famlly assoclated to some boundary hypersurfaces of a manifold with corners, then we define
7 {IH} where IH is defined in (4.16).

Theorem 5.2. Any classical pseudodifferential operator A € "™ (M, E, F) of order m € C de-
fines a continuous linear map

A:AL(IM; N1, E) — Aﬂ([M; N1, F),

for any index family T > —2 and where the subscript ¢ on the left denotes compactly supported
sections.
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Proof. In this proof we drop the bundles for notational simplicity. Since the Schwartz kernel
of A is smoothing off the diagonal, we may assume that A is supported in a single coordinate
patch of M, and in particular, in a coordinate patch near N

U=V xW,
where V C R? is open containing (0, 0) and W C R"2 is open such that U N N = {(0,0)} x W.

If (u, v) denotes the coordinates on V), then over the coordinate patch ¢/, modulo a smoothing
operator we have

Ap = / STV T gy v, y, £, m, T)P(E, 1, T) dE dT dy,
Rn

where a(u, v, y, &, n, v) is the complete symbol of A, which is a classical (polyhomogeneous)
symbol of order m in (€, n, 7). Assume that ¢ € AL(M: N is supported in the coordinate patch
U =Y x W. This means that

Y @, v, y) € C2 (Wi AL ([U: {03])).

the compactly supported functions in ¥/ with values in the space AZ([i/; {0}]). Taking the
Fourier transform in y, we see that

T / e VT (u, v, y)dy € 7 (R AL ([U; (0}])), (5.8)
Rr—2

the space of Schwartz functions with values in AL (U; {0}]). Now using Theorem 4.4 it follows
that taking the Fourier transform of (5.8) with respect to (u, v), we have

T q&(é, n,T) € Y(Rn_z; AI+2(]1@)).

Since a(u,v, y,&,n, 1) is a classical symbol of order m, by Lemma 5.1 we see that for fixed
I/l, Ua y,

T a(u, v, y,£,1, D)GE, n, 7) € (R AT+2(R2)).
Of course, this is smooth and compactly supported in (u, v, y) € U, so we actually have
((,v,9), ) > a(,v,y,£, 0,7, n,7) € C®(U x R"2; AI_’"”(@)),

and is Schwartz in 7. Integrating out the 7 variable by taking the inverse Fourier transform in ,
we get

(u,v,y) /eiy'fa(u, v, y,E,0,T)PE, 0, T)dT € c(U; AI_erz(H@)).
Rn
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blow-up

_—

Fig. 7. Blowing up the corners M;(X) of X in the extended manifold M forms [M; M»(X)].

Finally, taking the inverse transform in (&, ) and using Theorem 4.8, we get
] VI T v, y, £, TG (&, n, T) dE dTdn € C(W; AT ([U; {0}])),
Rl’l

which is exactly what we wanted to show. O

Let X € M be a compact manifold with corners of codimension two with dim X = dim M.
Recall from Section 4.1 that M;(X) denotes the set of codimension d faces of X. Since X is of
codimension two, M5 (X) consists of finitely many pairwise disjoint smooth compact connected
manifolds without boundary, the dimension of each equal to dim M — 2. In particular, we can
define the blown-up space (see Fig. 7)

[M; My(X)]
via (4.8) by simply blowing-up (or taking polar coordinates around) each element of M>(X).
We henceforth assume that D! exists on compactly supported functions—the assumption (1.5).
Then we have the following result.
Theorem 5.3. We have
DL AL ([M; Ma(X)), F) — AP ([M; Ma(X)], E)
for any index family T > —2.
Proof. We have
[M; Ma(X)] =[M; Y15 Yo; -3 Yel,
where Y71, ..., Yy are the connected codimension two components of X. Since D! is pseudodif-
ferential (not necessarily properly supported but this makes no difference), its Schwartz kernel is

smoothing off the diagonal in M x M, so it suffices to assume that X has exactly one codimen-
sion two face N and we just have to show that

D1 AT (IM: N1, F) — AT (1M N, E)
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for any index set Z > —2. But this follows from the previous theorem and the fact that D!
v (M,F,E). O

5.3. Surjectivity of D

Given any index family Z = {Zy | Y € M>(X)}, we can consider Z as an index family on Xy,
where we associate Zy to the (unique) boundary face in Xy, obtained by the blow-up of Y in
forming X := [X; M2(X)]. Let Z denote the collection of all index families F = {Fy | Y €
M>(X)} such that

Fel <= Fisanindex family and Fy € Zy U (Ng x Ng) VY € M>(X). (5.9)

Then we define .Ai (X, E) as the set of all sections of E such that

e AL (X, E) = ¢eAF (Xw, E), where Fel.

Thus, an element of A7 (X, E) basically has the same expansion as an element of AL (Xw, E)
except, because of the union with Ny x No, one can add smooth expansions multiplied by loga-
rithms. An important property of 7 is that if 7 € 7, then F € Z, which follows from the definition
(4.16) of F.

We can put a natural complete metric topology on Af (X, E) such that if {¢;} is a se-
quence in AZ (X, E), then ¢ i = ¢ € AL (X, E) if and only if for j sufficiently large,
¢j. P € AT (X, E) for some fixed index set F € Z and ¢j — ¢ in AT (X, E).

Theorem 5.3 will be used to prove the following result.

Theorem 5.4. For any index family 7 > —2 associated to M,(X), the Dirac operator
D: A (X, E) — AT (X, F)
is surjective.

Proof. Let ¢ € AT =YX, F) where F € Z. We claim that we can extend Y to an element
(/S A'Z:_l([M; M>(X)], F). Indeed, observe that if ¥ € M>(X) and M = (—1,1)2 x Y and
X =10, 1)2 x Y near Y C X, then writing these coordinates in polar form we have

[M; M2 (X)] =10, €) x S' x v, X =10, &), x |:0, %] xY, &>0.

