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Abstract

This thesis encompasses at least three separate but related projects. The first project from
a chronological point of view is our treatment of twisted Poincaré duality for manifolds with
coefficients in spectra. This is not really a new result, but our treatment is conceptually
useful for the second project, and so we include it as an appendix.

The second project investigates a certain map from the stabilization of the gauge group of
the principal bundle QM — x — M to the string topology spectrum LM ~T™_ This map
is a linear approximation in the sense of Goodwillie and Weiss’s embedding calculus. We
describe the rest of the tower, in the process extending embedding calculus from manifolds
to CW complexes.

The third project is an ongoing and open-ended exploration of contravariant forms
of algebraic K-theory of spaces. We begin with a splitting of THH (DX) when X is a
reduced suspension. The resulting calculation gives evidence that the known equivalence
D(THH(DX)) ~ ¥¥LX is actually an equivariant equivalence, meaning that it preserves
the C),-fixed points. We prove this for general finite simply-connected X, making use of a
new approach to T'HH via the norm construction of Angeltveit, Blumberg, et al. In the
process of simplifying our work, we prove a new rigidity result for the geometric fixed points
of orthogonal G-spectra.

Next we apply our splitting result to calculate TC(DS') explicitly. This object has
striking parallels with TC(S'), and the calculation allows us to rule out a certain kind of
“dual” Novikov conjecture for K(DS?').

Finally, in a somewhat different direction we investigate a variant of TH H (D BG) when
G is a finite group. We prove that certain linear approximations into and out of this
object compose to give an equivalence after p-completion, and this suggests some interesting
behavior of the contravariant K-theory of BG. In future work we intend to study this

behavior further and connect it to equivariant forms of algebraic K-theory of spaces.

v
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Chapter 1

Introduction

1.1 Gauge groups, string topology, and homotopy calculus

Let M be a closed manifold, not necessarily oriented, and let LM = Map(S*, M) be its free
loop space. The evaluation map LM — M is a fiber bundle whose fibers are monoids, so
when we add a disjoint copy of M to LM and take a fiberwise suspension spectrum, we get
a parametrized ring spectrum denoted 37 | LM. Taking sections over M gives an ordinary
ring spectrum Iy (357 , LM).

It is by now well-known that one may formulate Poincaré duality for a manifold M with
coefficients given by a bundle of spectra over M ( [CJ13], [MS06]). It is difficult to find an
explicit and conceptually simple treatment of this result in the literature, so we attempt to
give such a treatment in Appendix A. At any rate, the Poincaré duality isomorphism gives

an equivalence of ring spectra
LM~ ~ T (3537, LM)

where LM ~TM is the Thom spectrum of the virtual bundle —TM, pulled back from M
to LM. The spectrum LM ~T™ has an intersection product, first given by Cohen and
Jones [CJ02]. When M is oriented, this product descends to the product on H,(LM)
originally described by Chas and Sullivan [CS99]. The term string topology refers to the
study of this product on H,(LM) and its many generalizations.

The benefit of the above Poincaré duality equivalence is that it makes the string topology

spectrum LM ~TM ook like the kind of “linear approximation” that arises in Goodwillie
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calculus. In fact, we may define a string topology functor
S(X) =Tx(f*3374+LM)

for every space X L M over M. This functor is linear in the sense that it preserves
homotopy equivalences, takes () to *, and takes homotopy pushout squares to homotopy
pullback squares. Following the philosophy of Goodwillie calculus, is natural to ask whether
there are interesting functors G(X) for which S is the universal linear approximation of G.

In [CJ13], Cohen and Jones show that there is such a functor:

G(X) = ST x (X I f*LM)
G(M) = $°T y(LM)

They call this the gauge group functor, since the group I'pr (LM ) = Qiqhaut(M) is equivalent
to the gauge group of the principal bundle P — M whose total space is contractible.

We can take this analysis further: if excisive functors are like affine-linear functions,
then there is a notion of n-excisive functor analogous to nth degree polynomial functions.

One may approximate a homotopy functor F' by a tower
F(X)—...— P F(X)— P, F(X) — ... — PRF(X) — PF(X)

in which P, F is the universal n-excisive approximation to F. Goodwillie and Weiss have
shown in [Wei99| and [GW99] that such a tower exists when we consider our functors to be
defined on open subsets of a fixed manifold M. In fact, their calculus holds more generally
for the category of finite CW complexes over any fixed base space B. The first-order
approximation P F' has already been studied in the special case that F'({)) ~ %, and in that
case, the natural transformation F' — Py F' is called a coassembly map. We therefore call
the more general nth order approximation F' — P, F' a higher coassembly map.

In chapter 2 below, we give an explicit general construction of P, F', and identify the
homotopy type of the layers of the tower for G(X) in terms of Thom spectra of bundles

over configuration spaces.
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1.2 Algebraic K-theory of spaces and THH

Algebraic K-theory provides a rich set of invariants for a wide range of mathematical objects.

One particularly interesting form of algebraic K-theory is Waldhausen’s functor
A(X) ~ K(X7QX)

This functor enjoys many striking relationships with the spaces of pseduoisotopies and
diffeomorphisms of X when X is either a PL or smooth manifold [Wal85|. It is also equipped

with a natural map to the suspension spectrum of the free loop space [Goo90]
AX) — ETLX

which has served as a fruitful starting point for applications of homotopy calculus to A(X).

Waldhausen’s functor A(X) has a natural contravariant analogue sometimes denoted
V(X). Following [BM11b] we might call it the “geometric Swan theory” of the ring ¥5°Q.X.
Surprisingly little is known about V(X), in contrast to A(X), though Blumberg and Mandell

have shown that when X is finite and simply connected,
V(X) ~ K(DX)

where DX is simply the Spanier-Whitehead dual of X [BM11b|. In this paper we will write
DX, instead of DX in order to differentiate from the based dual.

There are a few reasons one might wish to understand V(X)) better. The space is a uni-
versal receptacle for any invariant of finite fibrations over X which splits cofiber sequences.
There are natural pairings between V(X) and A(X) which allow us to relate classes in V(X)
with transfer maps in A(X) [Wil00]. In a different direction, Morava has built a conjectural
theory of motives based on K(DX) [Mor09]. Finally, Barwick has recently demonstrated
the existence of a genuine G-spectrum structure on K (S) in which the genuine H-fixed
points are equivalent to V(BH) [Barl4].

We are therefore motivated to better understand V(X) in general, and so we begin
with the topological Hochschild homology THH (DX ) in the case where X is finite and
simply-connected. Even before Blumberg and Mandell’s work, this has been considered

an interesting object of study. In the course of some string-topology calculations, Cohen
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observed that its functional dual is equivalent to the free loop space
THH(XFOX) ~ NFPLX — D(THH(DX,)) (1.1)

and Campbell extended this from (XQX,DX,) to other pairs of Koszul-dual ring
spectra [Caml14]. Forthcoming work of Ayala and Francis describes a general form of
Poincaré/Koszul duality for manifolds and ring spectra, which returns this result when the
manifold is the circle S' [AF]. Finally, one may abuse notation and let LM denote the
space of smooth loops in M; then there are analytic lines of argument which establish the
plausibility of THH (DM ) as a model for the Thom spectrum LM-TEM) when LM is
regarded as an infinite-dimensional manifold.

The previous work on THH (DX ) leaves open the question of how the natural circle
actions and equivariant structure on THH (DX, ) and ¥ LX are related under the map
. In Chapter 3 we give a definitive answer:

Theorem 1.2.1. The map can be made S*-equivariant in such a way that it induces

an equivalence of fized point spectra

O D(THH(DX,)) ~ ®OEPLX
[D(THH(DX))|% ~ [S2LX]%

for all finite subgroups C,, < S'.

In fact we show that the functional dual D(THH(R)) can be given a natural pre-
cyclotomic structure, and when R = DX, with X finite and simply-connected it has
a cyclotomic structure. This is the kind of structure that is known to exist already on
THH(R) and ¥ LX, and which makes T'C'(R) and T'C(X) so computable.

