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In this paper we analyze the resolvent, the heat kernel and the spectral zeta function
of the operator —d?/dr?—1/(4r?) over the finite interval. The structural properties
of these spectral functions depend strongly on the chosen self-adjoint realization of
the operator, a choice being made necessary because of the singular potential
present. Only for the Friedrichs realization standard properties are reproduced, for
all other realizations highly nonstandard properties are observed. In particular, for
ke N we find terms like (log #)7* in the small-# asymptotic expansion of the heat
kernel. Furthermore, the zeta function has s=0 as a logarithmic branch point.

© 2006 American Institute of Physics. [DOI: 10.1063/1.2189194]

I. INTRODUCTION

A. Zeta functions and an unusual example

It is well known that the zeta function of a Laplacian over a smooth compact manifold, with
or without boundary, defines a meromorphic function on C with simple poles at prescribed half-
integer values depending on the dimension of the manifold.?! (For a manifold with boundary, we
put local boundary conditions, e.g., Dirichlet conditions.) These properties have far reaching
applications in physics as well as mathematics, e.g., in the context of Casimir energies, effective
actions and analytic torsion; see, for example, Refs. 12—14, 25, 28, and 41.

Surprisingly, there is a completely natural example of a zeta function for which the described
properties break down and which has no meromorphic extension to C. Let {} C R? be any compact
region and take polar coordinates (x,y)< (r, ) centered at any fixed point in (). Then in these
coordinates, the standard Laplacian on R? takes the form

1
Ayp= = Fmm Fm i, - SR,
r

and the measure transforms to dx dy=r dr d6. A short computation shows that
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1 1 1 1
r r r 4
where R is the multiplication map by r"?, which is an isometry from L*(Q,rdrd#) to

L*(Q),dr d6). Hence, the following two operators are equivalent under R:

A]R2<—>—<?f+%A, whereA=—6%—i.

In the zero eigenspace of —a%,, we obtain the operator of the form —37—(1/4r?). Then this Laplace
type operator has many different self-adjoint realizations parametrized by angles 6 e [0, m); the
angle 6=m/2 corresponds to the so-called Friedrichs realization. Each realization has a discrete
spectrum.35 Consider any one of the realizations, say Ag, with 8+ /2 and form the corresponding
zeta function,

g(S’AH) =

_s’
A;#0 \;

where the \;’s are the eigenvalues of Ay The shocking fact is that every such zeta function
corresponding to an angle 6 € [0, ), except #=/2, does not have a meromorphic extension to C;

in fact each such zeta function has a logarithmic branch cut with s=0 as the branch point.

B. Self-adjoint realizations

The properties of the Laplace operator considered above boil down to the main object of
consideration in this paper,

&1
A::_P_Zp over [0,R]. (1.1)
In Sec. IT we work out an explicit description of the maximal domain of A. In order to choose a
self-adjoint realization of A, we first fix a boundary condition for A at r=R; it turns out that any
such boundary condition for ¢ € D,,,«(A) must be of the form (see Sec. IV)

cos 6,¢'(R) + sin 6,¢p(R) =0. (1.2)

In other words, the boundary conditions we can choose at r=R are parametrized by angles 6,
€ [0, ). Note that the Dirichlet condition is when 6,=/2 and the Neumann condition is when
6,=0. Let us henceforth fix an angle 6, € [0, ) and consider A with the condition in (1.2). At r
=0, the operator A is singular and a limiting procedure r— 0 must be used to define boundary
conditions. As shown in Sec. III (see also Sec. IV), the self-adjoint realizations of A with the
condition (1.2) are again parametrized by angles 6, € [0, 7); the paper by Kochubei®' is perhaps
one of the earliest references to contain such a parametrization. It turns out that 6,=m/2 corre-
sponds to the Friedrichs realization.
As we will show in Theorem 2.1, ¢ € D,,,4(A) if and only if it can be written in the form

b=ci(B)r'? +cy(P)r'? log r+ O(7?),

where ¢,(¢) and c¢,(¢) are constants depending on ¢. In terms of these constants, given angles
0,,0, [0, ), we consider the operator

A= A:D; — L*([0,R]),

where
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D, ={¢ € D,,.x(A)|cos 6,c,(h) + sin 6;¢c,(¢) = 0,cos 8¢ (R) + sin 6,(R) = 0}.

Here, the subscript “L” represents the two-dimensional subspace L C C* defined by

L:={(21,22,23,24) € C*|cos 6,2, + sin 6,2, = 0,cos b,z5 + sin 6z, = 0}.

This vector space is a Lagrangian subspace of C* with respect to a natural Hermitian symplectic
form intimately related to self-adjoint realizations of A; see Sec. III. For general references on this
relation see; Refs. 23, 24, 27, and 31-34. For a study of adjoints of “cone operators” (in the sense

of Schulze) see Ref. 19. For properties of resolvents of cone operators see, for example, Refs. 20
and 42.

C. The resolvent, heat kernel, and zeta function

When 6,=m/2 (the Friedrichs realization), the following properties concerning the resolvent,
heat kernel, and zeta function are well known; see for example, Briining and Seeley,7’8 Falomir
et al.,” or Mooers.™ With 0,=/2, the following properties hold.

Theorem 1.1 (cf. Refs. 8, 15, and 38): Fixing a boundary condition (1.2) at r=R, let A}
denote the corresponding Friedrichs realization (that is, take 6,=1/2). Then

(1) Let ACC be any sector (solid angle) not intersecting the positive real axis. Then as |\|
— o with N € A, we have

o0

Tr(A, = N) 7'~ X ap(= N2
k=1

(2) Ast—0, we have

Tr(e—tAL) — 2 ,Bkt(k_l)/z.
k=0
(3) The zeta function

{(s,Ap) =Tr(A7)

extends from Rs>1/2 to a meromorphic function on C with poles at s=1/2—k for k
=0,1,2,....

These properties are “usual” in that they remain valid, with appropriate changes, to Laplace-
type operators on compact manifolds (with or without boundary); see for example, Gilkey’s
book”' for a thorough treatment. The first result of this paper shows that for any other realization,
these properties are completely destroyed; see also Ref. 29.

Theorem 1.2: With any boundary condition (1.2) fixed at r=R, choose a self-adjoint realiza-
tion A, of the resulting operator that is not the Friedrichs realization. (That is, take 6, # 1/2). Let
k=log 2—y—tan 6, where vy is the Euler constant. Then the following properties hold:

(1) Let ACC be any sector (solid angle) not intersecting the positive real axis. Then as |\|
— o with N € A, we have

! S )2
(= N)(og(=\) = 2k) + g b(= N7,

(2) As r—0, we have (here J denotes “imaginary part of”)

TI‘(AL - )\)_1 -~

1 (" 1 -
Tr(e™"r) ~ —J(I e dx) + E ,Bkt(k_l)/z.
ar 1 k=0

x(log x + im—2k)
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(3) The zeta function {(s,A;) can be written in the form

e % sin rs

{s,A))=————logs+{(s),
™

where {;(s) extends from Rs>1/2 to a holomorphic function on C with poles at s=1/2
—k for k=0,1,2,.... In particular, {(s,A;) has s=0 as a logarithmic branch point

Remark 1.3: The authors have never seen a natural geometric differential operator with dis-
crete spectrum on a compact manifold having a spectral zeta function with properties of the sort
described in this theorem.

