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ABSTRACT. It is well-known that the index of a Dirac operator with augmented
Atiyah-Patodi-Singer (= APS) boundary conditions on a compact manifold
with boundary can be identified with the L? index of a corresponding operator
on a manifold with cylindrical ends. The augmented APS condition is a specific
example of an “ideal boundary condition,” which is a boundary condition that
differs from the APS condition by a projection on the kernel of the boundary
Dirac operator. Following Melrose and Piazza [42] we show that the index
and eta invariants of a Dirac operator on a compact manifold with boundary
with any ideal boundary condition can be identified with parallel invariants
of a perturbation of the corresponding Dirac operator on the manifold with
cylindrical ends with L? domain by a b-smoothing operator constructed from
the ideal boundary condition. In this sense, the “b-category” of objects is able
to give a complete description of index and eta invariants for all ideal boundary
conditions, and not just the augmented APS condition.

1. Introduction

Two of the most basic and most studied invariants describing to different de-
grees the spectral asymmetry of Dirac operators are the index and eta invariants.
The index describes the asymmetry of the kernel and the eta invariant describes the
asymmetry of the entire spectrum of Dirac operators. The purpose of this article is
to relate these invariants on manifolds with boundary to corresponding invariants
on manifolds with cylindrical ends.

1.1. Ideal boundary conditions and the index theorem. The seminal
papers [4, 5] by Atiyah, Patodi, and Singer created immense investigations into
index theory on manifolds with boundary and singularities; to name only a few
extensions of their work, see for instance, Cheeger [14], Atiyah, Donnelly, and
Singer [3], Miiller [43], Stern [57], Briining [11], Bismut and Cheeger [7, 8], Grubb
and Seeley [22] and many others; for survey articles treating various aspects of
index theory, see Miiller [46], Piazza [49], Seeley [55], or Loya [32]. In this paper
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we shall focus our attention on Melrose’s [39, 40] b-calculus reinterpretation of the
Atiyah, Patodi, and Singer (henceforth APS) index theorem, especially in regards
to the so-called “ideal boundary conditions”, which we now review.

We first set the stage by stating our assumptions and then we recall the aug-
mented APS boundary condition. Let D : C*°(M, E) — C*(M, F') be an admis-
sible (also called compatible) Dirac operator associated to a Zs-graded Hermitian
Clifford module E & F — M over a compact, even-dimensional, Riemannian man-
ifold with boundary. We assume that all the geometric structures are of product
type on a collar [0,1), x Y of the boundary Y of M, where z is a boundary defining
function which is everywhere positive on the interior of M. Therefore, on this collar
we assume that £ = E|,—g, F = F|,—o, the metric g on M takes the form

g=dz*+h
with h a metric on Y, and finally,
(1.1) D =T(0, + Dy),

where I : E|,—9 — F|z—0 is a unitary isomorphism (Clifford multiplication by
dz) and where Dy is a Dirac operator on Y. Since Dy is a self-adjoint elliptic first
order differential operator on a compact manifold without boundary, it has discrete
spectrum consisting of real numbers extending above and below zero to +oo. Let
I, denote the orthogonal projection of L?(Y, Ey), where Ey := E|,—g, onto the
eigenspaces of Dy corresponding to the positive eigenvalues.

Let V = ker Dy and let IIp denote the orthogonal projection of L?(Y, Ey)
onto V. Then there is a distinguished subspace A¢ of V' (see Melrose [40], Miiller
[45, 44]) defined by

(1.2) Ac = {Ipuly—o; u € H'(M,E), Du=0, I u|,—o =0}.

If Tl is the orthogonal projection onto Ag, then C := 2I1s — Id, acting on V,
is a unitary map on V with eigenvalues +1 and with +1 eigenspace exactly Ac.
The unitary map C' is called the scattering matriz and Ac is called the scattering
Lagrangian.' This subspace is also known as the subspace corresponding to the
“limiting values of extended L? solutions of Du = 0” for the following reason. Let
M be the manifold formed by taking the infinite cylinder (—oo, 0], x Y and gluing
it onto the end of the collar [0,1), x Y of M:

M = (—00,0]; X Y Ugas M.

Since all the geometric structures and the Dirac operator are of product type on the
collar of M, they all have natural extensions to the manifold M. We denote these
extended structures on M using the same notations used for the original objects on
M ; however, since the extended Dirac operator on M acts on a different domain
than the Dirac operator on M, namely sections on M rather than on M , we denote
the extension of the Dirac operator by D. Then [40], [45]

(1.3) Ac = { lim wu(x,y); ué€ C‘X’(]/\/[\7 E) is bounded and Du = O}.
T——00
The manifold M will play very important roles as our story unfolds.

IThis is really “half” of the true Lagrangian, which is Ac ®T'A¢ C E@ F for the symplectic
structure given by the L2 inner product and the Clifford action T @ (-I"*): EQF — FQ® E.
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We now define the augmented APS boundary condition. The Dirac operator
D with domain

(1.4) Dom(Daps) := {u € H'(M,E) ; (TII; + I¢)u|s—o = 0}

defines the Dirac operator Dapg with the augmented APS boundary condition. The
APS index theorem can then be written as

. 1
ind Daps = AS — in(Dy),
M

where AS is the Atiyah-Singer index density manufactured from the Clifford mod-
ules and connection and where n(Dy) is the eta invariant of Dy, to be discussed
more fully in Section 1.2.

Although C' is in some sense canonical, it is possible, of course, to choose
other projections onto subspaces in V in (1.4) to define Dirac operators with other
domains. Let T be a self-adjoint isomorphism on V with 72 = Id. Then T has +1
eigenvalues. We define Dr as the Dirac operator D with domain

(1.5) Dom(Dr) := {u € H'(M,E) ; I} u|,—o = 0},

where HI =1y + HJT- with IT# the orthogonal projection onto the —1 eigenspace
of T'. Such a boundary condition is called an ideal boundary condition. Thus, Daps
is really just D_c with C' the scattering matrix.

Before stating the ﬁrs/t\ result in this paper we make a couple remarks about
some natural objects on M. First, we remark that there is a natural scale of L?
based Sobolev spaces on M , where square integrability means with respect to the
(extended) measure dg on M. In particular, the natural domain of D is H 1(.7\7 ,E),
which consists of those sections u on M such that Du is L2. Second, we remark
that various classes of pseudodifferential operators on M that preserve these Sobolev
spaces have been developed by many different authors, to name a few, Egorov and
Schulze [17], Melrose [40], Melrose and Mendoza [41], Plamenevskij [50], Rempel
and Schulze [52], and Schulze [54]. These operators are more or less the same (cf.
Lauter and Seiler [26]), but the operators we choose for the purposes of this paper
are the (small calculus of) b-pseudodifferential operators of Melrose, to be explained
in Section 2.2. Of these operators, the b-smoothing operators (b-pseudodifferential
operators of order —oo) will serve as a natural class of “perturbations” in the sequel.

With this background, we are ready to state the first theorem in this paper.

THEOREM 1.1. Let D and D be as above and let T be a self—acijomt isomorphism
on V with T? = 1d. Then there exists a b-smoothing operator T such that the L?
based operator D — T on the complete manifold M and the operator Dy on the
compact manifold M have the same index theoretic properties:
(a) ker(D — T) = ker Dy and ker(D — T)* = ker(Dr)*.
(b) The operators

D-T:HYM,E) — L*M,F),
Dr : Dom(D7) — L*(M, F)

are Fredholm with (by (a)) equal indices.

(¢) The following index formula holds:
1

ind(lA) — f) =ind Dy = / AS — 5[7’](Dy) —sign 7.
M
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The equality in (a) was proved in joint work with Melrose [33]. In [42], Melrose
and Piazza prove a families index theorem, which in the simplest case when the base
manifold is a point, consists of statements (b) and (c¢) but with T a very general
finite rank operator (connected with the notion of a spectral section). Therefore,
the equality of indices and the index formula in Properties (b) and (c) are special
cases of Melrose and Piazza’s theorem. In Theorem 3.4, we shall extend the index
formula (c) for ind(D — T) to a slightly more general class of perturbations.

1.2. Ideal boundary conditions and the eta invariant. The eta invariant
for self-adjoint Dirac operators on odd-dimensional manifolds shares many proper-
ties with the index (cf. Singer [56]) and has also become an area of much interest
since the publication of the seminal work of Atiyah, Patodi, and Singer [5]. Re-
cently, many authors have focused on understanding the decomposition of the eta
invariant under gluing of manifolds. Such “gluing problems” have been investigated
by, for instance, Dai and Freed [15], Miiller [45], Wojciechowski [59, 60, 61], Bunke
[13], Lesch and Wojciechowski [27], Mazzeo and Melrose [36], Hassell, Mazzeo, and
Melrose [23], Briining and Lesch [12], Kirk and Lesch [25], and Loya and Park [34].
For surveys on such “cut and paste” formulas of the eta invariant see Mazzeo and
Piazza [37] or Bleecker and Boof-Bavnbek [9]. One aspect of this gluing prob-
lem involves the eta invariant on a manifold with boundary and its dependence on
boundary conditions. Lagrangian subspaces and ideal boundary conditions come
into the picture in order to get a self-adjoint Dirac operator.

Let D be a Dirac operator as considered in Section 1.1, however we now assume
that £ = F and M is odd-dimensional. Of course, we still assume product struc-
tures near the boundary as in (1.1), but now I" is a unitary isomorphism on FEy
only, since E = F. Moreover, Clifford and self-adjointness considerations impose
the following relations:

(1.6) I?=-1d, I'"=-T, I'Dy =-DyT.

As before, we set V' := ker Dy. Then the last equality in (1.6) implies that I'
acts on V. The set of unitary isomorphisms T on V such that I'T = —T' T and
T? = 1d is denoted by £(V). Such isomorphisms can be constructed as follows.
First, observe that V = VT @ V~, where V* are the 4i eigenspaces of T'. Note
that dim V+ = dim V™~ by the cobordism invariance of the index, see Theorem 21.5
of Boo-Bavnbek and Wojciechowski [10]. Then given any unitary isomorphism
Tt : Vt — V= and setting T~ := (TT)"!, the map T := TT + T~ is in
L(V). Conversely, every element of £(V) arises in this way. Given T € L(V),
we denote the +1 eigenspace of T' by Ar. Note that I'Ap is the —1 eigenspace of
T and that V = Ap @ T'Ap is an orthogonal decomposition. One can check that
Q(v,w) := Re(l'v,w)y, where v,w € V and where ( , )y is the L? inner product
on Y, is a symplectic form on V', and that the subspaces of V that are Lagrangian
with respect to € are exactly those of the form Ar for some T' € L(V'). Moreover,
the scattering matrix C' is an element of £(V') with associated Lagrangian A¢c [45].

We now recall the definition of the eta invariant in the context of ideal boundary
conditions as presented in Appendix 1 of Douglas and Wojciechowski [16]. Given
T € L(V), recall that Dp is the Dirac operator D with domain given in (1.5).
Because T' € L(V) and therefore Ar is Lagrangian, it turns out that the operator
Dy is self-adjoint and has real discrete spectrum. If {);} are the eigenvalues of
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D, then the eta function of Dr,

(1.7) n(z,Dr) =Y

270

sign \;
RIS

extends from Re z >> 0 to be a meromorphic function of z € C that is regular at
z = 0. The eta invariant, n(Dr), is defined as the number 7(0, D7). Thus, formally
speaking, “n(Dr) = Z/\ﬁéo sign ;7 and hence, n(Dr) is a measure of the spectral
asymmetry of Dp.

As the scattering Lagrangian is canonically associated to the Dirac operator,
one can argue that the eta invariant with the augmented APS condition, n(D_¢),
provides an “origin” to which to compare eta invariants defined using other La-
grangian subspaces. To support this statement, in [45] Miiller proves that n(D_¢)
is equal to the b-eta invariant bn(ﬁ) of the Dirac operator D on the corresponding
cylindrical end manifold M. The b-eta invariant of D is not defined via a formula
of the sort (1.7) because D has continuous and not discrete spectrum (as M is not
compact), but nevertheless is the natural generalization of the eta invariant to M ,
see Section 4. Before presenting our second theorem, we need the following function
introduced by Lesch and Wojciechowski in [27]: For T, S € L(V'), we define

1 .
(1.8) m(AT,AS).:fE‘ >
et ¢espec(—T~ST)

oc(—m,m)

Here, T~ and ST are the restrictions of 7' and S to the —i and +i eigenspaces of
T respectively. The second result of this note is the following.