In the process, we prove a rigidity result for smash powers and geometric fixed points of
orthogonal spectra that appears to be new and of independent interest. It gives in particular

a rigidity theorem for the Hill-Hopkins-Ravenel norm diagonal map
X 25 oG xNC

Our work on D(TTHH (DX )) builds on very recent work of Angeltveit, Blumberg, Ger-
hardt, Hill, Lawson, and Mandell [ABG™12], [ABG™14], which starts from the observation
that the Hill-Hopkins-Ravenel multiplicative norm [HHRO09] has the equivariant homotopy
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type one would need, if one wanted the cyclic bar construction in orthogonal spectra to have
the same equivariant homotopy type as Bokstedt’s construction of topological Hochschild
homology |[Bok85|. However in contrast to Bokstedt’s construction, the cyclic bar construc-
tion is relatively simple on the point-set level. This leads to simplifications in the theory of
THH, as well as new results, including those outlined above.

After establishing this equivariant equivalence, we demonstrate a splitting on
THH(DXy) when X is a reduced suspension:

Theorem 1.2.2. There is a natural equivalence of genuine S'-spectra

o0
THH(D;EX)~Svx™! (\/ D(X"") Ac, Si)
n=1
This splitting does not preserve the F, ring structure, but it implies a collapsing re-
sult which makes that structure trivial to compute on the level of homology. Dualizing
and applying Thm we recover a classical stable splitting of the free loop space of a
suspension:
o
SPLEX ~ \/ £%81 Ag, XM
n=1
This splitting was observed by Goodwillie and proven in [Coh87|; it follows from the combi-
natorial model for L(XX) described in [CC87] and generalized in [BM88]. Our work easily
implies that this splitting is equivariant, in the sense that it preserves genuine fixed points
for all finite subgroups C,, < S*.
Future work will explore the relationship between the T'C' of DX and X°QX. To lay
the groundwork for this, we focus on THH (DS ), and calculate TC:

Theorem 1.2.3. There is a splitting of TC of the dual of the circle

TC(DySY), ~SvICP: v \/ X
neN

in which X is defined to be the homotopy fiber of

oo
\/ =FBC, — 27'uyrs!
k=1

This is surprisingly close to the T'C of the ring EfQSl ~ ¥Z. Using the same
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spectrum X as above, we have

TC(EFQS)) ~SLA(SVICP) v |/ =X
neZ\{0}

In a different direction, we also use this calculation to get explicit dimension counts on the

rational homotopy groups and conclude that the coassembly map
K(DS') — Map(S*, K(S))

is not rationally split surjective. However K (DS') £ V(S1), and so this does not completely
count out the possibility of a “dual” A-theory Novikov conjecture.

In the general case where X is not simply-connected, we can still recognize V(X)) as the
K-theory of the Waldhausen category P’(X3°QX) consisting of left £3°Q.X-modules whose
underlying spectrum is finite or dualizable. The Waldhausen category P’'(35°QX) may be
enriched in orthogonal spectra in a natural way, and so it has a topological Hochschild
homology, which by [BM11c| and [ABGT12| receives a trace map from V(X). We therefore
investigate the T'H H of this category when X = BG, G a finite group:

Theorem 1.2.4. The composite of the assembly and coassembly maps
BG4 ANTHH(x) —= THH(S°G) — THH(P'(23°G)) <% F(BG4, THH (%))

is up to homotopy the transfer BGy — F(BG4,S) along the bundle over BG x BG with
fiber G and monodromy given by left and right multiplication of G on itself. There is a

sitmailar composite
BWH NTHH(x) 5 THH(SY?WH) — THH(P'(37G)) =% F(BG4, THH (%))

which is up to homotopy the transfer BW H, — F(BG+,S) along the bundle over BG x
BW H with fiber G/H and monodromy given by the left action of G and the right action of
WH = Autg(G/H)P.

Corollary 1.2.5. If G is a finite p-group the coassembly map

THH(P'(2YG)) = F(BG4,THH(x))
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is split surjective after p-completion, as a map of coarse Sl -spectra.

Unfortunately this coassembly map does not appear to be surjective on the fixed points
under the circle action. In some sense this is because the spectrum on the right is not
really cyclotomic but only pre-cyclotomic. One may approximate it in a universal way
by a cyclotomic spectrum, and we conjecture that the resulting map is then indeed split
surjective on all fixed points and on T'C.

The author has felt that this result is an indication of interesting behavior for some form
of equivariant algebraic K-theory lying above these T'H H functors. A promising possibility
is given in recent work of Barwick [Barl4|, which provides a genuinely G-equivariant form
of K(S) whose G-fixed points are V(BG). It appears that the coassembly map we have

studied lies below the map from this spectrum’s fixed points to the homotopy fixed points
K(S)Y — K(S)"¢

In 1991 Waldhausen conjectured the existence of an equivariant form of K(S) = A(x) for
which the above map is an equivalence up to completion. This is a version of the Atiyah-
Segal completion theorem, but for algebraic K-theory instead of topological K-theory. The
work done so far on the THH level has consequences related to this conjecture, and the

author intends to pursue this direction further.

1.3 Background on K-theory and the cyclotomic trace

Though the bulk of our work is done on the level of TTHH, it is useful to know how such
constructions relate back to interesting forms of K-theory, and we outline that here.

Most forms of algebraic K-theory seem to be special cases of Waldhausen K-theory,
which is defined for any category C equipped with a notion of cofibrations and weak equiv-
alences satisfying the axioms found in [Wal85]. If M is a model category, then the sub-
category of cofibrant objects always forms such a “Waldhausen category.” We typically
restrict to a subcategory obeying some finiteness condition, since otherwise the K-theory
of C would be trivial.

Given a Waldhausen category C, one defines its Oth K-theory by taking the free abelian

group on the weak equivalence classes of objects of C and imposing the relation that b = a+c
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for every cofiber sequence a — b — ¢:
Ky(C) =Z(obC)/([b] =[a] +[c] :a —b—¢)

This generalizes via Waldhausen’s S.-construction to a sequence of groups Ky, K1, ..., which
are the homotopy groups of a connective spectrum K (C). The well-known Eilenberg Swin-
dle guarantees that when the category C contains arbitrary coproducts, this spectrum is
contractible. However if C consists only of “finite” objects then this spectrum often contains
deep and interesting invariants of the category C.

To give a specific example, let Rg,(X) denote the category of retractive spaces Y over X
for which the inclusion X — Y is a classical cofibration, and up to homotopy equivalence
it is obtained by attaching finitely many cells to X. The cofibrations and weak equivalences
are defined as the maps which on the total space Y are classical cofibrations or homotopy
equivalences, respectively. The K-theory of Rgn(X) is then by definition Waldhausen’s
functor A(X), which has proven useful in the study of high-dimensional manifolds [Wal85].

Calculations in K-theory are often quite difficult, but calculus of functors has proven to
be a surprisingly effective technique for understanding and calculating K-theory. Goodwillie
constructed in [Goo90| a natural map from A(X) into the suspension spectrum of the free
loop space

AX) — EFLX

Bokstedt, Hsiang, and Madsen showed in [BHM93| that this map lifts to genuine fixed
points of the S'-spectrum Y LX under any finite cyclic subgroup C,, < S 1 and that these

lifts can be made in a compatible way, resulting in a map

AX) — TO(X) := h%n (ZLX)
This natural transformation of functors is an equivalence on first derivatives in the sense
of Goodwillie calculus [Goo91], allowing one to use the very computable TC(X) to deduce
a great deal about A(X) in the case where X is simply-connected. This analysis was
successfully carried out in [BCCT96].
Now in the construction of Waldhausen’s A-theory of spaces, one may subtly change the
definition by insisting that we study retractive spaces over X with finite homotopy fiber,

instead of finite homotopy cofiber. To be specific, let R"(X) be the category of retractive
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spaces over X for which the projection Y — X is a fibration, and for every x € X the fiber
Y, is in Rgn(*). Define the cofibrations and weak equivalences by requiring that the map is
a cofibration resp. weak equivalence in Rgy, (%) when restricted to the fiber over z, for every
r € X. The K-theory of R"(X) is then (somewhat unceremoniously) called “upside-down
A-theory” V(X). Surprisingly, though the definition is “dual” to A(X), relatively little is
known about V(X).