Remark 1.4: The first term in assertion (1) can be expanded further if needed. In the formu-
lation of this theorem we leave it in this more useful compact form.

Remark 1.5: The same kind of remark holds for the first term in assertion (2). Expanding
further we obtain the following expansion: As t— 0, we have

[’

Tr(e ™) ~ 2 ay(log 1)+ 3 pe" (1.3)
k=1 k=0

with the @;’s depending on « via (here J denotes “imaginary part of”)

1 oo
akz_k_j(f e‘x(logx+i7'r—2k)]‘dx>, k=1,2,3,... .
™ 1

The expansion (1.3) is misleading as written because for k> 1, the terms B,/%~"'? are subleading

to any of the inverse log terms. However, we interpret the first sum in the expansion (1.3) to mean
that for all N, we have

1~<
—J
'

D. Explicit formula for the zeta determinant

N

* 1
j e : dx | = X ey(log )™ + O((log )™1).
. x(log x + i —2k) =1

Our second result is an explicit formula for a regularized determinant. For concreteness, we
shall impose the Dirichlet boundary condition at r=R. That is, given an angle @ [0, ) with 6
# /2, we consider the operator

Ag:= A:Dy— L*([O,R]),

where
Dy={¢h € Dy(A)cos fey(¢) +sin fes(¢) = 0, $(R) = 0}.
Then from Theorem 1.2, the zeta function {(s,Ay) has the following form:

e~ 2% sin rs

U(s,Ap) =— ————log s+ {y(s),
T

where £(s) extends from $Rs>1/2 to a holomorphic function on C with poles at s=1/2—k for
k=0,1,2,....
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In particular, {(s,Ap) has the form

L(s,Ay) ~ — s log s + O(s log 5) + holomorphic as s — 0. (1.4)

In particular,

' (s,Ap) ~ —log s + O(s log s5) + holomorphic as s — 0,

so the {-regularized determinant det(A ) := exp(—=¢'(0,Ay)) is not defined However, from (1.4), we
see that

greg(S’A0) = Z(S,Aa) +S 10g N

does have a well-defined derivative at s=0. For this reason, we define

detreg(AH) = eXP(— gr’eg(()?AG))-

In the following theorem, we give a beautiful explicit formula for this regularized determinant.
Theorem 1.6: For any 6 [0, ) with % 1/2, we have

2V2mRe¥(tan 6 —log R), tan 6 # log R,

det...(Ay) = R
el 40 \/%e7R2, tan 6=1log R.

We remark that when 0=1/2, the zeta function {(s,A,) is regular at s=0 and we can also
compute the (usual) {-regularized determinant: For #=1/2, we have

det(Aﬁ) = \"27TR,

a well known result, see, e.g., Theorem 2.3 of Ref. 36, Proposition 5.2 of Ref. 37.

We now outline this article. In Secs. II-IV we study the self-adjoint realizations of our main
operator using the Hermitian symplectic theory due to Gelfand (Ref. 39, p. 1); cf. also Refs. 15,
31-33, 37, 38, and 40. Although some of this material can be found piecemeal throughout the
literature, we present all the details here in order to keep our paper elementary, self-contained, and
“user-friendly.” In Secs. V-VIII we prove Theorem 1.2 in the special case that the Dirichlet
boundary condition is chosen at r=R and in Sec. IX we prove Theorem 6, all using the contour
integration method developed in Refs. 3-5. In Sec. X we prove Theorem 1.2 in full generality.
Finally, in the Appendix, we explicitly calculate the resolvent of A,, which is needed at various
places in our analysis.

Il. THE MAXIMAL DOMAIN

Our first order of business is to characterize the self-adjoint realizations of the operator in
(1.1); for general references on self-adjoint realizations and their applications to physics see, e.g.,
Refs. 2, 6, 10, 11, 16-18, 31-34, 40, and 44 To do so, we first need to determine the maximal
domain of A:

Dinux(8) = {¢ € L*([0,R])[|A¢ e LX([0,R])}.

For a quick review, A¢ is understood in the distributional sense; thus, A¢ is the functional on test
functions C..((0,R)) defined by

R
(AP)(é) = f A& @(rdr  for all € e C7((0,R)).
0

Then A¢ e L*([0,R]) means that the distribution A¢:C((0,R))—C is represented by an L?
function in the sense that there is a function f € L*([0,R]) such that
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R
f A& ¢(r)dr=(&.f) forall & e C;((0.R)),
0

where (-,-) denotes the L? inner product (conjugate linear in the second slot) on L*([0,R]). The
following theorem is inspired by Falomir er al. (Ref. 15, Lemma 2.1).
Theorem 2.1: ¢ € D, (A) if and only if ¢ can be written in the form

b=c|(P)r'? +ex(p)r' logr+ &, 2.1

where ¢,(¢p),co(¢) are constants and G is a continuously differentiable function on [0,R] such
that $(r)=0(>?), &' (r)=0"?), and Ad e L*([0,R)).

Proof: Since

Ae % + ¢, log r) =0,

it follows that any ¢ of the stated form is in D, (A). Now let ¢ e D, (A); then Ap=f
e L*([0,R]). Let us define y:=r""2¢ so that ¢p=r""?¢). Then

f d)”_ . 2¢= _r—3/2¢, r—l/2 ]/2WI —3/2 —I/2 l/ZW/

After multiplication by "2, we get

1,0, + rl,//' —_ ’,1/2]02> (r(j/')’ —_ V”zf.

Since r'? and f are in L*([0,R]), by the Cauchy-Schwartz inequality, we know that r'2f is in
L'([0,R)]), therefore we can conclude that

p=2_1 f r A2A()dr. (2.2)
r r 0

<4/ f - [l = =l (2.3)
0 V2

Thus, the second term on the right-hand side in (2.2) is in L'([0,R]). Therefore, from (2.2) we see
that

Notice that by Cauchy-Schwartz,

r

2 f(r)ds
0

rl X
w(r)=c1+c210gr—f —J 2f(r)dr dx,
0o*Jo

or, since ¢p=r'"?ifs, we get

- - "1
d(r)=cir'?+crlogr+ ¢, di=-— r”zf —f t"2£(1)dr dx.
0oXJo

By (2.3), we have

"1 r
< | —=|fllhdx=—=|fl-
|| St ac= 2

‘frljx 2 f(r)dr dx
0XJo

From this estimate, it follows that ¢(r)=O(r*?) and ¢’ (r)=O(r"?). O
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lll. SELF-ADJOINT REALIZATIONS
Choosing a linear subspace D C D,,«(A), we say that

Ap:= A:D — L*([0,R])

is self-adjoint (in which case Ap, is called a self-adjoint realization of A) if

{ € Dinu(B)KA B, 1) = (¢, A4)) for all ¢ € D}=1D;

in other words, A is symmetric on D and adding any elements to D will destroy this symmetry.
In order to determine if A has any self-adjoint realization, we need to analyze the quadratic
form

<¢’A¢> - <A¢? ¢> for ¢’ lﬂ € Dmax(A) .