Now the extension claim is clear since a function v (r, 8, y) in the coordinates [0, ¢), x [0, %] XY

can always be extended to a function &(r, 6,y)on [0, &), x S! x Y. Note that 1,5 is not unique,
but this non-uniqueness is irrelevant in what follows. By Theorem 5.3, we know that

¢ =D e AT ([M: My ()], E).
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Restricting to X, € [M; M»(X)], we get an element
¢ :=dlx, € AT X, E) = ¢e A (Xp. E).
This section satisfies

D¢ =D(lx,)) = (DD™'¥) |y, = Vlx, = V-

Therefore, D : AT X, E) — AT (X, F) is surjective as stated. O
6. PDOs on blown-up spaces 11

In Theorem 5.3 we proved that D! maps polyhomogeneous spaces on Xy, to polyhomoge-
neous spaces on Xy, (really [M; M>(X)] but it is useful to think of this mapping property in terms
of Xy € [M; M>(X)]). The goal of this section is to prove Theorem 6.3, which implies that D1

maps polyhomogeneous spaces from the boundary d X to polyhomogeneous spaces on the total
space X,. This fact will be used in Section 7 to analyze the Cauchy integral and transform.

6.1. Preliminary lemmas
We need a couple lemmas. Here is the first.

Lemma 6.1. Let U be an open subset of [0, 00), X R’;’, for any index set L let
a(v,y,€ 1) € C®Up,y; 7 (Ry; AT (R ))),

let g (&, T) be a positive-definite quadratic form and define (1, &, )% := 1 + q(&, ©), and finally,
define

f(v,y, &)= /e_v(l’s’”ﬂy'ta(v,y,é, T)dr.
R"l

Then we can write
f,y,6) =10,y 8),
where g(v, y, £) € C®°Uy,y); ALRD)).

Proof. For simplicity assume that a(v, y, &, ) has support for & near dR”: the case when a

has compact support in § € RP = R? is much simpler. Then the statement that a(v, y, £, 7) €
C*®Uw,y): S (RY; .AI(Rg))) just means that in terms of the variables p = 1/|&| and w = &/|&|
near dR?, for any N > 0 we have
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w
a(v, = r) = Y. p%00gp) x(P)pai .y, 0, T) + p" Ry, y, p, @, ),
P (a,k)eZ, Ra <N
6.1)

where x (p) is compactly supported and equals 1 for p near 0, @4k (v, y, ®,T) € CC Uy, y) X
Sf)_l; < (R1)), and for any multi-indices ¢, B, i, v, ¥,

p‘ryafv,y) 35040 Ry (v, y, p,w,T) is bounded. 6.2)

Since (1, &, 7) = (1 +q(&,7))"/? and (1,&,0) = (1 +¢(&,0))/2, we have

q&,7)—q(,0)
(1,&,7) + (1,£,0)°

(1,5,1’) - (175’()) =

SO

g, v, &) =e" 150 fy y ) = / e VLED=LEM+Y T,y £ 1) dT
Rn

€0 |, -
LE0 Y T g (v, y, &, T)dT.

., 9¢ )=
:/e VTLEDT

Replacing & with & = w/p, and for any real a, putting (a,&, T
that

-

y2i=a?+ q (&, 7), and then using

(Lo/p, 0 =1+q@/p, 1) =p 2(p* +q(w,p1)) = (l,w/p,T)=p "{p,0,p1),

we obtain
Y o 0
where
h(p, w,T) = 1 q(@, pT) — q(@,0)
, ’ <p’w’pt>+<pvw’0> IO

Therefore, using (6.1) we conclude that for any N,

w _ iy-
g(v, y, _) — E pa(logp)kx(p) f e vh(p,w,r)—i-ly tQDa,k(U, y, o, T) dT
(@,k)eZ, Ra <N Re

N /e—uh<p,w,r>+iy-rRN(v’y,p,w, D) dr. 6.3)
Rn
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Noting that g (w, pt) — g(w, 0) vanishes at p = 0 so that 4(p, w, 7) 1s infinitely differentiable at
p =0, and recalling that ¢, x (v, y, ®, 7) and Ry (v, y, p, @, T) are Schwartz in 7, it follows that

/ e VPO DY T Y (v, y, @, T)dT (6.4)
Rn

is infinitely differentiable at p =0 (and C* in v, y, w), and also

/e‘””(p"“vf”"y'fRN(v, Y, p,@,7)dT
Rl‘l

has the same properties as Ry in (6.2) except of course without the T derivatives. Expanding the
integral (6.4) in Taylor series at p =0 up to the_,oN term and replacing the expansion into (6.3),

we conclude that g(v, y, §) € C®° Uy, y); AL (Rg )), which completes our proof. O
We need one more lemma.

Lemma 6.2. For any index set 7 > —1, let Yy (t,7) € 7 (RY; AL ([0, 00),)) be compactly sup-
ported in t, let (1,n,7)> := 14 q(n, 1) with q(y, T) a positive-definite quadratic form on
R™ x R" and define

o0

Fn,7) = / T g Ty

0

Then f(n,7) € & (RY; AT (Rm)).

Proof. Throughout this proof, we put (a, 7, )2 :=a® + q(n,t) and (a, n) := (a, n,0). Observe
that

(1,n,7) = (1,7,0)+ ((1,n,7) — (1,7,0)) = (1,n) + (q(n, T) - q(n,0)>

(L, 7)+(1,7m)
so we can rewrite f (1, T) as

(0,¢] (0]

(1,7)—q(n,0)
£, 1) = f Ty (1 1) di = / e~ AT (1, 1) di. 65)

0 0

Fix N > 0. Then we can write
N J
40 g(0:0) Z (q(n,t) q(n,0)>
e (I,n,T)+
o, Ly, )+ (1, n)

+tN+1<61(77,T) q(n,O))N“EN(tq(n,f)—q(n,0)>,
(1,m,7) +(1,7n) (1,m,7) +(1,7n)
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(_1)N+1

GESIE fol e "* du. Replacing this expression into

where ¢; = (—1)/71/j! and where Ey (x) =
(6.5) we obtain

ZN r q(n,t) —q(,0\’
_ ];7 ) - )
f(n’T)_jz 0/6 ( I,n,t)+ (1, 77)) v Ty

qg(m,t)—q(,0) N+1]o —t(1,y) , N+1 ( q(n,t)—q(n,o))
+<<1,n,t)+(1,,7)) N By (1 S e v e,

