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ABSTRACT. The goal of this paper is to establish a geometric program to study
elliptic pseudodifferential boundary problems which arise naturally under cut-
ting and pasting of geometric and spectral invariants of Dirac type operators
on manifolds with corners endowed with multi-cylindrical, or b-type, metrics
and ‘b-admissible’ partitioning hypersurfaces. We show that the Cauchy data
space of a Dirac operator on such a manifold is Lagrangian for the self-adjoint
case, the corresponding Calderdén projector is a b-pseudodifferential operator
of order 0, characterize Fredholmness, prove relative index formulee, and solve
the Bojarski conjecture.

1. INTRODUCTION

The purpose of this paper is to establish the geometric theory of elliptic pseudo-
differential boundary problems for Dirac type operators on manifolds with multi-
cylindrical end boundaries. The main impetus for this theory is to develop Fred-
holm and spectral theory and derive gluing formulas for the index, eta invariant,
and (-determinant of Dirac type operators on such manifolds. In this paper, we
focus on the Fredholm theory. We show that the Cauchy data space of such a
Dirac operator is Lagrangian for the self-adjoint case, the corresponding Calderén
projector is a b-pseudodifferential operator of order 0, and we prove relative index
formulze and solve the Bojarski conjecture for such manifolds. In the forthcom-
ing articles [20], [21] we study the relative and gluing formulee for the spectral
invariants, respectively, for such manifolds.

We begin by describing geometrically our class of manifolds. An n-dimensional
compact manifold with corners X is a compact topological space locally modelled
on [0, 00)% x RZ"“, where k£ can run between 0 and n, such that X has only finitely
many boundary hypersurfaces, say {Hy, Hy,..., H,}, where each H; is imbedded
in the sense that near the hypersurface H;, we have

(1.1) X201, xH;, , i=1,2,...,r , H;={x; =0}.

i

We make the assumption that X is connected and Hy is an admissible boundary
hypersurface (this can be disconnected), which simply means that HyN H; # & for

i=1,...,7; see Figure 1 for examples of manifolds with corners and choices of Hy.
For future convenience in establishing gluing formulas we assume that near Hy,
(12) X = [_LO]u X H() s HO = {u = 0}
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FIGURE 1. Two examples of three-dimensional manifolds with cor-
ners (each figure is solid). On the left, all the hypersurfaces are
admissible, but we choose Hy to be the right ‘cap’. On the right,
Hy and Hj are admissible, but H; and Hy are not.

How do these manifolds arise? They arise very naturally. One example is to take a
(solid) soda can: the round portion is admissible and the top and bottom are not
admissible. A related example is to take the soda can and stand it up, then slice
it from top to bottom; each piece is a manifold with corners and the newly formed
flat side is admissible as seen in the right picture in Figure 1 where we only show
the left piece of the cut soda can.

We now put an ezxact b-metric g on X that geometrically pushes each hypersur-
face H;, i = 1,...,r, out to infinity and which is smooth up to Hy; thus the ‘b-’

refers only with respect to Hy,..., H,. This means that the metric g is smooth up
to Hy and the metric degenerates up to each H;, i = 1,...,r, as follows:
K
dziN\ 2
1.3 - ( ) Th
(1.3) 9 Zl . ,

where h is a smooth symmetric two-form on X. Explicitly, pick a point p € X, let
us say p € HyN Hy N ---N Hy, and p is in no other hypersurfaces; then we assume
that there is a common decomposition stemming from (1.1) and (1.2) such that
near the point p we can write

(1.4) X = [-1,0], x [0,1]F x Y,

where Y is the component of HyNH;N- - -NHy, containing p. Then in this coordinate
patch, g can be written as

15 g=atwr i+ (T o (T by,

1 T
where a is a smooth positive function (even smooth and positive when u or any x;
is zero) and h is a symmetric two-form on X that is smooth near p. There is a
similar description of ¢ in other patches away from Hy.

This is the ‘compact viewpoint’; there is a ‘noncompact viewpoint’ in terms of
attaching cylinders that might be easier to understand. Let us make the change of
variables t; = log x;. Observe that when x; =1, t;, = 0 and as z; — 0, t; — —oo.
Therefore, under this change of variables, the coordinates (1.4) and the metric (1.5)
near the point p take the ‘multi-cylindrical’ forms:

X =2 [~1,0], x (—o0,0]f x Y,
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where over this patch,

g =d (u,t,y)du® 4+ dt3 + -+ dt2 + I/ (u,t,y).

Here, a/(u,t,y) = a(u,et,y) and h'(u,t,y) = h(u,et,y) where we define ¢! =

(efr,...,e*). One can work in this ‘noncompact viewpoint’ but we choose to work
under the compactified viewpoint because from this perspective we have Melrose’s
b-calculus machine [23] at our disposal.

We emphasize that b-metrics of the sort (1.3) arise very naturally under cutting:
Take a solid soda can as we mentioned before and put an exact b-metric on it that
geometrically pushes all its hypersurfaces to infinity. Now cut the can from top to
bottom as before to get a piece like in the right picture in Figure 1. The resulting
metric g is smooth up to Hy but is still an exact b-metric up to Hy, Ho, Hs. Thus,
metrics of the sort (1.3) arise naturally in the context of cutting and pasting of
geometric and spectral invariants of Dirac type operators on noncompact ‘multi-
cylindrical end’ manifolds and noncompact partitioning hypersurfaces. We also
remark that instead of considering metrics of the form (1.3) with dz;/z;’s, we
can consider metrics with dz;/z?’s. The resulting metric is called an exact cusp
metric and very analogous results in this paper hold for such a metric. We choose
to work with b-metrics only because in the sequel [21] to this paper we shall use
certain analytic objects (the b-zeta determinant for instance) which are a little more
natural to use in the b-setting.

Let E, F' be Hermitian vector bundles over X and let D : C*°(X, E) — C*(X, F)
be a Dirac type operator; that is, a Dirac type operator derived from the metric
(1.3) (see Section 2 for a precise definition or Melrose’s anticipated [24]). We also
assume that on the collar [—1,0], x Hp of the admissible boundary hypersurface
Hy with Hy = {u = 0}, the vector bundles F and F' are isometric to Ey := E|g,
and Fy := F|g,, and

where G, : Ey — Fy is unitary and D, : C*(Hy, Ey) — C*(Hy, Ep) is a Dirac
type operator, and where both G, and D,, are smooth up to u = 0 and restricting
there to define a unitary map G : Eg — Fy and a formally self-adjoint Dirac type
operator Dy : C*°(Hy, Ey) — C*°(Hy, Ey).

We remark that boundary value problems on manifolds with cylindrical end
boundaries, which are special cases of manifolds with multi-cylindrical ends bound-
aries, have been considered by Schrohe [28] and Schrohe and Schulze [29] in the
context of Boutet de Monvel’s algebra [6] and by Mitrea and Nistor [27] generaliz-
ing the method of layer potentials to such manifolds. Grubb [10] (cf. also Grubb
and Kokholm [11]) has studied boundary value problems for a class of noncompact
manifolds that are Euclidean at oo.

We now state our main results. Given any real s, we define Hj (X, E) as the
natural b-Sobolev space and we define Hp° (X, E) as the intersection of all Hj (X, E)
and we denote by ‘I/‘Z(HO, Ep) the space of b-pseudodifferential operators of order
s in the ‘calculus with bounds’ (see Section 2); similar remarks hold for F. The
Cauchy data space of D is by definition

H(D) :=kerDlu, = {¢|u, | ¢ € H*(X, E) , Dp =0} C Hy®(Ho, Eo),

where ker D denotes the kernel of D on H;°(X, E). For our first result, we ex-
tend the theory and application of the (orthogonalized) Calderén projector to our
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category of manifolds. Here, the Calderén projector was introduced by Calderén
[7] and Seeley [30], [31] (cf. also Hormander [12] and Grubb [8]). The theory and
application of the Calderén projector was extended to a class of manifolds which
are Euclidean at oo by Grubb [10] (cf. also Grubb and Kokholm [11]).

Theorem 1.1. The operator
D:H(X,E)— H(X,F)

is surjective, restriction to the boundary gives a canonical isomorphism between
ker D and H(D), and there exists a (unique) orthogonalized Calderdn projector
C e {Iv/%(Ho,Eo) whose image on H°(Hy, Ey) is exactly H(D). Moreover, the b-
principal symbol of C is the orthogonal projection onto the eigenspaces of the negative
eigenvalues of the corresponding b-principal symbol of Dy.

We remark that D is surjective for any real s and not just s = co. We also
remark that we make no invertibility assumptions whatsoever on the Dirac type
operator D. This may sound striking because in the case of a manifold with corners
with an exact b-metric (which pushes all its boundary hypersurfaces to oo), it is
well-known [19, Cor. 2.5] that a Dirac type operator is Fredholm if and only if all
the induced Dirac type operators on the boundary hypersurfaces are invertible (see
also Theorem 2.5 and Remark 6.3). Theorem 1.1 shows that with no invertibility
assumptions whatsoever, if we cut the manifold forming an admissible face, then
the Calderén projector is well-defined at that face, has the same properties as on
a compact manifold, and even has the ‘nice’ structure of a b-operator. See Section
3 for an example where we compute the Calderén projector in a model case where
none of the induced Dirac operators are invertible. This example also shows that,
in general, the Calderén projector C is not in the ‘small’ b-calculus.

Assume for the moment that £ = F and D is formally self-adjoint. Then in
particular, G = —Id. One can check that

Q(U,’U)) = <G0§07¢>0 for @a¢ € L%)(HOaEO)

is a Hermitian symplectic form on L2 (Hy, Eo) where ( , )¢ is the L? inner product
on Hy. Our second result is

Theorem 1.2. Assume E = F and D is formally self-adjoint. Then the closure of
the Cauchy data space H(D) in L?(Ho, Eo) is Lagrangian with respect to Q. In par-
ticular, with respect to the decomposition L2(Ho, Eo) = L2(Ho, EJ) ® L2(Ho, Ey ),
where EOi are the (+i)-eigenspaces of Gy, the orthogonalized Calderdén projector

C takes the form
1 /1d okt
€=3 (mo 1d ) ’

where kg : L2(Ho, Ef) — L?(Ho, Ey ) is a unitary operator.

We remark that Theorem 1.2 — the Lagrangian property of H(D) — holds
without any product structures near Hy. This is one of the important geometric
properties of H(D), which plays the crucial réle in the study of the spectral in-
variants for manifolds with multi-cylindrical end boundaries [20, 21]. In our next
theorem, under the condition that D is of product type near Hy; that is, in the
decomposition (1.6) of D near Hy, both G,, and D,, are constant in u, we show that
the orthogonalized Calderén projector C is equal to the Calderén projector defined
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from the Poisson operator of the invertible double of D. Here, the invertible double
is defined in Section 4 following the work of Wojciechowski [32].

Theorem 1.3. Assume E = F and D is formally self-adjoint and assume that D
is of product-type near Hy. Then the Calderon projector defined by the invertible
double of D equals the orthogonalized projector C.

Back to the general case, using the Calderén projector C, we can characterize the
Fredholm properties of D with other projectors defining the boundary condition.
Given an arbitrary projector P on L%(Hy, Ey), we define

Dp : dom(Dp) — Li(X, F)

where
dom(Dp) = { ¢ € HL(X, E) | P(6]m,) = 0}.