THEOREM 1.2. Let D and D be as above and let T € L(V)). Then there exists
a b-smoothing operator T such that Dp and the perturbed Dirac operator D — T
have the same eta invariant theoretic properties:
(a) ker(D — T) = ker(Dr).
(b) (D —T) =n(Dr).
(¢) The following surgery formula holds:
(D —T) =n(Dr) = n(D-c) +m(Az, Ac),

where C' is the scattering matriz.

The equality
(D - T) = n(D_c) + m(Ar, Ac)

was proved in joint work with Melrose [33].

As a corollary of Theorem 1.2, we obtain a formula for the dependence of the
eta invariant on different Lagrangian subspaces. To this end, let 7 denote the triple
Maslov index, defined on a triple (A4, Ap, Ac) of Lagrangian subspaces of V' by

T(AA,AB,Ac) = m(AA,AB) + m(AB7Ac) + m(Ac,AA).

Although the function m is real-valued, the triple index is integer-valued, see Bunke
[13] and Lion and Vergne [29]. Theorem 1.2, the definition of 7, and the fact that
m is antisymmetric, imply the following corollary.
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COROLLARY 1.3. For any T, S € L(V), we have
n(Dr) —n(Ds) = m(Ar, As) + 7(Ar, Ac, As),
where C' is the scattering matriz.

1.3. Final remarks and outline of paper. The proofs of Theorem 1.1 and
1.2 use the so-called heat kernel method which relies on taking traces of suitable
heat operators, cf. Mckean and Singer [38], Patodi [48], Atiyah, Bott, and Patodi
[2], and Gilkey [19]. However, since M is not compact, it turns out that the
relevant heat operators are not trace class on M. To overcome this obstacle, we
utilize a regularized trace called the b-trace® developed by Melrose [40]. In many
respects, the b-trace is the “hero” of this paper: We use it to make non-trace class
heat operators “(b-) trace class;” give a direct derivation of the APS index formula
with the eta invariant emerging as a direct computation from the b-trace’s key
feature, the trace-defect formula; we use it to define the b-eta invariant (without
requiring the Dirac operators to have discrete spectrum), and finally, we use it and
the trace-defect formula to prove the variation formula for the eta invariant via a
direct computation.

The outline of this paper is as follows. We begin this paper in Section 2 by
proving a simplified version of Theorem 1.1 in the case that the boundary Dirac
operator is invertible. We also delve into a detailed study of b-pseudodifferential
operators and we introduce the b-trace and derive its key feature: the trace-defect
formula. In Section 3, we define the b-smoothing perturbation T in Theorem 1.1 and
we prove this theorem via the general index theorem 3.4. The proof of Theorem
1.2 is based on Vishik’s technique of rotating boundary conditions, see Section
1 of [58], originally developed to prove gluing formulas for torsion invariants on
manifolds with boundary. In Section 4, we review this technique as refined by
Briining and Lesch [12] for the study of eta invariants to prove Theorem 1.2.

In conclusion, I wish to thank Richard Melrose for sharing his insights into
many of these problems, Paolo Piazza for looking over parts of the manuscript, and
Krzysztof Wojciechowski for his support and encouragement in proving Theorem
1.2. T also thank the referee for thoughtful comments, finding many mistakes, and
for very helpful suggestions all of which led to many improvements. Finally, 1
thank the organizers of the conference, Bernhelm Boo-Bavnbek, Gerd Grubb, and
Krzysztof Wojciechowski, for allowing me to participate.

2. Transformation to b-objects I

In this section we prove a simplified version of Theorem 1.1 in the case that
the boundary Dirac operator is invertible, which is a special case of Atiyah, Patodi,
and Singer’s classic result [5]. We begin by reviewing the necessary ingredients
and then we move into a detailed study of b-pseudodifferential operators. Next, we
introduce the hero of this paper, the b-trace and its main feature: the trace-defect
formula. Finally, we prove the index formula for the case that the boundary Dirac
operator is invertible. Here we see our first instance of the trace-defect formula in
action in the direct manner in which the eta invariant appears in APS formula.

2The b-trace is almost the same as the relative trace found in Miiller [47].
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M M
M =210,1), xY M= (—00,1)y X Y

(—00,0], XY :

FIGURE 1. Attaching the infinite cylinder (—o0,0]; x Y to M pro-
duces the manifold with cylindrical end M.

2.1. APS and cylindrical ends. We shall work under the same assumptions
and notations introduced in Section 1.1. Thus, let D : C*°(M, E) — C*>°(M, F) be
an admissible Dirac operator associated to a Zs-graded Hermitian Clifford module
E®F — M over a compact, even-dimensional, Riemannian manifold with boundary
and we assume product structures near the boundary such as in (1.1). We also
assume, for simplicity at least for this section, that Dy is invertible (which is
equivalent to saying that it has no kernel). Let II; denote the orthogonal projection
onto the eigenspaces of Dy corresponding to the positive eigenvalues. Then the
operator D acting on the domain

Dom(Dry, ) := {u € H"(M,E) ; I ul,—o = 0}
defines the operator Dy, with APS boundary conditions.
As noted in [5], we can view the APS boundary condition as an L? condition
on an enlarged noncompact manifold with cylindrical end M which we now review.

Let M be the manifold formed by taking the infinite cylinder (—00,0]; x Y and
gluing it onto the end of the collar [0,1), x Y of M as shown in Figure 1:

M = (—00,0]; X Y Ugps M.
Then all the geometric structures have natural extensions to the manifold M and
are denoted by the same notations used for the original objects on M except for
the Dirac _operator which we denote by D. Recall that the natural domain of
Dis H 1(M E), which consists of those sections u on M such that Du is square
integrable with respect to the measure dg on M.

We now show how the L2 kernel of D (the noncompact problem) relates to the
kernel of Dy, (the compact problem). With this in mind, let u € C*° (M\ , E) with
Du = 0. Let {)A;} be the set of eigenvalues of Dy, which are real and nonzero, with
corresponding eigenvectors {; } so that Dy ¢; = A;j ;. On the collar (—o0, 0], XY
we can expand u in terms of {¢;} as u = > u;(x) ;(y), and therefore on the collar,

0=ﬁu:F(3x+Dy)(Zuj(x) )FZ ) + Ajui () 95 (y),

which implies that for each j, u/(z) + A; u;(x) = 0, or uj(z) = ¢;e”*" for some
constant c¢;. Since

r— —00

A
lim e N7 =% 7 >0,
0 )‘j <0,
it follows that
we L*(M,E) <+ ;=0 for \; >0 <= Tl u|,—0=0.
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Thus,
(2.1) ker D & ker Dy, ,

where the left-hand side is the kernel of D on its natural domain. Similarly, one
can show that the kernels of the adjoints are isomorphic: ker D* 2 ker Dy, .

Before stating the APS index theorem for the operators D and Dy +» We go into
more depth on the eta invariant than was described in Section 1.2. The original
way to define the eta invariant was through the eta function, 7(z), which is defined
as the meromorphic function

sign \;
(2.2) ==Y |§,|j.
j ]

In the general case when Dy has a kernel, we only sum over \; # 0. Weyl asymp-
totics show that 7)(z) is holomorphic for Rez > dimY’, but one of the main accom-
plishments of [5] was the proof that 7(z) in fact defines a meromorphic function on
C that is regular at z = 0. The eta invariant of Dy is the value of the eta function
at zero, n(Dy) = n(0), which represents a formal signature of the operator Dy :

« sign A; . "
n(Dy) = Z IMZ] = ZSlgn Aj = #{\; > 0} — #{)\; < 0}.
J J

z2=0

The reason for the quotation marks is that there are an infinite number of positive
and negative eigenvalues, so this equation really reads co — oo! Nonetheless, n(Dy)
can be interpreted as a measurement of the signature or spectral asymmetry of Dy-.
We can also express the eta function in terms of the heat operator via

1 & z—1 —tDZ
(23) ’l’](Z) = W/O t 2 TI‘(.DY@ Y)dt7

where I'(z) is the Gamma function. To see this, we notice that

Tr(Dy e_th’) = Z Aj et
J

and that
1 /°° o1 2 A 1 i sign A,
- t2)\46M-7’dt:7J'7/ 7 e tdt = 7,
=) Jo ! A1 T(E) Jo |A;17

where we made the change of variables ¢ — ¢/|);|?. In particular, according to [6],
we can set z = 0 in (2.3) to obtain the following important formula:

(2.4) n(Dy) = % /Ooot_l/QTr(Dy e~tDY) dt.

The advantage of this formula is that it naturally falls out of the heat kernel proof
of the APS index formula as we shall see in Section 2.5.

We are now ready to state the (simplified) Atiyah-Patodi-Singer index theorem,
which is a special case of Theorem 1.1 when Dy is invertible, and hence V' = ker Dy
is just the zero vector space. The following statement is not how their theorem
originally appeared, but all its content were part of the original paper [5].

THEOREM 2.1. Let D be a Dirac operator on an even-dimensional, compact,
oriented, Riemannian manifold with boundary with product type structures specified
as in Section 1.1 and such that the boundary operator Dy is invertible. Then
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(a) ker D = ker Dy, and ker D* = ker Dy, .
(b) The operators

D:HY(M,E) — L*(M,F),
Dn, : Dom(Dy, ) — L*(M,F)

are Fredholm with (by (a)) equal indices.
(¢) The following index formula holds:

ind D = ind Dy, = /AS - %n(py).

We already proved Part (a) around (2.1). For Part (b), the Fredholm property
of D follows from Lemma 2.3 below; for the Fredholm properties of Dy, see [5] or
Boof-Bavnbek and Wojciechowski [10]. We shall prove Part (c) in Section 2.5. To
do so, we use the machinery of Melrose’s b-calculus [40] which we describe next.

2.2. b-pseudodifferential operators. We only describe the so-called “small
over-blown” calculus of b-pseudodifferential operators. There are also “big” calculi
which are useful for establishing Fredholm properties of b-pseudodifferential oper-
ators or for obtaining precise information concerning Green operators, but for the
goals of this paper, these larger calculi are unnecessary.

So what exactly is a b-pseudodifferential operator? Perhaps the best way to
think of a b-pseudodifferential operator is as a usual pseudodifferential operator on
M that is exponentially uniform as £ — —oo on the cylindrical end. As with all
algebras of operators defined on noncompact manifolds, cf. Lockhart and McOwen
[30], Rabinovi¢ [51], and Schrohe [53], we need to have control in asymptotic
behavior at infinity in order to get a well-behaved class of operators. This is no
different in our situation, where we require “exponential asymptotics”. Therefore,
before describing the small calculus, we need to fix the notion of exponential decay.
Later, we shall see that these conditions can be interpreted quite naturally as C'*°
conditions on a related compact manifold.

We say that a smooth function w(z,y) on the infinite cylinder (—o0,0], X Y
can be expanded exponentially on the cylindrical end if

(2.5) uz,y) ~ Y un(y) = uo(y) + e ur(y) + e uz(y) + -
k=0

where up € C*°(Y) for each k. This asymptotic sum means that for any N,

N—1
(2.6) u(a,y) — Y e u(y) = N ry(x,y),
k=0

where all derivatives of the remainder ry(z,y) in z and y are bounded. In par-
ticular, u(x,y) = up(y) modulo an exponentially decaying term. We say that u
vanishes to infinite exponential order on the cylindrical end if u can be expanded
exponentially as © — —oo with all the wug(y)’s zero; equivalently, u with all its
derivatives vanish faster on the cylindrical end than any exponential power.

Let S (Z/W\ ) denote the set of all smooth functions on M that vanish to infinite
exponential order on the cylindrical end. A b-pseudodifferential operator A of order
m € R is a continuous linear map on S (]\/4\ ) that has the following properties: Given
any compactly supported ¢ € C(?Q(]/W\) equal to 1 on M, and smooth ¢ € C* (Z/W\)
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supported on the cylindrical end (—o0,0], X Y with ¢(x,y) = 1 for = sufficiently
negative with support disjoint to ¢, we have

()
(IT)

(2.8)

(2.9)

(1 —p)A(1 — ¢) is a usual pseudodifferential operator of order m on M.

pA is a smoothing operator with an integral kernel K, a4 (z,y,q), where

(z,y) € (—00,0] x Y and ¢ € M, that vanishes to infinite exponential order

as x — —oo and is compactly supported in g € M.

1Ay is a smoothing operator with an integral kernel Ky a,(p,z,y), where

pE M and (x,y) € (—00,0] x Y, that is compactly supported in p € M and

vanishes to infinite exponential order as x — —oo.