It turns out that this difference is related to finite-dimensional symplectic linear algebra. Let us
define

w:Cr* X = C

by

(U(U,W) = U1W_2—U2W_1+ U3Wy — UyW3. (31)
The function @ is Hermitian antisymmetric and nondegenerate; for this reason, w is called a
Hermitian symplectic form.

Theorem 3.1: Let ¢, ) € Dy (A) be written in the form (2.1), i.e.,
d=ci(Br'? +cy(p)r'? log r+ ¢,
where & is continuously differentiable with &(r)=O(>"?), ¢'(r)=O"?), and Ad e L*([0,R]),
and with a similar formula holding for . Then,
(609 = (A ) = (1),

where w is the Hermitian symplectic form defined above and (Z), ¢Ze C* are the vectors

-

¢ = (cl(¢)’02(¢)’ ¢,(R)’ d)(R))’ J/:: (61(1/1)702(110)» W (R)7 lﬂ(R))
Proof: We have

0

R R
(6.A9) = (A, g) =lim f (¢(r)A¢(r)—A¢<r)%)dr=lgr3 f %(— (Y (r) + ¢’ (r)gdr))dr

= lim($(e) ¢/ (o) - &' (&) de) + (¢'(RYWR) - H(R)Y (R)). (3.2)
Recall that

=@ e i@ logra b p=cl(r+ ()P log r+ .

where ¢ and ¢ are continuously differentiable functions on [0,R] such that ¢(r), J{r)=0O(2),
d(r), @’(r):(?(rm). Taking derivatives, we get
¢ = _61(2¢) 24 —CZ(ZQS) " (logr+2)+ ¢’

and similarly for ¢’. It follows that
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ci(P)ei(¥) + ci(P)ea(9h)
2 2

+o0(1)

o)y (e) = (log & +2)

+Mlogs+wlogs(log8+2)

and similarly for ¢'(g)i(e). Subtracting, we get

(&)Y (e) = @' (e)ile) = ¢1(P)er(P) — ex(d)e () + o(1).

Combining this with (3.2) proves our result. O
Recall that a subspace LCC* is called Lagrangian if L*»=L where L' is the orthogonal
complement of L with respect to w; explicitly, L is Lagrangian means

{w e CYaw(v,w)=0forallv e L} =L.

We now have our main result.
Theorem 3.2: Self-adjoint realizations of A are in one-to-one correspondence with Lagrang-
ian subspaces of C* in the sense that given any Lagrangian subspace LC C*, defining

Dy ={¢ & DpulB)|d € L}
the operator
A, = A:D,— L*([0,R])
is self-adjoint and any self-adjoint realization of A is of the form D, for some Lagrangian L C C*,
Proof: By definition,
Ap:= A:D — L*([0,R])

is self-adjoint means

{#) € Dnax(B) (AP, 1) = (¢, A)) for all ¢ € D}=D.

By Theorem 3.1, we can write this as: Ap is self-adjoint if and only if

w(d,h)=0forall p € D e D. (3.3)

Suppose that Ap is self-adjoint and define L:={<Z>eC4|¢eD}; we shall prove that L is

Lagrangian. Let w e L and choose /e D such that y=w. Then by (3.3), w(¢,w)=0 for all ¢
e D. Therefore, w(v,w)=0 for all v € L. Conversely, let w € C* and assume that w(v,w)=0 for all

v e L. Choose ¢ € D,,,x(A) such that 1Z:w; e.g., if w=(w,w,,ws3,w,), then
=wr + wort? log r+ (wy = wy)(r = R) + wyr (3.4)

will do. Then w(v,w)=0 for all v e L implies that w(qlzZ):O for all ¢ e D, which by (3.3),
implies that ¢ € D, which further implies that w=¢ € L.
Now let LC C* be Lagrangian; we shall prove that A, is self-adjoint, that is, (3.3) holds. Let

e D;. Then, since L is Lagrangian, we automatically have w(@,t/;):o for all ¢ € D;. Con-
versely, let ¢ e D,,(A) and assume that w(, 1}):0 for all ¢ e D;. By the construction (3.4)
given any v eL we can find a ¢ e D, (A) such that ¢=v. Therefore, w(gZ,zZ):O for all ¢
e D, implies that (v, 12/)=0 for all v € L, which by the Lagrangian condition on L, implies that
IZE L. This shows that ¢ € D; and our proof is complete. UJ

IV. MORE ON LAGRANGIAN SUBSPACES

The symplectic form w:C*X C*— C defined in (3.1) is naturally separated into two parts:
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w(v,w) = 0)((V1,02), (W1, W) + W((V3,04), (W3, w4)), (4.1)

where

w2 X €2 — C is defined by wy(v,w) =v,w, — oW

The first w, appearing in (4.1) corresponds to the singularity at r=0 and the second wy in (4.1)
corresponds to the boundary r=R. For this reason, it is natural to focus on Lagrangian subspaces
LC C* of the form L=L,® L, where L;C (2 is Lagrangian with respect to w,. With this in mind,
let us characterize all such Lagrangian subspaces of C. First, we observe the following.

Lemma 4.1: We can write

wo(v,w) =(Gv,w) for all v,w e C?,
where {,) denotes the inner product on C? and G=(01_01).
Recalling that L C C? is Lagrangian means that

{w e C*lwy(v,w)=0forallv e L} =L,

from this lemma, it is straightforward to show that

L C (2 is Lagrangian if and only if GL* =L,

where Lt is the orthogonal complement of L with respect to the inner product (,). From this, one
can easily prove the following main result in this section.
Theorem 4.2: L C C? is Lagrangian if and only if L=L, for some 6 e R where

Ly={(x,y) € C*cos 6x + sin 8y = 0}.

Notice that we can restrict to 0< #<<r in Theorem 4.2. Let 6,, 6, be two such angles and set
L:=Ly ®Ly.As in (2.1), we write ¢ € Dy,(A) as

d=ci(P)r'? +cy(p)r'* log r+ ¢,
where ¢ is continuously differentiable with &(r)=O(>"?), ¢'(r)=O(r"?), and A e L*([0,R]).
Then as a consequence of Theorem 3.2, we know that
A; == A:D; — L*([0,R]) 4.2)

is self-adjoint, where

D, ={¢ € Dux(A)|cos 6;c,(p) + sin O,c,() = 0,cos 6,¢' (R) + sin 6,(R) = 0}.