Because this domain involves only ker P = ran(Id — P) we can obtain the same
domain by replacing the projector Id — P with its orthogonalization (cf. Remark
3.5 in [10]). For this reason, we consider only orthogonal projections and we define
the smooth self-adjoint Grassmanian Gr: (D) as those orthogonal projections P €
(Iv!%(Ho, Ey) such that P — C € U=°°(Hy, Ey), the space of Green operators (in the
calculus with bounds — see the definition (2.12) in Section 2). This implies, in
particular, that PC : ranC — ranP is Fredholm. The following theorem is the

multi-cylindrical end version of reduction to the boundary.

Theorem 1.4. For an arbitrary projection P € Gri (D), the operator
(1.7) Dp : dom(Dp) — Li(X, F)

is Fredholm, and

ind Dp = ind(P, C),
where ind(P,C) := ind (PC : ranC — ranP). In particular, for any P € Gri (D),
the essential spectrum of the operator Dp in (1.7) has a gap near 0 and for any
two projections P, Pa € Gri (D), we have

(1.8) ind Dp, — ind Dp, = ind(Py, Pa).

As before, we remark that we make no invertibility assumptions whatsoever on
D. Again, at first sight, this theorem is quite unbelievable because of the strong
invertibility assumptions needed for the boundary Dirac operators in order that the
corresponding statements hold for Dirac operators on manifolds with corners with
exact b-metrics (which push all their boundary hypersurfaces to oo). Therefore,
the results stated in Theorem 1.4 show the importance of the Calderén projector
for the noncompact set-up. Moreover, the model case presented in Section 3 shows
the failure of the APS spectral projector to be a pseudodifferential operator. This
means that analytically it would be unfeasible to approach boundary problems via
the APS spectral projector and thus illuminates the effectiveness of the Calderén
method.

We now describe the Bojarski conjecture. Let M be a smooth manifold with
corners with an exact b-metric and let D : C*°(M,E) — C*(M, F) be a Dirac
type operator. Suppose that Y is a hypersurface inside M that divides M into two
manifolds with corners

M =M_UDM,,
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where both My are of the form considered in Figure 1 such that g|p;,. and Dy :=
D). satisfy the conditions we have already discussed with respect to Y, which
we assume is admissible for both My. The Bojarski Congjecture [4], later proved
by Boofi-Bavnbek and Wojciechowski [5, Th. 24.1] for compact smooth manifolds,
gives a gluing formula for the index on M in terms of the Fredholm index of pairs
of boundary conditions from M. Here is the multi-cylindrical end version.

Theorem 1.5. Suppose that D : H{(M,E) — L?(M,F) is Fredholm. Then for
arbitrary projections P+ € Gri (D+), we have

indD = indDp_ +ind Dp, — ind(P_,1d — P).

In Section 2, we give a self-contained, introductory presentation of b-pseudo-
differential operators on manifolds with corners. In Section 3 we compute the
Calderén projector explicitly in the ‘model’ case when X = [0,1], x [0,00)¢. We
prove that the Calderén projector exists and is in the b-calculus with bounds and
we compute its b-principal symbol. In Section 4, we construct the invertible double
of a Dirac type operator over a manifold with multi-cylindrical end. In Sections 5
and 6, we prove Theorems 1.1, 1.2, 1.3, 1.4 and 1.5 using the results proved in the
previous sections.

2. INTRODUCTION TO b-OPERATORS ON MANIFOLDS WITH CORNERS

We review the b-calculus on manifolds with corners. For more on these topics,
see Melrose [23], Mazzeo [22], or the appendices of Melrose and Piazza [26], and
Melrose and Nistor [25].

2.1. b-pseudodifferential operators. Let M be a compact manifold with corners
with local expressions of the form (1.1) endowed with an exact b-metric of the form
(1.3) (where exact means there are no admissible boundary hypersurfaces; all the
boundary hypersurfaces are geometrically at oo). In particular, near any point
p € M, as explained around (1.4) we can write

(2.1) M =[0,1)F x Y,

where the v;’s represent those boundary defining functions x; that vanish at p
and Y is the component containing p where all the v;’s vanish. A codimension
K face, kK > 1, of M is a nonempty connected component of the intersection of x
hypersurfaces of M. In particular, a boundary hypersurface is just a codimension
one face of M. The largest x such that M has a (nonempty) condimension x face
is called the codimension of M.

We now describe the ‘small’ calculus. Let C°°(M) denote the space of smooth
functions on M that vanish to infinite order at the boundary of M that is, in Tay-
lor series at any x; in a local patch such as (2.1). We first define the b-smoothing
operators W, °°(M) (which are not genuine smoothing operators). These are op-
erators R on C°(M) described in local coordinates as follows. Let % and %’
be coordinate patches on M of the form (2.1) where we take coordinates on the
corresponding Y’s for % and %'. We allow x = 0 in (2.1) for either Z or %',
which means that the coordinate patch is located in the interior of our manifold
M. Let v = (vy,...,vs) denote those boundary defining functions, if any, that are
common to both coordinate patches % and %, so that

(2.2) w =101 <7 , w =01"x7,
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where ¥ € [0,00)% x R* ¥ and ¥’ C [0,00)" x R"**. Let y denote the
coordinates on ¥ and y’ the coordinates on #”’. Then given any open set # with

compact closure in %', for any ¢ € > (M) having support in %, the restriction
of R¢ to % is of the form

(2:3) Ro= | R(v,5y) 609 oy,

where v/v’ := (v1 /vy, ...,vs/vy) and where R(v, z,y,y’) has the following regularity
properties: It is smooth in all variables, vanishes to infinite order with all derivatives
at any z; = 0 or as z; — 0o, and vanishes to infinite order at any y; =0 or y, =0
when the corresponding zero set represents a boundary hypersurface of M.
We now consider the general case of an operator A € U3*(M), m € R, which is
an operator on C°° (M) described in local coordinates as follows. Let % and %’
be coordinate patches of the form (2.2) and let # be an open set with compact
closure in %’.
(I) If % and %’ are disjoint, then given any ¢ € C°°(M) having support in #/,
the restriction of A¢ to % is given by an operator R € ¥, °°(M) as in (2.3).

(I) Suppose now that % = %’ = [0,1]5 x Ry~“. Then there is a function
a(v,y, &), smooth in (v,y) € % and a classical symbol of order m in &, such
that given any ¢ € c> (M) having support in #, we have

(2.4) Ap= | v Ma(v,y,7,n) (&) dr dn,
R’Vl
where £ = (7,7), v7 = vi™ ... vz”, and ¢(€) is the Mellin transform in v and
the Fourier transform in y of ¢,
; —iT ,—iy- dv
(25) (o) = [ wmmeo0,) L.
0% (%

We also assume that a(v,y, &) with all its derivatives extends to be an entire
function of 7, and for |Im7| bounded by any fixed number, is a classical
symbol of order m in (7,7n) as |Re7|,|n| — oo; this is a “lacunary” type
condition for 7 € C* as described by Hérmander [13, p. 114].

The space ¥}*(M) is called the small calculus of b-pseudodifferential operators
of order m. It also turns out that any A € Uy*(M) defines a continuous map on
C*(M). In the literature, b-operators are most often presented in terms of their
Schwartz kernels. Observe that combining (2.4) and (2.5), we see that the Schwartz
kernel of A on the product M x M near the diagonal is of the form

T , d /
(2.6) Ka :/ (3,) =)0, y, 7,m) dr dn - —dy,

n \U v
where (v,y) are coordinates on the left factor of M and (v’,y’) are the same co-
ordinates on the right factor of M. Introducing ‘logarithmic coordinates’ w =

(logwy,...,logvs,y), we can write this kernel as

(2.7) KA:/ W= gy, y, £) dE - du’,

which looks like the Schwartz kernel of a pseudodifferential operator that we are
used to. However, the ‘singular’ presentation (2.6) has certain advantages; perhaps
the major one is that it, quite remarkably, actually simplifies the proofs of the
composition and mapping properties of these operators.
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The space of b-pseudodifferential operators has many of the same properties as
the common ones on compact boundaryless manifolds. For example, Diff}" (M) C
U (M), where Diff" (M) is the space of totally characteristic differential operators,
which are operators taking the following form over a patch [0, 1]5 x R}~

(2.8) P= % dap(v,y) (09,0,
lal+18l<m

where the a, g’s are smooth in (v,y) € [0,1]5 x R~*. The space of Wp(M) is
also a symbolically filtered x-algebra of operators. Thus, it is closed under taking
adjoints and compositions, and there is a ‘b-’ principal symbol map preserving
these operations obtained by taking the leading homogeneous term of each symbol
a(v,y,&) in the local representation (2.7). For example, the b-principal symbol of
Pin (2.8) is

bUm(P)(’U?yvg) = Z aa,ﬁ(vay) (iT)a(in)B , &€= (T7 77)'

la|+]Bl=m

The b-principal symbol turns out to be a function on the b-cotangent bundle *T* M
of M minus the zero section [23, p. 30]. An operator A is said to be b-elliptic if its
b-principal symbol is invertible. The space L?(M) consists of those functions on
M that are square integrable with respect to dg and for any m € R, the Sobolev
space H}" (M) consists of those distributions ¢ on M having the property that A¢ €
L3(M) for all A € U7*(M); one can check that HJ"(M) is just the usual Sobolev
space in the interior of M and the Mellin transform based Sobolev space in the
normal variables to the hypersurfaces of M. We define Hp*(M) =) Hp'(M).
Then any A € ¥} (M) defines a continuous linear map

A:H;(M)— H;, ™M) , seRU{oo}.

meR

Unfortunately, the ‘small’ space U3 (M) is not spectrally invariant in the sense
that this set is not closed under inversion, when inverses exist; however, inverses
can be found in the ‘larger’ calculus with bounds, which we now describe. Let
6 > 0. We define \I/Zn’e(M) as those operators A that satisfy (I) and (II) as before,
but with the following modifications: In (I), we can write R as in (2.3):

(2.9) Ro= | R(v.5.0y) o0, y)dg(w'.y),
% v
but now R(v,z,y,y’) has the following ‘boundedness’ properties: For each i =
1,...,¢, we require that

R(’U7 z,Y, yl) = Rl,i(”? Z,Y, y/) + Uf+€ R2,i(v7 z,Y, y/)7

where Ri;, Ra; are smooth for v,y, v in the interior of M and in z > 0, and there
is an € > 0 such that given any constant coefficient b-differential operators P in the
variables z,y,y" and @ in the variables v, z,y,y’, the functions Y PRy ; (for any
a) and QR»; are bounded for all v, z,y, %, continuous at each v; = 0, vanishes to
order 27%¢ and 25975 at each z; = 0 and as z; — o0, respectively, and vanishes to

J
0+¢ 0+¢

order y;"° at any y; = 0 and (y;) at any yg = 0 if any of these sets represent
boundary hypersurfaces of M. In (II), for each i, we require that

CL(’U7 Y, g) = a’l,i(va Y, 5) + Ur?+8 a2,i(va y7€)a
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where ay ;(v,y,§) is smooth in all variables and all b-derivatives of as ;(v,y,§) are
continuous (here ‘b-’ refers only with respect to v), and a1, and ag; satisfy the
lacunary condition for 7 in the strip [Im 7| < 6 + €.

This definition of the calculus with bounds can be found in [16, p. 88] or [17, p.
1262] from the ‘blown-up picture’. When 6 is not important (as it will not be for
this paper), we shall use the space

~m m,G
vy (M) = U o, (M).
6>0
These spaces form the calculus with bounds and they too form an algebra in the
sense that U9 (M)o W% (M) c "™ ¥ (M), where ¢ = min{6, 6'}. They also
define continuous maps between b-Sobolev spaces.