A = (1—1)A(1—1)) is a pseudodifferential operator on (—co, 0] x Y satisfying

two “lacunary” type conditions (cf. Hérmander [24]) that we now describe.
First, given a coordinate neighborhood RZ’l on the cross section Y and

a compactly supported smooth function w on R?~!, for any u € S (]/\4\ ) sup-
ported on U = (—00,0] x R"~1, we can write

(wAw)u = /ei(x’y)'(T’n) a(x,y,7,n)u(r,n) drdn,

where d( ) means to divide by as many 27’s as there are variables in ( ),
u(r,n) is the Fourier transform of u(x,y):

u(r,m) = /671'(1,74).(7,77) u(z,y) dedy,

and where a(x,y,7,7) is a symbol in (7,7) of order m. However, a(z,y, T, 1)
is no standard symbol, we require it to be entire in 7 such that given any
constant R, for 7 in the strip |Im 7| < R, the following properties hold:

(1) a(z,y,7,n) is a symbol of order m:

(0:0,)°(0:0,)  ala,y, 7.m)| < C(1 + [7] + )™V

where this estimate holds for all (z,y) € U, |[Im 7| < R, and n € R* 1.
(2) a(z,y,7,m) can be expanded exponentially on the cylindrical end where

the coefficients of €** and remainder in (2.6) are also symbols of order

m satisfying estimates of the sort (2.8).

Second, given any compactly supported smooth functions w and @ on
Y with supports in disjoint coordinate patches with coordinates y and g,
respectively, for any u € S (M\ ) supported on (—o00,0] X Y, we can write

(wAD)u = / ¢ a(e,y, §,7) A, §) dr dh(7),

where u(7, ) is the Fourier transform of w(z,§) in only the z-variable and
where a(z,y,§,7) is a symbol in 7 of order —oo satisfying properties (1) and
(2) above (of course, for arbitrary m, and now there are derivatives in the
extra variable 7).
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The set of all such operators is denoted® by \Il’bn(]\//.T) A b-smoothing operator
is a b-pseudodifferential operator of order —oo. Just like the usual class of pseu-
dodifferential operators on compact manifolds without boundary, the space of all
b-pseudodifferential operators forms a x-filtered algebra of operators with the filtra-
tion determined by the principal symbol. One can also define a corresponding space
of classical operators. See [40] for more information. Also, there exist natural
Sobolev spaces HS(J\/Z) on M with HO(]\//.?) = LQ(JT/[\) and if 4 € \I/Z”(]\//f), then A
defines a continuous linear map,

(2.10) A H* (M) — H*™(M).

We now describe the normal operator, which captures the dominant behavior
of A€ \I/Z”(]\/Z) as ¢ — —oo. Let ag(y, 7,n) be the first term in the expansion (2.5)
for b(x,y,7,n) on the cylindrical end. Then b(z,y,7,1n) = ao(y,7,n7) modulo an
exponentially decaying term as x — —oo. The normal or indicial operator of A is

the entire family N(A)(7) € U™ (Y) defined locally by

(2.11) N(A) () = / &V ag(y,7,m) () dn;

there is a similar formula in disjoint coordinate patches using (2.9). The normal
operator preserves composition:

N(AB)(r) = N(A)(1) o N(B)()
and in a certain respect, adjoints:
N(A%)(r) = N(A)(7T)",

where T is the complex conjugate of 7. Finally, we remark that the normal operator
governs the Fredholm properties of b-pseudodifferential operators, see Mazzeo [35],
Melrose [40], or Loya and Melrose [33]:

—

THEOREM 2.2. Let A € U (M) with m € R. Then
A: H™(M) —s L*(M)
is Fredholm if and only if A is elliptic and for all T € R,
N(A)(r) : H™(Y) — L*(Y)
1s invertible.

Of course, everything that we have said so far for operators on functions works
equally well for operators mapping between sections of vector bundles. We now
consider the Dirac operator, our main example of a b-pseudodifferential operator.
In this case, it is easy to see that D is a first order b-pseudodifferential operator.
Indeed, since D= ['(0, + Dy) on the cylinder, given any u supported on a coordi-
nate patch with local coordinates (x,y), writing u as the inverse Fourier transform

3This space usually has a subscript “ob”, \I/Zz(]\?), for “over-blown.” When the cross section
Y is disconnected, this is a slightly larger class of operators than described by Melrose in [40];
when Y is connected, this over-blown space is exactly the same as in loc. cit. Finally, we remark
that “over-blown” has to do with the blown-up space XE to be described in Section 2.3.
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of its Fourier transform, we have

~

Du(z,y) =T(0, + Dy) / et@w)-(1.m) u(r,n)drdn

_ / @0 T T (ir 4 by, n)) @(r, n) drdn,

where b(y,n) = Dy (eiy'") is the symbol of Dy in local coordinates. The function
L(iT + b(y,n)) is certainly a symbol of order 1 satisfying all of (1) and (2) around
(2.8). Thus, D € V}(M,E,F). Moreover, by definition of the normal operator
(2.11),

N(D)(r)i = / T (it + b(y, 1)) 9 (n) dny = T (it + Dy ).
Thus,
(2.12) N(D)(r) = L(it + Dy),

a formula that we shall use later in our proof of the APS theorem. Let Ey = F|,.—¢
and Fy = F|,;—¢. Since Dy is self-adjoint,

it + Dy : H™(Y, Fy) — L?(Y, Ey)

is automatically invertible for 7 # 0 and is invertible at 7 = 0 if and only if Dy is
invertible. It follows that

N(D)(r) = (it + Dy) : H™(Y, Ey) — L*(Y, Fy)

is invertible for all 7 € R if and only if Dy is invertible. Although we have been
working under the even-dimensional assumption, this whole argument works for any
dimensional manifold. Thus, Theorem 2.2 immediately gives the following theorem,
which proves the first part in Part (b) of Theorem 2.1.

LEMMA 2.3. Let D be a Dirac operator on a compact Riemannian manifold
with boundary with product type structures near the boundary. Then D is Fredholm
on its natural (that is, Sobolev) domain if and only if Dy is invertible.

Of course, in this section we have been assuming that Dy is invertible, but the
proof of this lemma does not require this assumption.

2.3. The compact picture. Now what is all this stuff about exponential
asymptotics? Isn’t there a more natural way to describe these operators? There is
such a way, which we now explain. First we need to make a simple campactification
of our noncompact manifold M. On the cylindrical end (—00,0]; XY of M we make
the change of variables » = e”. Notice that as * — —oo, 7 — 0. Thus, under this
change of variables, M transforms into the interior of t/}le compact manifold with
boundary X, where X has the same compact end as M but with the cylindrical
end (—o00,0],; x Y replaced with the compact end [0,1], x Y, see Figure 2.

Observe that under the change of variables » = e*, the asymptotic expansion
(2.5) transforms to

(2.13) u(z,y) ~ > up(y) ~ alry) ~ Y rFur(y),  a(ry) = ullogr, y);
k=0 k=0

in other words, @(r,y) is smooth in the usual sense at r = 0! (We do have to think
a little about the remainders in (2.6), but this is not difficult.) In particular, u
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M A
M = (—00,0]; xY X =10,1], xY

compactify
Y —" "

r=logr<=r=c¢"

FIGURE 2. The compact manifold with boundary X is the com-
pactification of the manifold with cylindrical end M.

vanishes to infinite exponential order just means that @ vanishes to infinite order
in the usual sense at r = 0! Thus, the “exponential asymptotics” as * — —oo
corresponds to the usual smoothness regularity at r = 0.

We now see how the geometry on M transform to X. Since r = e”, we have
dx = dr/r and 9, = r0,, therefore under this change of variables,

dry 2
g=dz*>+h ~ g:(%) +h,

d
dg = dzdh ~ dg= = dh,
T

where the objects on the right are referred to as an (exact) b-metric and b-measure
or b-density, respectively. Also, the Dirac operator transforms to

D =T(0, + Dy) ~ D =T(rd, + Dy),

where the object on the right is referred to as a (first order) b-differential or totally
characteristic operator. Thus, the geometric objects on the manifold with cylin-
drical end M transform into corresponding singular geometric “b-objects” on the
compact manifold with boundary X.

Let us see how b-pseudodifferential operators trarisiforrn to X. It is customary

to concentrate on the Schwartz kernels. Let A € ¥7*(M). Then, from (2.7), we see
that the Schwartz kernel of A on the product of the cylindrical ends is given by

(2.14) Ka(z,y,2',y) = /6“"”"”’”/"”’”/)'(”’) a(x,y,7,n) drdn,

where a(z,y,7,7) is a symbol of order m satisfying the “lacunary” type conditions
we discussed and where (z,y) and (2’,y’) denote the same coordinates on the left
and right factors of M?2. Setting z = (x—2a',y—1y'), which define normal coordinates
to the diagonal {z =0} = {z =2/, y = ¥}, we can write

Ka= /e”'“’") a(x,y,,n) drdn.

Because z defines normal coordinates to the diagonal, using the terminology of
distributions, we say that K4 is conormal to the diagonal. Now making the sub-
stitutions 7 = e® and ' = e , we can transform K4 to X2, obtaining

(2.15) Ka= /e““'“”” a(r,y,m,m)drdn,  w=(s,y—vy'), s=1log(r/r),

where a(r,y,7,mn) = a(logr,y,7,n) is smooth at » = 0 (see (2.13)). Note that
we cannot interpreted K4 as conormal to the diagonal {r = 7/, y = y'} since
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b={s=—-o0 — Ty
‘g } s = log(+) = logcot 0
Xb
{s =0}
M A A s<0
IN\s >0
rb = {s = oo}
\“blow up” r=7r"=0 logarithmic projective coordinates

FIGURE 3. The manifold X} is obtained from X? by blowing-up
(introducing polar coordinates at) r =’ = 0.

w = (s,y —y') fails to define normal coordinates to the diagonal at {r = ' = 0}
where s = log(r/r’) has a “nasty” singularity. However, Melrose [40] showed that
after blowing up the “nasty” set {r =’ = 0}, the kernel (2.15) can be interpreted
as a conormal distribution. To explain this, we first write X? near r = ' = 0:

X2 2100,1], x [0,1],» x Y2

We define the b-stretched product X by blowing up the origin {r =" = 0} in the
[0,1],- x [0, 1], factor of X2, which geometrically is just replacing the origin with a
quarter circle, called the front face and denoted by ff; see Figure 3. Analytically
speaking, X7 is obtained from X? by simply introducing polar coordinates at the
origin in the [0, 1], x [0, 1],» factor of X

r = pcosb, r’ = psiné,

where p > 0 and 0 < 0 < 7/2. The right boundary and left boundary, denoted rb
and [b, are where § = 0 and 6 = 7/2, respectively. In summary, X7 = X? away
from r = r’ = 0 and near r = v’ = 0, by definition, we have

X7 2[0,¢), x [0,7/2]p x Y?, e > 0.
The face {p = 0} x [0,7/2]p x Y? (the quarter circle in Figure 3) is the front face

of X2. There are other coordinates we can use instead of polar coordinates. For
instance, instead of using 6 = arccot (r/r’), we can use s = log(r/r’), because

s = log (Q) =logcotd <= O = arccot ( 4 ) = arccot(e®)
T

,r/
implies that we can use s instead of # as the angular variable, at least away from
6 = 0. Note that s = 0 corresponds to § = 7/4, s = 0o to rb, and s = —0 to
Ib. Also, one can check that away from rb and b, (r, s) can be used as coordinates
instead of (p, ), and in the coordinates (r, s), the coordinate s represents an angular
variable and r the boundary defining function to the front face. Moreover, in view
of Figure 3, it follows that s can be considered a normal coordinate to the set
{r = r'}, considered as a subset of X?. This implies that w = (s,y — v’) defines
normal coordinates to the diagonal considered as a subset of X7, which we denote
by Ay. Therefore, in view of the formula (2.15), we see that the Schwartz kernel K 4
can be considered conormal to the diagonal A, in X b2 ! Furthermore, directly from
the expression (2.15) one can check that K 4 is smooth at » = 0 and the “lacunary”
condition implies that K4 vanishes to infinite order at Ib and rb. Summarizing our
discussion (modulo some details that need to be checked), we conclude:
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Geometric definition: ¥};*(M) consists of operators whose
Schwartz kernels are distributions on X f conormal to Ay, smooth
at ff, and vanishing to infinite order at Ib and rb.

In this paper we shall work with M leaving the interested reader to check out
Melrose [40] or Mazzeo [35] for this conormal distribution viewpoint.