To apply modern methods it will be easiest to think of Waldhausen K-theory as coming
from highly-structured ring spectra, as opposed to spaces. To be specific, let R be an
orthogonal ring spectrum. Then the category of left R-modules has a model structure
described in ( [MMSSO01], Thm 12.1(i)) where the weak equivalences and fibrations are
given by forgetting the R-action. Restrict to the subcategory P(R) consisting of cofibrant
modules which are perfect, meaning that they lie in the smallest thick subcategory containing
the ring R itself. These are equivalently the modules which are dualizable in a certain bi-
categorical sense, or the modules which are equivalent to retracts of finite cell complexes
built out of the cells R A Fnle_. Then P(R) is easily checked to be closed under homotopy
pushouts, so it defines a Waldhausen category. We denote its Waldhausen K-theory by
K(R), and call it the K-theory of the ring spectrum R itself.

Furthermore, if R is an orthogonal ring spectrum then one may define its topological

Hochschild homology by a cyclic bar construction in the category of orthogonal spectra
THH(R) := |[N¥°R|,  NJ°R= R *D

If the unit S — R is a cofibration then this construction is appropriately derived. In the
stable homotopy category this receives a map from K (R), which lifts to the genuine fixed

points in a compatible way, yielding
K(R) — TC(R) := holim THH(R)®"

This map is often referred to as the cyclotomic trace.
It is well-kwown that when X is connected, the classical definition of A(X) above may

be re-expressed as the K-theory of the ring spectrum ¥°QX

K(20X) ~ A(X)
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when QX is any topological monoid whose classifying space is equivalent to X. Furthermore

the topological Hochschild homology of this ring is
THH(XTOX) ~XTPLX
and the trace analysis described above for A(X) coincides with the cyclotomic trace
K(XTQX) — TCO(XTOX)

In the general case where X is not simply-connected, V(X) does not appear to be the
K-theory of a ring. However one may take the Waldhausen category P’(R) of all cofibrant
left R-modules whose underlying spectrum is finite or dualizable. Then when R = XX,
K-theory K(P'(X°QX)) is equivalent to V(X). Moreover, the derived mapping spectra
between objects of P'(R) give an enrichment in orthogonal spectra, and one may use a
many-object form of the cyclic bar construction to define TH H(P'(R)). By [BM11c|, which

builds on earlier work in [DM96], the Dennis trace generalizes to a map
V(X)~ K(P'(R)) — TC(P'(R)) — THH(P'(R))

There is no known analogue of the Dundas-McCarthy theorems telling us how close V —
TC' is to being an equivalence, but the simple existence of these maps has already turned
out to be useful. In particular, they allow us to draw conclusions about V(BG) and its

linear approximation from similar statements on the level of THH.



Chapter 2

A tower from gauge groups to

string topology

This chapter represents work done in 2012 on an application of calculus of functors to string
topology. In it we develop a variant of calculus of functors, and use it to relate the gauge
group G(P) of a principal bundle P over M to the Thom ring spectrum (PA)~TM If P
has contractible total space, the resulting Thom ring spectrum is LM ~TM  which plays a
central role in string topology. Cohen and Jones have recently observed that, in a certain
sense, (PAY)~TM ig the linear approximation of G(P). We prove an extension of that
relationship by demonstrating the existence of higher-order approximations and calculating

them explicitly. This also generalizes calculations done by Arone in |[Aro99).

11
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2.1 Introduction

If M is a closed oriented manifold and LM = Map(S', M) is its free loop space, then
the homology H.(LM) has a loop product first described by Chas and Sullivan [CS99).
This loop product is homotopy invariant [CKSO08| and has been calculated in a number of
examples [CJY04]. In [FT04], Félix and Thomas studied the loop product by defining a

multiplication-preserving map
H,(Qqhaut(M); Q) — Huraim v (LM;Q) (2.1)

where haut(M) is the space of self-homotopy equivalences of M, and the loops are based
at the identity map of M.

In |[CJ02], Cohen and Jones described a ring spectrum LM ~T™ whose homology is
H,.(LM) but with a grading shift. The multiplication on LM "™ gives the loop product
on H,(LM), and the map of Félix and Thomas comes from a map of ring spectra

S Qghaut M — LM ~TM (2.2)

by taking rational homology groups [CJ13|. In the forthcoming paper [CJ13], Cohen and

Jones extend this map of ring spectra to a natural transformation of functors
F— L (2.3)

F,L:R}; — Sp
F(M I M) = X2Qghaut M
LIMUI M)~ LM~T™
Here R,y is the category of retractive spaces over M and Sp is the category of spectra. We
will give these functors explicitly in section [2.3] Both F and L are required to be homotopy

functors, meaning that they send equivalences of spaces to equivalences of spectra. Cohen

and Jones show that L is the universal approximation of £’ by an excisive homotopy functor,
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i.e. one that takes each homotopy pushout square

L

-

—_—

to a homotopy pullback square
L(A)<— L(B)

]

L(C) <~ L(D)

Such an L takes finite sums of spaces to finite products of spectra. This type of analysis is
similar in spirit to Goodwillie’s homotopy calculus of functors ( [Goo90], [Goo03]), though
it is different in substance because the functors F' and L are contravariant. Instead, it is
more similar to Weiss’s embedding calculus ( [Wei99], [GW99]), though again it is different
because F' is defined on all spaces and not just manifolds and embeddings.

Of course, in homotopy calculus one approximates a functor F' by an n-excisive functor

P, F for each integer n > (0. These fit into a tower
F—...—PFPF—. .—PBF—PF—PFF
and one extracts information about F' from the layers
D, F :=hofib (P, F — P, 1 F)
The map of functors described by Cohen and Jones is only the first level of this tower:
F— PF

The main goal of this paper is to extend their construction by building the rest of the tower.
In order to do this we must also develop a variant of homotopy calculus for contravariant
functors from spaces to spectra.

In Definition 2.2.21 we define n-excisive contravariant functors. Our main results on
n-excisive functors are Theorems and [2.8.8] which imply

Theorem 2.1.1. Let F' be a contravariant homotopy functor from C to D, where one of
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the following holds:

o C is the category of unbased finite CW complexes over M, and D is the category of

based spaces or spectra.

o C is the category of based finite CW complexes, and D is the category of based spaces

or spectra.

o C is the category of finite retractive CW complexes over M, and D is the category of

spectra.

Then there exists a universal n-excisive approximation to F', called P,F, and the natural
transformation F(X) — P,F(X) is an equivalence when X is a disjoint union of the

initial object and i discrete points, 0 < i < n.

Remark. It has been pointed out to the author that the procedure found in [dBW12] can
be adapted to generalize embedding calculus from the category of manifolds to a broader
category of topological spaces. This should give a result similar to Thm. 2.1.1]

In section we explicitly define the functors of Cohen and Jones that extend the map
of ring spectra , and in section we explicitly calculate the tower that extends the
map of Cohen and Jones. We explain in Proposition why the above universal theorem
is needed to conclude that our tower is correct. Along the way to proving Theorems[2.7.1]and
[2.8:8] we prove a splitting result on homotopy limits in Proposition that is reminiscient
of a result of Dwyer and Kan ( [DK80|) on mapping spaces of diagrams. This all implies

the main result of the paper:

Theorem 2.1.2. There is a tower of homotopy functors
F—...—PFPF—...—PF— PF— BF

from finite retractive CW complexes over M into spectra such that
1. P,F is the universal n-excisive approximation of F.
2. The map F — P F is the map of Cohen and Jones.
3. F(MII M) = X5°qhaut M.

4. PF(MII M)~ LM~TM,
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5. PyF(M I M) = x.

6. If X is any finite retractive CW complex over M, the maps
F(X)— P,F(X) — P,1F(X)

are maps of ring spectra.