When 6,=/2, then we are requiring c,(¢) vanish so that near r=0, we have

b=+

that is, no log terms; in Ref. 8, Briining and Seeley prove that 6, =/2 is the Friedrichs realization
of the operator A acting on smooth functions supported away from r=0 with the boundary
condition cos 6,¢'(R)+sin 6,¢p(R)=0 at r=R. As seen in Theorem 1.1 in the Introduction, this
self-adjoint realization gives rise to the “usual” resolvent, heat kernel, and zeta function properties.
When 6, # /2, we get very pathological properties as shown in Theorem 1.2. In the following
sections we enter in the proof of Theorem 1.2.
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V. EIGENVALUES WITH DIRICHLET CONDITIONS AT r=R

As shown in detail in Sec. X, the strange behaviors depicted in Theorem 1.2 do not depend on
the choice of the Lagrangian L, (that is, the choice of boundary condition at r=R). For this reason,
we shall use 6,=0 for the Lagrangian L, in (4.2); thus, we shall consider the self-adjoint operator
Ay=A:Dy— L*([0,R]), where 0< @< and 0+ 7/2, and

Dy={¢ € Dypux(A)|cos b (¢) +sin bcy(h) = 0,H(R) = 0}

so we are simply imposing the Dirichlet condition at r=R.
We now find an explicit formula for the eigenfunctions and a transcendental equation, which
determines the spectrum of A, We begin with the following eigenvalue equation:

1
(Ay-p))p=0¢"+ 20t w=0.
We can turn this into a Bessel equation via the usual trick by setting ¢=r""2y(ur). Then,

¢rr - _ ir—S/ZMMr) + ,ur_l/zz// (,W’) + ,u,zr“zzﬂ'(,u,r),

SO

1
¢+ 2 b+ W b=00 Y (ur) + w2 (ur) + i g(ur) =0,
r
or

(ur)* @' (ur) + (ur) g (ur) + (ur)*lur) = 0.

For fixed u, the solutions to this equation are linear combinations of J;, and Y, (with Y, the Bessel
function of the second kind), so

&= CorPa(ur) + Cor Yol ).

1 k
7]

EYO(Z) := (log z—log 2 + y)Jo(z) — g W’

where Hy:= 1+ % +---+(1/k), the form (2.1) for ¢ € D,,,4(A) is obtained by choosing the constants
C, and C, in such a way that

Using that (Ref. 1, p. 360)

(5.1)

b= Cl((f’)”l/ZJo(,UJ’) + Cz(d’)”l/z(gyo(ﬂr) —(log u—1log 2+ 7’)%(}”)) .

By definition of the Bessel function (Ref. 1, p. 360) we have as z—0,

* (‘ lzz)k 2 4
Vel 4 Vet Z Z
()= 2_% KTw+k+1)  2°T(1 +v)<1 Ta1+0)  R0+0)2+0) )

(5.2)

and by (5.1)), we see that
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d=ci(Pr' +cx(P)r'? log r+ O((ur)?),

where O((ur)?) is a power series in (ur)? vanishing like (ur)? as r— 0. Therefore, by definition
of Dy, we have

cos fOc () + sin Oc,(p) = 0. (5.3)

To satisfy the Dirichlet condition at r=R, we must have

ci1(P)Jo(uR) + Cz(¢)<gYo(MR) — (log u—1log2 + Y)JO(MR)> =0.
It follows that

cos 0 sin @

d

7

et T
Jo(uR) EYO(,U«R) - (log —1log 2 + y)Jo(uR)

or (m/2)Yy(uR)—(log u—log 2+ y)Jo(R)=tan 6Jy(wR). We summarize our findings in the fol-
lowing proposition.
Proposition 5.1: The transcendental equation,

Flu) = ;—TYO(,LLR) —(log pu— K)Jo(R) =0, K=log2 - y—tan 6, (5.4)

determines the eigenvalues of A,

In the following theorem we state various properties of the eigenvalues of A4 note that in Ref.
15, p. 4572 it is stated that there are no negative eigenvalues; however, it turns out that, for
example, when 7/2<< @< and R=1, there is always a negative eigenvalue.

Theorem 5.2: For 0< 0< 1 with 0+ 7/2,

(1) Ay has a zero eigenvalue if and only if log R=tan 6.
(2) Ay has a unique negative eigenvalue if and only if tan #<<log R.

k
(4
4

Proof: Using (5.1) and the expansion

J@)=2 5, (5.5)
P (k)
the eigenvalue equation (7/2)Yo(uR)—(log w—log 2+ y)Jo(uR) =tan 6Jy(uR) can be written as
1 k 1 k
% Hk<_ ZM2R2> ® (_ ZM2R2>
- —————=(-logR+tan ) >, ————— (5.6)
k=1 (k!)? i (k)?

Thus, w=0 solves this equation if and only if log R=tan 6.
Now A, has a negative eigenvalue means that w=ix for x real solves (5.6):

1 k 1 k
- Hk<—x2R2> ® (—sz2>
—24——(—logR+tan0) AL
o k)’ P ()
If (-log R+tan 6) >0, then (5.7) has no solutions because the right-hand side of (5.7) will be
strictly positive for all real x while the left-hand side of (5.7) is nonpositive. Thus, we may assume

that a:=log R—tan 6>0. Then we can write (5.7) as

(5.7)
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FIG. 1. (Color online) Graph of f(x) when R=1 and tan =-2.

2 “ 2k
E ax

4k(k')2 4k’

f(xR)=0 where f(x)= E

thus, we just have to prove that f(x)=0 has a unique solution. To prove this, observe that since the
harmonic series 1+%+%+~- diverges, we can choose N € N such that Hy> a>Hy_;. We now
write

=S, it (2(“ H)x )

i Ak)? i AkY?
where H:=0, and note that f(x)=0 if and only if g(x)=0 where
° (Hy - a)2*N (”“ (a-H) )

- (H,
gx)=x 2Nf(X) = lgv k4k(k!)z = 4k(k!)2x2(N—k)

Because of the powers of x in the denominator the second sum on the right-hand side, we see that
g(0+)=—0o0 while because of the first sum on the right-hand side, we see that lim,_,., g(x)=c. In
particular, by the intermediate value theorem, g(x)=0 for some 0 <x< oo, Since

, 5 (Hy— a)2(k- N2 (TN — k) (- Hy)
§ (X):k=%+1 k 44(k!)? (k=o WM ’

the function g is strictly increasing, so there is only one x>0 such that g(x)=0. It follows that
f(x)=0 for a unique x>0 and our proof is now complete. A graph of f(x) for R=1 and tan 6=
-2 is shown in Fig. 1. U

VI. THE ¢-FUNCTION WITH DIRICHLET CONDITIONS AT r=R

Let 0= 6<m with 6+ w/2. We now analyze the zeta function using the contour integral
techniques developed in Refs. 4, 5, 28, and 30.
In the Appendix, Theorem A.1, we have shown that

1 d
Tr(Ap— p?)'=— ——1log F
(A= w) 2pdp 8 ().
Therefore, for SRs>1/2, by definition the zeta function is given by
F'(p)
F(u)

1 d 1
Z(S,Ae)=—.J W IOgF(M)d,U«=_.f w? du, (6.1)
2mi), du 2mi ),

where v is a contour in the plane shown in Fig. 2.
To analyze properties of the zeta function, we need the following technical lemma.
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FIG. 2. The contour ¥ for the zeta function. The X’s represent the zeros of F(u). The squares of the X’s on the imaginary
axis represent the negative eigenvalues of A, Here, ¢ is on the imaginary axis and is larger in absolute value than the
absolute value of the negative eigenvalue of A, (if one exists). The contour vy, goes from ¢ to —.