(6.6)

Making the change of variables ¢ +— ¢ /(1, ) in the last integral, we see that

[ rtim N q(n,r)—q(n,m)
fe : EN(I<1,n,r>+<1,n> v, )

_a —N—Z/ _, N+1E( t q(n,f)—q(n,0)> ( t ’)d'
) J B oo ) T

Recalling that ¥ (¢, ) is Schwartz in t, so that powers of T multiplied with ¥ (¢, t) have no effect
on the Schwartz property in 7, it can be checked that the last term in (6.6) decays like (1, )~V !
and is Schwartz in t, even with all derivatives in 7, t. Therefore, our lemma follows once we
prove the following claim:

r _ j o
/e"“"”tf (31(’7;71; +q<(;77(7)))> Yt 1) dt e & (RE: ATHTHRE)).

To prove this, observe that ¢ (17, 7) — ¢ (1, 0) has at most a linear factor of 7 so that (¢ (1, ) —
g(n,0))/ is at most of order ||/ in 1, and observe that InIJAj (Rm) € AT I (R™) for any index
set J. Also observe that £ A% ([0, 0c0)) € AZ1/ ([0, 00)). With these observations in mind, it
suffices to prove that for fixed j,

o0

fi@. o) :=/e_t“’”>

0

! n. AZ4+2j+1 (om
((Ln’ﬂ+<1,n>)jw(t,r)dteY(R - A (Rm)),

where ¥ (1, T) € .7 (R"; AZH1 ([0, 00))) is compactly supported in ¢. Note that

1 1 1 1
L= a0+ (1 L0))Z — g2 (y,0)) = (0, o)
(L) =q2(0.0)+ ((1+¢(n.0)* —q2(n,0)) = { ”>+(<1,n>+<o,n>)

so if we put p = 1/|n| and w = n/|n|, then after some simplification,

_ -1 P
helpr=r <0"””(<p,w>+<0,w>)'
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blow-up corners

Aup hypersurface

R,

R

Fig. 8. A tied submanifold H C RR2 and the blown-up manifold R%{. Here, RIZLI = ]Rz\ the (“narrow hallway” U “bubble”)
and consists of two connected components.

Hence,

r _ip 1
. J H0,0)/p ,~ ra 0.0
f’( ) ’ Of ¢ ettt ant VOO

The function

. w 1
e o) +0.0) :
(p,w,pT) + (P, w))/

is infinitely differentiable at p = 0, so expanding this function in Taylor series at p = 0, we
get an expansion in p with coefficients in terms of powers of ¢ and powers of t. The powers
of 7 multiplied with 1 (¢, t) have no effect on the Schwartz property in 7, and t* A7 ([0, 00))
AT +K([0, 00)) for any index set 7, so to prove that f; (1, 7) € .7 (R"; AZH2/+1(Rm)) it suffices
to prove that

0

0

where (¢, 7) € . (R",; ALK ([0, 00))) is compactly supported in 7. However, this fact fol-
lows from Theorem 4.4 and the fact that p/ AT (RMY € AT+ (RM) for any index set /. O

6.2. Inverse from the boundary to the interior

A tied submanifold with boundary of codimension one in M is just a codimension one face
of a manifold with corners of codimension two X € M with dim X = dim M. For example,
the upper left pictures in Fig. 8 (the boundary of a “tear drop”) and Fig. 9 (a curved segment)
are examples of tied submanifolds with boundary of codimension one in R?. The word “tied”
has to do with Fig. 8, where we see that the boundary is “tied” to itself [76]. We denote by
M(H):={Y e Ma(X) | Y € H}. For example, M (H) consists of just the vertex in the upper
left picture in Fig. 8 and the two end points of the curved segment in Fig. 9. We define

Mp :=[M; M\(H); H].
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/\/ blow-up corners

m hypersurface

Fig. 9. A tied submanifold H C R? and the blown-up manifold R%I. Here, R%I = Rz\ the “curved dumbbell.”

See Figs. 8 and 9 for examples. The proof of the following theorem is necessarily long and
detailed and probably should be omitted at a first reading.

Theorem 6.3. If H C M is a compact tied submanifold with boundary of codimension one in M,
then for any index family 7 > —1 associated to M1(H), we have a continuous linear map

¢ > D 18,Gud: AL(H, E) — AL (My., E).

where T is defined in (4.16) and is associated to the faces in My obtained from the blow-ups of
the boundary components of H, 8y is the delta function concentrated on H, and Gy : E — F is
the principal symbol of D evaluated on the inward pointing unit normal vector field to H.

Proof. Given ¢ € AL(H, E) we need to prove that D18, G ¢ € AL(My, E). As with the
proof of Theorem 5.3, since the Schwartz kernel of D~! is smoothing off the diagonal, it suffices
to work in a single coordinate patch. In a coordinate patch near the interior of H (that is, away
from M1 (H)) we can consider H as part of a smooth boundary of a manifold with boundary in
M, so we can prove this result using techniques from the smooth boundary case as in [15,19,
24,43,107] and other papers. The new phenomenon is near a corner, say Y. If H happens to be
tied at Y as in the far left picture in Fig. 10, then by choosing a partition of unity of H we can
assume that ¢ € AZ(H, E) is supported on only one of the ends entering Y; for example, in the
far left picture in Fig. 10 we may assume that ¢ is supported on the horizontal portion of H.
Thus, for the rest of this proof, we may assume that H takes the form in Fig. 11. Now consider
a coordinate patch on M near a corner Y C H:

UIV(M,U) x W s

where the subscripts denote the notation for coordinates, V C R? is open containing (0, 0) and
W C R"2 is open such that &/ N Y = {(0,0)} x W. We assume that in this coordinate patch,
U N H is the horizontal line {# > 0, v = 0} such as seen in Fig. 11, properties of which we shall
be more specific later in our proof.