7. For alln > 1, D, F(M 11 M) is equivalent to the Thom spectrum
C(LM;n)~TCWMmn)

Here C(M;n) is the space of unordered configurations of n points in M, and C(LM;n)

s the space of unordered collections of n free loops in M with distinct basepoints.

Cohen and Jones have also observed that this linearization phenomenon is more general.
Consider any principal bundle
G—P—M

The gauge group G(P) is defined to be the space of automorphisms of P as a principal
bundle. Tt is a classical fact that there is an associated adjoint bundle P24, and that the
gauge group G(P) may be identified with the the space of sections T'j;(PA9).

Gruher and Salvatore show in |[GSO08| that one may construct a Thom ring spectrum
(PAD=TM ot of the total space P24 of the adjoint bundle. The multiplication on this ring
spectrum gives a product on the homology H., (PAd). When the total space of P is con-
tractible, the adjoint bundle P24 is equivalent to the free loop space LM, and the Gruher-
Salvatore product on H,(PA9) agrees with the Chas-Sullivan loop product on H,(LM).

In |[CJ13], Cohen and Jones show that the map of ring spectra generalizes to a
map of ring spectra

NXG(P) — (PAY)~TM (2.4)
Taking homology groups, they get a multiplication-preserving map
H.(G(P)) — Hepaimm(PAY) (2.5)

which generalizes the map (2.1 studied by Félix and Thomas. Cohen and Jones extend

this generalized map of ring spectra to a map of functors ' — L and show that L is the
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universal approximation of F' by an excisive functor. We extend their generalized result

here as well:

Theorem 2.1.3. There is a tower of homotopy functors
F—...—PFPF—...—PBF—PF—FF

from finite retractive CW complexes over M into spectra such that
1. P, F is the universal n-excisive approrimation of F'.
2. The map F' — P\ F is the generalized map of Cohen and Jones.
3. F(IMII M) = X2G(P).
4. PLF(M I M) ~ (PAd)=TM
5 PBRBF(MTI M) = .

6. If X is any finite retractive CW complex over M, the maps
F(X)— P,F(X) — P,_1F(X)

are maps of ring spectra.

7. For alln > 1, Dp,F(M 11 M) is equivalent to the Thom spectrum

C (PAd : n) —TC(M;n)

where C(PAY;n) is the space of unordered configurations of n points in the total space

PAL which have distinct images in M.

The outline of the chapter is as follows. In Section 2, we define n-excisive functors and
give criteria for recognizing the universal n-excisive approximation P,F of a given functor
F. In Section 3, we give a detailed construction of a tower which generalizes the above two
examples. In Section 4, we specialize to the above two examples and do some computations.
Sections 5-8 supply a missing ingredient from the previous sections: a functorial construction
of P, F for general F'. This material may be of independent interest in the general study of

calculus of functors.
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The author would like to acknowledge Greg Arone, Ralph Cohen, John Klein, and Peter

May for many enlightening ideas and helpful conversations in the course of this project.

2.2 Excisive Functors

Fix an unbased space B. Like every space that follows, we assume it is compactly generated

and weak Hausdorff.

Definition 2.2.1. e Let Up be the category of spaces over B. The objects are spaces
X equipped with maps X — B. Define two subcategories

Upn CUB CUB

as follows. The subcategory Up gn consists of all finite CW complexes over B. The
subcategory Up , consists of discrete spaces with at most n points over B. For sim-
plicity, we may as well assume that the finite CW complexes are embedded in B x R*,

and that Up , has only one space with ¢ points for each 0 <17 < n.

e Let Rp be the category of spaces containing B as a retract. As before, define two
subcategories

RBn C Rfin C RB

where R p gy consists of spaces X for which (X, B) is a finite relative CW complex,

and Rp,, consists of spaces of the form ¢ II B, i = {1,...,i}, for 0 <i < n.

Of course, if B = % then Up and Rp are the familiar categories of unbased spaces U
and based spaces T, respectively. The following definition should be seen as an analogue of

Goodwillie’s notion of n-ezcisive for covariant functors |Goo91|:
Definition 2.2.2. A contravariant functor RY L T is n-excisive if

e Fis a homotopy functor, meaning weak equivalences X — Y of spaces containing B

as a retract are sent to weak equivalences F(Y) — F(X) of based spaces.

e [ takes strongly co-Cartesian cubes (equivalently, pushout cubes) of dimension at
least n + 1 to Cartesian cubes (see [Goo91]). When n = 1, this means that F' takes

homotopy pushout squares to homotopy pullback squares.
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e F’ takes filtered homotopy colimits to homotopy limits. In particular, F' is determined

up to equivalence by its behavior on relative finite CW complexes B — X.

This definition is easily modified to suit many cases. When restricting to finite CW
complexes (Rp fin), we drop the last condition. If Sp denotes a suitable model category of
spectra, for example the category of prespectra described in [MMSS01], then a contravariant
functor RY N Sp is n-excisive if it satisfies the above properties, with “equivalence of
based spaces” replaced by “stable equivalence of spectra.” For most models of spectra, we
are allowed to post-compose F' with a fibrant replacement functor, and conclude that F' is
an n-excisive functor to spectra iff each level F} is an n-excisive functor to based spaces. It
is also straightforward to define n-ezcisive for functors from unbased spaces Up or unbased
finite spaces Up sn to either spaces T or spectra Sp.

If F' is a contravariant n-excisive functor, then F' is completely determined by its values

on the discrete spaces with at most n points:

Proposition 2.2.3. e Let F and G be n-excisive functors RYY — T, and F G
a natural transformation. If n is an equivalence when restricted to the subcategory

Rj’;n, then n is also an equivalence on the rest of RY.

o If F and G are n-excisiwe functors Uy — T, and F 5 G is an equivalence on

op . . op
Ug ,, then 1 is also an equivalence on Up.

e The obvious analogues hold when the source of F' and G is instead the category of finite

CW complexes Up sin or Rp gin, or when the target is spectra Sp instead of spaces T.

Proof. We will only prove the first statement, by induction on the dimension of the relative
CW complex B — X. The key fact is that a map of Cartesian cubes is an equivalence on
the initial vertex if it is an equivalence on all the others.

We may construct a pushout (n + 1)-cube whose final vertex is

n+1I1B

but all other vertices are k I1 B with £ < n. Applying F' and G to this pushout cube gives
two Cartesian cubes, and 7 gives a map between the two Cartesian cubes. This map is an
equivalence on every vertex but the initial one, so it is an equivalence on the initial vertex
as well:

n:F(n+110B) — G(n+11IB)
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Similarly we may show that 7 is an equivalence on all spaces of the form k11 B. Therefore 7
is an equivalence on all finite O-dimensional complexes. For higher dimensional complexes,
we need an additional definition.

For each subset T' C {1,2,...,n}, define the layer cake space L% to be the subspace of
the closed d-dimensional unit cube [0, 1]¢ consisting of those points whose final coordinate
is in the set

2

{O,%,n,...,l}u{t: Int] € T}

So LC{lL..,,n} is the entire cube, while Lg is homotopy equivalent to n 4+ 1 copies of DP~!
glued along their boundaries. Intuitively, L% consists of all the frosting in a layer cake,
together with a selection of layers given by T'. If T' is a proper subset, then L% is homotopy
equivalent rel 9I% to 9I¢ with some (d — 1)-cells attached.

Now assume that 7 is an equivalence on all finite (d—1)-dimensional complexes. Let X be
a d-dimensional finite complex, with top-dimensional attaching maps {01 d Loy x (dfl)}ae A
Form an (n+1)-dimensional pushout cube with the following description. The initial vertex
is [T4 L%, a disjoint union of one empty layer cake for each d-cell of X. Next, let n of the
n+ 1 adjacent vertices be [ 4 Lc{li} as i ranges over {1,...,n}. Finally, let the last adjacent
vertex be the pushout of X(@1) and [], L% along [[,0I¢. Then the final vertex of our
pushout cube is homeomorphic to X, while every vertex other than the final one is homotopy
equivalent to a (d — 1)-dimenional cell complex. After applying F' and G, 7 gives us a map
between two Cartesian cubes, and the map is an equivalence on every vertex but the initial
one. So F(X) -5 G(X) is an equivalence as well, completing the induction.