2.2. The normal operator and Fredholm properties. The normal operator
governs the Fredholm b-pseudodifferential operators. Let Y be a codimension /
boundary face of M. Assume that Y is a component of H;, N --- N H;,, where

i1 < -+ < ig, so that z;,,...,z;, are defining functions for M. Then near Y (cf.
(2.1)) we have
(2.10) M=[0,1°xY, v=(z4,...,2i)

Given A € U'(M), the normal operator of A at Y is defined as follows. Given
a function ¢ € C*(Y), let ¢ € C°°(M) be any smooth function such that ¢|y =
1. The properties of the small calculus imply that given any fixed 7 € C’, the
function v=" A(v'"¢) defines a smooth function on M; in particular, this function
is continuous at Y. Restricting this function to Y defines the normal operator of
AatY:

Ny (A)(7)¢ == (v‘”A(v”gb)) ‘Y.

This operator does not depend on the choice of extension ¢. Moreover, it readily
follows that

(2.11) Ny (A")(1) = Ny (A)(7)" , Ny(AB)(r) = Ny (A)(1)Ny (B)(1)

for any B € \IIZ”/(M) and all 7 € C*. For instance, to prove the composition
property, let ¢ be an extension of 1 as before, and note that

Ny (AB) (7)) = <UfiTABUiT¢> ‘Y _ (,Uf'iTA,Ui‘r <,UfiTB,UiT¢) )’Y

= Ny () (v Bv9) )
= Ny (A)(7)(Ny (B)(1)¢).

The following theorem characterizes Fredholm b-operators in terms of normal
operators. The proof can be found in the appendix of [19].

Theorem 2.1. If A € U(M), m € RT, then given any s € R or s = oo, the

following are equivalent:

(1) A: Hj(M)— H;”™(M) is Fredholm.

(2) A is b-elliptic and Ny (A)(T) : Hi(H) — H,”™(H) is invertible for all T € R
for each boundary hypersurface H.

(8) A is b-elliptic and Ny (A)(t) : H{(Y) — H;~"™(Y) is invertible for all T € R*
for each codimension ¢ face Y of M, for all £ > 1.
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If the statements (1), (2), or (3) hold for one s, then they automatically hold for
any other s.

Because of this theorem, when we say A € ¥}*(M) is Fredholm we can just fix
s =m so we can focus strictly on A : H™(M) — L2(M).

Finally, we remark that elements of \Tlgoo(M ) are not compact. The following
theorem characterizes compact b-operators in terms of normal operators; see [19,
Appendix] for the proof.

Theorem 2.2. For A € \T!b_oo(M), the following are equivalent:

(1) A: L3(M) — L2(M) is compact.

(2) Ng(A)(1) =0 for each boundary hypersurface H.

(8) Ny (A)(1) =0 for each codimension € face Y of M, for all £ > 1.

We define U=°(M) — the (weak) Green operators (here we follow Schulze’s
terminology as explained in [15, Def. 3.6]) — as all elements of \le_OO(M) that are
compact. These operators can be described explicitly as follows. Let p = 1 2o - - -
be the product of all the boundary defining functions of M. Then \II_OO(M ) consists
of operators having Schwartz kernels of the form, for some 6 > 0:

(2.12) KeU ™M) <= K=pp)’pq)’R(p.q)dg(q)

where for any b-differential operators P, and ), acting on the variables p and
g, respectively, the function P,Q,R(p,q) is bounded. Then K maps Hj (M) to
p? Hg® (M) and defines a compact operator on Hy (M) for any s. The b subscript in
\TJZ”(M ) has to do with special pseudodifferential structure at the boundary of M,
but operators in \T/*OC’(M ) vanish at the boundary, which accounts for the ‘missing’
b subscript for these compact operators.

The next theorem describes the generalized inverse of Fredholm operators.

Theorem 2.3. If A€ U*(M), m € R, is Fredholm, then its generalized inverse,
G:L3(M) — H"(M), is in the full calculus: G € ¥, ™(M). Here, the generalized
inverse is defined by the equations

AG=1d-T1, , GA=1Id-II,

where 11,11} € \T/_OO(M) are the orthogonal projections onto the null space of A
in H"(M) and off the range of A in LZ(M), respectively. Moreover, ker A C
p? H° (M), and coker A = ker A* C p? Hp*(M) for some 6 > 0.

In the following theorem, we give another characterization of Fredholmness which
is quite useful in practice rather than in theory, and it will be exploited in a moment
to prove the subsequent Theorem 2.5 for Dirac operators.

Theorem 2.4. If A € U*(M), m € RT, then given any s € R or s = oo, the

following are equivalent:

(1) A: H{(M) — H;”™(M) is a Fredholm.

(2) A is b-elliptic and Ny (A)(7) : H{(Y) — H;"™(Y) has kernel (null space) 0
for all T € RY for each codimension ¢ face Y of M, for all £ > 1.

If the statements (1) and (2) hold for one s, then they automatically hold for any
other s.
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Proof. By Theorem 2.1, it suffices to show that if A is b-elliptic and Ny (A4)(7) :
H;(Y) — H;7™(Y) has kernel 0 for all 7 € R for each codimension ¢ face Y of M,
for all £ > 1, then Ny (A)(7) must be invertible. We first note that being b-elliptic,
A has a ‘small’ parametrix B € W, (M) such that AB =1d — R;,BA=1d — R,
with R; € ¥, °°(M). Let Y be any boundary face of M. Then taking normal
operators, we obtain

Ny (A)(7) Ny (B)(7) = 1d — Ny (R1)(7)
Ny (B)(7) Ny (A)(7) =1d — Ny (R2)(7).

Since the R;’s are of order —oo, it follows that Ny (A4)(7) is b-elliptic for all 7 € R
(with ¢ the codimension of Y in M), and as |7| — oo, Ny (R;)(7) — 0 uniformly
in the topology of ¥, *°(Y’), and hence we can invert each operator on the right in
(2.13) on L for || sufficiently large. In conclusion, Ny (A)(7) is a b-elliptic family
that is invertible for |7| sufficiently large.

We are now ready to prove our theorem by induction. Let ¢y be the codimension
of M. Consider the case when Y is a codimension ¢y face of M, in which case Y is
a compact boundaryless manifold. Then as we showed above, Ny (A)(7) is a family
of elliptic (and hence Fredholm) operators on a closed manifold that is invertible
for |7| sufficiently large. Thus, Ny (A)(7) always has index zero. By assumption,
Ny (A)(7) has kernel 0, so Ny (A)(7) must in fact be invertible. This proves that the
claim is true for fy. Let £g > ¢, +1 > 1 and assume that all the normal operators
of A are invertible at all faces of M with codimension > ¢, + 1. Let Y be a face
of M with codimension ;. Then Y is a manifold with corners whose boundary
hypersurfaces are codimension ¢, + 1 faces of M. All its normal operators are
invertible by induction hypothesis. Now as we showed above, Ny (A)(7) is a family
of b-elliptic operators on Y that is invertible for |7| sufficiently large, therefore by
invertibility of its normal operators, Ny (A)(7) is a family of Fredholm operators
with index zero. By assumption, this family has kernels 0, so Ny (A)(7) must in
fact be invertible for all 7. This completes our proof. O

(2.13)

Before speaking about Dirac type operators, we note that everything we have
said for operators on functions works equally well for operators acting between
sections of vector bundles with the obvious modifications.

2.3. Dirac type operators. We now define operators ‘of Dirac type’. An oper-
ator D is called a (b-) Dirac type operator if D € Diffy (M, E, F), is b-elliptic with
b%71(D)? = the metric g, and near each codimension ¢ face Y of M, in a decompo-

sition (2.10), M 2 [0,1]¢ x Y near Y, we can write
(2.14) D = G110y, + -+ Grv0y, + By + O(v),

where By € Diff}(Y, Ey, Fy) with By := E|y and Fy := F|y, O(v) is a first order
b-differential operator that vanishes at Y, and where the maps G; : By — Fy are
unitary maps satisfying the relations

(2.15) GGy = -GG, (G#k) G By = By Gj.
By definition of normal operator, we have
(216) Ny(D)(T):GliT1+"'+Gei’Tz+By,

where the G;’s and By satisfy (2.15); in fact, one can easily show that (2.16)
implies (2.14) so we can define ‘of Dirac type’ using the normal operator expression
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(2.16) instead of the expression (2.14). The operator By is called the induced
Dirac operator on Y. The word ‘induced’ follows from the fact that if we set
vy =-+- =, =01in (2.16) we get exactly By.

Theorem 2.5. A Dirac type operator D € Diff;(M, E, F) is Fredholm if and only
if for each boundary face Y of M, the induced Dirac type operator By on Y has
kernel 0 on L2(Y, Ey).

Proof. Let Y be a codimension ¢ face of M and fix any 0 < j < . We prove that
Ny (D)(7) is invertible for all 7 € R with 7; # 0. Indeed, observe that

Ny(D)(T) =1Gin+--+iGime+ By = Gj[i’l'j +Aj(7')],
where
Aj(r) = G;Gyir, + G;By
k#j
Since GGy, = —G}G; and G;By = By Gj, the operator A;(7) is formally self-
adjoint for all 7 € R’. Tt follows that Ny (D)(7) is invertible for all 7 € R’ with

7 # 0. It has kernel 0 at 7 = 0 if and only if By has kernel 0. The Fredholm
property of D now follows Theorem 2.4. O

Much of what we have studied on M works for our manifold with corners X
with an admissible hypersurface Hy. Take any manifold with corners M with an
exact b-metric (pushing all its boundary hypersurfaces to co) that contains X as
a smooth submanifold; e.g. take the manifold M = X shown in Figure 3 of Section
4, which is obtained from X by essentially doubling it across Hy. Then M is a
manifold with corners of the type we’ve been studying, so Hj (M), Diffy" (M), and
U2 (M) are defined. Now simply define H;(X), Diff}"(X), and ¥$(X) to be the
restrictions to X of Hj (M), Diff}" (M), and U5 (M), respectively. These definitions
are determined independently of the choice of extension M. We now describe Dirac
type operators on X.

Let E, F' be Hermitian vector bundles over X and let D : C*°(X, E) — C*(X, F)
be a Dirac type operator; this means that D is the restriction to X of a Dirac type
operator on M. We assume that on the collar [—1,0], x Hy of the admissible
boundary hypersurface Hy with Hy = {u = 0}, the vector bundles F and F are
isometric to Eg := E|g, and Fy := F|g,, and

(2.17) D = Gu(0u + Du),

where G, : Ey — Fy is unitary and D,, € Diff}(Hy, Ey) is a Dirac type operator
on Hy, and where both G,, and D,, are smooth up to v = 0 and restricting there
to define a unitary map Goy : Ey — Fy and a formally self-adjoint Dirac type
operator Dy € Diffi(Ho,Eo). Note that Hy is an example of an ‘M’ as we have
been considering in this section. We end this section with Green’s formula. Let D* :
C>®(X,F) — C*(X, E) denote the formal adjoint of D. Then given e € H} (X, E)
and f € H} (X, F), we have

(2.18) (De, f)x — (e, D" f)x = (Goeo, fo)o,

where eq := e|m,, fo = f|m,, and (, )x and (, )o denote L?-inner products over
X and Hj, respectively. The proof of this formula is identical with the proof in the
compact case with no changes.
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3. AN ILLUMINATING EXAMPLE

In this section we compute the orthogonalized Calderén projector for a ‘model’
Dirac operator. This example illustrates the basic characteristics of Calderén pro-

jectors in the general case. Let R > 0 and set X = [0, R, xﬁﬂ where R, = [0, 00).
In this case,

—t — S —;
Y= 0Xp = ({0} xRy ) U ({R} xR ) =R, UR,.
Consider the (b-) Dirac operator
D = Go Oy + G110y, + - + Gpvd,, € Diffy(Xg, E),

where E is a Hermitian Clifford module (that is, we consider the trivial bundle
Xr X E over Xg) and the G,’s are unitary matrices on E satisfying

(3.1) G? = -1d, G =-Gj, GGy =—GrGj (j #k).
We can write our Dirac operator as
D = Go(0u + B),
where
B=AyvD,, + -+ AyuD,, € Diffs(R',, E),
with A; = iG;Go and D, = rlavj. The properties (3.1) of the G;’s imply that
(3.2) A? =1d , A} =4; , AjA;=-AA; , where A; =iG;Gy.