Lemma 6.1: Let 0< 0<<ar with 0+ w/2 and Y CC be a sector (closed angle) in the right-half
plane. Then as |x| — % with x e Y, we have

F(ix) ~ - %(logx - K)(xR)_meXR(l + 1 + O(x_3)> , (6.2)

+
2 8xR  2(8xR)?
where O(x73) is a power series in x™' starting from x=3, and

d 1 1 1
~Jog Flix) ~ —————+R-— - —— + O(x3), 6.3
dx og F(ix) x(log x — k) 2x  8x’R &) 6.3)

with the same meaning for O(x3). Finally, F(uw) is an even function of u, and as u— 0, we have

1
F(u) ~ (log R —tan 6) + Z,u,sz(l +tan 6—log R) + O(u*). (6.4)

Proof: From (5.1), we have

1 k
o Hk(— Z(ix)z)

5 Yolix) = (log(ix) ~log 2 + Yolix) - g k)

1 k
© Hk<_.x2>
—(10 iz _log2+ )1 -S4 L
=\1og 2 g Y o ~ (k!)2
where I,(x) is the modified Bessel function of the first kind, and

1 k
wH _2)

Ko(x) := = (log x = log 2 + )(x) + )
k=1 :

is the modified Bessel function of the second kind. Therefore,

=7 1) = Kolo),

Flix) = %TYO(ixR) — (log(ix) — K)J,(ixR) = iglo(xR) — Ky(xR) - (log X+ ig - K)I()()CR)

=— (log x — K)[H(xR) — Ky(xR).
By Ref. 1, p. 377, as |x| — for x € Y, we have
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Io(x) e—x(1+L+L+O(‘3))
O e\ 8 2802 )

where O(x7?) is a power series in x~! starting with x~3; furthermore (Ref. 1, p. 378), as |x| — o for

xeY,
[2 1 9
Ko(x) ~ Ee_x<1 - g + W + O(x_3)> .

Therefore, as |x|— for x € Y, we have

F(ix) ~ = (log x = k)I(xR) ~ — %(log x— K)(xR)‘me"R<1 + L + + (’)(x‘3)),

27 8xR  2(8xR)*

which proves (6.2). Taking logarithms, we see that as |x| — o for x € Y, we have

. 1 1 -3
logF(zx)~c+log(logx—f<)—5logx+xR+log I+—+ +0x™) |,

8xR  2(8xR)?

where ¢ is a constant. Since log(1+z)=z—(z*/2)+(z3/3)—+... , we have

1 1
log F(ix) ~ ¢ + log(log x — k) = = log x + xR + —— + O(x73).
2 8xR

Taking the derivative of this we get (6.3).
To determine the asymptotics as u— 0, recalling that k=1og 2—y—tan 6, we see that

Flu) = ;—TYomR) — (log - K)Jo(uR) = g Yo(uR) - (log  — log 2 + Y)Jo(uR) — tan 0Jo(R)

1
w*R? + (log R —tan 6) + (tan 6—log R) - Z'LLZRZ +O(uh

&=

1
=(log R —tan 6) + Z,quz(l +tan 6—log R) + O(u*),

where we used (5.1) and (5.5) in passing from the second to the third line. In particular, the second
line with (5.1) and (5.5) shows that F(u) is an even function of w. This completes our proof. []
We need one more lemma.
Lemma 6.2: We have

* 1
Jl | x‘2smdx =—e¢ > log s — e " (y+log(2(loglt| - k) + O(s)),
1

where O(s) is an entire function of s that is O(s) at s=0.
Proof: In the integral we assume that log|¢|> « so that the integral is well defined. Now to
analyze this integral we make the change of variables u=log x—k or x=e"e", and obtain

f x—ZS dx — e—2s;<f e—ZSu_u .
I x(log X = K) log|t|-« u

Making the change of variables y=2su, we get

J‘ch_zs;dx:e—ZYKf e_yd—y_
I x(log X—K) 2s(log|t|-x) y

Recall that the exponential integral is defined by (see Ref. 22, Sec. 8.2)
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“ d
Ei(z) = — f s
-z y

Therefore,

o 1 .
f | x_zsmdx = — ¢ ¥ Ei(- 2s(loglt] - ).
1

Also from Ref. 22, p. 877, we have

o

k
b4
Ei(z) = y+log(-2)+ 2, ——,
i(z) = y+log(-2) z P
therefore
” s 1 -25K,
X B ——————dx =— e " (y+log(2s(logt| - k) + O(s))
i x(logx—«k)
=— ¢ 2 log s — e 2 (y+log(2(loglt| - k) + O(s)), (6.5)
where O(s) is an entire function of s that is O(s) at s=0. This completes our proof. O

We now determine the structure of the zeta function.
Proposition 6.3: The zeta function {(s,Ap) can be written in the form

e > gin rs

L(s,Ap) =— — log s+ £4(s),
where k=log 2—y—tan 6 and {,(s) extends from Rs>1/2 to a holomorphic function on C with

poles at s=1/2—k for k=0,1,2, .... In particular, {(s,Ay) has s=0 as a logarithmic branch point.
Proof: Recalling (6.1), we write

0+i© 0—ic
Y 1 -t "t

where v, is the part of y from ¢ to —¢, and using that

i—2s — (eiw/2)—2s — e—im and (_ i)—2s — (e—iﬂ'/Z)—2s — eim"

we obtain the integral

1 d 1 * d
Ag=—| w¥—log F(u)dpu=-—1-| (ix)>— log F(ix)dx
{9 =5 fu 3, log Flw)du zm{ | (B G log P

” d 1 F’
+ | (—ix)™— log F(—ix)dx ¢ + —f M_zsﬂd
dx ”

. Mo
I 2mi F(w)
L (7, d . 1 L F (W)
=—(—e"™+e™) | x P —log Flix)dx+ — | w~'——du,
21ri I dx 2mi),, F(u)

or,
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x— log F(ix)dx + —

g(S’AQ) = y dx 2 .’ M F(,U/)

sin s [~ d 1 F'
f —2sﬂ d s (6.6)
\
a formula that will be analyzed in a moment. The second integral here is over a finite contour so
an entire function of s € C, so we are left to analyze the analytic properties of the first integral. To
do so, recall from (6.3) that for x— %, we have

1 o0
. .t E Bt

d .
— log F(ix) ~
dx x(logx—k) 12

for some constants ;. Since

sin 7rs j R & sin s
RALIULN B _
w I w —-2s—k+1

x—ZS—k+1 o |t|_zs_k+|

sin 7rs

e ™ 2s+k—1

which has poles at s=(1-k)/2 for s ¢ 7, it follows that the expansion Efzoﬁkx‘k will contribute to
the function (s) in the statement of this proposition where {4(s) extends from Rs>1/2 to a
holomorphic function on C with poles at s=1/2—k for k=0,1,2,... . Lemma 6.2 applied to the
integral

sin s fw o 1
x dx
T Jy x(log x — k)

now completes our proof. U

Remark 6.4: The existence of the logarithmic branch point at s=0 has been missed in Ref. 15.
The error occurs in Eq. (Al3) where certain antiderivatives [specifically xY(x) and x*Y % ] were
accidentally set equal to zero at s=0.