For a compactly supported function ¢ over I/, modulo a smoothing operator we have

D lg— / VI T Gy E o TG (E 7, T) dE dTd,
Rn
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blow-up Y blow-up H Mp| = []W; ]wl(H);H]
\g H - > - >
/\r = [M;M(H); H]
[M; My (H))

Fig. 10. If H is tied, then Mg is as shown in the figure.

M
blow-up
v — r [
\—

Fig. 11. Blowing up the manifold M at Y, then at H.

where a(u, v, y, &, n, t) is the complete symbol of D=L, which is a classical symbol of order —1.
Assume that ¢ € AZ(H, E), where Z > —1, is supported in I/ =V x W. Thus, we may write

¢=xe,y),

where « (1) is the Heaviside function and ¢(u, y) € C°(WV, AZ([R; {0}])). Therefore,

SHGHP=Gprm)d(v)p(u,y),

where § (v) is the delta function. Hence,

D '$uGre = / HEFVIHIYT gy vy, £, 1, T)G (k@) (€, T) dE dndr. (6.7)
Rn

We need to prove that this function defines an element of .Af (Mpy, E), which in local polar

coordinates (r, 8, y) is just C*°([0, 2]y x W, Af ([0, 00),)) where we drop the vector bundle
E from the notation just for simplicity. To go about doing this, note that since a(u, v, y, &, n, t)
is classical of order —1 we have an expansion

o0
au,v,y,£,0,7)~ Y x(E 0 0a;w,v,y,En,7),
j=1

where x (&, n, T) vanishes for |(§, , T)| near 0 and equal to 1 for [(§, 7, T)| > 1 and a; is homo-
geneous of degree —j in (&, n, 7). Recall that ~ means that for any N we have

N

a(u,v.y.&.10.1)— Y xEn.0ajw,v.y. & 0.1 =ry@, v, y.En.1) €S, ",
j=l1
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a symbol of order —1 — N. Replacing this expansion into (6.7) we obtain

N
D '6uGup =) é;+ fv,

j=1
where
Y :=fe"”5+"”"+iy'fx<s,n,r)a,-(u,v,y,s,m)GH@)(s,r)dsdndr
Rn
and
fa = f TV Ty (v, y, £, 0, TG (k@) (€, T) dE dndT.
Rn

Since (k¢) is L' we know that (@) (&, 7) is bounded and hence

(v, Y. 80 DG KR E D) = O((L4 [+ Inl +12) "),

It follows that taking N > n we have

fv = f VT 4y E o TG (eg) (., T) dE dndr € CVTU ).
Rn

Since N —n — oo as N — 00, by (a similar version of) Lemma 4.7 all we have to do is prove
that for each j, the function

¢ = / MEFIVIHYT (6 Tyaj(u, v, y, &1, T)G (k) (E, T) dE dndT (6.8)
Rn

defines an element gf .Af (Mg, E), which in local polar coordinates (r,6,y) is just

C>([0, 279 x W; AL([0, 00),)) where we henceforth drop vector bundles from the notation
for simplicity. In order to do this we need to consider two cases shown in Fig. 12: When (u, v) is
in part of a sector away from the negative real axis and when (u, v) is in a sector containing the
negative real axis. As seen below, the proof of the second case is different from the first case; the
subtle reason is that if H is continued to the negative real axis, then H actually has no boundary
atY.

Case 1. In this case, we may assume initially that |[v| > 0. We can write (6.8) as

¢j = / STV (& Dyaj(u, v, v, £, 0, T) (k@) (€, T) dE dndT
RH

— f T Th (v, 3, E,T) (k@) (£, T) dEdT, (6.9)
Rn—l
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Case|l

Case 2

N

Case|1l

Fig. 12. Cases 1 and 2 are when (u, v) is away and near the negative real axis.

where

bj(u,v,y, &, 1):= /ei””x(é, n,vajw,v,y,& 1,1GhHdn; (6.10)
R

by Dirichlet’s test this integral exists (as an improper Riemann integral) because the symbol
aj(u,v,y,§&,t,n) decays like |n|_j with j > 1 and ¢V oscillates. In order to get a nice formula
fora;(u,v,y,§, t,n) that will make the properties of b; transparent, we now choose coordinates
so that the metric takes the form

g =dv’ +h(v),
where i (v) is a metric in the u, y coordinates; this can be done by choosing a normal vector to

{v = 0} and using geodesic flow in the direction of the normal to define the coordinate v. This
implies, in particular, that the metric looks like

g(En, 0, & n,1) =0 +AE, 1), (6.11)

where L(§,7) = A(u, v, y, &, t) is a homogeneous polynomial of degree two in (&, ), and posi-
tive for (¢, ) # 0. This implies that

D=G9,+ G0, + B, where Go,=Gg,
and the principal symbol of a(u, v, y, &, n, 7) is equal to

(DY) _ (—in+o(,v,y,£7)G;"
02(D*D) N>+ A, 7)

aj(u,v,y,€,1,7)=01(D)" = . (6.12)

where o is the principal symbol of (G119, + B)*G>. Moreover, from the explicit local parametrix
construction of D [42,88,108,109] we know that a(u, v, y, &, n, T) has a rational expansion in
&, 7, n in the sense that

j(u? v’y’é,-:’ m, 7:)
(> + A€, 7))/

a(u,v,y,é,n,f)NZx(&n,r)p

j=1

, (6.13)
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with p;(u, v, y, &, ,n) apolynomial of degree j in (&, 7, n). The proof of the rational expansion
(6.13) is by induction using that aj(u, v, y, &, n, T) has this property by (6.12). Thus, we may
assume that

pju,v,y,6,n,71)

(% + A€, 1))/ (614

aj(u,v, y’§9 ’I’T)Z

Consider now, for each j, the integral

. on Pj @, 0,9,6,1,7)
e””’a~(u,v,y,&,r,n)dn:fe’”” —d
/ / J (% + A&, 7))

R

Assume for a moment that v < 0 so we are in the bottom part of the sector labelled Case 1
in Fig. 12. Then factoring n% 4+ A(€,7) = (n + iAV2(&, ) (n — iAV/2(E, 7)) with A1/2(&, 1) =
VA (&, 7) and using Cauchy’s theorem, we obtain