If the source category of F' and G has infinite CW complexes, we express each CW
complex as a filtered homotopy colimit of its finite subcomplexes and invoke the colimit
axiom. To move to all spaces, we recall that F' and G preserve weak equivalences, and that

every space over B has a functorial CW approximation. O

Now suppose F' is a contravariant homotopy functor. We want to define a “best possible”
approximation of F' by an m-excisive functor. By this we mean an n-excisive functor P, F

with the same source and target as F', and a natural transformation ' — P, F that is
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universal among all maps F' — P from F' into an n-excisive functor P:

F——P

7
s
s

P, F

We will relax this condition to take place in the homotopy category of functors. Following

[Goo03], we get this homotopy category by formally inverting the equivalences of functors.

Definition 2.2.4. An equivalence of functors is a natural transformation F' — G that

yields equivalences F'(X) — G(X) for all spaces X.

Unfortunately, this homotopy category of functors has significant set-theory issues. First
of all, the category of all functors from spaces to spaces is not really a category in the usual
sense. This is because when we choose two functors F' and G, the collection of all natural
transformations F' — G forms a proper class. In other words, the category of functors has
large hom-sets. The homotopy category of functors has even larger hom-sets |[Goo03].

One way of resolving this issue is to restrict to small functors as defined in [CD06|. The
small functors form a model category, so their homotopy category has small hom-sets.

We will use a different fix, since we are ultimately interested in a result about compact
manifolds. We will restrict our attention to functors defined on finite CW complexes (Up fin
or Rpgn) instead of all spaces (Up or Rp). Finite CW complexes over B can always be
embedded into B x R*, so we can easily make Up g, and Rp g, into small categories. Then
the category of functors from Up g, or Rp s, into spaces or spectra has the projective model
structure, as discussed below in section Therefore our homotopy category of functors
has small hom-sets.

Now that we are on solid footing, we can return to the problem of finding a universal n-
excisive approximation P, F' to the homotopy functor F'. It turns out that P, F’ will actually
agree with F' on the spaces with at most n points. This is similar to embedding calculus
( [Wei99], |[GW9I9|) but quite different from the case for covariant functors ( [Goo03]).
Extending the calculus analogy, we are calculating not a Taylor series but a polynomial
interpolation: we sample our functor F' at (n + 1) particular homotopy types 0, ...,n and
then we build the unique degree n polynomial P, F’ that has the same values on those (n+1)
homotopy types.

So let F' be any contravariant homotopy functor from finite CW complexes (Rp gn or
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UB fin) to either based spaces or spectra. (There is one exception to this setup, as explained
in section 2.7}) In sections and below we will define a functor P,F with
the same source and target as F, and a natural transformation p,F : F' — P,F, both

functorial in F'. Then we will show two things:

e P, F' is n-excisive.
. . op op
e ' — P, I is an equivalence on Ry, (based case) or Uy, (unbased case).

Proposition 2.2.5. If F — P, F is a functorial construction satisfying the above proper-
ties, then Pn,F is universal among all n-excisive P with natural transformations F — P

in the homotopy category of functors.
Proof. Easy adaptation of ( [Goo03], 1.8). O

Corollary 2.2.6 (Recognition Principle for P, F'). Given that such a construction P, exists,
if P is any n-excisive functor with a map F — P that is an equivalence on R%‘jn or Z/{g’)n,

then P is canonically equivalent to P, F.

Proof. By the universal property of P, F there exists a unique map P,F — P, but this is
a map of n-excisive functors and an equivalence on R‘gﬁn or U;I?n, so it’s an equivalence of

functors. O

Remark. The above recognition argument applies equally well to the case of covariant
functors, which is alarming, because in that case F — P, F' is usually not an equivalence
on the spaces with at most n points. The only possible conclusion is that, for covariant
functors, there is no construction P, satisfying the above properties.

We will delay the construction of P, F' to section In the next section, we will apply

this recognition theorem in a particular example.

2.3 The Tower of Approximations of a Mapping Space

Now we will compute the tower of universal n-excisive approximations of the functor
F(X) =X*Mapg(X, F)

from retractive spaces over B to spectra. The map of Cohen and Jones described in the
introduction is the special case X = M II M, B= M, and E = LM II M. Our results in
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this section are proven using techniques from model categories, so we will fix some notation
for this following [MMSS01| and [MSO06].

Definition 2.3.1. Let X and Y be unbased spaces over B, or retractive spaces over B.
e A g¢-cofibration X — Y is a retract of a relative cell complex.
e A ¢-fibration X — Y is a Serre fibration.

e An h-cofibration X — Y is a map of spaces satisfying the homotopy extension

property.
e An h-fibration X — Y is a Hurewicz fibration.

We should also be precise about our definition of F'(X) = X*Mapg(X, E).

Definition 2.3.2. e If I is a retractive space over B, let Y pFE denote the fiberwise

reduced suspension of E.

e An ex-fibration is a retractive space E over B such that £ — B is a Hurewicz
fibration, and B — F is well-behaved in a sense described in ( [MS06], 8.2). For
our purposes, the most important property of an ex-fibration E is that the fiberwise

reduced suspension Y pF is again an ex-fibration.

e If X is a g¢-cofibrant retractive space over B and F is an ex-fibration over B, let
Mapp(X, E) denote the space of maps X — E respecting the maps into and out of
B. If B is compact or X is finite CW then this space is well-based. If not, grow a

whisker so that ¥X°° will preserve equivalences.

e Similarly, let Mapp(X,X¥ E) denote a spectrum whose kth level is fiberwise maps
from X into E%E.

Now we will build up to the definition of the functors that approximate F'. Let M,, be the
category whose objects are the finite unbased sets 0 = 0,1 = %,2 = {1,2},...,n={1,...,n}
and whose morphisms are the surjective maps. For any space X, we can form a diagram of

unbased spaces indexed by the opposite category MyP:

i X!
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The morphisms in this diagram are clear when we think of X* as Map(i, X ). So algebraically,
this diagram is the functor represented by X. Geometrically, this is a diagram of generalized
diagonal maps: each map i — i — 1 results in a map X*~! — X' whose image consists of
points in which a particular pair of coordinates is repeated. The union of all such images

the fat diagonal, which we will denote
Ac X'

Definition 2.3.3. Let X be a g¢-cofibrant retractive space over B and let F be an ex-

fibration over B.

e Let X A X denote the external smash product of X with itself; this is a retractive
space over B x B whose fiber over (b1, bs) is X, A Xp,. More generally, if Y is a
retractive space over C then X A'Y is a retractive space over B x C' whose fiber over
(b,c) is X N Y.

e Let X" denote the n-fold iterated external smash product. It is a retractive space

over B™.

e Define
Map(Mng’{Bi}) (X /\i, Z%OZE /\i)

to be the spectrum whose kth level is collections of maps of retractive spaces

P YhE . R ENT
]fo Th Tfn
% X XAn

such that each surjective map i <— j gives a commuting square

k Ni k Nj
sh BN 3k A

T

XW@' Xxj

Remark. Note that the collection of maps (fo, f1,..., fn) is completely determined by the

last map f,, which must be ¥,-equivariant. When n > 3, not every X,-equivariant map
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arises this way.

Remark. One might expect S — ¥#S0 in the place of ¥ — XFx, since an empty smash
product is S°. This answer would give the approximation to the functor F V S instead of
F. A similar phenomenon happens in Cor. 2.8.6 below.

Now we have defined a tower of functors

F(X) = Y®Mapg(X,E)
!