2.4. The b-trace. We now introduce the star of the show: The b-trace. By

—~

(2.10) any A € ¥, °°(M) defines a continuous linear map
A L2(M) — L2(M),

but we note that this map is in general not trace class (or even compact). The
b-trace is designed to make b-smoothing operators (b-pseudodifferential operators
of order —c0) trace-class even though they are really not trace-class! Indeed, we
would like to define the trace of A via a Lidskii type formula, cf. [28]:

“ Tr(A) :/A Kala, ”
M

where K 4 denotes the Schwartz kernel of A and A is the diagonal in M x M and
we make the identification M = A. The reason for the quotation marks is that
this integral does not exist because the integral over the cylindrical end actually
diverges (in general)! To see this, note that by the definition of b-pseudodifferential
operators, in coordinates (z,y) on the cylindrical end we can write

(2.16) Kala = ao(y) + ai(z,y),

where both ag and a; are smooth and a;(x, y) decays like €* as x — —oo. Therefore,
since f_ooo dx diverges, the integral

/AKA|A:/ KA\Adxdh—i— KA|A
M (—00,0]s XY M

(2.17) :/ ao(y)dxdh—i—/ al(m,y)dxdh+/ Kala
(=00,0]z XY (—00,0]x XY M

in general diverges since the first integral on the right does not exist in general,
except of course when ag(y) = 0. This discussion shows that the function ag(y) is
the problem to the non-trace class nature of A. As we all know, one way to solve
a problem is to simply get rid of it, and this is exactly what we shall do in our
situation: We throw out ag(y) in (2.17) to get a convergent integral, which we call
the b-trace of A:

bTrA::/ al(m,y)dﬂcdh—i—/ Kala.
(—00,0]e XY M

In particular, if ag(y) = 0, which happens if A vanishes exponentially at the end of
the cylinder, then K 4|a = ai(z,y) on the cylinder, so in this case "Tr A equals

/ KA|Ad£th+/ KA|A:/AKA|A7
(—00,0]s XY M M

the trace of A in the usual sense. In the following lemma we show how the b-trace
is related to elementary complex analysis.
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—~

LEMMA 2.4. Let A € W, °(M). Then for all complex numbers z with Rez > 0,
the operator e** A is trace class and the integral

F(z) = /A e Kala
M

exists. Moreover, F(z) extends from Rez > 0 to be a meromorphic function on the
half-plane Rez > —1 with only a simple pole at z = 0.* Furthermore, the regular
value of F(z) at z =0 is just the b-trace of A,

(2.18) "Tr A = Reg,_, F(2),

and the residue of F(z) at z =0 is given in terms of the normal operator of A via
1

(2.19) Res.—o F(z) = — / Tr(N(A)(7)) dr.
2 R

PROOF. Let Rez > 0. To see that e** A is trace class, we write
(220) 7T A = ez:c/2 . (ezx/QAe—zﬂc/Q) .ezz/Q.

Now the Schwartz kernel of A in local coordinates on the infinite cylinder is of the
form, see (2.14)

(2.21) Ka(x,y,2',y) = /ei(“;*"”/’y*y')'(“") a(z,y,,n)drdn,

where the primes denote the same coordinates (x,y) but on the right factor of

M x M\, and where a(z,y,7,n) is a symbol of order —oo satisfying properties (1)
and (2) around (2.8). In these coordinates, it follows that the Schwartz kernel of
A, = e**/2 Ae=**/2 is given by

KAZ — ezz/QKA(x, n x’, y/)e—zx'/Q — e(m—m’)z/2KA

_ /ei(m—m’)(‘r—iz/Q)ei(y—y/)'n a(z,y, 7,n) drdy
(2.22) = /ei(g”ﬂc%ei(yfyl)"7 a(z,y, ™ +1iz/2,m) drdn,

where we used the fact that the symbol is entire in 7. It follows that A, is also a
b-smoothing operator. In view of (2.20), the Schwartz kernel of e** A is given by
KezzA(CC,’y7l’/,y/) _ 6295/2 “Ka - EZII/Z,

z

which vanishes exponentially like e**/2 on the cylinders in both factors of M x M.
Therefore, e** A is trace class for Rez > 0.

We now verify the properties of F(z). Assuming that Rez > 0, the function
is integrable on (—o0,0],, and for such z,

0 2x
(&
/ e dr =
oo z

41t turns out that F(z) extends to be meromorphic on C with only simple poles at the points
0,—1,—2,..., but we don’t need this fact.

eza:

=0
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Hence, writing K 4|a as in (2.16), we see that
F(z) = / K ala
M

:/ e”(ao(y)—l-al(a:,y))dxdh—&—/ e K ala
00,0]z XY M

1 -
:—/%@M+/ &m%www+/é%mm
ZJy (—00,0]. XY M

where both ag and a; are smooth and a;(x,y) vanishes like e* as z — —oo. It
follows that F(z) extends to be a meromorphic function on the strip Rez > —1,
with regular value at z = 0 equal to "Tr A, and with only a simple pole at z = 0

with residue given by
/ ao(y) dh.
Y

To show that this integral is related to the normal operator of A, observe that
setting (z,y) = (2/,y’) in (2.21), we obtain

KA(x’y)zyy) :/a(z7y77-7n) de-n?

so if ag(y, 7, ) is the limiting term in the expansion (2.5) for a(z,y, 7,n) as x — —oo,
then

(223) [ aatwyan= [ [ aoty. 7o drananty).
v Y
On the other hand, by definition of N(A)(7) (see (2.11)), we have

Ky (yy) = /e"(y‘y’)'" ao(y,7,m)dn,

which implies that

(2.24) Tr N(A)(r / Knay (Y, y) dh(y / /ao y,7,m) dn dh(y).
Equating (2.23) and (2.24) proves (2.19) and completes the proof. O

It is well-known that the trace functional on genuine (not b-) smoothing opera-
tors on a compact manifold is the unique functional, up to multiplicative constant,
that vanishes on commutators. The formula (2.25) below is sometimes called the
trace-defect formula because it gives a formula for the nonvanishing of the b-trace
on commutators, and hence measures the “non-trace like nature” of the b-trace.

THEOREM 2.5. If A € \I/m( ) and B € U"' (M) with m +m’ = —oo, then
(2.25) / Tr (9, N(A)(r) o N(B)(r)) dr
o [ VA 00N (B)) dr

PRrROOF. Integration by parts shows that the two integrals on the right are
equal. Throughout this proof we assume that A is of order —oo and we shall prove
the first equality. To prove this theorem, we use Lemma 2.4, which states that

"Tr[A, B] = Reg._, Tr(e*“[A, B]).
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To evaluate the right-hand side, we first rewrite e**[A, B| as
e**[A, B] = [¢**, A]B + [A,e*" B].

Since the trace vanishes on commutators when one operator is a bounded operator
and the other is trace class, we have Tr([A,e**B]) = 0 for Rez > 0, and hence its
analytic continuation at z = 0 is zero also. Therefore, since

[e**, A|B = e**[AB — e *" Ae** B] = ¢*"{AB — A(z)B},
where A(z) = e ** Ae**, we have
(2.26) "Tr[A, B] = Reg,_, Tr (e**{AB — A(z)B}).
Writing the Schwartz kernel of A as in (2.21) and using the same computation
found around (2.22), we can write the Schwartz kernel of A(z) as

Koy = /ei(w’ﬁl)Tei(yfy/)'” a(z,y, ™ —iz,m) drdn.

It follows that A(z) = e **Ae** is also a b-pseudodifferential operator of order
—oo that is holomorphic in z such that A(0) = A. Moreover, if A’(z) denotes the
derivative of A(z) with respect to z, then

Kz =—i / eie=a)T gily=y')m Ora(x,y, 7 —iz,n)drdn,
therefore, by definition of the normal operator,

(2.27) Ky o)) = _"/‘ei(y_y/)w7 9-a(0,y,7,m) dn = —iKs_N(a)(r)-

Since A(0) = A, expanding A(z) in Taylor series at z = 0, we can write
AB — A(2)B = —zA'(0)B — 22C(2),

where C(z) is a b-smoothing operator that is holomorphic in z. In view of (2.26),
we have

"Ty[A, B] = —Reg._, {Z Tr(e** A'(0)B) + 22 Tr(ezmc*(z))}.

By Lemma 2.4, the traces on the right have at most simple poles at z = 0, so in
particular, the second term 22 Tr(e**C(z)) vanishes at z = 0, while for the first
term, by Lemma 2.4, we obtain

Tr[A, B] = —Reg,_, 2 Tr(e** A'(0) B) = —Res.—o Tr(e** A’'(0)B)
1 1
=—— / Tr N(A'(0)B)(7) dr = ——/ Tr(N(A'(0))(r) N(B)(7)) dr.
2T R 2 R
By (2.27), we see that N(A'(0))(7) = —i0,N(A)(7), which finishes our proof. [
2.5. The b-proof of the index theorem. We now give Melrose’s proof of
the APS index formula in Theorem 2.1. For this we need the heat operators

e—tD D and e—tDD ,

both of which exist via the usual arguments and moreover, are b-smoothing oper-
ators for ¢ > 0 (see Melrose [40] and Loya [31]). The key idea behind the heat
kernel proof of the index formula is to consider the difference of the heat traces:

«“ h(t) — Tr(e—tﬁ*f)) _ Tr(e—tﬁﬁ*). 9
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The reason for the quotation marks is that, as we observed earlier, b-smoothing
operators are in general not trace class; this is true in the present situation too for
the heat operators. However, the following b-object is well-defined:

h(t) = "Tr(e D" D) — bTy(e DD,

and we shall use this object instead of the ill-defined one above. We now indicate
how h(t) has the following amazing properties (however, we really only focus on
Property (3)):

(1) lim h(t) =ind D

t—o0
(2) lim h(t) = / AS
t—0 M

(3) W(t)= —ﬁ t1/2Ty(Dy etV ).

These three facts together with the basic fundamental theorem of calculus easily
prove the APS formula:

ind D = h(oo) = h(0) + /oo R (t) dt
0

o0
1 2
= AS+/ — 72T (Dy e tPY) dt
[ a8+ [ —gumt Dy et

1 > 2
= [ AS— — t=12Te(Dy e tPv) dt
/M 2/ Jo (Dye )
1
M

It turns out that the proofs of Property (1) and Property (2) follow basically
the same lines of reasoning as for the corresponding statements in the compact
manifold without boundary case. For this reason, we shall not discuss them in
detail and leave the reader to check Chapters 8 and 9 in [40] for the arguments.
However, we remark that Property (2) follows from the the so-called local index

—

theorem, which states that for p € M,

tim { tre ™2 (p,p) — tre™ PP (p,p) } = AS(p)
uniformly in ¢, where the lower case tr denotes the fiber-wise trace, and where the
right-hand side really represents the coefficient of the volume form component of
the differential form AS(p), cf. McKean and Singer [38], Gilkey [19], Patodi [48],
Alvarez-Gaumé [1], and Getzler [18]. Note that AS vanishes on the cylindrical end
by our product type hypothesis.

We now prove (3), which is where we see our hero, the b-trace, in action in
the direct manner by which (3) is derived. First, recalling the elementary identity®

5This identity follows from uniqueness of solutions to the heat equation, cf. [40, p. 271].



20 PAUL LOYA

D*De~tP"D — D*e~tPD" D we take the derivative of h(t):
(2.28)

where [D, D*e~tPD"] is the commutator of D and D*e~*PD". Second, by the
trace-defect formula, we find

W(t) = *Tx([D, D*e*PP"])
-2 / Tr (9, N(D)(r) N(D*)(r) N(e=PP")(7) ) dr.
R

Third, we complete the verification of (3) by directly computing the right-hand side

of h/(t) to equal —ﬁ t=1/2Tr(Dy e_tD%/). To see this, observe that for 7 € R, by

the formula (2.12) for the normal operator of D, we have

~

N(D)(r) =L(ir+ Dy) and N(D*)(r) = —(—ir + Dy )T™*.
It follows that
N(DD*)(r) = N(D)(r)N(D*)(r) = I'(+* + D3)I™".
Now it is easily proved from the continuity properties of the normal operator that
N(e™tPD%)(7) = e tNPDID) = et =D,
Multiplying this with 87.N(ﬁ)(7') — il and N(D*)(7), we obtain
8, N(D)(7) N(D*)(7) N(e~*PD)(7) = iT (=it + Dy )e '™ e DY .