/ewnpj(u, v.9.6:0.7) , :/ewn P, v, y,§,1,7)
(7 + 4, 7))/ (1 +ir3 (6, )i —ir2 (&, 1))

R
i (a\/!
(- (%)

Here, recalling that v < 0, we shifted the line R = {3 = 0} down to {I& = —oo} where the
integral vanishes, and we picked up a pole at & = —iA!/?(t, ). Applying the product rule to the
last term in (6.15) we obtain

dn

eivnpj(”’v’ y’gv 77’T)>

n=—ix%<s,r)( (n— ir2 (&, 1))/
(6.15)

on P, 0, ¥, 6,1, T 3 -
/elvnpj( y é): n )dn:ev)LZ(E,T)qj (M,U,y,é,f), forv<0’

(n* + 1, 7))/

where

j—1
q; u,v,y,8,1)= kaqj_k(u, v, ,6,7)
k=0

with qj_k (u,v,y,&, v) ahomogeneous function in (£, 7) (not rational) of degree 1 — j + k. An
identical computation, but this time shifting the contour R = {I& = 0} up to {J& = +o0}, we
obtain

oD, v, v, E,1,7) Y
/ewn PrE Ry dr=e Y vy 80, forv>0,

where

j—1
q; v, y,E,1) =) vqgh W, v, y,€1)
k=0
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with q;.?( (u,v,y,&, v) ahomogeneous function in (&, t) of degree 1 — j + k. In view of (6.10) it
follows that

bj(u,v,y,§,7)= e:F”(l’E’T>qu.E(u, v,v,&,1), forv=d=|vl,
where
g5, v,y,€7) €S,
a symbol of order 0, where (I, &, 7)2:= 1 + A(£, 1), and where “for v = +|v|” is shorthand
for “for v > 0 and v < 0, respectively.” Note that although the expression for b;(u,v,y,§, 1)

depends initially on v > 0 and v < 0, each of the functions q"'(u, v,v, &, t)andg” (u, v, y,&, 1)
extends canonically to be smooth for all (u, v, y) € 4. Now by (6.9), we have

¢; = f HEFLEDI TG (v, y, £, 1) (k@) (5, 1) dE dT, forv==%[v]. (6.16)
Rn—l

Noting that « (u)e(u, y) € C°(OWV, AL ([0, 00))) C CW, AZ([R; {0}])) (it happens to vanish
on the negative real axis too) it follows that

T / e T, y)dy e (R AL ([R; {0}])), (6.17)
Rn—2

the space of Schwartz functions with values in AL ([R; {0}]). Now using Theorem 4.4, taking the
Fourier transform in u# we have

T (kp)(§, ) € S (RI72 ATH(R)).

Since g (u, v, y, &, ) is a classical symbol of order 0, by Lemma 5.1, we see that for fixed
u’ U, ya

T g v,y £, 1) (kp)(E. 1) € S (R ATH(R)).
Of course, this is smooth in (u, v, y) € U, so we actually have
(@, v,9),7) > g7 @, 0,3, & D) (KP)(E, ) € C®° Uy x REH ATT(R)),

and is Schwartz in 7. Now employing Lemma 6.1, we can write

/eﬂFv“f’”“y'qu(u,v,y,s,w@)(s,r)dr=e¢”<1"f>sf<u,v,y,é>,
Rn—z

for v = +|v|, where (1, €)% : =1 + A(£,0) and

(u,v,y) sji(u, v,y,§) € C®(U; AIH(IE)).
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In conclusion, we have

¢, =/e"“5¢”“f>sj:<u,v,y,s>ds, for v =v|.
R

Modulo a smooth function we can write this as

8= [Ty e de, forv =,
R

where we used that A (£, 0) = |£|?, the Riemannian length of &, by the formula (6.11). If (u, v) =
rw, where w = (w1, wy) € A with A C S! is a fixed arch in either the upper or lower Case 1
regions in Fig. 12, then we can write this as

¢; = f (TN E (rw, y, £) dE,  forwy = +wn].
R

This fits into the h-transform situation of Theorem 4.8 with /(&) = /@16 F®208! (see Example 3
of Section 4.2). Hence, by Theorem 4.8 and Remark 4.9 we know that

$;(ro.y) € C(Ag x W AL({0,00),)).

This implies that ¢; € .Af (Mg, E) as required and completes Case 1. We remark that
Jr er(’wlg_m'g')s;r(rw, y,§)d& and [ er(“"lH“’Z'S')sj_ (rw,y,&)dé define smooth functions
on [0, 7] and [rr, 27 ], respectively. However, this does not imply that ¢; € C*°([0, 2 ]9 x W;

AL ([0, 00),)) because it is not obvious that these integrals agree when 8 = 7! (In fact, at 0 and
2m, these integrals are different!) This is why we need a second case to deal with angles near 7.

Case 2. In this case, we may assume that u < 0 and we are working near v = 0. As with Case 1,
the starting point is again (6.8):

¢] — / eiu§+ivn+iy-rx(%.’ n, 'L')Clj(l/l, v, Y, %" n, ‘[)(@)(g, ‘E)ds d?’]dT
R?