P,F(X) = Mapgep piy) (XL EHEN)

!
PyF(X) = Mapp,p(XAX, 5% ,EAE)™
!
PF(X) = Mapg(X,S%E)
!
PF(X) = =

on the category of finite retractive CW complexes over B. We will justify the notation
with Theorem which shows that P, F(X) is the universal n-excisive approximation
to F(X). This is a generalization of an observation made by Greg Arone about the tower
in |Aro99).

Remark. It is more natural to examine the functor X — Mapg(X, E) first, before applying
3% to it. But this functor is already 1-excisive, so it does not give an interesting tower. It
is also natural to consider

F(X) = X®Mapg(X, E)

for unbased X over B, without a basepoint section. But F(X) = F(X Il B), so P,F(X) =
P,F(X II B) by comparing universal properties. Therefore the case of F' on R%p is more
general than the case of Fon Uy, This is true in general when the desired functor on Uy

extends to a functor on R%p.
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2.3.1 Cell Complexes of Diagrams

Many of the proofs that follow rely on the same basic idea: we start with a diagram of spaces
or spectra that is built inductively out of cells, and we define maps of diagrams one cell at a
time. In doing so, we are using the following standard facts. First, both spaces and spectra
have compactly generated model structures [MMSS01]. Therefore the category of diagrams
indexed by I can be endowed with the projective model structure. The weak equivalences
F — G of diagrams are the maps that give objectwise equivalences F (i) — G(i), and
the fibrations are the objectwise (g-)fibrations. The projective model structure is again
compactly generated.

To understand the cofibrant diagrams, define a functor that takes a based space (or

spectrum) X and produces the diagram
F(X)(j) = 1, i)+ A X

A map of diagrams F;(X) — G is the same as a map of spaces (or spectra) X — G(i).
This property is clearly useful for defining maps of diagrams one cell at a time. We can
define a diagram cell by applying F; to the maps Sﬁfl — D', and then define a diagram
CW complexr as an appropriate iterated pushout of diagram cells. Every diagram CW
complex is cofibrant in the projective model structure. More generally, if we weaken the
definition from relative CW complexes to retracts of relative cell complexes, we get all of
the cofibrations in the projective model structure.

We will now apply these ideas and check that a certain diagram is cofibrant in the
projective model structure. Recall that M, is the category with one object i = {1,...,i}
for each integer 0 < 4 < n, with maps ¢ — j the surjective maps of sets. The maps are
not required to preserve ordering, so in particular M, (i,1) = ¥;, the symmetric group on 4

letters.

Proposition 2.3.4. If X is a based CW complez, then { X'}, is a CW complex of MSP
diagrams. Similarly for Cartesian products {X'}. If X is q-cofibrant then { X'} and {X*}

are cofibrant diagrams.

Proof. Tt suffices to put a new cell complex structure on X\ so that the fat diagonal is a
subcomplex, and every cell outside of the fat diagonal is permuted freely by the >,-action.

We will do the case where X has a single cell, since the general case follows easily.
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The product [[" D™ = []"[0, 1]™ may be identified with the space of all n x m matrices,
with real entries between 0 and 1. The 3, action permutes the rows. Divide this space
into open simplices as follows. We define a simplex of dimension d for each partition of the
nm entries of the matrix into d nonempty equivalence classes, along with a choice of total
ordering on the equivalence classes. This simplex corresponds to the subspace of matrices
for which the equivalent entries have the same value, and the values are ordered according
to the chosen total ordering.

The closures of these simplices give a triangulation of the cube [[" D™ = []"[0,1]™.
Each generalized diagonal in (D)™ is defined by setting an equivalence relation on the rows
of the matrix, and requiring that equivalent rows have the same values. This is clearly an
intersection of conditions we used to define the simplices above, so each generalized diagonal
is a union of simplices. In addition, the simplices off the fat diagonal are freely permuted
by the >3, action. This finishes the proof.

For the last statement in the proposition, a general g-cofibration is a retract of a relative
cell complex, but retracts of maps of spaces clearly give retracts of maps of diagrams, so we

are done. ]

Proposition 2.3.5. If X is a based CW complex and A is a subcomplex then {AN} —
{X"} is a relative CW complex of MO diagrams. If x — A — X are q-cofibrations then
{ANY — { X} is a cofibration of MSP diagrams.

Proof. Each cell of X" lying outside A" is a product of cells in X, at least one of which is
not a cell in A. As above, we subdivide each of these cells so that AU A is a subcomplex
when A is any of the generalized diagonals. Off the fat diagonal, the 3J; action still freely
permutes the cells. This gives the recipe for building the map of diagrams { A"} — {X"\'}
out of free cells of diagrams.

Suppose that * — A — X are g-cofibrations, and we want to show that {4} —
{X"\} is a cofibration of diagrams. Then without loss of generality we can replace A — X
by a relative cell complex A — X’. Then we can replace * — A by a relative cell
complex x — A’, and we get the sequence of relative cell complexes * — A" — X' Uy A’

containing * — A — X as a retract. Then we apply the same argument as above. 0

Proposition 2.3.6. If X is a retractive CW complex over B then {B'} — {X"'} is a
relative CW complex of MyP diagrams. If B — A — X are q-cofibrations over B then
{ANY — {X Y s a cofibration of MO diagrams.
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Proof. We must verify that B* < X "\* is a relative cell complex with one cell for each i-tuple
of relative cells of B < X. This is a straightforward adaptation of standard arguments,
but it is worth pointing out that these arguments derail if we don’t work in the category of
compactly generated weak Hausdorff spaces. Once we are assured that everything is a cell

complex, the rest of the proof follows as above. O

Recall that an acyclic cofibration (of spaces, spectra, or diagrams) is a map that is both a
(g-)cofibration and a weak equivalence. An acyclic cell of spaces is a map D" x{0} < D" xI
for some n > 0. Every acyclic cofibration of spaces is a retract of a cell complex built out
of these acyclic cells [MMSS01]. Similarly, an acyclic cell of diagrams is what we get by
applying F; to the map D™ x {0} < D™ x I, and every acyclic cofibration of diagrams is
a retract of a relative complex built out of these acyclic cells. With this language, we now

give the following result:

Corollary 2.3.7. If x — A — X are q-cofibrations and A — X is acyclic then
{ANY — { XY is an acyclic cofibration of M diagrams. Similarly for Cartesian prod-

ucts.

Proof. Since A and X are g-cofibrant they are well-based (i.e. ¥+ — A is an h-cofibration).
Therefore since A — X is a weak equivalence, A" — X" is a weak equivalence as
well. 0

Corollary 2.3.8. Each acyclic cofibration A — X of q-cofibrant retractive spaces over B
induces a acyclic cofibration of M diagrams { A"} — {X "'},

Proof. Again, we just need to show that A" — X "\ is a weak equivalence of total spaces.

The case where ¢ = 2 generalizes easily. Let H4 be the homotopy pushout of

B x B

|

(AXx B)Upxp (BxA)——=AXx A
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Then H4 is equivalent to the strict pushout AA A, because the bottom map is an h-

cofibration. This gives a square

Hy———Hx

-k

ANA—XANX

from which we see that the bottom map is an equivalence. For ¢ > 2 simply replace one of

the two copies of A by the space A1), O

2.3.2 Proof that the Tower is Correct

Proposition 2.3.9. F(X) = X*°Mapg(X, E) as defined above in [2.3.9 takes weak equiv-
alences between q-cofibrant retractive spaces over B to level equivalences of spectra. In

particular, F is a homotopy functor on the relative CW complexes over B.