Finally, using the facts that [, et dr = 0, Jr et dr = ¢t Y/2 /7, and T is

unitary, we get our desired result:

W) = "T([D, D*ePP")) = == | T (9, N(D)(r) N(D)(7) N(e™PP") (7)) dr
T JR

- Tr(il(—iT + Dy)e_”2 etDY T )dr

271' R
-2
= L =12 /7 Te( Dy e tP%).
2T
1

I t—l/QrI\r D —tD%/ .
Zﬁ ( Ye )

3. Transformation to b-objects II

In this section we prove Theorem 1.1. Needless to say, we now drop all as-
sumptions about the invertibility of Dy. We start this section by defining the b-
smoothing perturbation T in Theorem 1.1 and then we relate the kernels of D — T
and Dp. One of the main goals in this section is to prove the general index theorem
3.4 from which the index formula in Theorem 1.1 follows. The direct (but somewhat
complicated) computation of the eta invariant portion of the general index formula
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(3.8) boils down once again to the trace-defect formula. We end this section by
proving this general index formula.

3.1. Definition of 7. We begin by defining the b-smoothing perturbation T
in Theorem 1.1. Let D and D be as in Section 1.1 and let T be a self-adjoint
isomorphism on V = ker Dy with 72 = Id.

The b-smoothing operator T is really very simple to define. First, we define an
auxiliary b-smoothing operator on the half-line (—00,0]. Let x € C*(R), where
x(xz) =1 for x < —2 and x(z) = 0 for x > —1. Let ¢ > 0 be a smooth compactly
supported even function on R with ¢(0) > 0. Then @(7) is an even entire function.
Define Q € ¥, *°((—00,0]) by

(31) Qu=nx(z) [ ¢ o(r) r)dr,
R
where Xt is the Fourier transform of xu:

Gr) = [ e @) uta) de

The Schwartz kernel of @ is
Ko=x(a)- [ &7 o(r)dr x(@').
R

Since ¢ is compactly supported, @(7) vanishes to infinite order as |r| — oo for
| Im 7| within any fixed bound and therefore, Q € ¥, *°((—o00,0]) by definition of
this space. Moreover, since ¢ is even, @(7) is also even, so Kq(z,2') = Kgo(2/, x),
which implies that @ is self-adjoint. Finally, by definition of the normal operator,
we have

N(Q)(r) = &(7).

Second, we note that T is a smoothing operator. To see this, observe that we
can identify T : V. — V with Ton : L?>(Y, Ey) — V, with 7 the orthogonal
projection of L?(Y,Ey) onto V. Since V. C C*(Y,Ey) is finite dimensional it
follows that T is a (finite rank) smoothing operator.

Third, we define the b-smoothing operator T e \I/b_oo(]/w\, E, F) supported on

the cylindrical end (—o0,0]; X Y by
(3.2) T=TQT e V,;>(M,E,F),

where @ is the self-adjoint operator given in (3.1). Note that T acts on the cross
section Y while @ acts on the cylinder part (—oo, 0], and I" simply maps F to F.
The normal operator of T is given by

(3.3) N(T)(r) = N(U' Q*T)(r) =T N(Q)(7)*T =T §(7)°T.
Now to the proof of Theorem 1.1. We shall prove Property (a) of Theorem 1.1
in Section 3.2 and then Properties (b) and (¢) in Section 3.3.

3.2. Relation of kernels and indices of D — T and Dr. Throughout this
section we denote the +1 eigenspace of T' by Ar. To prove that ker(D—T') = ker D
and ker(D — T)* = ker D%, we start off with the following lemma.
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LEMMA 3.1. If T is a self-adjoint linear map on V and W is a subspace of V',
then given any vy € W, the boundary value problem

v EHl((—O0,0],V), (a:v_QQT)'U:O» U‘Izl = Yo,

has a non-trivial solution if and only if vo € Apr "W, in which case, the solution is
unique and also takes values in A NW.

PrROOF. We can decompose Ay as Ay = Uy @ Uy, where Uy = Ar N W and
U, is the orthogonal complement in A7 of Uy. Thus, we can decompose the vector
space V and matrix T as

V=UyoU ®As, T=Idolde -Id.

Since we can decompose any element of H'((—o0,0], V) into functions taking values
in Uy, Uy, and A%, our lemma is proved once we show that there are exactly dim(Up)
non-trivial solutions to the boundary value problem

(3.4) v e HY((~o00,0], V), (aw - QQT)U =0, Ve €W

if v takes values in Up, and has no solutions otherwise. First suppose that v takes
values in A%. Since T'= —1 on A%, we have

(3.5) (ax + QQ)U(I) = 0.

By choosing a basis for W, we may assume that v is a scalar function. Also, since
0, and Q are real, we may assume that v is a real-valued function. Since v is an L?
solution of (3.5), elementary use of the Fourier transform can be used to show that
3v(0)%. Thus, multiplying

(3.5) by v dz, integrating from —oo to 0, and using that @ is self-adjoint, we obtain

v(xz) — 0 as x — —oo. This implies that f_ooo v vdx =

(3.6) %v(of + / 1Qu|2d = 0.

Thus, v(0) = 0 and Qv = 0. Setting Qv = 0 in (3.5), we see that v must be
constant. As v(0) =0, v must be the constant 0.

Now suppose that v takes values in U;. Since U3y NW = 0 and since v(0) € W,
we have v(0) = 0. By choosing a basis for Uy, we may assume that v is a scalar

function, and assuming as before that v is real, a similar argument used to prove
(3.6) shows that

%v(0)2 - / 1Qu|2dz = 0.

Since v(0) = 0, Qv = 0. Arguing as in the previous case shows that v = 0.

Thus, we are left with the case that v takes values in Uy. As before, we may
assume that v is a scalar function by choosing a basis for Uy, in which case v is in
the kernel of the one-dimensional operator

A=0,—Q* on (—00,0].

So, once we show that dimker A = 1 on H'((—00,0]), our proof is complete. More-
over, since () = 0 near x = 0, a function in ker A must be constant near z = 0, so
for purposes of investigating ker A, we can put Neumann boundary conditions at
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x = 0. Recall that the normal operator of A is invertible for all real parameters.
Thus, Theorem 2.2 implies that®

A+ H'((~00,0]) — L*((~00,0])
is Fredholm. Now observe that
A= -0, -7,
as an operator, together with the Dirichlet boundary condition at x = 0. The same
argument used to prove that there are no solutions to (3.5) proves that ker A* = {0}.

Since A is Fredholm, it follows that ind A = dimker A. Thus, it remains to show
that ind A = 1. To see this, consider equation (3.1) for Q:

Qu = x(x) / €7 B(r) () dr

and consider the following deformation of Q:
Quu = X(x)/ e o(tr)? xu(r) dr, te[0,1].
R

Then, since N (9, —Q;)(7) = —iT—@(t7)? is invertible for all 0 < ¢ < 1 and 7 € R, it
follows that 9, — @, is a continuous family of Fredholm operators for each 0 < ¢ < 1.
Equating the indices at t = 1 and ¢ = 0, we obtain ind A = ind(9, — x?). Again
using the fact that the index is stable under compact perturbations, we can replace
x? with H, where H(z) = 1 for x < —1, and H(z) = 0 for z > —1 and conclude
that ind A = ind A, where A = 8§, — H. Since A* = —§, — H, the same argument
used to prove that there are no solutions to (3.5) proves that ker A* = {0}. Suppose
that Af = 0. Then,

Solving this equation, we find that for some ¢ € C, f = ce” for x < —1 and
f=ce ! for x> —1. Thus, dimker A = 1. Hence, ind A = 1. O

‘We now come to the main theorem in this section.

THEOREM 3.2. The kernels D and D—T are canonically isomorphic. In fact,
each is canonically isomorphic to (Ar N Ac) @ ker D_¢. In particular,

dimker Dy = dim ker(ﬁ — f) = dim(Ar N A¢) + dimker D_c.

ProoOF. We first prove that ker D is isomorphic to (ArNA¢) @ker D_¢, then
we prove the same for D-T.

Proof for Dy: If u € ker Dy, then Du = 0 and H:£u|z:07 so that I u|,—0 =0
and IFu|,—¢ = 0. In particular, gu|,—¢ € Az. On the other hand, since Du = 0
and IT;u|,—¢ = 0, by definition of A¢, Ilpu|,—0 € Ac. Thus, pul,—0 € Ar N Ac.

The previous paragraph implies that ker Dy can be identified with the space
of pairs (v, w) in

(ArNAc)@{we HY(M,E); Dw =0, I w|,—o =0}
such that v = Hewl|,=¢. Denote this space by U. To see that U = (A7 N Ag) ®
ker D_¢, consider the map A 3 (v,w) —> v € Ar N Ag. Since v = How|z—o,
and since Iz = HJ_-C, the kernel of this map is exactly ker D_. This map is also

60f course, here we have an extra boundary at £ = 0 but this is the “compact end” where Q
vanishes and the usual elliptic theory can be implemented.
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surjective, for if v € Az N A, then by definition of A, there is a w € HY(M, E)
with Dw = 0 and I, w = 0 such that v = Ilgw|z=o. Thus, the following sequence
is exact:

0—kerD_¢ — U 5 ArnNAc — 0.
This proves our theorem for Dr.

Proof for D — T: Suppose that u € ker D. Let {g;} € C>®(Y,Ey) be the
eigenvectors of Dy with corresponding real eigenvalues {\;}. Then on the product
decomposition, M = (—00,0]s X Y, we can write u = . f;(z)p;(y) for some
fi € L*((—00,0]). Since D = T[d, + Dy] on the collar and since Du = 0, one
concludes that fj(z) = 0 if \; > 0, and f;(z) = c¢je” %% if A\; < 0, where ¢; is a
constant. Thus, u = Z,\j<0 cje”‘imgoj(y) on the collar. Since T acts only on V,
and since T is supported on the collar, it follows that Tu = 0. Thus, (ZA) — f)u =0
and u € ker(D — T).

Suppose that u € ker(ﬁ — f) \ ker D. Then, as D-T = [0, + Dy] — T
and T acts only on the kernel of Dy, as in the previous paragraph one can show
that on the collar, u = v(x,y) + Z/\j<0 cje”\fmgoj(y), where v(z,y) # 0 takes
values in V and [['(d,) — T]v = 0. Since T is supported on (—oo, —1], v(z,y)
must be constant off the support of T. Now define © = u off of the collar and
v = v(0,y) + Z/\j<0 e %c;p;(y) on the collar. Then 9 and Do = 0. Thus,
by definition of the scattering Lagrangian, v(0,y) € Ac. Thus, v is a non-trivial
solution to the boundary value problem

[T(0,) = Tlo =0, v|s—o € Ac.
By Lemma 3.1, there are exactly dim(Ar N A¢) independent solutions to this
boundary value problem, occurring only when v € Ar N Ag. It follows that
ker(ﬁ - ZA“) \ ker D =ArnAc. Finally, by definition of the scattering Lagrangian
(see (1.3)) it follows that ker D = ker D_¢. Thus, ker(ﬁff) = (ArNA¢g)@ker D_¢
and our proof is now complete. 0

REMARK 3.3. A similar proof can be used to show that the kernels of the
adjoints (Dp)* and (D — T)* are canonically isomorphic. The exact same proof
gives the same result in case M is odd-dimensional.

3.3. Proof of Theorem 1.1 and a general index theorem. We are now
ready to prove Theorem 1.1. We begin by recalling Theorem 1.1, which states
that there exists a b-smoothing operator T" such that Dy and the perturbed Dirac
operator D — T have the same index theoretic properties:.

(a) ker(ﬁ - f) = ker Dy and ker(D — f)* = ker(Dr)*.
(b) The operators
D-T:HYM,E) — L*M,F),
Dy : Dom(Dp) — L*(M, F)
are Fredholm with (by (a)) equal indices.
(¢) The following index formula holds:
1

(3.7) ind(lA) — f) =ind Dy = /M AS — 5[7’](Dy) —sign 7.
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Theorem 3.2 (see also Remark 3.3) proves Part (a), so we just need to prove
Parts (b) and (c). The statement about Dr in Property (b) follows from work in,
for instance, Atiyah, Patodi, and Singer [5] or Boofi-Bavnbek and Wojciechowski
[10], so we shall omit the proof of this fact. The Fredholm property of D — T in
Property (b) and the formula (3.7) follow from the next theorem, whose proof is
found in Sections 3.4 and 3.5.