These properties imply, in particular, that B is formally self-adjoint.

To find the orthogonalized Calderén projector we first determine the Cauchy
data space of D. To this end, let ¢(u,v) € Hy°(Xg, E). We first write ¢ in terms
of the Mellin transform

o0 = [ viur)ar

where the ¢ © ” means Mellin transform with respect to v:

N ir dv
S = [, o o) .
+
Second, we note that

Do = Gy (3u + B) /v” A(u, 7)dr = G / V(0 + A(T)) é(u, T)dr,
where recalling that B = Ay v1D,, +--- + Agv,D,,, we have
A(r) :="o1(B)(r) = Ay + -+ Ay 70
Thus, D¢ = 0 if and only if (8, + A(7)) ¢(u, 7) = 0, if and only if
b(u,7) = e (0, 7).

With this formula in mind, for ¢ € Hp° (Ri, E), we define the operator e "“P¢ via
the Mellin transform:

e uBy = /v”e*“A(T)@(T) dr,
provided that the right-hand side exists. Then D¢ = 0 if and only if
du,v) =e Py | pv) = (0,v).
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We can now find the Cauchy data space. Recall that Xp = [0, R] X Eﬂ and

Yp = 0Xp = R, UR,. Then H®*(Yy, E) = HP (R, E) ® H*(R,, E) and with
respect to this decomposition, we have

_ (=0 _ [ ¥
¢|YR - (¢|u_;> - <€_RBQD)'

In conclusion, we have proved that if ¢ € Hy°(Xg, E) and D¢ = 0, then ¢y,

is a column vector (p,e Byp) with ¢,e #Byp € Hf)’o(ﬁi,E). The converse is
straightforward (see the structure of A(7) in (3.3) below.) Thus, we have proved

Theorem 3.1. The Cauchy data space
e} o =t o =t
H(D) :={¢lvp | ¢ € H;*(Xp, E) , Do =0} C Hy*(Ry, E) & H;°(Ry, E)
is given explicitly by

Id 0o =t _ oo /=t
no)={( )¢ | e Hr®. B e mr®L D).

In order to determine the properties of the orthogonalized Calderén projector,
we first note that
(3.3) AT =A(r) , A =|r* , A(1)Go= —GoA(r).

These properties follow directly from (3.2) or from the fact that A(7) = %1 (B)(7).
It follows that A(7) has eigenvalues £|7| with the corresponding eigenspaces of the
same dimension which G intertwines. In particular, for any v € R,

(3.4) e A acts as eT4I7l where A(1) = +|7].

From this fact, it is easy to show that for ¢ € Hp° (Ei,E), we have e By €
Hpe (Ki, E) if and only if for any k,

(3.5) /ezRif‘ I7/¥|o(T)[Pdr <00 for all k.

Now let us compute the orthogonalized Calderén projector:

Theorem 3.2. The orthogonal projector onto the Cauchy data space H(D) is the
pseudodifferential operator C € WY(Y, E) given by (cf. (2.6))

1 1d e—RB v\ T dv’
C= 4T c 288 <6RB ezRB) = /W (;) c(r)dr - P

where
1 1d e_RA(T)
co(r) = Id + ¢ 2RA(T) \ e~ BA()  o—2RA(7) |-
Moreover, the b-principal symbol of C is given by

I, (A(7)) 0
o)) = (57 1 G

where I1L (A(T)) are the orthogonal projectors onto the £|7| eigenspaces of the sym-
bol A(T) = Yo1(B)(7) of the tangential operator.
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Proof. We first show that C is a b-pseudodifferential operator and then we prove
that C does indeed project onto H(D). First, we note that c¢(7) is smooth in all
variables and we can write

1 1
—2RA(T) RA(T) —RA(T)
o(r) = Id+e 1 e —1—16
eRA(T) + e—RA(T) 62RA(T) + 1d

From this expression, a straightforward verification from (3.4) shows that ¢(7) is
a classical symbol of order 0. Another straightforward verification shows that ¢(7)
satisfies the lacunary condition on a strip [Im7| < § for some 6 > 0 (cf. the
discussion after the proof). Second, we see that over the space where A(7) = %|7],
we have

1 1
I F2R|7| +R|7| FR|7T|
o(r) = d+ 61 e —i— e
e RIT| +6$R|‘r\ eT2R|7| +1d
(M) 0 | |
= ( 0 _(A(r) + exponentially decreasing as |7| — oo.

This shows that

I, (A(7)) 0
‘o0 (C)(7) = ( 0 H_(A(T)))

Third, by direct computation, we see that
s 1 Id e~ RA) Id e~ RAT)
o(r)” = ([t e 2RAM Y2 (e RAM  o=2RAM) | | (~RA(T)  o-2RA(T)

1 1d e—RA(T)
= A e 2rAe <6—RA(T) €—2RA(7—)> = (7).
Since ¢(7) is certainly self-adjoint, we conclude that
C*=C and C*=C.
Thus, we have proven that C € \f’%(Y, E) and is an orthogonal projection. It

remains to show that C defines the projection onto H(D). To this end, let (¢, 1) €
H*(Y,E). Then by definition,

. 1 Id e RAMN (o(T)
o) = [ iz (oo o) (50)) o
T 1d 5
:/e (eRA(T)> w(r)dr

i T + e BAM (7
w(v) = /v 2 I)d—|— 8_2RA(:/))( ) dr.
Using (3.4), one sees that (3.5) is satisfied, so by Theorem 3.1, C has image in the
Cauchy data space H(D). Also, this computation shows that C = Id on H(D), so
the image of C is exactly H(D) and our proof is complete. O

where

We remark that in general, C is not in the small b-calculus. This is because the
operator (Id + e~2BA()) =1 will always have poles so the symbol ¢(7) of C is not
entire. For example, let us consider the case £ = 1 when Xp = [0,R] x Ry. In
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this case, we have A(7) = 7A; where A; = iG1G) satisfies A} = A; and A? = Id.
Thus, with respect to the decomposition into the +1 eigenspaces of A;, we have
1 1
Id + e—2RA(T)  Id + eF2RT
In particular, the function Id + e¥2%7 vanishes when 7 = +ir/(2R). Further,
this equation shows that c¢(7) satisfies the lacunary condition only on the strip
Im7| < 7/(2R). Thus, when ¢ = 1, we can say precisely that C € \Il(;’e(Y7 E) for

any fixed 0 < 6 < 7/(2R).
We end this section with the APS spectral projector. Back to the general case

Xr = [0,R] x Ei. Since D = Gy(dy, + B), the induced Dirac operator on ¥ =
0Xp =R, UR, is
-B 0
Do = ( 0 B.)

Recalling that B = A; v1 Dy, +--- + A¢veD,, we see that the nonpositive spectral
projector of Dy is the operator

Maps = /]R (g)T <H+(61(T)) H_(Bl(r))) dev_zj/'

Note that the complete symbol of IT 4 pg, which is just the b-principal symbol %o ()
of the orthogonalized Calderén projector C, is not smooth at 7 = 0, so ll4pg is not
a pseudodifferential operator.

on the 41 eigenspaces of Aj.

4. THE INVERTIBLE EXTENSION

In this section, we construct an extension of D, which is an invertible Fredholm
Dirac operator. This extension will be used to construct the Calderén projector
and derive its properties.

Theorem 4.1. There exists a smooth manifold X with corners ‘that contains X as
a submanifold and an invertible Fredholm Dirac type operator D € Diffllj(X, E. F)
such that D|x = D.

This theorem generalizes Wojciechowski’s [32] (cf. Chapter 9 of [5]) result for
smooth manifolds with boundary. Note that this theorem holds regardless of the
dimension of X and with no invertibility assumptions on D. To prove this theorem,
we first reduce our theorem to the formally self-adjoint case. To do so, consider the
vector bundle E’ := E' @ I over X and the Dirac type operator

D= (10) 1()) ) L C®(X, E') — C°(X, E).
This operator is by construction formally self-adjoint and it still satisfies the collar
decomposition property (1.6). If we prove our theorem for this operator, then we
automatically get an invertible extension for D. Thus, for the rest of this section,
we assume that D : C*(X, E) — C*(X, E) is formally self-adjoint.

Next, following Boofi-Bavnbek and Wojciechowski, Chapter 9 of [5], we reduce
our problem to the product case near Hy. To this end, by (1.6) we know that over
the collar neighborhood [—1,0] x Hy of Hy, we can write

D = Gy (0 + Du),
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FIGURE 2. —X is the ‘mirror image’ of the original manifold X.

where G, is a family of unitary maps on Ey := E|p,, and D,, is a family of operators
in Diff} (Hy, Eo) depending smoothly on u. Attaching the collar [0,2], x Ho to Hy
we can form the manifold

X U ([0,2], x Hy),
then it is straightforward to extend D to this manifold in such a way that D is
independent of u on [1,2], x Hp:

(4.1) D = Go(0y + Do)

where G is a unitary map on Ey and Dy € Diﬁ’ll)(Ho, Ep) is formally self-adjoint.
By proving Theorem 4.1 for this extended operator, we may assume that D takes
the product form (4.1) on the original neighborhood N = [—1,0] x Hy, which we
now assume. Then using the fact that D is of Dirac type and is formally self-adjoint,
we observe that

(4.2) G%2=-1d and DGy = —GyDy.

With this product structure fixed, we proceed to construct the invertible double of
the Dirac type operator D.

4.1. The doubled manifold. We begin by defining the manifold —X to be the
same manifold X but on the collar N = [-1,0], x Y, we simply make the change
of variables u +— —u so that near Hy (see Figure 2)

—X =~ —N:=[0,1], x H,.