The fact that u < 0 plays an important part here because in this case, we write

¢j= / ei”"Hy'th-(u,v,y,n,r)dnd‘t, (6.18)
Rnfl
where
¢, v,y,1,7) :=/e"“fx<s,n,r>a,~<u,v,y,s,n,w@)(s,r)ds. (6.19)
R

Thus, in this case, the roles of & and 7 are switched!
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We now proceed as we did in Case 1 but with appropriate switching of the roles of £ and 7
taking care to note the special twists that occur because of the switching. First, we now choose
coordinates so that the metric takes the form

g =du® + h(u),

where ﬁ(u) is a metric in the v, y coordinates; this can be done by choosing a vector field locally
near Y that is tangent and pointing inward to H and using geodesic flow in the direction of the
vector field to define the coordinate u. This implies, in particular, that the metric looks like

g(E 1), n1) ="+ um, 1), (6.20)

where u(n, t) = u(u, v, y, n, t) is a homogeneous polynomial of degree two in (1, t) and pos-
itive for (n, t) # 0. In this case, we can take the expansion in (6.13) to look like (cf. the related
series (6.14))

qju,v,y,§,n,7)
&2+, 1))/

a(,v,y,&n,7)~ ) x(EnT)

j=1

with g;(u,v,y,§,7,n) a polynomial of degree j in (&, n, 7). Thus, for Case 2 we shall (and
may) assume that

. _qj(u’v’y’é:’nvf)
a0 S ) = e oy

In order to study the integral (6.19), we need to analyze each integral

g 4, 0, ¥, 6,1, 7T) — ;
&+ uaoys OETE

/e"”“?aﬂu,v,y,s,r, n>@><s,r>ds=/e
R

R

Writing E2+umt)=E+in?(n,))E —in'?(n, 1)) and using Cauchy’s theorem exactly
as we did in (6.15), we obtain

/eiuéqj(u’ v, )’»5,77,1'

) —
E 1 nr D)) (kp)(§,1)d§

R

[ PLBLEDT g 0y

S E+inIm ) E —ini(n, 1)

—i [0\
Y (%)

1 (ei”%' g, v, > §.10, t.) (k) (£, ‘L’)). 6.21)
E=—ip2(n.7) & —in2(n, 1))/
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Here, recalling that u < 0, we shifted the line R = {3 = 0} down to {I& = —o0o} and we picked
up apole at § = —i wl/ 2(17, 7). Moreover, it is important to note that « (¢)¢(¢, y) is supported in
t >0, so that

Ko)(E, 1) = / f e ET o V) dy i,

0 Rn—2

and therefore if £ = z; + iz, € C with z1, 720 € R and zp < 0, then

o0

(kp)(E, 1) = / / e AT T o (r ) dy dt
0

Rn—2

is bounded as zo — —oo. Therefore the integral remainder in (6.21) does indeed vanish as we
take the contour R = {J& = 0} down to {J& = —o0}. Observe that

0
1 .
(@) (—ip?(n.1), 7) = / / e MDTT G (1 ) dy dt
0 Rn—2

? 1
— fe"“i(”’f)w(t, 7)dt,
0

where

Y(t,T) = / e T, y)dy € S (R AL([0, 00))) € 7 (R"2; AL ([R; {0}]))

Rn—2

and vanishes for ¢t < 0. We are now in the situation of Lemma 6.2, which implies that away from
(n, ) = (0,0), we have

o0
1 _
(k@) (—ip2(n, 1), 7) = / e M0y, 1) dr € S (RIH ATTL(R,)).
0
Since for any &,

(0,¢]
e n =it [ [ ety dya,
0 Rn—2

and t* AL ([R; {0}]) € AZH*([R; {0}]), we have

(3 Ge@)) (=in2 (. 7), 7) € 7 (RI2 ATHH(R,)).
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pj(u,v,y.6,n,1)

Hence, by Lemma 5.1 and using the product rule noting that CEETE

is a symbol of order
zero, we see that for arbitrary k,

9 \* e
(_) | (Pj(u v ?’ &, 1 f.) (K(p)(g’f))
% a0\ 1 —in o)
€ Coo(u(u,v,y); Y(R;l—Z; AI+k+1(R_n)))
cC™® (U(u,v,y); y(Rz—z; 'AIH(E))),

Now using the product rule in (6.21) we have

/ emsqés(?:ﬁy<’n€’g’>f)<w><s,r)ds=e“““”’”sj-<u,v,y,n,f>’ foru <0,

where
sj(, v, 9,1, 7) € C® U v,y L (REZATTLRY))).
Thus, in view of (6.19), it follows that
cj(u,v,y,n,7) :=/ei”$x(é,n,r)aj(u,v,y,é,n,r)(@)(s,r)dé

R

—

=[x nqggg” - ’;’(’j’t’;’)f) (c9) (. 1)
R

— eu(l,n,t

>CIj(u’ v,y,n, 'C),
where u <0, (1,71, 7)%:= 1+ u(y, v), and where
qj (. v.y.1.7) € C U,y 7 (R ATH(R)).
Hence, by (6.18), we have

¢j= / LTI T g (v, y, , T) dn
Rrn—1

Now employing Lemma 6.1, we can write
/ eu(l’n’ﬂ—}_iy.tQj(u’ v, y’ n, T) dT == eu(l’n)Qj (I/t, v, y’ 77)’
Rn—2

where (1,1)?:= 1+ u(n,0) =1+ |n|? (with |n|? denoting the Riemannian squared length of n
by (6.20)), and

(v, y) > g, v, y,n) € C®U; AIH(R,)).
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In conclusion, we have
b= /e”(l’”>+i”’7q~j(u, v,y,n)dn, foru<O.
R

Up to a smooth function we can write this as

¢j= / e”|’7|+i”’7¢}j(u, v,y,n)dn, foru<DO.
R

We are now in the exact same situation as we were at the end of Case 1 (but now we have n
instead of £ and now u < O instead of having v’s of various signs in that case). Therefore, by the

same argument based on Theorem 4.8, ¢; € AL (My, E) as required.
Finally, we remark that all the lemmas used in this proof depend continuously on their function
data (as can be seen by examining the proofs). Therefore, the map

AL(H,E)3 ¢+ D '6yGpep e AL (My, E)
depends continuously on ¢. O
7. The Cauchy integral and transform on manifolds with corners

Using Theorem 6.3 we can now define the Cauchy integral and transform; see Lemma 7.1.
The main results of this section include the Borel-Pompeiu formula (a generalization of Cauchy’s
integral formula) in Theorem 7.2, which implies Theorems 2.1 and 2.4 on the Cauchy integral
(= Poisson operator). We also prove Theorem 2.2 on the Cauchy transform (= Calderén projec-
tor).