THEOREM 3.4. Let R € \IIZ:OO(]\//.T7E,F) and suppose that N(R)(T)NZ I'R(7),
where R(t) € W~>(Y, Ey) is self-adjoint for 7 € R, and if Ry = R(0), then
Dy + Ry is invertible. Then

D+R:H'M,E) — L*(M,F)
is Fredholm and its index is given by
(3.8) ind(D + R) = /M AS - %U(Dy + Ry),

where AS is the Atiyah-Singer density and n(Dy + Ry) is the eta invariant of
Dy + Ry, defined through any of the definitions (2.2), (2.3), (2.4), for instance,”

1 oo
(3.9) n(Dy + Ry) = 7/ /2 Te((Dy + Ry)eft(DwaRy)Q ) dt.
T Jo

REMARK 3.5. The index formula (3.8) is similar to Melrose and Piazza’s cel-
ebrated families index theorem [42, Th. 1] in the simplest case when the base
manifold is a point. In this case (cf. Lemmas 8 and 9 in [42]), they consider a

b-smoothing operator of the form like our 7' in (3.2), but where T in (3.2) is a
very general finite rank operator adapted to a finite rank perturbation of the APS
projection II, connected with the notion of a spectral section.

To see that D + R is Fredholm, we observe that
N(D + R)(r) = T(it + Dy) + TR(r) = T'(iT + Dy + R(7)).
For 7 € R, the operator Dy + R(7) is self-adjoint, so N(ﬁ + R)(7) is automatically
invertible for 7 € R not zero and is invertible at 7 = 0 if and only if
Dy + Ry : H"(Y,Ey) — L*(Y, Ey)

is invertible. But this is invertible by assumption, therefore D + R is Fredholm.
The proof of the index formula (3.8) is given in Section 3.5 after we prove some
preliminary lemmas in Section 3.4.

Let us apply Theorem 3.4 to prove (b) and (c) above. Recall from (3.3) that

N(T)(r) =T 3()?T.

Then §(7)?T € U=(Y, Ey) is self-adjoint for 7 € R and since $(0) = [ ¢(z)dz >
0 (recall that ¢ > 0 with ¢(0) > 0) and T is an isomorphism on V = ker Dy,

DY - @(0)21—’ : HTn(Ya EY) - LZ(Y7 EY)
is invertible. Thus, according to Theorem 3.4, D — T is Fredholm and

ind(D — T) = /M AS — %n(Dy — 3(0)%T).

Tt may not be entirely obvious that the integral (3.9) is well-defined, but we shall see this
integral is well-defined in Proposition 3.9.
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If {)\;} denotes the eigenvalues of Dy and {u;} those of the finite dimensional
matrix 7', then the eta function of Dy — $(0)%T is

Z sign \; _ Z sign
Y

b
X, 20 151

which implies that
n(Dy — $(0)°T) = n(Dy) —signT.
This completes the proof of Theorem 1.1.

REMARK 3.6. The proof that D — T is Fredholm also works when M is odd-
dimensional. However, in this case D — T is self-adjoint so has trivial index.

3.4. Preliminary lemmas for the general index formula. The following
lemmas will be used in the next section to prove the general index formula (3.8).

LEMMA 3.7. Given any S € ¥~>°(Y, Ey), we have
e~ HDYHS) = =tDY | tT(t),

where T'(t) € C*([0,00); U~>(Y, Ey)). Moreover, if S depends continuously on
parameters, then so does T(t).

PROOF. With F(t) = e~ “Pv+5) _ ¢=tDY we obtain

(0 + (DY + S)F(t
As F(0) = 0, by Duhamel’s Principle, F(t) = — f e~ (t=9)(DY+5) ge=sDY (5. Since
S € U=°(Y, Ey), we have Se=*P¥ € C°°([0,00),; U=°(Y, Ey)) by the proper-
ties of the heat operator e~P%. It follows that F(t) = tT(t), where T(t) €

C>(]0,00); U~°(Y, Ey)). By our proof, it follows that if S depends continuously
on parameters, then so does T'(¢). (]

) tD%, )

REMARK 3.8. We have stated this theorem for operators on Y because we will
use this lemma immediately in Lemma 3.10, but this argument works equally well
on M: Given any S € ¥,"*(M, E), we have

e HD"DES) — o=tD"D 4y (y),

where T'(t) € C“([O,oo);\llb_oo(]/w\, E)). Moreover, if S depends continuously on
parameters, then so does T'(t). A similar statement holds for e *(PP"+5) when
S €U, >(M,F).

PROPOSITION 3.9. If S € U~°(Y, Ey) is self-adjoint, then the eta integral
1 o0
(3.10) 1(Dy + S) = ﬁ/o 12 Tr((Dy + S)e—tDv+9) ) gt
is absolutely convergent.

PROOF. Since Dy + .S is elliptic and Y is compact without boundary, Dy +.5 is
Fredholm, so the usual arguments [40, Ch. 9] show that Tr((Dy + S)e~{Py+9%)
decays exponentially as t — oo.

We now prove that t=2/2Tr ((Dy + S)e~“Py+5)%) is also absolutely integrable
near t = 0. If S = DyS + SDy + S2 € U=°(Y, Ey), then e tDy+8)* —
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e~tDPY+5)  Thus, by Lemma 3.7, e {Dv+9? = ¢—tDy 4 tT(t), where T(t) €
C*([0,00); T~°°(Y, Ey)). Therefore,

(DY + S)e—t(Dy+S)2 _ Dye—th, + K(t)7

where K (t) = Se~tP% +-t(Dy +S)T(t). Note that K (t) € C*([0, 00); U=°(Y, Ey)),
which implies that Tr(K(t)) € C*([0,00);), and therefore t~1/2 Tr(K (t)) is abso-
lutely integrable near ¢ = 0. By the ‘local index theorem for odd-dimensional
manifolds’, see Bismut and Freed [6] or Melrose [40, Th. 8.36], Tr(Dye ‘P¥) €
t1/2C°([0,00);). Thus, /2 Tr (Dy + S)e~HPv+9?) is integrable near t = 0. O

We need two more lemmas before presenting the proof of the general index
formula (3.8). These proofs can be skipped without losing continuity.

LEMMA 3.10. Let A(r,7) = Dy +T(r, ), where T (r,T) is continuous in (r,T) €
[0,1]xR and bounded as a function with values in ¥~>°(Y, Ey). Assume that T (r,T)
is self-adjoint and A(r,T) is invertible for all (r,7) € [0,1] x R. Let
(1) B(r,7) = A(r,7), or let
(2) B(r,T) be continuous in (r,7) € [0,1] xR and bounded as a function with values

in U= (Y, Ey).

Then for all (r,7) € [0,1] x R, the integral

n(r,t) :/Tr(B(r,T)e_the_tA(T’T)Q)dT
R

exists as an absolutely convergent integral and n(r,t) decays exponentially ast — oo
and is O(t~1/?) as t — 0, both uniformly in r € [0,1].

PrOOF. We begin by splitting up the integral into the parts where the inte-
gration variable is bounded and unbounded:
77(T7 t) =M (T7 t) + 2 (Ta t)7

where, provided the following integrals exist,

m(r,t) :/ Tr(B(r, T)e*tTQe*tA(”’T)Q)dT,
[T]>1

no(r,t) = / Tr(B(r, T)eftﬁ@*tA(“T)Q) dr.
[T]<1

We shall analyze each of these integrals separately. Consider first the analysis of
m. For this, we need some bounds on the heat operator e~t e~tA(™°  Since
A(r,7) = Dy + T(r,7) is self-adjoint and invertible, the operator (Dy + T(r,7))?
is positive, so we can write

(3.11) eTtAmT)? = L/ e_f‘)‘((Dy +T(r,7))* — )\) ' dA

2 Jy
where T is any counter-clockwise contour in the complex plane around the positive
real axis. Since T'(r,7) is continuous in (r,7) € [0,1] x R and is bounded as a
function with values in W~>°(Y, Ey), the explicit resolvent construction in, for
example Grubb [20], Grubb and Seeley [21], or Loya [31], shows that we can write

(Dy +T(r,7))2 = A"t =Q(\) + R(r, 7, \),

where Q()\) is a pseudodifferential operator of order —2 living in an appropriate
parameter-dependent pseudodifferential calculi, and where R(r, 7, \) is continuous
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in (r,7) € [0,1] x R and is bounded as a function with values in ¥~°°(Y, Ey) and
decays in A to order —1 uniformly as |A\| — oo in sectors bounded away from the
positive real axis. Using the contour integral (3.11) and repeated integration by
parts, one can show that for any € > 0, the heat operator e~tAM? i5 of the form
et x a function that is continuous in (r,7) € [0, 1] x R and is bounded as a function
with values in ¥~°°(Y], Ey). With this fact established, we can now analyze n (r).
Observe that

L 2 /°° 2 2 /°° 2 2,
e dr = — e T dr < — Te T dr = —e ",
/|T|21 Vit Vit Vit Vit Vit

It follows that for any 0 < ¢ < 1, for some constant C' we have

S 26(571)25.

/ Tr(B(r, 7')67”267“4(“7)2) dr
[7|>1

The function on the right decays exponentially as t — oo and is O(t~'/2) as t — 0,
both uniformly in r € [0, 1].
We now analyze 7s:

(3.12) na(r ) = / Te(B(r, 7)e~ " e HACD) drdt.
ri<1

First of all, we note that since A(r,7) is by assumption continuous in (r,7) €
[0,1] x R and invertible, it follows that e~ vanishes exponentially as t — oo
uniformly in (r,7) € [0,1] x R. In particular, the integral (3.12) defining n2(r,t)
is absolutely convergent for ¢ integrated over [1,00). Thus, it remains to analyze
the integral (3.12) for ¢ over the bounded interval [0,1]. If B(r,7) is continuous in
(r,7) € [0,1] x R and is bounded as a function with values in ¥~°°(Y, Ey ), then
the integrand of 7o (r, t) involves the trace of an operator of order —oo; this trace is
certainly a continuous function of (r,7) € [0,1] x [-1,1] and ¢ € [0, 1]. Suppose now
that B(r,7) = A(r,7) = Dy +T(r,7). Since A(r,7)?> = D} + R(r, ) where R(r, )
is continuous in (r,7) € [0,1] x R with values in ¥~>°(Y, Ey), according to our
Lemma 3.7, for some S(r,7,t) that is continuous in (r,7,t) € [0,1] x xR x [0, 00)
with values in U~>°(Y, Ey), we can write

e~ tAT)? _ o—tDY +tS(r,T,t).
Hence, we can write
Tr(A(r, 7)e ATy = Tr(Dy e 0% ) + £ S(r, t, 7),

where S(r, 7,t) is continuous in (r,t,7) € [0,1] x R x [0, 00). Since Tr(Dy e PV) =
O(Vt) near t = 0 (the ‘local index theorem for odd-dimensional manifolds’) it
follows that the integral (3.12) decays exponentially as t — oo and is O(t~'/?) as
t — 0, both uniformly in r € [0,1]. Our proof is now complete. O

‘We need one more lemma.

LEMMA 3.11. Forr € [0,1] and t > 0, define
¢(r.t) = / Tr((Dy + é(r7))e‘”2e—t(DyHN%(rT))?)dT
R

—/Tr(TaTISL(rT) e_the_t(D"JrE(”))?)dT,
R
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where E(T) 1s given in Theorem 3.4. Then

(3.13) iC(Ta t) = a 2tr/ Tr(rd, R(rT) e~ tT?—t(Dy +R(r7))? Ydr .
dr dt R

PROOF. This proof is similar to that found in Melrose and Piazza [42, Prop.
13]. First of all, by Lemma 3.10, both integrals defining ¢((r,t) is absolutely con-
vergent. To simplify the above formulas, define B = B(r,t,7) = t'/2(Dy + R(r7))
and L = 2t'/20, — t~%/279,. Then it is a straightforward to show that LB =
Dy + R(r7) — (70, R)(r7). Hence, we can write

C(rt) = /]R Tre(LBe '™ 5% ) dr.

We now prove (3.13). To simplify notation, we shall denote derivatives with respect
to r by dots. Observe that

(3.14) ¢(r,t) = / Te(LBe " B ) dr + / Tr (LB ie—t72—32> dr.
R R dr

By Duhamel’s principle, the second term on the right is given by

d
(3.15) /RTr (LB 56”232> dr =

1
- / / et Tr(LB emuB? (B-B+B- B)ef(lfu)BQ) dudr.
R J0

Plugging in L = 2t'/29, — t~'/279, and then integrating by parts in the 7 variable
shows that the first term on the right-hand side of (3.14) is

/ Tr(LB et =B )dr =
R

4 {/ Tr(2tY/%B et B )dT} - / Tr(B Le i7" =B )dr.