The minus sign just indicates that we always use the collar —N near Hy on —X
instead of N, which in the literature is sometimes stated as ‘—X is X with the
reversed orientation’. Since Hj is admissible, all the hypersurfaces intersect Hy,
therefore each of the hypersurfaces H; with j > 0 are also reversed as seen in
Figure 2. Of course, since X = —X, the vector bundle E is still a vector bundle
over —X and D defines an operator on C*°(—X, E). The only difference is that
on —X we use the collar —N, and since D is of the form (4.1) over N, under the
change of variables u — —u, we have

(43) D= Go(fau + Do) over —N= [0, ]-]u X H().
We now glue X to —X via (see Figure 3)
(4.4) X:=XUy (-X) and E:=EUg,E,

which means that X and —X are attached along Hy and E is obtained by gluing
FE on X to E on —X via the relation e ~ Gge over Hy. The C* structure of FE is
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FIGURE 3. In this example, X is the double of the manifold on the
left side in Figure 1. The hypersurfaces H; and Hs automatically
get doubled in the process.

defined as follows. Since E = F over X and —X away from Hy, we can focus near
the gluing hypersurface Hy. Since over N,

(45) E|N = ([_170] X H07 EO)a
over —N = [0,1] x Hy, we have
(4.6) Bl-n = ((0,1] x Ho, Eo) < ((0,1] x Ho, Eo),
where Gy is an isomorphism on Ey. Let N := N Uy, (—N). Then by definition of
E, using (4.5) and (4.6) we get a bijection
E'Kf = (E|N) Ug, (E|—N) — ([—1, 1] x Hy , Eo).
We define the C structure of E near Hy by simply declaring this bijection to be

a diffeomorphism. Now working out the definition of the C*° structure of F, we
see that an element of C*°(X, E) can be identified as a pair

¢ =(¢1,¢2) , where ¢y € C¥(X,E), ¢ € CF(-X, E),
such that in the trivializations E|y = ([~1,0]y x Ho, Eo) and E|_y = ([0,1], x
Hy, EO), the following section

o1 (u,y) u <0

(47) ¢Wﬂ%—{%®mw)u>0

extends to u = 0 to define a smooth section ¢(u,y) € C*([—1,1], x Hy, Ep).

It is important to note that, by the admissibility of Hy, if H; with j > 0 is any
boundary hypersurface, then the hypersurfaces H; and —H; glue via (4.4) to form
a hypersurface H. j in X such that (see Figure 3)

H; = Hy Unyom, (—H;)  and By = Elu, Ug, Eln,.

Moreover, {}NI i} (j > 0) are all the boundary hypersurfaces of X and the boundary
defining functions {x;} for {H,} induce corresponding boundary defining functions

{Z;} for the {H,}, and the decomposition (1.1) continues to hold near H;:
X201z xH; , i=1,2,...,r , H;={& =0}.

There are also decompositions of the sort (2.10): If Y is a component of H;, N---N
H;,, where 1 <1i; < --- <1y, then near Y,

(4.8) X20,1)5xY | 0= (Zi,...,5,).
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Note that Y is just the double of a component in H;, N---NH;,. Finally, the metric
¢ in (1.3) becomes an exact b-metric § on X that pushes all its faces {H;} to oc:

i=1

where h is a smooth symmetric two-form on X.

4.2. The invertible double. We now define the doubled Dirac operator D act-
ing on C*(X, E) of the Dirac type operator D. Given a section ¢ = (¢1,¢2) €
C>(X, E), we define

(4.9) D¢ := (D1, — D).

We need to verify that (D¢, —Des) € C ()?, E) To prove this, in view of (4.7),
we need to show that D¢y and —GyDey patch near Hy to be smooth. To this end,
we note that since D = Gy(9,, + Dy) over N, we have

Doy (u,y) = Go(Ou + Do)d(u,y).

From (4.2) we know that GZ = —Id and DyGy = —GoDy. Thus, since D =
Go(—0y + Do) over —N, again recalling (4.7), we have

—GoD(¢2) = —Go - (Go(—0u + Do) (= Gogp) = —(—0u + Do)Go¢
= Go(0n, + Dy)o.

Comparing the formulas for Dgq (u,y) and —GoDea(u,y), we see that
(4.10) Do = Go(Dy + Do)p(u,y) over N =[—=1,1], x Hy.

Thus, D : C*°(X,E) — C®(X, E) takes the product form (4.10) near Hy. Since
D is a b-operator, the definition (4.9) shows that D is a b-differential operator
away from Hjy and then the form (4.10) shows that D is a b-operator near H.
Hence, D € Diff} (X, E). Note that E inherits an inner product from E, therefore
L3 ()N( , E) has a naturally induced inner product. Since D is by assumption formally
self-adjoint, the definition (4.9) and the product form (4.10) shows that D is also
formally self-adjoint.

4.3. Fredholmness of the double. We now show that D is of Dirac type and
Fredholm. The definition (4.9) and the decomposition (4.10) show that Yoy (D)2 =
g, so it remains to verify the structure of D near the faces of X. Consider the
decomposition of X near Y as in (4.8), and let X 2 [0,1]% x Y be the corresponding

decomposition of X near Y. Then by (2.14), near Y we can write
D=Gv10y, + -+ Gyve0,, + By + O(v),

where By € Diffj(Y, Ey) with Ey := Ely, O(v) is a first order b-differential
operator that vanishes at Y, and where the G;’s are unitary maps on Fy satisfying
the relations

(4.11) G2=-1d , GGy=-GyG; (j#k) , G;By =—ByG,.
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Note that these relations are slightly different from (2.15) because now D is for-
mally self-adjoint so we have more structure forced upon us. It follows that on the
decomposition (4.8) near Y, X = [0,1]4 x Y, we have

D=G, 0105, + -+ Gy 003, + E; + O(v),

where the operators éj and E? are defined on sections on Eg = E|1~/ over the
double of Y by corresponding formulas to (4.9):

Gid = (Gi¢1,—Gi2) , Byod:= (By¢i,—Byps).

We know that D maps smooth sections of E to itself, but it is not a priori automatic
that G and BY individually map smooth sections of E to itself. We prove this
is so in the following lemma.

Lemma 4.2. The operators C~7'j and E;, define operators on C"X’()N/,E};) and they
satisfy the properties (4.11) with ‘tildes’. In particular, D is a Dirac type operator
over X.

Proof. Taking the normal operator of ﬁ we see that
N?('ZS)(T) = (~_”'D’l~}”)’ = G1 1T+ - —‘y—éz Z'Tg—l—éf/,

which by definition is a smooth family of b-operators on Y. In particular, setting
7 = 0 shows that B maps Ok (Y E; ) to itself. Then fixing j and setting 7, = 0

for k # j implies that G maps C‘X’(Y E- ) to itself. The properties (4.11) are

straightforward to verify; for instance,
GBy ¢ = Gy(By ¢1, —By ¢s) = (G By é1, G, By ¢2)

= —(ByGx¢1, By Gi.¢2)

= — By (Gré1, —Groo) = —By Gio.

O

We now prove that D is Fredholm. By Theorem 2.5 we need to show that Ef,
has L% kernel 0. So assume that By (¢1, ¢2) = (By¢1, =By ¢2) = 0. This implies
that By ¢1 =0 = By ¢s. Since D = Go(9,, + Dy) near Hy, we see that

By = D|y = Gy(@u + Dy) over NNY = [_170]u X HO n Y,

where Gy = G|y and Dy = Dg|y. Therefore we can apply Green’s formula (2.18)
on Y to get

0=0-0= (Byé¢1,¢2) — (¢1, By p2) = (Gy d1ly, d2ly)y
—(paly, Paly)y = —|p2lv ¥,

where we used that ¢1|y = Gy¢o. This implies that ¢o|y = 0 and thus ¢1]y =
Gy ¢2|y = 0. Thus, with By ¢; = 0 = By ¢3 and the unique continuation theorem,
which also holds for our manifold [1, Cor. 1], we get ¢1 = 0 = ¢o. Thus, By has L?
kernel 0, so by Theorem 2.5, D is Fredholm. The same argument that we just did
also shows that D has L? kernel 0. Thus, D is invertible and our proof of Theorem
4.1 is complete.
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5. THE CALDERON PROJECTOR

In this section we prove Theorems 1.1, 1.2 and 1.3.

5.1. Proof of Theorem 1.1. First let us show that
D:H(X,E) — H*(X,F)

is surjective. Let ¢ € Hp°(X,F) and choose any element S Hboo(f(,f‘) with
Y|x = 1 where X is the manifold defined in (4.4). Then set

¢ = (571{/;)‘)(’

where D is the invertible extension constructed in subsection 4.2. By definition,
it is obvious that D¢ = 1. By the unique continuation principle [1, Cor. 1], the
restriction of ker D to the boundary gives a canonical isomorphism between ker D
and H(D). Now using the invertible extension D, let us define

(5.1) Pi= lim —. D195 Go + Hi®(Ho, Eo) — H;(Ho, Eo),

where . is restriction to {e} x Hy and ~g is the adjoint map of vy at {0} x Hy. In
the following lemma, we prove, in particular, that the limit in (5.1) exists.

Lemma 5.1. P € \T/‘g(Ho, Ey) and is a projection (in general not orthogonal) whose
image is H(D). Moreover, the b-principal symbol of P is the orthogonal projection
onto the eigenspace of the negative eigenvalues of the b-principal symbol of Dy.

Proof. We prove this lemma in two steps.

Step I: We first prove that P € \Tlg (Ho, Ep). To do so, we work on a neighborhood
[—1,1], x Hy near Hy in X where, see (4.10),

D = Gu(8y + D),

where G, : Eg — Fp is unitary and D, € Diff,l,(HO, Ey) is a Dirac type operator on
Hy, and where both G,, and D,, are smooth up to u = 0 and restricting there to
define a unitary map Gg : Ey — Fj and a formally self-adjoint Dirac type operator
Dy € Diff} (Hy, Eo). By Theorem 2.3, we know that D1 e \Ilgl()N(7ﬁ7E), and the
structure of the Schwartz kernel of D=1 is described in Section 2. To prove that
P e W(Hy, Ey), we shall analyze the limit defining P when D! is described in
coordinate patches so that its Schwartz kernel takes the form (2.9), and when its
Schwartz kernel takes the form (2.6).

Consider first the case (2.9). Let % = [0,1)% x ¥ and %’ = [0,1]) x ¥’ be
coordinate patches on Hy, where v = (vy,...,vs) denotes those boundary defining
functions that are common to both coordinate patches % and %', and where ¥ C
[0,00)F x R 1=k and ¥’ C [0,00)F x R*1¢~* Let y denote the coordinates
on ¥ and 3’ the coordinates on ¥’. Then given any open set # with compact
closure in (—1,1), x %', for any ¢ € C-'OC()?, ﬁ) having support in %, according
0 (2.9), the restriction of D~ ¢ to (—1,1), X % is of the form

~_ v
D= R(v, gy ) o' v y) dg(u v, y),
(—1,1) XU’ v
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where v/v" 1= (vi/v],...,ve/vy) and where R(v,z,u,y,v,y’) satisfies the condi-
tions listed after (2.9). Therefore, in such coordinates, we have

PQO = lim —Ye 571 78 GOQO = 7\/ R(’U, gvoaya 05 y/) GO‘P(Ulay,) dg(07vl7y/)7

e—0—

which represents an element of \le_oo(Ho,EO). Consider now the case when the
kernel of D! takes the form (2.6). In this case, let % = [0, 1] x R —1~‘. For a
section ¢(u,v,%y) compactly supported in (—1,1), x [0, 1]¢ x RZ‘l_e, as in Equation
(2.4), we can write