7.1. Definition of the Cauchy integral and transform

Let X € M be a compact manifold corners of codimension two with dim X = dim M.
The Cauchy integral or Poisson operator is defined by

K:= Z D_15HGH,
HeM(X)

where 8y is the delta function concentrated on H and Gy : E — F is the principal symbol of D
evaluated on the inward pointing unit normal vector field to H. Let Z > —1 be an index family
associated to M»(X). Then applying Theorem 6.3 to each of D~!8 G y it follows that

K:AZ(9X. E) — AL (Mg, E).

where AL 0X,E) = (.AI (Xw, E))|ax with |sx meaning restriction to the interior of each
boundary hypersurface of X, where (see Fig. 5 in Section 2)

My, :=[M; My (X); M1(X)],
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and 7 is the index set defined in (4.16) associated to the faces coming from the blow-ups
of My(X). If ¢ € AL(3X, E), then Ko € AL (Mg, E), so restriction to X € My, we get
(Ko)lx,, € AL (X, E) and on the interior of X, we have

DKg)= Y DD 'syGuo= > 8aGuy=0.
HeM(X) HeM|(X)

Therefore, restriction to X, € My,, we have Ko € ker(D on AL (X, E)). Hence, if for any
index set 7 associated to M(X), we define

vy 1 AT (M, E) > A7 (80X, E)

as the restriction map yaJS( := |sx, from the interior of Xy, C My, to the hypersurface components
of 9 X minus the corners of X, then yaJS( K¢ € H%(D) by definition of the Cauchy—Hardy space

Hz(D) = {¢lsx | ¢ € AL (Xop, E), D =0},

where ¢lyx = yaj}(/). Therefore, if we define the Cauchy transform or Calderon projector

C: AZ(0X.E) > AL(3X. E)

Cop:= yaJS(ngo forall € AT(3X, E),
then ranC C ‘H#(D). We summarize our findings in the following lemma.

Lemma 7.1. For any index family T > —1 associated to M,(X), the Cauchy integral defines a
continuous linear map

K= Y D 'suGu:ATOX, E) > AL (M, E)
HeM; (X)

with
ran(yx, K) € ker(D: Aj(th, E) — Af_l(th, F)),

where yx, denotes restriction from My, to Xw,. The Cauchy transform defines a continuous linear
map

Ci=y K AL(3X, E) - AL(OX. E) with ranC C Hz(D).

Having defined the Cauchy integral and Calderon—Cauchy projector, we now investigate their
main properties.



186 P. Loya / J. Differential Equations 239 (2007) 132—-195

7.2. Properties of the Cauchy integral (Poisson operator)

The first formula in the following theorem is the so-called the Borel-Pompeiu theorem; see
[85] for a historical review. In the following theorem the function ¥ on My, is defined by

__J1 onXy,
X-= 0 on Mtb\th-

The following theorem, in particular, proves Theorem 2.4.

Theorem 7.2 (Borel-Pompeiu’s formula). For any index family 7T > —1 associated to M>(X),
if o € AL(Xw, E) and ¢ = ¢lyx € AL(3X, E), then

_ ¢(X)a X € tha
K D~ 'xD =
(Kp)(x) + (D™ x D) (x) {0’ x € My \ X,
In particular, if D¢ =0, then “Cauchy’s formula” holds:

¢(x), xe€Xp,

(Ko)(x) = {0, X € My \ Xip.

Proof. Extend ¢ to My, via ¢ := x¢. In order to apply D to ¢, we work locally (at least for the
moment) so consider near a corner Y as shown in Fig. 13, and by choosing a partition of unity
of Xy, if necessary and by reflecting if necessary we assume that ¢ is supported near Y and near
6 =0 in Fig. 13.

Specify the coordinates (u, v, y) near ¥ in M with H = {u > 0, v = 0} such that the metric
takes the form

7.2
g - dv + h(v)7

where i (v) is a metric in the u, y coordinates and in these coordinates write

D =G0, + G0, + B.

Introducing polar coordinates (r, 6), this becomes
1

D =(GicosO + G,sinbh)d, + —(Grcosb — G1sinbh)dy + B,
r

X Xitb My,

v g N H (I

0=0 o
H) H)
:90

Fig. 13. The manifolds Xy, and My, near the blow-ups.
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and

¢ =x(0)p(r,0),

where « is the Heaviside function on R. Applying D to ¢ and using that the derivative of the
Heaviside function is the delta distribution, it follows that

~ 1
D¢ = ;G28(0)¢(r, 0) +«0)De(r,0).

Since Clifford multiplication by the inward pointing normal on H is exactly G, and since
¢ (r,0) = ¢(r), as a distribution acting on C2°(M, F) we have

1 1
(;st(e)qs(r, 0)) ) = f ~(V(.0). Gus@)p(r))rdrd dy
M

- / (V(,0), Grop())drdy = Gudup)W).

M

Hence,
Do =68y QGre+ xDé.

In conclusion, summing up our local results, we have

D= >  84Guy+ xDo.
HeM | (X)

Applying D~! to both sides we get

= Y D '6yGue+D ' xDp=:Kp+D ' xDop.
HeM(X)

This proves our result. [
7.3. Proof of Theorem 2.1 on the Poisson operator
Recall from (5.9) that for any index set Z associated to M>(X), we have
pe (X E) = ¢eAT (Xp. E),
where F € 7 means that F is an index family associated to M>(X) and for each ¥ € M>(X),
Fy C€Zy U (Np x Np). As already mentioned, an element of AT (X, E) basically has the same
expansions as an element of AL (Xw, E) except one can add smooth expansions multiplied by

logarithms. One of the key properties of 7 is that if F € Z, then Fel.
To prove Theorem 2.1, we shall prove that for any index family 7 > —1 associated to M (X),

vy AL DX, E) — AL (X, E), (7.1)
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where yx, denotes restriction from My, to Xy, and

ran(yx,, K) = ker(D: AL (X, E) & AT\ (Xyp, F)). (7.2)
In fact, by Lemma 7.1 we know that

vkt AT (X, E) — AT (X, E)

with

ran(yx, K on A7 (X, E)) € ker(D on A7 (X, E)).
Since FeI=Fel , (7.1) follows and (7.2) will follow if we can show the inclusion

ker(D : Aj(th, E)— Af_] X, F)) - ran(yxtblC on .Aj(aX, E)).