One can check that Le—t7"=B" = ¢=t""Le=B” 50 Duhamel’s principal applied to
the second term on the right of this equation gives

: d .
(3.16) / Te(LBe™™ 7 )dr = = { / Tr(2e /2B o7 5 )dT}
R dt | Jr
1
+ // et Tr(B e—uB2(LB -B+B- LB)e‘(l_“)BQ)dudT,
R JO

Combining (3.16) and (3.15) and using the fact that the trace vanishes on commu-
tators, we arrive at

((t,r) = % {/RTr(Ztl/QB et B )dT} .

Finally, using the definition of B, we get (3.13). O
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3.5. Proof of the general index theorem 3.4. The proof of the general
index formula (3.8) in Theorem 3.4 proceeds as in Section 2.5. Define A =D + R
and consider the difference of the heat b-traces

h(t) = "Tr(e™"4"4) — Mx(e~447).
We shall prove that h(t) has following amazing properties:
(1) lim Ah(t) = ind( D+R)

t—oo

(2) hmh /AS

3) / W(tydt = —n(Dy + By).

We verify these properties one by one. Now just as in the invertible boundary
operator case (Section 2.5), Property (1) follows from the “standard” theory [33,
Appendix|. Consider Property (2). To prove this, we first observe that

A*A=(D+R)*(D+R)=D*D+ S,

where S = R*D + D*R + R*R € \I/b_‘x’(]\/i\, E). Second, we apply Remark 3.8 to
conclude that

eftA*A _ eftﬁ*ﬁ +tT1(t),

where T (t) € C*°(]0, 00); \Ifb_o"(]\//j, E)). Applying the same arguments to AA*, we
obtain a similar conclusion:

e tAAT = eftf)f)* + tTo(t),

where T5(t) € C*([0, 00); \Ilb_oo(ﬂ, F)). It follows that

Ti(1)) — "Te(e™PP") = £ " Te(Ta (1))
= "Tx(e D7Dy — Tr(e PP 4 O(t).

Therefore, by the local index theorem as discussed in Section 2.5, we obtain

lim h(t) = lim (bI‘r(e_tﬁ*ﬁ) — bTr(e_“ﬁf)*)) = / AS

t—0 t—0 M

)

as required, and (2) is proved.
It remains to prove Property (3) where we again see the b-trace in action.
Following the exact same argument as we did in (2.28), we obtain

B (1) = "Tr([A4, A%,

which, by the trace-defect formula, is given by

i 11
h'(t) = — t,7)dr = —= - — t,7)d
(t) 27T/]Rn(,T)T 5 7m R77(77) T

where

0(t.7) = Tr (0-N(A)(7) N(A™)(7) N(e~4)(r) ).
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Thus,

ind(D + R) = h(cc) = h(0) + /oo n'(t)dt
0

(3.17) :/ AS — 1 ‘na withng = i/ /n(t,T) dr dt.
M 2 1 Jo R

Therefore, it remains to directly work out the integral n4 and prove it is equal
to n(Dy + Ry). This proves (3) and completes the proof of Theorem 3.4.

LEMMA 3.12. We have
1 o0
(3.18) — / / n(t,7)dr dt = n(Dy + Ry).
mJo  JR

PROOF. In order to lessen confusion when we get to equation (3.19) below,
we first claim that we may assume R(7) is even. To see this, we write R(T) =
S(7) 4+ T(7) where S(7) is even in 7 and T'(7) is odd in 7 and both are self-adjoint
for 7 € R. We can choose a smooth family of b-smoothing operators R; with
t € [0,1] such that R; = R and N(R;)(r) = T'R,(7), and satisfies

Ry(7) = S() +tT(7).

Since T(7) is odd in 7, T(0) = 0, so R(0) = R(0) = Ry. By the Fredholm part of
Theorem 3.4 (which we already proved) it follows that
D+R,: HY(M,E) — L*(M, F)

is a continuous family of Fredholm operators. Since the index is invariant under
continuous Fredholm perturbations, we have

ind(D + R;) = ind(D + R)

for all t € [0,1] and therefore ind(ﬁ + Ry) = ind(ﬁ + R). Applying the same
argument as we did to prove (3.17) but now to D+ Ry and using that ind(D+ Rg) =
ind(ﬁ—i—R), we see that 14 = np, p . Thus, by proving that np , = n(Dy + Ry),
we may assume that R(7) is even in 7.
Now back to our proof. First, we work out
n(t,7) = Tr (0, N(A)(7) N(A")(1) N(e 4)(r) ).

Observe that for 7 € R, we have N(A)(r) = I'(ir + Dy + R(r)) and N(A*)(r) =
(=it + Dy + R(7))I'". Hence, 0;N(A)(1) = I'(i + 0;R(7)) and N(AA*)(1) =
(72 + (Dy + R(7))?)I'*. Thus, after simplification, we can write
0(t,7) = Te((i + 0, R(1)) (it + Dy + R(7))e "7 e HPy+ROD?)
— Tr((Dy + R(r))e 7 e H(Py+RM)?)
— Tr(T@TITE(T)e_”Qe_t(DY""é(T))z) + (¢, 7),
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where £(t,7) is odd in 7. Since the integral of an odd function over R is zero, we
have

1 [ ~ .
(3.19) 7a=— / / Tr((Dy + R(7))e '™ e " Py +RI)*y gray
m™Jo Jr

- l/ /Tr(T@TE(T)efhzeft(DYJrR(TW)det.
m™Jo JR

By the way, according to Lemma 3.10, each of the integrands on the right are
absolutely integrable over (¢,7) € [0,00) x R. Second, we now use a homotopy
argument to complete our proof that n4 is the eta invariant of Dy + Ry. To this
end, for r € [0,1], let {(r,t) be the function in Lemma 3.11 and define

((r) = %/0 C(r,t)dt = %/0 /RTr((Dy + E(M’))e*”rze*t(DYJrE(”))Q) drdt

1 [ ~ - )
— —/ / Tr(T@TR(TT)eftTQeft(D"JrR(”))z) drdt.
™Jo JR

Then 7n(1) = n4 and by Lemma 3.10, {(r) is a continuous function of r € [0, 1].
Since the second term of {(r) vanishes at » = 0 and since fR et dr = m, we
have 1(0) = n(Dy + R). Third, we shall prove that {(r) is in fact constant, which
implies that

na = (1) = ¢(0) = n(Dy + Ry).
To prove that ((r) is constant, we begin with the derivative formula (3.13) in
Lemma 3.11 which shows that for any a,e > 0,

4 /C(r, t)dt = /iC(r, t)dt = 2ar/ TI“(T@-,—E(TT) e—ar’—a(Dy+R(r7))? )dr
dr J. - dr R

_ 257«/ TI'(T@-,—E(TT) e—st—E(Dy-FIN%(T’T))Z ) dr.
R

Now Lemma 3.10 shows that the two terms in this equation vanish as a — oo and
as € — 0, respectively, uniformly in r € [0, 1]. Interchanging derivatives and limits
it follows that ((r) is differentiable in r, and

d 1d [~ 1 d [¢
%C(T)Z /0 C(r,t)ydt == lim d—/6 ¢(r,t)dt =0,

7 dr T a—oo, e—=0 dr

so ((r) is constant, and our proof is complete. |

4. The eta invariant

In this section we prove Theorem 1.2. We start this section by defining b-eta
invariants for Dirac operators perturbed by b-smoothing operators. We then review
Vishik’s technique of rotating boundary conditions as a means to prove Theorem
1.2. We end this section with one more presentation of the trace-defect formula in
action by deriving the variation formula for eta invariants.

4.1. b-eta invariants. Throughout this section we will use the same assump-
tions and notations from Section 1.2 of the introduction. Let D and D be Dirac
operators on sections of a (single) vector bundle E = F over an odd-dimensional
Riemannian manifold with boundary as discussed in Section 1.2 and let T' € L(V).



BOUNDARY VALUE PROBLEMS AND THE B-CALCULUS 33

Define a b-smoothing operator T’ € \I/;°<’(]\//.77 E.E) = \II;OO(J\/Z, E) just like in Sec-
tion 3.1. We shall prove that this operator satisfies the conditions of Theorem
1.2; namely that Dy and the perturbed Dirac operator D — T have the same eta
invariant theoretic properties:

(a) ker(D — T) = ker(Dr).

(b) (D —T) =n(Dr).
(¢) The following surgery formula holds:
(D~ T) =n(Dr) = n(D-¢) +m(Ar, Ac),
where C is the scattering matrix.
By Theorem 3.2 in Section 3.2, see Remark 3.3, we conclude that Property
(a) holds. Before considering Parts (b) and (c), we first need to define the b-eta
invariant of the operator D — T, cf. Melrose [40, Sec. 9.7]. It turns out that the

operator D —f, although Fredholm (see Remark 3.6), has continuous spectrum and
not discrete spectrum, due to the fact that M has infinite volume. Thus, its eta
invariant cannot be defined in terms of a corresponding eta function in the same
way as in the case of a manifold with boundary with boundary condition as in (1.7)
or a manifold without boundary as in (2.2). However, we can still try to define the
eta invariant via the heat trace integral (2.4):

~ o~ 1
T = 7,

For t > 0, the operator (13 — f)e_t(ﬁ_f)2 is a b-smoothing operator which is not
trace class, cf. our discussion in Section 2.4; thus, the quotation marks. However,

=2 T ((D — T)e~*P=17 ) gp. »

being a b-smoothing operator, the b-trace of (ﬁ—f)e’t(ﬁ*ﬂ2 does exist. Replacing
the trace Tr vAvith :u\he b-trace “Tr in the above formula defines what we call the b-eta
invariant of D — T

ProOPOSITION 4.1. The integral
o 1 00 L o
(4.1) (D —T):= 7/ 12 (D — T)e P10 ) 4t
™ Jo

is absolutely convergent. This integral defines the b-eta invariant ofﬁ ~T.

Proor. By Remark 3.6, D-Tis Fredholm, so the standard arguments [40,
Ch. 9] show that “Tr( (ﬁ - 1/;)6_‘5(15_:?)2 ) decays exponentially as t — oo.

The proof that "Tr( (D — f)e_t(f)_?)2 ) is also absolutely integrable near t = 0
follows the same argument used in Proposition 3.9. (]

Now back to Parts (b) and (c¢). We already mentioned in the introduction that
the formula

'"W(D - T) = n(D-c) + m(Ar, Ac)

is proved in Loya and Melrose [33]. Thus, to complete the proof of our theorem,
we just need to prove that

n(Dr) = n(D-c) +m(Ar, Ac).

In order to prove this, we will employ Vishik’s technique of rotating boundary
conditions [58] as presented by Briining and Lesch [12].
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4.2. Review of rotating boundary conditions. Fix T € L(V), and fix
0 < a < 1. We will denote the left half of © = a, {p € M ; x(p) < a}, by M;, and
the right half of © = a, {p € M ; x(p) > a}, by Ms. (Here, we assume that x > 1
off the collar.) Thus, M; = [0,a], x Y, and near M, we have My = [a,1), X Y.
The main idea in proving Theorem 1.2 is to separate the eta invariant n(Dr) into
an eta invariant on M; and an eta invariant on M,. This separation is achieved
by “twisting off” the end M; from the manifold M, and thus separating M into
the two parts M; and Ms. Analytically, this twisting is carried out by defining a
family of rotating boundary conditions at x = a as follows.

Given 6 € [0,7/4], we denote by D(6), the Dirac operator D with domain
Dom(D(f)) consisting of pairs of functions (u1,uz) € HY(My, Ey) ® H'(Ma, E),
where Ey := E|,—¢, such that at © = 0, we have

(4.2) T us[p—0 = 0,

and at x = a, we have

(4.3) sin9H10u1|w:a = 0089H10u2|m:a,
(4.4) cos 0 Ty | g = sin O TTus | g

Here, C is the scattering matrix, and for any S € £L(V), II{ := Il + I, where
II. are the orthogonal projections of L?(Y,Ey) onto the positive and negative
eigenspaces of Dy respectively, and where Hg: the orthogonal projection onto I'Ag.
Then,

D(6) : Dom(D(#)) — L*(My, By) @ L*(Ms, F),
by restricting D to each of the factors H'(M;y, Ey) and H'(M,, E).