VIl. TRACE OF THE RESOLVENT WITH DIRICHLET CONDITIONS AT r=R

Using the Theorem A.1, we can now prove Theorem 1.2 (1) for A, We have chosen to present
the results in a form where the first term has been expanded further; Theorem 1.2 (1) is contained
in Eq. (7.1) of the proof and the explanation of the meaning of the expansion is similar to that
found in Remark 1.5.

Proposition 7.1: Let 0+ /2 and k=log2—y—tan 0, furthermore let ACC be any sector
(solid angle) not intersecting the positive real axis. Then as |\|— o with \ € A, we have

Tr(Ay =N ~ (=N 2 apllog(= )™+ 2 by(= N)*2,
k=0 k=1

where a;=(2k)* for k=0,1,2,... (in particular, ay=1%0).
Proof: Setting A=—x?> with x € Y CC a sector in the right-half plane, it suffices to prove that
as |x| — o0 with x e Y, we have

o] IJ( oo
Tr(Ay+x2) ' ~x2> —(logx) '+ x> b ™,
=0 2 k=0

or after multiplication by 2x, we just have to prove that

2x Tr(Ag+xH)7' ~ > K*(log x)™*1 + > Bx*.
k=1 k=0

To prove this, we recall from Theorem A.1 that
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/

o
\

FIG. 3. The contour 7.

2x Tr(A g+ x?) ™' = — log F(ix).

gl

By Lemma 6.1 [see (6.3)] we know that as |x| — for x e Y,

©

d NN S —k
dxlogF(zx) x(logx_K)+k§0,6’kx. (7.1)

Finally, the expansion

o

1 1 1 -
> kK log x)F=x"1> kr(log x) ™,
=0

x(log x — k) T x log x . (1 - k(log x)™") T x log x; 2

concludes our result. (]
As shown in the proof, for |x| — o with x € Y, where Y is a sector in the right-half plane, we
have

> B, (7.2)

d
2x Tr(Ay+ x») ' = — log F(ix) ~
dx x(logx—k) 15

or with A=—x2, as |\| — o with A € A CC, a sector not intersecting the positive real axis, we have

1 - —k/2
CNogcn 2 T 2PN 7-3)

This fact will be used in the next section.

Tr(Ay—N)"' ~

VIIl. THE HEAT TRACE WITH DIRICHLET CONDITIONS AT r=R

To determine the small-time heat asymptotics, we write
i
Tr(e"9) = —f e ™ Tr(Ay—N)"1dA,
2m),

where 7 is a counter-clockwise contour in the plane surrounding the eigenvalues of A; see Fig. 3.

This is the starting point to show Theorem 1.2 (2) for A, Again we have chosen to present the

results in a form where the first term has been expanded further. This makes the actual structure of

the small-z expansion more explicit; Theorem 1.2 (2) is contained in Eq. (8.2) of the proof.
Proposition 8.1: As t— 0, we have

o

Tr(e ™) ~ 3 aylog 7 + 3 gt
k=1 k=0

with the ;s depending on k via
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l o]
a,;——j(f e*(log x + im—2k)* dx).
k7T 0

Proof: The small-time asymptotics are determined by the large-spectral parameter asymptotics
of the resolvent. Now recall from (7.3) that as [\|— with \ in a sector not intersecting the
positive real axis, we have

1 S \\k2
Cnogen) —2) 2 bV

Since (making the change of variables A—7~!\)

Tr(Ay—N)"' ~

f e—t)\(_ )\)—k/2 d\ = [_]+k/2 J e—)\(_ )\)—k/Z dn

the series =;_ b (~\)™ gives rise to a small time expansion

oo
E ,Bkt_1+k/2
k=1

Therefore, we just have to analyze the behavior of

L - 1
zwf S (=) (log(= ) - 2k) dA.

Deforming vy to the real line, the integral here is, modulo a term that is a smooth function of ¢ at
t=0, equal to

- —Ix 1 - —Ix 1
‘f, ¢ (—x)(log(—(x+i0))—2:<)dx+f, ) loge (= i0) 20"

or after simplification, this sum becomes

* 1 * 1
f e ——————dx - f e ——————dx
I x(log x — imm—2k) 1 x(log x + im—2k)

(The reason we start at x=1 is that 1/(x[log x+im—2k]) is not integrable near x=0.) Since for any
complex number z, we have i(7—z)=2Jz, we see that modulo a term that is a smooth function of
t at t=0,

T U SN | (O S
2m),  (=N)(log(=N\) - 2k) S oa\J, x(log x + i —2k) T ’ '

where

* 1
(1) = J e - dx
| x(log x +im—2k)

In summary, we have proved that

1 oo
Tr(e"6) ~ 7—TTJ€(t) + >, Bk, (8.2)
k=0

which is exactly the statement of Theorem 1.2 (2).
We shall compute the asymptotics of €(¢) as t—0. To do so, observe that
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* 1
R S
. (logx+im—2k)

Now 1/log x is integrable near x=0, so we can write

€'(t) = f(t) + g(1),
where
e [ er a0 [ e
Jir=- oe (logx+im—2k) s= Oe (logx+im—2k)

Note that g(z) is smooth at r=0. We will now determine the asymptotics of f(r) near t=0. To this
end, we make the change of variables x—1lx,

f(t)=—t‘1Jm e ! (log t)‘lfm e !
0

* ; dx=1" 5
0 (log(x/t) + i — 2k) log x +im—2k

log ¢
Since (1-r)"'==Y ¥ +rV!(1-r)7! for any N e N, we see that for any N e N,

N o
() =r"(log Hny (log t)_kj e*(log x + im—2xk)* dx
k=0 0

© _ (logx+im— 2k)N!

+1'(log )™ (log t)_N_lf e

0 1_10gx+i77—2K

dx.
log t

The last integral here is bounded in ¢ as t— 0. Since N is arbitrary, it follows that

£~ (log t)‘k_IJ e*(log x + im—2k)* dx.
k=0 0

Therefore, since €'(t)=f(t)+g(r), as r—0 we have

€' (1) ~ t‘lz (log t)_k_lf e*(log x +im—2k)* dx + 2 Yt~
k=0 0 k=0

Integrating both sides, using that

1
f r(log n)~! dr=1logllog 1|, f log )™ dr=- E(log N™* fork>0,
we get

]

e (log x + im—2k)F dx + D, 8~

ol
€(1) ~ logllog 1| - >, —(log 1)
k 0 k=0

k=1

Finally, in view of (8.1), we see that as t—0,
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i Y 1 1. o | -k fw - : k
— d\ ~ =TJ€(t) ~ = 2, —(log )™7J log x +im—2k)" dx
27)C ENMog-N-200 @ ® Ekw("g) | ¢ ogxim=2)
+ 2 fktk.
k=0
O
IX. THE ZETA DETERMINANT
By Proposition 6.3, we have
e~ 5% sin 75
{s.89) == = log s+ {ys),

where {(s) extends from SRs>1/2 to a holomorphic function on C with poles at s=1/2—k for
k=0,1,2,... . Since e 2" sin s/ w=s+O(s?), it follows that

{reg(‘g?AH) = g(S’AO) +s IOg s

has a derivative at s=0. Therefore, we can define

detyey(Ag) = exp(= £1e(0,40)),

which is computed in this section.
Recall that 0= << with 8+ /2. The idea here is to make the first term in

sin - d 1 F'
WSJ x~2— log F(ix)dx + —f w2 () d
T Jy dx 2mi ), F(w)

regular at s=0, as the second term (being entire) is already regular at s=0. In order to analytically
continue the first term, we add and subtract off the leading asymptotics of F(ix). Thus, recalling
Lemma 6.1 [see (6.3)]

g(S, AO) = M

1
F(ix) ~ Cy(log x — K)x_llzeXR<1 + (9(—)) asx — o,
X

where Cy=—1/V27R, we consider

f 2L g Flinar= | 2y ( Fix) )mf 2400t
x 7 — log r(ix = X 7 log _ X 7 log og x
I dx I1] dx Co(log X = K))C l/2€XR I1] dx 0

- k)x 2 R)dx.