R’IL
where a(u,v,y,&,7,m) is the (complete) symbol of D1 and with ¢ denoting the
Fourier transform of ¢ in (u, y) and the Mellin transform in v. Thus, for a compactly
supported ¢ on the cross section coordinate patch [0,1] x R"~1=¢ we have
Po = lim —. D~ (7;Gop) = / Ve b(v, y, 7,n) G(r,n) dr dn,
e—0— Rn—1
where
1 .
(52) b('U, Y, T, 77) = — lim — / e“t§ a(ua v, Y, ga T, 77) G0d57
u—0— 27 R
provided, of course, that this limit exists. To prove that this limit exists, we note
that by definition of the space D~ € ¥, ' (X, F, E), the symbol a(u,v,y,&, 7,7) is
a symbol of order —1 with b-principal symbol equal to
( - Zf + O'(U, VY, T, 77))G171
& +|(r,n)P ’
where |- |2 = g(-,+) and o is the b-principal symbol of D,,. Moreover, it follows from
the explicit local parametrix construction of D (see e.g. [16, Th. 3.33] or [17, Th.
4.11)) that a(u,v,y,&,7,n) is a rational symbol in &, 7,7 in the sense that

(53) al(uavayagv,ra 77) = bgl(ﬁ)(uavayaga’ra 77)71 =

oo
a(uavayvgv’rvn) ~ Zaj(uavayv£a7_777)v
j=1
where ( ¢ )
pij\u,v,Y,S, 7,1
a‘(%%%fﬂ',n) = T2 L - N2V
’ (& +|(r,m)[?)!
with p;(u,v,y,&, 7,m7) a polynomial of degree j in (§,7,1). Note that by (5.3)
a1 (u,v,y,&,7,m) certainly satisfies this property and a straightforward induction
argument shows that this holds for each j. Thus, we just have to understand
1 ”
— lim — / etut aj(u,v,y,&,7,m) God€
R

u—0— 27

for each j. To do so, we write &2 + |(,7)|?> = (& +i|(7,n)|)(€ —i|(7,n)|) and use
Cauchy’s theorem to obtain

@iy 2w EHilln ) E— il

_ —1 <i>j1 ’ <6iu§ pj(uvv’yvga 7, 77))
G — D! \de e=—il(r.€)] €&~ /-

1 iuf pj(u7v7y7§a7-a 77) { iug pj(uavay7€77-v 77) dE
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Here, recalling that u < 0, we shifted the line R = {S¢ = 0} down to {J¢ = —o0}
where the integral vanishes, and we picked up a pole at & = —i|(7,n)|. Therefore,

1 .
— lim —/ewE a;(u,v,y,&,7,m) God§
R

u—0— 27
_ { (i)jl ‘ (pj(uavayv§777 77)) G
G-Dr\de)  le=aor \ €—i(mnhi )7

It’s easily checked that the right-hand side is homogeneous of degree 1 — j for each
Jj=1,2,3,.... It follows that the symbol b(v,y,7,n) in (5.2) is a classical symbol
of order 0 in (7,7) and using (5.3), the b-principal symbol of b(v, y, 7,7) is equal to

0
_2|(Ta77)| 2|(T»77)‘
_ 1(Id_ J(O,U,ymn)).
2 (7, )
In particular, since o(0,v,y,7,1)% = |(7,7)|?, the leading order part of b(v,y,7,7n)
is the orthogonal projection onto the eigenspace of the negative eigenvalues of the
b-principal symbol of Dy. Finally, it is straightforward to check that, from (5.2), a
lacunary condition on a(u,v,y, &, 7,7) implies a lacunary condition on b(v,y,7,n).
In conclusion, we have shown that P € \Ilg(HO, Ey).

pl(Oavaya 77;|(Ta77)‘77—77’) Go = (|(T?77)| _U(Oavay77-777))

Step II: We now prove that ran P = H(D). The proof of this step is similar to
Seeley [30, Th. 5]. We first show that P = Id on H(D). Let ¢ = vy-¢, where
Yo- = lim._,o- 7., ¢ € H°(X, E), and D¢ = 0, and define

~ J¢ onX
b= 0 onX\X.

Since D¢ = 0 and, according to (4.10), D= G (0y+D,,) near Hy, and the derivative
of the Heaviside function is the delta distribution, it follows that
Do = —dy ® Goy = —75Gow,
since v5 = 6o ® - with dp the delta distribution concentrated at the hypersurface
{0} x Hy. Thus, ¢ = =D~ Gep, and so
Py = —7- (D'5Gp) = %0-(8) = 10-(9) = .
Hence, P = Id on H(D). We now show that P?> = P. Let ¢ € H°(Ho, Ep). Then
by definition of P, we have
Py =-9¢ =0,
where ¢ = —(D*17§G¢)|X. Note that our analysis in Step I shows that ¢ €
H(X, E). Also, we clearly have D¢ = 0. Thus, vo-¢ € H(D), so as we know that
P =1d on H(D), it follows that
P2p = P(Pp) = P(v-¢) =0-¢ = Pyp.

Our proof is now complete. O

‘We now define

(5.4) C:= PP*[PP* + (Id — P*)(Id — P)] .
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Then, the right side is the orthogonal projection onto ran P by Lemma 12.8 of [5]
(see also [2]). Now by Lemma 5.1 and (5.4), we can see that the b-principal symbol
of C is also the orthogonal projection onto the eigenspace of the negative eigenvalues
of the b-principal symbol of Dy. To complete the proof of Theorem 1.1, it remains
to show that C € \Tlg(Hm Eyp). To show this, let

A=PP"+(Id - P*)(Id — P).
By Lemma 5.1, the b-principal symbol of P is also a projection, so that
‘o0(A) = ‘oo(P) oo (P)* + (Id — *oo(P)) (Id — ‘oo (P)")

is always invertible, which means that A is b-elliptic. Moreover, by (2.11) any
normal operator of A equals

N(A)(r) = N(P)(r)N(P)(r)" + (Id = N(P)(r)")(Id = N(P)()),

and N(P)(7) is a projection since N(P)(7)? = N(P?)(r) = N(P)(r). Thus, we
can see that N(A)(r) is invertible for all real 7. Thus, by Theorem 2.1 and 2.3,
it follows that A=' € W9(Hy, Ey). Finally, by the composition properties of b-

pseudodifferential operator, we conclude that C = PP*A~! is also in \I’%(HO, Ey).
This completes the proof of Theorem 1.1.

5.2. Proof of Theorem 1.2. We now assume that £ = F and D is formally
self-adjoint. This, in particular, implies that G3 = —Id and G§; = —Gy. Recall that

Q(@vw) = <G0S03’l/}>0 for <P7¢ € L%(HO,EO)

is a Hermitian symplectic form on L?(Ho, Ey) where { , )o is the L? inner product
on Hy. We begin with the following lemma.

Lemma 5.2. The image ranP of an orthogonal projector P on L2(Ho, Eo) is
Lagrangian with respect to Q if and only if

GoP = (Id — P)Go.

Proof. By definition, the subspace ran P C L2(Ho, Ey) is Lagrangian with respect
to 2 means that ran P = (ran P)g where

(55) (ra‘np)é = {(20 € L%)(H(% EO) | Q(QO, ¢) = <GO<P>¢>O =0 Vw € ranP }
Therefore, the Lagrangian property of ranP is equivalent to
(5.6) Go :ranP — (ranP)t = ran(Id — P) is an isomorphism.

Now if GoP = (Id — P)Gy, then certainly (5.6) holds. Conversely, if (5.6) holds,
then it follows that G = —Gg : ran(Id — P) — ranP, which implies that Gy :
ran(Id — P) — ranP. Hence,

GoP = (Id = P)GoP = (Id — P)GoP + 0
(Id = P)GoP + (Id — P)Go(Id — P)
= (Id—-P)Go(P +1d — P) = (Id — P)Go.

Thus, GoP = (Id — P)Gy and our proof is now complete. |
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Thus, according to this lemma, to show that the closure of H(D) in L} (Hy, Ep),
which for simplicity we again denote by H(D), is a Lagrangian subspace with respect
to €, it is sufficient to show that

GoC = (Id — C)Gy, equivalently CGo = Go(Id - C)

since ran(C) = H(D). To do so, we need the following extension of Grubb’s result
[10, Th. 7.5] to the category of manifolds with multi-cylindrical end boundaries.

Lemma 5.3. We have

(5.7) P*Gy = Go(Id — P).

Proof. First, we claim that for any ¢ € Hp°(X, E), we have
(5.8) ¢ = (rD'e)D¢ — (r D e)viGoyod

where 7 is the restriction map from X to X , e is the extension map by 0 from X
to X. This identity can be found in Boo-Bavnbek and Wojciechowski’s book [5,
Lem. 12.7] for the smooth closed manifold case. To prove this, we define

5_7 ¢ on X
T 10 on X\ X.

Since D = G, (8, + D) near Hy as described in (4.10), and the derivative of the
Heaviside function is the delta distribution, it follows that

r D = D — 75 Good-

Multiplying both sides by rD e we get (5.8). In particular, applying vy to both
sides of (5.8), we obtain

(5.9) Pro¢ = 70¢ — DL e Do

Second, we follow the proof of Theorem 7.5 in [10]. Let us denote L2-pairings
over X (Hy) by angular brackets ( , )x ({, )o) and distributional pairings by
parentheses. Then, for ¢ € H°(X, E) and ¢ € Hy°(Hy, Ep), by (5.9) we have

(5.10) (10D~ 'eDg, Got)o = (Y06 — Pyod), Govbo = ((Id — P)y0, Goth)o.
As distributions we can write the left-hand side of (5.10) as
(%D e Do, Gor)o = (7 Goth) (D' e Do)
= (rD7'7;Got) (Do)
Do, r D~y Gotb) x
Do, r D5 Got) x — (¢, Dr D19 Got) x,

~ ~ o~

since Drﬁ’lfy(’)" Gy = 0 over X. By Green’s formula, the right-hand side equals
{Gor0d, %D 75 Gov)o = —(Gorod, P)o
= —(P*"Gov0¢, ¥)o = —(GoP*Gov0¢, Got)o.

Equating the far right term with the far right term in (5.10), we obtain —GoP*Gy =
Id — P, which, after multiplication by Gg, proves our result. ([l
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As before, we put A = PP* + (Id — P*)(Id — P). Then using the identity in
(5.7), we obtain
AGy = P (P*Gy) + (I1d — P*) ((I1d — P)G)
= P (Go(Id — P)) + (Id — P*) (Go P¥)
= (PGy) (Id — P) + ((Id — P*) Go) P*
= (Go(Id — P*)) (Id — P) + (GoP) P*
= GO((Id —PY(Id-P)+ PP*) = GoA.
Thus, AGy = GoA. Hence, GoA~! = A71Gy. Again using (5.7), we see that
CGy=PP*A™'Gy= PP*GoA™' = PGy(Id — P) A~ !
(5.11) =Gp(Id — P*)(Id — P) A~
Now
(Id—P*)Id—P)A™' = (PP*+ (Id— P*)(Id— P))A™" — PP*A™"
=AAT'-Cc=1d-C.
Combining this and (5.11) proves
CGy = Gp(Id - C).
Hence by Lemma 5.2, H(D) is a Lagrangian subspace with respect to . Now let

us write
c— 1 /Ci Cr2
2 \C21 Co
with respect to the decomposition L?(Hy, Fy) = L3(Hy, EJ) ® L2(Hy, E; ). Then

using C* = C and CGy = Go(Id — C) it is easy to check that Cy; = Id, Cae = Id,
Oy : L3(Y,Ey) — L}(Y,Ey) is unitary with Cj5 = C5;'. Therefore, setting

ko := Ch2, we conclude that
- L(1d xg'
2\ko Id J°

This completes the proof of Theorem 1.2.