However, this inclusion follows immediately from Cauchy’s formula in Theorem 7.2.
7.4. Proof of Theorem 2.2 on the Calderon projector

We need to prove that for any index family Z > —1 associated to M>(X), the Cauchy trans-
form C defines a continuous linear map

c:AZ(X.E)— AZ(3X . E)
such that

(i) C=1d on Hz(D) := {¢lax | ¢ € AT (X, E), Dp =0);

(i1) C?2=Con .Ai(aX, E); that is, C is a projection;
(iii) ranC =H=(D).

Step I. We first show that C = Id on H=z(D). Let ¢ = ¢|yx where ¢ € Af(th, E) and D¢ =0;
we need to show that Cp = ¢. But, by Borel-Pompeiu’s formula, we have

(b()C), X Eth,

(Ke)(x) = {0’ X € My \ Xep.

Hence,
Co :=v,x(Ko) = vy (@) = 0.
Hence, C = 1d on H=z(D).

Step II. From Lemma 7.1 we know that ranC C H=(D). Therefore, since C = 1d on Hz(D) by
Step I, we have

Hz(D) =1d(Hz(D)) = C(Hz(D)) < ranC.

Therefore ranC = H=(D).
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Step III. Finally, we show that C>?=C.Letg e Af (0X, E). Then by Lemma 7.1, we know that
Cep € Hz(D). Hence, as C = Id on Hz(D) by Step I, we see that

C*p =C(Cyp) =1d(Cp) = Cop.
Therefore C?> = C and our proof is complete.
8. Fredholm properties on polyhomogeneous spaces

In this section we prove Theorem 2.5 characterizing Fredholm boundary value problems for
Dirac operators on manifolds with corners of codimension two.

8.1. BVPs for linear maps between vector spaces

The proof of Theorem 2.5 is based on Theorem 8.1 below concerning “abstract” BVPs. This
theorem was proved with J. Park in [68], but in order to keep this article self-contained, we give
an abbreviated proof of the theorem whose details can be filled in or looked up in [68]. Let
Vo, V1, Va2 be vector spaces (finite- or infinite-dimensional) and let

AV —> Vy, y:Vi—VW

be linear surjective maps. Suppose that there is a projection C: Vy — V) whose image is the
“Hardy space” of A

H(A):=ykerA={y¢|pe Vi, Ap=0}C V.
Also suppose that the “unique continuation property” holds:
Y eranC << 3lpeV), Ap=0 and yop=1.
The novelty of the following “abstract” boundary value problem for linear maps is that it makes
no mention of topology (Hilbert space, Fréchet space, etc.) so it can be applied to a wide range
of situations. (In [68] the following result was stated for topological vector spaces but the proof
is purely linear algebraic and makes no mention of topology.)
Theorem 8.1. (See [68].) For an arbitrary projection P : Vo — Vy, the operator
Ap:dom(Ap) — V2,
where
dom(Ap) = {p € Vi | P(yd) =0} C W1,

and the operator

PC:ranC — ranP
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have isomorphic kernels and cokernels

%) ran P

~

ker Ap =ker(PC:ranC — ranP),

ranAp _ ran(PC:ranC — ranP)’

In particular, Ap is Fredholm; that is, it has a finite-dimensional kernel and cokernel, if and only
if PC:ranC — ranP is Fredholm, in which case

ind Ap =ind(PC:ranC — ranP).

Proof. We need to prove that ker Ap = kerPC and coker Ap = coker’ PC. That ker Ap =
ker PC is easy: By “unique continuation,” it follows that

Y eranC, Py =0 <= 3¢, Ap=0 and y¢p=v and Py =0
— 3¢, A¢p=0 and Py¢p=0 and yop=1vy
< 3dlpekerAp withyop=1.

Therefore the map
ker Ap 3 ¢ +— y¢ € kerPC

1s an isomorphism.
To prove that coker Ap = coker PC, we define a map

f:Vo— Va/ran Ap =: coker Ap

as follows. Let ¢ € V. Then there is a ¢ € V; such that y¢ = . We define

f W) :=[A¢] € Va/ranAp,
where [ ] denotes equivalence class. It is easy to check that f is well defined independent of the
choice of ¢ € V| with y¢ =, and, since A:V; — V> is surjective, f is also surjective. It is
also easy to check that f :ker’P — ran Ap, therefore f descends to a (still surjective) map on
the quotient:

f: Vo/ker’P — V,/ran Ap.
Since P is a projection, we have a canonical isomorphism ran P = Vp/ ker P, therefore we obtain

a surjective map f:ran’® — V,/ran Ap. Finally, one can show that ker f = ran(PC:ranC —
ranP). It follows that f descends to an isomorphism of vector spaces

coker PC :=ranP/ran PC =3 V,/ran Ap =: coker Ap,

which completes our proof. O
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8.2. The Fredholm theorem

To prove Theorem 2.5, let Z > —1 be any index family associated to M;(X) and consider
D: A (X, E) —> AT (Xup, F), vy AT (X, E) > AT(DX, E),

where yaJS( := |sx means restriction to (the hypersurface components of) d X, which is obviously
surjective. Also, D is surjective by Theorem 5.4 and by Theorem 2.2 we know that

c:-AL(0X.E)— AZ(3X. E)

has image equal to the Cauchy data space of D:

Hz(D) =y kerz D = {yho | ¢ € AL (X, E), Dp =0} € AL(9X, E)
and
yeranC < ApeAl(Xy. E). Dp=0 and y =1

Note that the uniqueness statement is just the celebrated unique continuation principle for Dirac
operators; see for example [7,11,28]. Therefore, with

A=D, Vi=AXp, E), Va=AT(Xw. F), y=vy, Vo=ALOX, E)

we have satisfied all the conditions of Theorem 8.1. Applying Theorem 8.1 to this situation gives
Theorem 2.5.
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