The second integral can be computed explicitly,

] . d R o ., 1 |l|_2S |t|—2s+l
x “—log(Cy(log x — k)x "*e)dx= | x** dx - + R
l¢l dx I x(log X — K) 4s 25— 1

Therefore,
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sinas ([, d F(ix) sinas [, 1
L(s,Ap) = x“—log 7ok dx+ x dx
T Jy dx Co(log x — k)x "¢ T Jy x(log x — k)
sin s 1| sin s |f| 2! 1 f 5 F' (,u,)d
— + —
T 4s T 25-1 2miJ, F(u)

Hence, as {e,(s,40)={(s,Ap)+slog s, we see that

sinms [ d F(ix) sinms [ 1
IEETVN Y
greg(s 0) J Lt X dx og —l/ZexR M X X(lOgX — K) X

Co(log x — k)x T
sin s |t sin rs |12 1 f 5 F' (,u)
+slogs— + R+ —
T 4s T 2s-1 2mi ), F(,u)
By Lemma 6.2, we have
sinms 7. 1 e~ 2% sin 7rs e > sin rs
2 dx=— ————— log s - ———(y+ log(2(log|t| - x)) + O(s))
m Jy x(log x — k) T
=—slog s —s(y+1log(2(loglt| - k) + O(s log s)).
Thus,
sinms (. d F(ix)
Ay = 25— 1o ( )dx— +log(2(log|t| -
greg(s 0) - L; X dx g Co(log X— K)x_I/ZeXR 5(7 g( ( g| | K))
sin s || sin s |t 25! 1 F’
+O(s*log s)) - ms | + ms | R+ —J _25_(,u) du.
T 4s T 2s-1 2@ ), F(w)

The first integral on the right-hand side is regular at s=0 due to the asymptotics found in Lemma
6.1. Therefore, using that

sin(7rs) d sin(7rs) sin(7rs) 4 d sin(rs)

=0,
=0 ds s

s=0

s

5=0 ds a

bl

5=0 s

ar
we see that

o0

, d
greg(O’AH) = dx 10g<

I

——f FW, (M>_ b z_if og )y
P ) : Co VTR gMF( )

"t

F(ix)
Co(log x — K)x

5 xR)dx (y+1log(2(log|t| - K))+ log|t|—|t|R

Therefore,

1 !
et 49 =200 exp<m. [ 1o M%du) ©.1
Vi

This formula is derived, a priori, when ¢ is on the upper half of the imaginary axis. However, the
right-hand side is a holomorphic function of ¢ € D, where D is the set of complex numbers minus
the negative real axis and the zeros of F(u). Therefore (9.1) holds for all 7 € D. Here, we recall
that 7, is any curve in D from ¢ to —t. As before, the trick now is to let r—0 in (9.1).

First, assume that log R—tan ## 0 so that A, has no zero eigenvalue by Theorem 5.2. We
determine the limit as t— 0 of the exponential exp(1/ i) [ 5, log M[F'(w)/F(w)]dw). Let’s take ¢
—0 in D from the upper half plane as shown in Fig. 4. In view of Fig. 4, it follows that

t
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¢
Yt ¢
~rY g A
j 7 e ¢ with £ = 0
—t -t

FIG. 4. The contour v, as we let t—0 in D from the upper half plane.

1 !
exp(;J log M%dﬂ) —exp(0) =1.
Vi

Recalling (6.4), as u— 0, we have
F(u) ~ (log R —tan 6) + Al-‘,u,sz(l +tan 6—log R) + O(u).
In this case F(0)=log R—tan 6. In conclusion, taking r—0 in (9.1), we see that
det,.o(Ap) =2V27Re?(tan —1log R). 9.2)
Second, assume now that log R—tan #=0 so that as u— 0, we have

Fp) ~ 3°R*(1+ O(u?).

Let us set

F(u) = F('L;);
o

then F(w) is nonzero at u=0 with value R2/4, and

sin * d ~ 1 F'
! st x 25— log F(ix)dx + —f M—zs#
T I dx 2ti ” Fu)

By Lemma 6.1 [see (6.2)], we have

{(s,Ap) = du.

—I/ZexR 1

V27T

~ Co(log x — K)x ~ ~
F(ix) ~ ollog 2) = Cy(log x — k)x 2R, where C, =

L

Now following the argument above used to prove (9.1), we can show

F(1 1 F’
det,o(Ay) = 2e’¥ : eXp< — f log uﬁdu) .
Co Sy, F(p)

Finally, taking — 0 as we did before, yields in the tan #=log R case, the result

R? 2 — 7R
detreg(A(?) =2¢"—=—e"N27R = —¢"R?.
4C, 2 2

X. GENERAL BOUNDARY CONDITIONS AT r=R

We now prove Theorem 1.2. Let us briefly recall the setup. Let 0= 6,, 6, < with 6, # 7/2
and set L:=Lg ® Ly, Then as a consequence of Theorem 3.2, we know that
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A, = AD; — L*([0,R])

is self-adjoint, where

D; ={¢ € Dyx(A)|cos 0,c,(p) +sin 0,c,(¢) = 0,cos 8¢ (R) + sin 6,(R) = 0}.

The trick to proving Theorem 1.2 is to write the resolvent (A;—\)"' in terms of (Agl_)\)_l
(same self-adjoint condition at r=0 but with the Dirichlet condition at r=R). To do so, let o(r)
€ C”((-»,»)) be a nondecreasing function such that ¢(r)=0 for r<1/4 and o(r)=1 for r
=3/4. Given any real numbers a <, we define

Cap(r) = 0((r—a)/(B-a)). (10.1)

Then @, 5(r)=0 on a neighborhood of {r<a} and @, 4(r)=1 on a neighborhood of {r=g}. We
define

I (r) = Crisria(r),  (r)=1-yy(r),

©1(r) = Criar(r),  @2(r) =1 = Q3 g(r). (10.2)

Let A" :=—(d?*/dr?)—(1/4r%) over [R/4,R] with the Dirichlet condition at r=R/4 and the condi-
tion cos 6,¢' (R)+sin 6,¢(R)=0 at r=R; note that since r=R/4 over [R/4,R], the operator A’ is
a true smooth elliptic operator over this interval with no singularities. We define