5.3. Proof of Theorem 1.3. Assume that £ = F, D is formally self-adjoint, and
D = Go(0y + Do) over [—1,0], x Hy. Let E:=F Ug, £ be the doubled vector
bundle over the doubled manifold X = X LI 1, (—X) constructed in Subsection 4.2
and let D := (D, —D) be the corresponding invertible double. We define

Py = + hléli D5 Gy + H{®(Ho, Eg) — Hi°(Ho, Ey).
E—
To be precise, Py really defines a map on Hy°(Hy, E |z1,) but we make the following
‘left’ identification of Ey = E|g, with E|p,:
EO<—’E|HU = FEy Ua, FEy — E()9<p<—>[((p,G0g0)] €E|H0~

As a result of this ‘left’ identification, given any ¢ € H°(X, E) with ¢|g, = ¢ €
H*(Hy, Ey), considering ¢ as sections of E over X and —X, we have

(5.12) ¢ € H*(X,E) = dlu, =9, &€ H(-X,E) = ¢lu, = Gogp,
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the latter equality holds because restriction of ¢ from X equals ¢ on the left factor
of Ey Ug, Eo, which is equivalent to Gop on the right factor of Ey Lig, Eo. The
‘left’ identification is important because then the Cauchy data space of D taken
from the left manifold X of X is exactly the same as the Cauchy data space of the
original operator D on X.

Lemma 5.4. P_ (P, ) is a projection whose image is exactly the Cauchy data space
of the restriction of D to X (—X ), and

(5.13) P_+P, =1Id.

Proof. In Lemma 5.1 we showed that P_ is a projection whose image is exactly the
Cauchy data space of the restriction of D to X and a similar proof establishes the
corresponding claim for P .

The proof of (5.13) is similar to Seeley’s proof [30, Th. 5] but now in the “b-
category”. Let ¢ € Hp°([-1,1], X Hy, E) have compact support in (—1,1), x Ho
and let ¢ € H°(Hy, Ep). Let us denote distributional pairing by parentheses and,
as usual, L2-pairings over Hy by angular brackets ( , )o. If K= 25_1'75‘6'0, then

(706, Gov)o = (V4 Go)(¢) = (DKW (¢) = (Kv) (Do)
(5.14) = / (Do, K)o du,

-1

where we used the fact that from the proof of Lemma 5.1, IZ@ZJ = 5*17{;(10@& has
a left-hand limit at Hy and a similar proof shows that it has a right-hand limit at
Hy, so the function Ew is in Hp° off Hy with at most a jump discontinuity at Hy.
In particular, we can write

1
/ (D¢, Kap)o du = lim / (Do, Kap)o du.
|u|>r

-1 r—0+

By (4.10) we know that D = Go(d, 4+ Dy) over [—1,1], x Hy, so we can evaluate
the right-hand integral as follows:

/| (Do Ryjodu= / {(Gol@u + D)), K)o du

|u|>r

. / 006, GoRplodu s / (6. (GoDu) Ko du
u|>r

|u|>r

__ / D, GoRapo du + / (6, DR du
|u|>r

|u|>r
(5'15) = _<'yfr¢> GO'V*TIEw>O + <7r¢7 GO'VTIEQ/J>O7
where we used that DK = 0 off Hy. Taking r — 0T in (5.15) and equating this
with (vo¢, Gotb)o in (5.14), and using that P_ := —yy_Kv¢ and Py := 94K, we

conclude that

(Y00, Go)o = (Yod, GoP-v)o + (700, GoPyth)o.

Since ¢ and ¥ were arbitrary, it follows that Id = P_ + Py, and our proof is
complete. O

Now to prove Theorem 1.3, we need to demonstrate that P_ = C; which reduces
to proving that P_ is orthogonal. To this end, we first prove the following
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Lemma 5.5. We have GoP— = P, G.
Proof. We shall prove that GoP— = PG first over ran P_ and then over ran(Id —
P_) =ranPy.

Let ¢ € ran P~ C Hy°(Hy, Ep). Then P_¢ = ¢ and there is a ¢; € C*°(X, E)
such that D¢y = 0 and ¢1]|g, = ¢. Let ¢ € C®°(—X,E) be the same sec-
tion ¢, but considered on the reversed manifold —X. Since D¢; = 0, we have
D¢o = —Deo = 0, therefore ¢o|p, € ran Py or Py (¢2|n,) = ¢2|H,- In view of the
identification (5.12), we have ¢a|n, = Gop, therefore

Go(P-p) = Go(p) = ¢2lu, = Py (d2|m,) = Pi(Gop) = PrGop.

Now let ¢ € ran(Id — P_) = ran P, C Hy°(Hy, Ey). Then P_p = 0, so we just
have to prove that P;Gop = 0 too. Since ¢ € ran P, we know that P, ¢ = ¢ and
there is a ¢ € C°(—X, E) such that D¢y = 0 and ¢2|pg, = ¢. Let ¢ € C°(X, E)
be the same section ¢, but considered on the left manifold X. Since D¢y = 0, we
have 5¢1 = D¢y = 0, therefore ¢1|py, € ran P_ or P_(¢1|n,) = &1|m,. Because
¢2|n, = ¢ from the right manifold —X, in view of the identification (5.12), from
the left we must have ¢1|g, = —Gop. Hence, P_(—Gpp) = —Goyp, and so

P_;,_Gogo = P+P_(G0(‘0) = (Id - P_)P_ (Gotp) =0.

Now combining the identity (5.13) with Lemma 5.5, we obtain
GoP- = (Id — P_)Gy.
On the other hand, we also know that GoP* = (Id — P_)Gy from (5.7). Hence,
P_ = P* and our proof of Theorem 1.3 is now complete.
6. RELATIVE INDEX FORMULZE AND THE BOJARSKI CONJECTURE
In this section we prove Theorems 1.4 and 1.5.

6.1. Proof of Theorem 1.4. The proof of Theorem 1.4 consists of three steps.

Step I: First, we consider the following general abstract situation. Let Vg, Vi, V5
be topological vector spaces and let

rvi—=V, , n:Vi—=W
be continuous surjective linear transformations. Suppose there is a projection
C: Vo —V,
whose image is the generalized Cauchy data space of T":
H(T) :=vyokerT ={yo|doeVi, Top=0}CVp
and the generalized unique continuation property holds:
P eranC <= 3oV, To=0and y9¢ = 2.
Given a projection P : Vy — Vj, consider the linear map
Tp : dom(Tp) — Va

where
dom(Tp) :={¢p e Vi | P(yp) =0} C V1.
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Proposition 6.1. For an arbitrary projection P : Vo — Vj, the operator
Tp : dOIn(Tp) — ‘/72
is Fredholm; that is, has a finite-dimensional kernel and cokernel, if and only if
PC :ranC — ran P
is Fredholm, in which case the following index formula holds:
ind Tp = ind(P,C) := ind (PC : ranC — ranP).
Proof. We just need to establish isomorphisms between kernels: ker Tp = ker PC
and cokernels: coker Tp := Vo/ranTp = ranP/ranPC =: coker PC. This shows
that T’p is Fredholm if and only if PC is Fredholm. The first congruence is easy:
Using that
Y eranC <= 3oV, Toé=0and yo =9
it follows that
Y eranC , PY=0<«<= 3¢, T =0 and v9¢ =1 and Pyp =0

<= dl¢, Tp =0 and Py¢p =0 and v = ¢

< 3¢ € ker Tp with v = 1.
Therefore the map

kerTp > ¢ — o9 € ker PC
is an isomorphism.

It remains to prove that coker T’ = coker PC. To prove this, we define a map
f: Vo — Vo/ranTp = coker Tp

as follows. Let ¢ € V). Then there is a ¢ € V5 such that yg¢ = ¥b. We define

fW):=[T¢] e Vo/ranTp,

where [ | denotes equivalence class. This is well-defined because if Yo = 1 also,
then Pyo(¢p — ¢) = P(0) =0, so ¢ — ¢ € dom(Tp), and thus,

[To] = [To+T (6~ 9¢)] = [To].
Since we know that T : V; — V5 is surjective, f is also surjective. Observe that if
P = 0, then with ¢ € V; such that vo¢ = ¢, we have ¢ € dom(Tp), so T¢p € ranTp
and thus f(¢) = [T¢] = 0. Hence,

fikerP —ranTp.
Therefore f descends to a (still surjective) map on the quotient:
f:Vo/kerP — Va/ranTp.
We are given that P is a projection, so we have a canonical isomorphism
ranP = Vy/ ker P.

Indeed, the map ranP > ¢ — [¢] € Vy/ker P is certainly one-to-one, and it is
surjective because given any i € V[, we can write

=P+ (Id —P)p =Py modulo kerP,

as ker P = ran(Id — P) since P is a projection. Thus, we obtain a surjective map

friranP — Vo /ranTp.
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We claim that ker f = ran PC. Once we prove this, it follows that f descends to an
isomorphism of vector spaces

coker PC := ran P/ ran PC 5 Va/ranTp =: coker Tp,

which completes our proof. We first show that ker f C ranPC. An element of
ker f is an element ¥ € ranP where we choose ¢ € Vj such that yy¢ = ¥ and
T¢ € ranTp. The inclusion T'¢ € ran T’» means that
36eVi, Pud=0, Tp=T6.
In particular, T'(¢ — é) =0, so v(¢p — é) =) — v9¢ € ranC. Thus,
¥ =Py —0 =Py~ Pyé =P~ 700) € ranPC.

The proof that ran PC C ker f is similar: An element of ranPC is an element

1) € ran P such that ¢ € ranC also. The inclusion 1 € ranC means that
3'¢6V1 ) 70¢:¢7 T¢:O

Choose ¢ € V; with v9¢ = ¥. Then Pro(p—¢) = P(p—1) = 0, s0 ¢—¢ € dom(Tp)
and thus, } }
fW) =[To]=[To+T(¢—¢)]=[T¢]=[0]=0.

Step II: Now we apply Proposition 6.1 to

D:H(X,E)— HX(X,F) , =~ :H°(Ho Ey) — Hp°(Ho, Ep),
where v is restriction to Hy, which is obviously surjective. The surjective property
of D follows from Theorem 1.1. Also, we know that

C: HgO(H(),Eo) — HEO(H(),E())

has image equal to the Cauchy data space of D:

H(D) :=vkerD={ ¢ | p€ H(X,E), Dp =0} C H;°(Hy, Ep)
and

Y eranC <= 3o HFX(X,E), Dp=0 and v = 9.

The uniqueness here follows from the unique continuation principle, which also

holds for our manifold [1, Cor. 1]. Therefore, we have satisfied all the conditions of
Proposition 6.1, so we conclude that

Proposition 6.2. For an arbitrary projection P € Gr’ (D), the operator
(6.1) Dp :dom(Dp)e :={ ¢ € H*(X, E) | P(yp) =0} — H*(X, F)

is Fredholm; that is, Dp has a finite-dimensional kernel and cokernel if and only if
PC :ranC — ran P is Fredholm.

Remark 6.3. In applications of Proposition 6.1, the surjective condition of T is
very crucial as its proof shows. Here is one case where we can clearly see this
point. Let us consider the half infinite cylinder X = [0,00) x Y where Y is compact
boundaryless manifold and a Dirac type operator

D=G(0,+Dy) : HX(X,E) - H*(X,F)
where Dy is a Dirac type operator over Y. We assume that Dy is non-invertible.