To understand the boundary conditions above, let us consider them at the two
end points, § = 7/4 and § = 0. Note that at § = 7/4, (4.3) and (4.4) imply
that u1|z—q = ug|z=q. Thus, (u1,u2) can be considered as a function on M that
is continuous across x = a. For this reason, the boundary condition at x = a for
0 = /4 represents the continuous transmission condition. In particular, it follows
that Dom(D(7/4)) can be identified with Dom(Dr), and hence,

n(D(7/4)) = n(Dr).
Consider now D(0). Indeed, from (4.2), (4.3) and (4.4), we can write
Dom(D(0)) = {(u1,uz) € H'(My, Ey) @ H*(My, E) ;
H£u1|z20 = Oa ngl'r:a = 07 H-T-cu2|:c:a - 0}
Thus, Dom(D(0)) separates into two parts:
(4.5) Dom(D(0)) = Dom(D(T, C)) & Dom(D_¢),
where D(T, C) is the Dirac operator D = I'(d, + Dy) restricted to M; with domain
Dom(D(T,C)) = {u € H'(My, Ey) ; T u|,—o =0, T%u|,—, = 0},
and where 5—6‘ is the Dirac operator D restricted to Ms with domain consisting
of those u € H*(M,, F) such that H;Cu\l.:a = 0. Hence, the boundary conditions
(4.3) and (4.4) “twist” from the continuous transmission conditions to separation

boundary conditions as the parameter 6 decreases from 7/4 to 0. From (4.5), it
follows that n(D(0)) also splits into two pieces:

n(D(0)) = n(D(T,C)) +n(D—c).
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By Proposition 2.16 of Miiller [45], we have n(D_¢) = n(D_¢), where D_g¢ is
the Dirac operator on M with domain consisting of those u € H'(M, E) such that
H;Cu|$:0 = 0. Also, by Theorem 2.1 of Lesch and Wojciechowski [27], we have
n(D(T,C)) = m(Ar, Ac). We will see in the next section that the eta invariant of
D(#), for each 6 € [0, 7/4], can be defined, and that n(D(#)) is constant in #. Thus,
once we show that n(D(#)) is constant, Theorem 1.2 is proved:

n(D-c) +m(Ar, Ac) = n(D(0)) = n(D(r/4)) = n(Dr).

We show that 7n(D(0)) is constant in the next section.

4.3. Proof of Eta Invariant Theorem 1.2. The proof that
n(Dr) = n(D-c) + m(Ar, Ac).

follows the basic outline found in Briining and Lesch [12, Th. 3.9], which concerns
the eta invariant of the following problem. We will only present this result as it
pertains to our problem; the actual theorem is more general. Let D’ be a Dirac
operator associated to a Hermitian Clifford module E’ over a closed compact man-
ifold M’ such that Y is a hypersurface in M’. Suppose that Y = {a’ = a} for some
function z’ on M’, and that My is on the right-hand side of Y in M’ in the sense
that the set {#’ > a} C M’ can be identified with Ms, and such that over this set,
E' = E, and D' = D. Also suppose that Y has a collar (0,1),» x Y in M’ over
which D' = I'(0,» + Dy). Let M’ = {2’ < a} C M’ be the left half of M’'. We
define D'(6) to be the Dirac operator D’ with domain

3

uy, ug satisfy (4.3) and (4.4) at 2’ = a}.

Dom(D'(9)) := {(u1,u2) € H'(M', E") ® H' (M>, E);

In [12], the eta function (1.7) for D’(6) is shown to exist as a meromorphic func-
tion on C. (Actually, in [12], the boundary conditions on V' = ker Dy were held
constant, unlike in (4.3) and (4.4) where the boundary conditions on V are also
rotating; however, the arguments in [12] also go through for the situation described
here.) For 0 € (0,7/4), the eta function will in general have a pole at z = 0. How-
ever, the eta invariant of D’(f), for each 6 € [0,7/4], can still be defined as the
regular value of the eta function at z = 0. Then Theorem 3.9 of [12] states that if
dim ker D’(6) is constant, then n(D’(6)) is also constant.

The only difference between our problem considered in Section 4.2 and the
problem considered in [12] is that the compact manifold with boundary M’ is
replaced by the compact cylinder M; with a boundary condition at the left end of
the cylinder given by Hz. For this reason, proving that the eta invariant of the
operator D(f) considered in Section 4.2 can be defined for each 6 € [0,7/4], and
that n(D(0)) is constant if dimker D(0) is constant, can proceed exactly as in [12].
The details will be omitted in order to avoid reproducing the arguments of [12].
Thus, to prove Theorem 1.2 we are left to prove that dim ker D(6) is constant. This
is proved in the following lemma, which completes the proof of Theorem 1.2.

THEOREM 4.2. For each 0 € [0,7/4], we have
dimker D(0) = dim(Ar N A¢) + dimker D_¢.
In fact, ker D(0) is canonically isomorphic to (Ar N Ac) @ ker D_c.
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PRrROOF. Fix 6 € [0,7/4] and let u € ker D(#). Then we can write u = (u1,uz) €
HY(M,Ey) ® H'(M,, E), where Du; = 0, Dug = 0, and

(4.6) 7wy |—0 = 0,
(4.7) sin@erculLE:a = 0059H10u2|m:a,
(4.8) cos 0TI | p—q = sin O TTug |y

To prove this lemma, we need to analyze exactly what these boundary conditions
imply. Thus, recall that D = I'(0, + Dy ) on the collar [0,1), x Y in M. Since
Duy = 0, it follows that uy = vy + wy, where v; € ker Dy is constant in z, and
where wy(z) takes values in the nonzero eigenvectors of Dy and satisfies (0, +
Dy)wi(x) = 0. Also, since Duy = 0, on the collar [a,1), X Y in My we have
Uz = U3 + we, where vy € ker Dy is constant in z, and where wa(x) takes values
in the nonzero eigenvectors of Dy and satisfies (9, + Dy )ws(x) = 0. To show that
ker D(0) = (Ar N A¢) @ ker D_¢, we first show that wy is determined by ws.

To see this, let A be the eigenspace of Dy corresponding to a nonzero eigenvalue
A. Then the equation (9, + Dy )wi(x) = 0 implies that when projected onto
A, we have w(z) = e **w;) where wyy € A is constant in z. Similarly, when
projected onto A, we have wy(x) = e~% wyy where wyy € A is constant in z. By
condition (4.6), we must have wyy = 0 for A > 0. Thus, by condition (4.7), we
also have wyy = 0 for A > 0. Now condition (4.8) implies that for A < 0, we
have cosfwiy = sinfwsy, or wyy = tanfwsy. Hence, w; = tanfwsy, and wy is
determined uniquely by ws. Moreover, we also proved that I w; = Il ws = 0.

We now show that vo € Ac. Indeed, define @, € H' (M, E) by @iy := vo +w» for
x € [0,a), and g := us for x > a. Then it follows that Das = 0 and I ds|z—¢ = 0.
Thus, by definition of A¢, vy = Hpla|z—0 € Ac-

We next show that v7 € Ay N A¢ and sinf v, = cosOvqe. First, by (4.6), we
must have v; € Ar. Hence, as Hévg = 0 since vy € Ag, by condition (4.8) we
obtain Hévl =0, or v;1 € Agc. Thus, v1 € Ar N Ac. Finally, as ch = Ilg, we
have chvl = vy and HJ__C’UQ = v9, and hence by (4.7), sinf vq = cos 6 vs.

The previous three paragraphs imply that ker D(0) can be identified with the
space of pairs (v, w) in

(ArNAc)@{we HY(M,E); Dw =0, I w|,—o =0}
such that sinfv = cos @ Ilcw|,—o. Denote this space by U(#). Observe that since
He = O, if 6 = 0, then U(0) = (Ar N Ac) @ ker D_¢. To see that U(f) =
(ArNAg)@ker D_¢ for 6 € (0, /4], for such 6, consider the map U(6) > (v, w) —
v € Ar N Ac. Since sinfv = cos Hew|,—p, and since Mg = HJ_-C, the kernel of
this map is exactly ker D_. This map is also surjective, for if v € Ap N A¢, then

by definition of Ac, there is a w € H'(M, E) with Dw = 0 and IT, w = 0 such that
sinf@v = cos @ llcw|y—o. Thus, the following sequence is exact:

0 —kerD ¢ — U(f) =5 ArNAc — 0.
Our lemma is now proved. (Il

4.4. Variation of the eta-invariant. In this last section we use the b-trace
and the identity (D — T) = n(Dr) to derive the variation formula for the eta
invariant n(Dr).
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THEOREM 4.3. Let T(r) € L(V), r € [0,1], be a smooth family such that

—

dim ker(D — T/(;)) is constant, where T(r) is as in Section 8.1. Then (D — 7:(?))
is smooth for r € [0,1], and

d ~ 1 .

— (D = T(r)) = —te(TH(r)T*(r)7"),
dr i

where T+ (r) = LT+ (7).

(4.9)

Using the equality bn(ﬁ — T/(;)) = n(Dr(ry), we immediately get the following
variation result first proved by Lesch and Wojciechowski [27].

COROLLARY 4.4. Let T(r) € L(V), r € [0,1], be any smooth family such that
dimker D,y is constant. Then (D) is smooth for r € [0,1], and

(110) (Drry) = ()T ()7,

ar !
where T+ (r) = LT+ (r).

We can also use the surgery formula n(Dp(,)) = n(D—_c) + m(Ap), Ac) and
the variation of the matrix quantity m(Ap(), Ac) to derive the same result, but
the proof of Theorem 4.3 might be of interest since the proof is independent of this
formula and it gives one last performance of our hero, the b-trace.?

The proof of this theorem is a consequence of the next two lemmas. In the

following two lemmas, we denote D — ZF(?) by A= A(r).

LEMMA 4.5. With A = diTA, we have
d ~1/2 b —tA? d 1/2 i, —tAZ
4 A }:-{Q/brAf} (D),
dr{t r(Ae )} = 2 {202 MTr(Aem )} (1)
where ., (t) is given in terms of the b-trace of commutators via

(4.11)

t
(4.12) o, (t) =72 "Te[Ae 94 Adeo4ds
0

t
— 2 [Tr[A2e_(t_S)A2,Ae_SAQ]ds.

0
PRrROOF. We follow the proof of Melrose [40, Prop. 8.39]. First, note that
d -1/2 —tA%\ | _ ,-1/2 i —tA? —1/2 d a2
(4.13) %{t Tr(Ae )} =t "Tr(Ae™ ) + ¢ Ty A%e .

Second, noting that
(8 + A?) ( di A) = (AA+ Ad)e™4,

we use Duhamel’s principal to obtain

d t . .
(4.14) —et = / eI (AA + AA)e™ N ds.

dr o
Plugging (4.14) into the second term on the right of (4.13), and then using the
trace identities

MTu(Ae~(94° A 4em54%) = PTr(AA2e4%) 4 PTe[Ae= (-4 faes ),

8This technique might also be useful to those who find finite dimensional matrices difficult :)
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bTr(Aef(tfs)A?AAefsﬁ) _ bTr(AAZ(iftA?) + bTr[A2ef(tfs)A27A675A2]7
it follows that
d -1/2 —tAZ\ | _ d 1/2 i, —tA?
o {t "Tr(Ae )} = {2t "Tr(Ae )}
t t
712 [ Ae A AAe A ds — 4712 P [A%em (A e oA g,
0 0
This proves our lemma. ([

The following lemma proves Theorem 4.3.

LEMMA 4.6. If 1o, r1 € [0,1], then

(D —T(r)) — (D — T(r)) = % /Tl (T ()T (1)) dr.

ProoF. Using the definition of the b-eta invariant, we can write

(A(r1)) = "(A(ro)) = lim %/ / 1 diit’lﬂ "Tr(Ae™ ) dr dt.

a— 00

€l0

Now by (4.11),

/ %{til/2 bTr(AeftAz)}dt = 2q*/? bTr(AefaAz)

C 212 My ety 4 / a,(t) dt,

where a,.(t) is given in (4.12). Since A(r) is Fredholm and its kernel has constant
dimension by assumption, the proof used in Proposition 8.39 of [40] shows that

2a1/2 "Tr(Ae=*4*) — 0 as a — oo and since A = %f(?) € \pb—‘”(z\?, E), it follows
that 2¢'/2 I’I‘r(Ae_EA2) — 0 as e | 0. Now the fact that

is

/ T ap(t) dt = (T ()T
0 1T

a direct computation using the explicit formula (4.12) for «..(¢) in terms of b-

traces of commutators and the trace-defect formula in Theorem 2.5. The details of
this computation can be found in Loya and Melrose [33] or left for the reader. O
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