O\ = @1 (A" = N) "¢y + @a(Ag, = N) 1. (10.3)

It follows that Q(\) maps into the domain D; of A;, and

(AL=NOMN) = (A, =N (A" =N + (AL =N x(Ag =N 7'y
=@ (A = NA =Ny + 992(A01 - )\)(Aol =N+ Ko(N)
=+ P+ Ko(N) =1d + Ky(N),

where

KoN) =[A, @ 1A =N 7"y +[A 0,185, = M)y

Because the supports of [A, ¢;] and ;, where i=1,2, are disjoint, using the explicit formula (A3)
for the resolvent (A 91—)\)‘1 and the properties of the resolvent of (A’—\)~! found in the work of
Seeley43 it is straightforward to check that K(\) is trace-class operator that vanishes to infinite
order as |[\|— for \ in any sector A of C not intersecting the positive real axis; we shall fix such
a sector A from now on. In particular, forming the Neumann series, it follows that Id+Ky(\) is
invertible for |\| large with X € A with

(Id + Ky(\) ' =1d + K(\),

where K(\) has the same properties as Ky(\). Thus, multiplying both sides of (A;,—\)Q(\)=Id
+Ky(\) by Id+K(N\), we see that

(AL=N)"=00N) + QNK(N).

Therefore, as [\| — for X € A, we see that Proposition 7.1 holds also for Tr(A;—\)~!. Now using
the resolvent asymptotics, we can proceed to copy the proofs of Proposition 8.1 and 6.3. The proof
of Theorem 1.2 is now complete.
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APPENDIX: THE RESOLVENT WITH DIRICHLET CONDITIONS AT r=R

In this Appendix, we compute the trace of the resolvent by explicitly finding the Schwartz
kernel of the Bessel function. To do so, recall that the resolvent kernel of the differential operator
A~ u? with given boundary conditions at =0 and 7=R can be expressed as follows (see Lemma
4.1 in Ref. 9 or Ref. 26, Sec. 3.3 for an elementary account):

-1 {P(r,,u)q(s,,u) for r<s,

W(p,q) | p(s,m)q(r,p) forr=s,

where p(r,u) and g(r, u) are solutions of (A; —u?)$=0 satisfying the given boundary conditions
at r=0 and r=R, respectively and where W(p,q) is the Wronskian of (p,q). Recall that the general
solution to (8, — u?) =0 is

T
b= Cl(d’)r”zfo(ﬂr) + Cz(d’)r”z(EYo(,U«V) — (log w—1log 2 + ’Y)JO(MV)> .
To satisfy the boundary condition at r=0, we must have [see (5.3)]:

cos fOc(¢) + sin Oc,(p) = 0.
Thus, we can take c¢,(¢)=1 and c;(¢)=—tan 6; this gives

p(r,p) = r”z(g Yo(ur) - (log w— K)Jowr)), (A1)

where k=log 2—y—tan 6. To determine g(r,u) we use the less fancy formulation of the general
solution:

¢=Cyr'Jo(ur) + Cor'2Yo(uer).

To satisfy the Dirichlet condition at r=R, we therefore take

q(r. i) = r'"2(Yo(uR)Jo(r) = Jo(uR) Y o(ur)). (A2)
The Wronskian is easily computed using that W(r"2J(ur),r'?Y(ur)) =2/ (see Ref. 45):

W(p.q) = EYO(MR)W(r”ZYO(w),r”zfo(ur)) + (log p = k)T (LR W(r"2 T (ur), Y o(1ur))

2
=—Yo(uR) + 7—7(10g = k) Jo(4R).
Therefore,

1 {p(r,,u)q(s,,u,) forr<s, (A3)

2\-1 - —
(Ag—,uv ) (V,S) = F(M) p(s,/L)CI(r,M) forr=s,

where p and ¢ are given in (A1) and (A2), respectively, and where

2
F(p) = Yo(uR) - 7—7(10g = 1) Jo(1R).
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We now need to compute [Kp(r, u)q(r, n)dr; that is,

R
f r(gyo( ur) — (log u— K)JO(Mr)>(Y0(MR)JO(Mr) = Jo(uR)Yo(ur))dr
0

R R
a a
=3Y o(uR) f rYo(ur)Jo(ur)dr — EJO(,U«R) f rYo(ur)? dr+ (log p
0 0

R R
- k)Jo(1R) f rJo(ur)Yo(ur)dr — (log u— k) Yo(R) f rJo(ur)* dr. (A4)
0 0

We next use the indefinite integrals

r2
f rlo(pr)® dr= E(Jo(,ur)2 +J1(ur)?),

2
,
J rYo(ur)* dr= E(YO(/.U’)z +Y,(ur)?),
2
f rYo(pr)Jo(ur)dr = E(YO(MV)JO(M”) + Y (ur)J (ur),
which we need to evaluate between r=0 and r=R. Recalling (5.2), zJy(z) and zJ,(z) vanish at z

=0. Also, by (5.1) zY(z) also vanishes at z=0. However, it is a remarkable fact, which may be
easily overlooked, that since
1 k-1
o ka<— _Zz>

T 1 I N4/
—Y.(2)==—Ja(2) + (1 —log2+y)Ji(z2) - = ’
2 V1) == ZJola) + (log 2-log 2+ Ny (2) = 523 —

where we used that Y,(z)=-Y((z) and J,(z)=-J/(z) from Ref. 1 p. 361, we have

(2Y1(2))] 0=~ % = (2Y1(2)%)]0 = %

Therefore,

R R2
f rlo(ur)? dr= E(JO(MR)Z +J,(uR)?)
0

R R2 1
f rYo(ur)? dr= g(Yo(;uR)2 +Y,(uR)?) - 5 (Y, (ur)?)] =0)
0

R? 2
= ?(YO(#R)Z + YI(MR)Z) - 772#2

R 2
f rYo(ur)Jo(ur)dr = R?(Y o(uR)Jo(uR) + Y (uR)J (R)).
0

Plugging these integrals into (A4) and using the identity (Ref. 1, p. 360)
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2
J1(2)Y(2) = Jo(2)Y,(2) = -

to simplify the expression obtained, we eventually arrive that

R
[ matesirar= {1, - 20w e 05,080 ) + 1
0 ® 7 T

2 2
- ;(Yl(MR) ~ 2 (log p— K0 (uR) + —JowR)).
M T TUR

Using the fact that J(z)=—J,(z) and Y/(z)=-Y,(z), we can write this as

k d 2 d
f Pl g p)dr= - —— —(Y()(MR) ~ (log - mem) (]
0 mdu T 2pdu

where we recall that

Flg) = Yo(yaR) ~ = (log = 1o uR).
Since [see (A3)]

1 ) p(r,mwq(s,pu) forr<s,

2\-1 —
om0 = 2 s matr) for r=s,

we have proved the following theorem.
Theorem A.1: With F(u):=Y(uR)—(2/m)(log u— k)Jo(wR), we have

1 d
Tr(Ag—pd) == ————F(u)=— —— log F(w).
r(Ag— p) i F) da () 2pdp 08 ()

This theorem has been used to analyze the zeta function, resolvent, and heat kernel of A, in
Secs. VI-VIII.
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