Then it is easy to see that the Calderén projection C at {0} x Y is the spectral
projection IIs onto the positive eigenspaces of Dy. We choose an augmented
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APS spectral projection P, = Il + 1_T"Ho where ¢ is an involution over ker Dy
such that Go = —oG and Ilj is the orthogonal projection onto ker Dy. Then
P,IIs : ran(Ils) — ran(P,) is certainly a Fredholm operator yet it is well-known,
and easy to prove, that Dp_ is not Fredholm since Dy is not invertible. Therefore,
this example shows that Proposition 6.1 does not hold for this simple case. The
reason is that the operator D : Hy°(X,FE) — Hy°(X,F) is not surjective when
Dy is not invertible. For instance, given ¢ € ker Dy, it is easy to check that
P = 1-+u Gp(y) € H°(X,F) is not in the image of D. In order to establish a
Fredholm theory for D we need to ‘perturb’ it as explained in Section 3 of [18].

Step III: For P € Gri (D), let us consider the L? domain:

(6.2) dom(Dp) :={¢ € Hy(X,E) | P(y0¢) =0},
where 7o : H} (X, E) — H;/2(H0, Ey) is restriction to the boundary, and
(6.3) Dp : dom(Dp) — Li(X, F)

is regarded as an unbounded operator on L?. To complete the proof of Theorem
1.4, we shall prove that Dp in (6.3) is L?-Fredholm and its index is the same as
the index of Dp in (6.1):
ind (Dp - dom(Dp) C H} — L%,) = ind (Dp - dom(Dp)es C HE® — HgO).
To establish these properties, we first prove

Lemma 6.4. There is an operator Q having the property that for any s > 1/2,
Q:H;(X,F)&® H;+1/2(H0, Ey) — H;YY(X, E) is continuous and

(6.4) Qo (7}30) —1d+S: Hi(X,E) — Hi(X, E),

where S : HY(X,E) — H°(X,E) is a compact operator. In particular ranDp is
closed and ker Dp C Hi*(X, E).

Proof. We define @ as the 1 x 2 matrix
Q = [Id + K(1d — C)yo)(rDe) , KP],
where D is an invertible extension of D, r is the restriction map from X to X , eis
the extension map by 0 from X to X, and
K:=—rD 'y Go: Hi(Ho, Eo) — HIV?(X, E)

is the Poisson operator of D. Recall that ran P = ranC where P = 1K by (5.1).
(Note that if D is of product type near Hy and D is the invertible double, then
P = C by Theorem 1.3, but P # C in general). By (5.8), we have (rD~le)D =
Id — K9, and using this we obtain

D ~_ D
Qo (7770> = [Id 4+ K(Id - C)y)(rD 'e) , KP] (P%>
= (Id + K(Id — C)v)(r D~ 'e)D + KPo
=1Id — Ky + £(Id — C)yo — £(Id — C)yo K0 + KPo

=1d - ’C’}/O + ’C’Yo — KCvy — ]C(Id — C)P’yo + KPyo
— 1d — KCro + KPyo = 1d + S,
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where S = K(P — C)yo. By assumption, P — C € W°°(Hy, Ey), from which the
compactness and regularity of S follows. Note that the regularity property of S
implies that ker Dp C Hp°(X, E).

It remains to prove that ranDp is closed. To do so, let {¢,} be a sequence in
dom(Dp) C H}(X, E) with ¢, := Dpe¢, — ¢ € LI(X,F). We need to find a
¢ € dom(Dp) with Dp¢ = 1. To this end, observe that since S is compact we
may assume that S¢,, converges to an element of Hp°(X,E). Then applying ¢,
to both sides of (6.4) and using that ¢,, € dom(Dp) so that Pyy¢, = 0 and that
Q: L}(X,F)®0— H{(X,E) is continuous, we see that

o= (') -son
converges in the topology of H} (X, E), say to an element ¢. Then
Dp¢ = lim Dpo, =1

and, since Py, = 0 for each n, we have Pyy¢ = lim,, .o, Py9¢, = 0. This proves
that ran Dp is closed and completes our proof. [l

The following proposition completes the proof of Theorem 1.4 except for the
relative index formula, which we take care of in a moment.

Proposition 6.5. The Calderdn projector of D* : C°(X,F) — C®(X,E) is the
projector P’ := Go(Id — C)G}y with P’ € Gri (D*), and the L? adjoint of the map
Dp in (6.3) is the map

(D*)p + dom((D*)pr) — L}(X, E),

where
dom((D*)pr) i= {6 € HL(X, F) | P'(706) = 0}.

Proof. The fact that the Calderén projector of D* is Go(Id — C)G} follows by
applying Theorem 1.2 to the formally self-adjoint Dirac type operator

(1()) % ) :C®(X,E') - C®(X,E") , E'=FEa@F.
To see that the L7 adjoint of the map Dp is (D*)ps, let ¢ € H°(Ho, Ep), [ €
H*(X,F), and choose e € Hy°(X, E) with e|g, = (Id — P)¢. Then e € dom(Dp)
and by Green’s formula, as a distributional pairing, we see that

(1= P)Gi0f) () = (. (14— P)GE)o = (Go(ld — P, flo
(65) = <D€, f>X - <63D*f>X'

Now let us assume that f € dom((D*)p/). Then this equality implies that f is in
the domain of the L% adjoint of Dp. The hard part is the other direction: Now
assume that f is in the domain of the L? adjoint of Dp; we need to show that
[ € dom((D*)p+). By definition of the L? adjoint, we know that f € L?(X, F) and
D*f € L3(X, E). Since f € L%(X, F), the same proof as in the compact case shows
that vof € H;l/Q(HO, Fy). In particular, (Id—P)Ggvof € H;l/Q(HO7 Ey) defines a
distribution acting on Hp°(Hy, Ey), so by the above Green’s formula equality (6.5),
we see that this distribution must be zero. It remains to prove that f € Hj (X, F).
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To see this, we apply Lemma 6.4 to D*, to obtain an operator @’ such that for any
s>1/2,Q : Hi(X,E) @ H,""*(Hy, Fy) — H;*'(X, F) is continuous and

e (7370) =1d+8": Hj(X, E) — Hj(X, E),
where &’ is a compact regularizing operator. We can apply this formula in the

distributional sense to f, in which case, using that D*f € L}(X,F) and, as a
distribution, P’vof = 0, we see that

f=Qo (Dof> —8'f € Hy(X,F).
Our proof is now complete. O

Finally, the relative index formula (1.8) follows directly from the following lemma.

Lemma 6.6. For P1, P2, Ps € Gri (D), P1Ps : ranPy — ran Py is Fredholm. Its
index ind(Py, Ps) := ind (731732 :ran Py — ran 731) satisfies

ind(Py,P2) = —ind(Pe, P1) = ind(Id — P2, Id — P4)
and the ‘logarithm property’
ind(Pl, Pg) = ind(Pl, Pz) + ind(Pz, Pg)

Proof. Since ind P1Ps = —ind(P1P2)* = ind PPy, the equality ind(Py,Ps) =
—ind(Pz,P1) is obvious. To prove that ind(Pz,P;) = ind(Id — Py,Id — Pa), we
simply compute:

(6.6) ker Po Py ={¢ | (Id—P1)p =0, Pag =0}
and

coker | Py Py : ran(Py) — ran(Pg)} & ker [(792 P1)* i ran(Pa) — ran(Pl)}

= ker [7’1 Py : ran(Ps) — ran(Pl)}
(6.7) ={¢| (Id—P2)p =0, P1¢ =0}
Replacing Py with Id — P; and P; with Id — P5 in (6.6) and (6.7), we obtain
ker(Id — P1)(Id = Py) = {¢ | P2¢ =0, (Id = P1)¢ = 0}

and
coker(Id — P1)(Id — P2) = {¢p | Prp =0, (Id — P3)¢ = 0}.
Comparing these spaces with (6.6) and (6.7), we see that ind(Ps,P;) = ind(Id —
P1,1d — Ps).
To prove the logarithm property, just note that by the logarithm property of the
usual index, we have

ind(P1, Ps) + ind(Py, P3) = ind [791732793  ran(P3) — ran(Pl)} .
Hence, it remains to show that ind(P1Ps) = ind(P1P2Ps3). To see this, we write
P1P3 = P1PaPs + P1(Id — P2)Ps.
Since P; = Py modulo compact, it follows that modulo compact, we have

P1(Id — Py)Ps = Pa(Id — Py)Ps = 0.
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Thus, P;P;3 and Py P2 Ps differ by a compact operator, so ind(P;Ps) = ind(P1P2Ps),
and our proof is complete. ([

6.2. Proof of Theorem 1.5. Let M be a manifold with corners with an exact
b-metric g and let D : C°°(M, E) — C*°(M, F) be a Dirac operator. Assume that
M is decomposed into two submanifolds M with corners along a hypersurface Y:

M=M_UM, , OM_=0M,=Y

where g|az, satisfies the conditions for manifold with multi-cylindrical end bound-
aries, in particular, Y is admissible for both M,. Now let us prove Theorem 1.5:
If
D:H(M,E) — L3(M,F)
is Fredholm, then for arbitrary projections P+ € Gr’ (D+), we have
indD = indDp_ +indDp, —ind(P_,Id — P,).

Before proceeding with the proof, we need a classical result about Fredholm pairs.
Let H; and Hs be closed subspaces in a Hilbert space H. Then the pair (H;, Hs)
is called as Fredholm pair of subspaces if

dim(Hy N'Hy) < oo and  dim(Hi NHF) < oo,

in which case, we define the index of the pair (H1, Hz) to be the integer
ind(Hy, Hz) := dim(H; N Hy) — dim(H{ NHy).

Now we recall the following classic result from [5, p. 263].

Lemma 6.7. Let H;, i = 1,2, be closed subspaces in a Hilbert space H and let P;
be the orthogonal projection onto H;. Then Hy and Hs form a Fredholm pair in H
if and only if
(Id — P) Py : Hy — Hy
is Fredholm, in which case,
in(Hl, HQ) = 1nd(Id - PQ, Pl)
Proof. We simply compute:
keI'(Id—Pg)Pl :{¢€H1 | (Id—P2)¢):0} :HlmHQ
and

coker [(Id —P)P :H — H%‘] = ker {((Id —P) Py)* i Hy — Hl]
— ker [Pl (d— P : HE — Hl}

={peHy | Prp =0}
= Hi NHy.

Now to prove the Bojarski conjecture let us first prove
indD =ind(Id — C_,C4) = ind(Id — C4,C-).
By the unique continuation property [1, Cor. 1], it is obvious that

kerD =ran(C_) Nran(Cy) , cokerD = ker D* = ran(C*)Nran(C})
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where C} denotes the orthogonal Calderén projection for the restriction of D* to
M. Applying Proposition 6.5, we obtain

ran(C* ) Nran(C}) = ran(Go(Id — C_)Gy) Nran(Go(Id — C4)Gy)
~ran(Id — C_) Nran(Id — Cy)
ran(C_)* Nran(Cy)*t.

IR

Thus, by Lemma 6.7,
ind D = dim ker D — dim coker D
= dim (ran(C_) Nran(Cy)) — dim (ran(C,)J‘ Nran(Cy)")
= ind(Id — C_,Cy).
Finally, for arbitrary projections Py € Gr’ (D), we have
indD =ind(Id - C_,Cy)
=ind(Id — C_,P4) +ind(P4+,Cy)
= —ind(C_,Id — P4) + ind(P4,Cy)
= —ind(C_,P-) —ind(P_,Id — Py) + ind(P4+,C4)
=ind(P-,C-) +ind(P+,Cy) —ind(P—,Id — Py)
=indDp_ +indDp, — ind(P_,1d — Py).
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