Proof. Since the spaces are modified to be well-based, it suffices to do this for the functor
Mapp(X, E). By Ken Brown’s lemma, it suffices to take an acyclic g-cofibration X — Y
and show that

Mapg (Y, E) — Mapg(X, E)

is a weak equivalence. So take the square

Syt ——Mapp(Y, E)

7
-
-
e
-
-

D > Mapg (X, E)

where the + means disjoint basepoint and is there to remind us that the map must be
an isomorphism on homotopy groups at all points. The right-hand vertical map is a weak
equivalence (actually an acyclic fibration) if we can show the dotted diagonal map exists.
This is equivalent to

(S IxY)U(D"x X)——=E

7
~
-
~
—~
—~
—~

D" xY B

Since E — B is a ¢-fibration, it suffices to show that the left-hand vertical map is an acyclic
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g-cofibration. This is the main axiom for checking that (compactly generated) spaces form
a monoidal model category, and it follows from a similar condition on the generating maps
Sl — D" and D" x {0} — D" x I as in [Hov99], so we are done. Alternatively, the
homotopy invariance of mapping spaces from cofibrant objects to fibrant objects could also

be deduced from the results of Dwyer and Kan on hammock localization [DKS80]. O]

Proposition 2.3.10. P, F(X) = Map(Mng{Bi})(Xm,E%%Em) as defined above mm
takes weak equivalences between q-cofibrant retractive spaces over B to level equivalences of

spectra.

Proof. Again, by Ken Brown’s lemma it suffices to take an acyclic g-cofibration X — Y
and show that

Mapger (i) (Y ", S5 EN) — Mapyer iy (XN SHEN)
is a level equivalence of spectra. So take the square of spaces

S —— Mapyer (i (Y, 5 BN

/7
—~
—
~
—~
—~
—~

D} = Map e (i (X N, BE, BN

and show the dotted diagonal map exists. This is equivalent to a lift in this square of

diagrams indexed by MpP:

(STITAY A U(DEAXN) —— 5k BN

/‘7
~
~
~
~
~
—~

DAY N Bi

Since we assumed that £ — B was an ex-fibration, the right-hand vertical map is an
ex-fibration as well ( [MSO06], 8.2.4). Therefore it is also a g-fibration. So it suffices to show
the left-hand vertical map is an acyclic cofibration of diagrams. Using ( [MS06], 7.3.2), this
reduces to showing that

XKZ' SN YK@'

is an acyclic cofibration of diagrams, but we already did that in Prop. [2.3.8| above. 0
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Proposition 2.3.11. ' — P, F is an equivalence on the g-cofibrant space i 11 B when
0<i<n.

Proof. When X = i 11 B, the fat diagonal covers all of X7 for j > i. Therefore a natural
transformation of M9P-diagrams is determined by what it does on X/? = ' IT B. This
is an i’-tuple of points in various fibers of EOBOZ-EN, with compatibility conditions. The
compatibility conditions force us to have only one point for each nonempty subset of i.
Therefore the map F(: 11 B) — P, F (i II B) becomes

S¥(Ey, x ... x By,) — [ =%\ B
SCi,S#£0 seS
From Cor. below, this map is always an equivalence. O

Proposition 2.3.12. P, F is n-excisive.

Proof. Start with a strongly co-Cartesian cube indexed by the subsets of a fixed finite set
S, with |[S| > n + 1. This cube is equivalent to a cube of pushouts along relative CW
complexes

A — X, seSs

of retractive spaces over B. Applying P, F to this cube, we get a cube of spectra

T ~ PnF(U X,)
seT

Let’s show that this cube is level Cartesian. Fix a nonnegative integer k and restrict
attention to level k of the spectra in the cube. This turns out to be a fibration cube as

defined in |Goo91|]. To prove this, we have to construct this lift for any space K:

K

Mapgr (59) ((Uses Xs) ' S B™)

/7
—
~
~
~
~
—
—

—

- . Ni k Ni
Kox I —— lim Mapausy 51y (UnerX) "™ 2 277)

. i -
Mapner (Biy) <C%1C1g1 (User Xt) Z,E%iE/\z>
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Rearranging gives

) {({0} < Uies X)) <I < gl (Urer Xt)AZ)l —= SLEN

—_
—
—_
—
—
—
—
—
—

K 5T x (Useg Xs) ™' B

\

This is a square of maps of diagrams. The left and right vertical maps are vertexwise
h-cofibrant and h-fibrant, respectively. Unfortunately, our model structure on diagrams is
g-type, not h-type. Fortunately, we can define maps of MjP-diagrams one level at a time,

one cell at a time. So consider inductively the modified square

X [<{0} x (Uses Xs)m) U <I X [A U C?EE“ (User X2) /\i:| )J - o g7

—
—
—
—
—
—
—
—
—
—

K XTI x (Ugeg Xs) "' B

where A C (U,eg Xs)"? is the fat diagonal. From Prop. above we know that
(Ug X s)"% is built up from its fat diagonal by attaching free Xj-cells, so we can define
the lift one free X;-cell at a time. Each time, we get an acyclic h-cofibration on the left,
and the map on the right is an h-fibration, so the lift exists. By construction, it’s natural
with respect to all the maps in M)P.

Now that we have a fibration cube of spaces
Ni
(T'C S)+— Map (U Xt> E%iEM
teT

we check that the map from the initial vertex into the ordinary limit of the rest is a weak

equivalence:

A Ri : Ri i
Mapqer () (Uses Xo) 5 S B7) lim Mapzp 1) ((User X2) ' S B™)

Map e (51)) <cohm |[(User X0) ™ ,2’;@“)
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But since i < n < |S], every choice of i points in | Jg X lies in some (J, X; for some proper

subset T" of S. Therefore this map is a homeomorphism. O

Theorem 2.3.13. P, F is the universal n-excisive approximation of F'.

Proof. This follows from Cor. above and Thm. below. Together, they tell us
that the universal n-excisive approximation P, F' exists and is uniquely identified by the
property that P,F is n-excisive and F — P,F is an equivalence on the spaces with at

most n points. O

2.3.3 The Layers

We would like to identify each layer D, F of the tower, defined to be the homotopy fiber of
P,F — P, 1 F

In fact, the natural map P,F — P,,_1F is a level fibration of spectra, so D, F’ is equivalent
to the ordinary fiber. This in turn consists of all collections of maps that are trivial on X /!

for i < n and that vanish on the fat diagonal of X A™. This spectrum may be written
D, F(X) ~ Mapgn (X\"/pa A, X%, EN)En

Here the decoration (—)*» means strict or categorical fixed points. These are not the
genuine fixed points as in [MMO02], as we are not taking a fibrant replacement in the model
structure given by Mandell and May for orthogonal 3.,-spectra. For concreteness, the above

spectrum is given at level k by the >,-equivariant maps
XN gn A — X BN

of retractive spaces over B".

Proposition 2.3.14. D, F(X) is an (m — d)n — 1 connected spectrum, where d = dim X
and m is the connectivity of E — B (and so m — 1 is the connectivity of the fiber Ey).

Proof. If Y is a c-connected based X,,-space and X is a d-dimensional based free ¥,-CW
complex, then Map(X,Y)*® has connectivity at least ¢ — d. We prove this by constructing
an equivariant homotopy of S¥* A X — Y to the constant map, one free ¥,-cell at a time.

A straightforward adaptation of this argument gives the above result. O
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Corollary 2.3.15. If m > d then the tower converges to its limit
Py F(X) = Maper (i) (X M, D5 E")

The tower may converge to F'(X) itself when m > d. In the case where B = x this is

shown to be true in [Aro99|. For general B, here is a partial result:

Proposition 2.3.16. If m > d then the map FF — PyF is m — d connected and the map
F — P F is 2(m —d) — 1 connected.

Proof. First we replace every X*° with @@ = Q%°3X°°; this doesn’t change the homotopy
groups under the assumption that m > d because our spectra are connective. The first
result follows easily from the fact that if X is k connected then so is @X. The second
follows from the fact that if X is well-based and k connected then X — QX is 2k + 1
connected. (This in turn comes from the Freudenthal Suspension theorem.) We look at the
diagram

Mapp(X, E) — QMapp(X, E)

,

MapB (X7 QBE)

The vertical map is 2m — d — 1 connected and the horizontal map is 2m — 2d — 1 connected,

so the diagonal is 2m — 2d — 1 connected. O

We will finish this section by specializing to the case where M is a closed manifold,
B=M,and X = MII M. Consider the following spaces:

e A C M™ is the fat diagonal.

e F(M;n)= M"— A is the noncompact manifold of ordered n-tuples of distinct points
in M.

o ,: M"™— A< M™"is the inclusion map.

e C(M;n) = F(M;n)s, is the noncompact manifold of unordered n-tuples of distinct

points in M.
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Then the layers of the above tower can be rewritten

D F(MIIM) = T(ymay(E3mE ")

E/\n

12

Yin
( os)
c o An Xn

I‘C(M;n) (EC(M,n) (L*E )Zn)
((L*Exn)zn)—T(C(M;n))

12

I

12

The last step is the application of Poincaré duality (see [MS06], [CK09]) to the noncompact
manifold C(M;n) with twisted coefficients given by the bundle of spectra (:*E"™)x, . Since
the manifold in question is noncompact, Poincaré duality gives an equivalence between
cohomology with compact supports and homology desuspended by the tangent bundle of
C(M;n). The result is the Thom spectrum

((L*Exn)zn)—T(C'(M;n))

We will see a few examples of this in the next section.

2.4 Examples and Calculations

Example 2.4.1. Taking B = x and E =Y for any based space Y gives

F(X) = Y*®Map,(X,Y)
PnF(X) — Mapr,’LPV*(XAivEOOY/\i)

PyF(X) = Map,(X AX, 5%V AY)>2
PF(X) = Map,(X,5%°Y)
RF(X) = =«

with nth layer
D, F(X) = Map, (X"\"/A, £y \n)En
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This coincides with Arone’s tower in [Aro99], and therefore converges when the connectivity
of Y is at least the dimension of X. It is curious that the Taylor tower in the Y variable
should agree with the polynomial interpolation tower in the X variable. We also expect

this to happen in the case B # *, though we do not prove this here.

Example 2.4.2. If X = S! and Y is simply connected then the nth layer of the tower is
Map, (S™/A, £XY/\1)En o2 QuyeoyAn
If Y = ¥Z with Z connected, then the nth layer is
300 7An
It is well known that the tower splits in this case ( [Aro99|, [Bod87)):

o0
ROV ~ H »oo Z/An

n=1

Example 2.4.3. If X is unbased we get the tower

F(X) = S®Map(X,Y)
P,F(X) = Mapypr (X', 5°YV)

PF(X) = Map(X x X,X®°Y AY)>2
PiF(X) = Map(X,2®Y)
RF(X) = *

If Y = S° and X is any finite unbased CW complex then the nth layer of this tower is
D, F(X) ~Map(X"/A,S)* = D((X"/A)y,) = D(C(X;n))

where D denotes Spanier-Whitehead dual. If Y = S™ and m > dim X then the tower
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converges to X*°Map(X, S™), and the nth layer is
D, F(X) ~Map(X"/A,X™S)%" ~ Y™ D((X"/A)x,) = X" D(C(X;n))

2.4.1 Gauge Groups and Thom Spectra

Let B = M be a closed connected manifold, and let P — M be a G-principal bundle. The
gauge group G(P) is defined to be the space of automorphisms of P as a principal bundle.

Consider the quotient
PAd =P XaG GAd

where G2 is the group G as a right G-space with the conjugation action. Then we may
identify G(P) with the space of sections I'p;(PA4). Taking F to be the ex-fibration (PA) 11
M and X to be the retractive space M II M gives the tower

F(MTIM) = 32T 3 (PALIT M) >~ NXG(P)
PoF(MIIM) = T (ppee iy (255 (PAY) T M)
PBEF(MIM) = Taenr(E55, 0, (PA)?2 T M2)>2
PF(MTIM) = T (23 PAIT M) ~ (PAd)-TM
P F(MIIM) = x

The description of the nth layer in section above becomes
D F(M I M) ~ C(PAd; n)~T(CMin))

Here C(P24;n) is configurations of n points in PAd with distinct images in C(M;n). This
relates the stable homotopy type of the gauge group G(P) to Thom spectra of configuration
spaces.

If we use orthogonal spectra instead of prespectra, we get a tower of strictly associative
ring spectra. This proves Theorem from the introduction. If G is replaced by a
grouplike A, space then we get a tower of A, ring spectra.

(PAd; n)—TC(M;n)

By the Thom isomorphism, the homology of C is the same as the
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homology of the base space C(P2d;n), with coefficients twisted by the orientation bundle
of C(M:;n) pulled back to C(PA4;n). We can calculate this homology using the zig-zag of
homotopy pullback squares

G" G" G"

| | |

C(PA; ) L2 F(PM;n) s (P

L]
C(M;n) <" F(Min) —— M™
where F'(M;n) = M"™—A is ordered configurations of n points in M. Note that the manifold
F(M;n) is orientable iff M is orientable, while C'(M;n) is orientable iff M is orientable and
dim M is even.
Another approach to understanding the homology of configuration spaces comes from
the scanning map
C(M;n) — Ty (STM),
C(PAn) — Tpr(S™ App (PAYTI M),

Here the subscript of n denotes sections that are degree n in the appropriate sense. If M
is open, the scanning map gives an isomorphism on integral homology in a stable range
[McD75]. If M is closed, it gives an isomorphism on rational homology in a stable range
[Chull].

2.4.2 String Topology

Now we will finally construct the tower we described in the introduction. We may start
with the tower of section 2.3|and set B = M, E = LM IIM, and X = M II M. Or, we may
take the tower from section and set G ~ QM and P =~ %, so that P24 ~ LM. Either
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construction gives the tower

F(MIIM) = ¥l \ (LM 11 M) ~ YPOqhaut(M)
P.F(MIIM) = Tger iy (355 LM 1T M)
PEF(MIIM) = T (E5, 0, LM? 1T M?)>2
PIF(MIIM) = Car(ESLM 1T M) ~ LM-TM
P F(MUIM) = %

The nth layer is
D, F(M T M) ~ C(LM;n) TC¢(Min)

As before, C(LM;n) is configurations of n unmarked free loops in M with distinct base-
points. This proves Theorem from the introduction.

Remark. The connectivity of the nth layer C(LM; n)*TC(M ™) is negative, and decreases to
—o00 as n —» o0. Therefore the tower does not converge to F'. We may phrase this another
way: if the first layer is k-connected, then the nth layer is approximately nk-connected.
This is actually consistent with other results from calculus of functors (cf. [Goo03] Thm.
1.13 and [Aro99] Thm. 2), the difference here being that & is negative. In the more general
case of a principal bundle P over M, it seems likely that the tower will converge to F' when
the dimension of M is at most the connectivity of G. (This is after factoring out the tower
for F(X) = S by taking a cofiber on each level.) We will not prove such a convergence
result in this paper.

We conclude this section with a short homology calculation. We will skip over the first
layer LM~TM  since it can be calculated using methods from |CJY04]. Instead, taking
M = S™, we use standard Serre spectral sequence arguments to calculate the second layer
in rational homology

H.(C(LS™;2) T¢5"2); )
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If n is odd, then H,(C(LS™;2); Q) with twisted coefficients is

Q g=n-1,2n—-2,2n—-1,3n—2
Q? gq=3n—3,4n—4,4n —3,5n — 4

0 otherwise

and if n is even the answer (with untwisted coefficients) is

p

Q g=n—1,3n—3,3n—2,4n — 4,
on—4,6n—6,6n—>58n—7
Q* g=5n—-5Tm—"7,Tn—6,8n—8,9n — 9,
9n — 8,10n — 10,10n — 9,12n — 11

0 otherwise

To get the homology of the spectrum C(LS™;2)~T¢(5"2) we subtract 2n from each degree.
This spectrum is a homotopy fiber of a map of rings, so its homology carries an associative
multiplication with no unit. It is easy to check however that most of the products are zero,

and when n is odd, all the products are zero.

2.5 First Construction of P, F

We still need to add teeth to Cor. by giving a functorial construction of P,F' for
general F' with the desired properties. We begin with a description of P,F in the non-
fiberwise case (B = ) that the author learned from Greg Arone. Broadly, the construction
in this section is the cellular approach to P, F, whereas our second construction in section
is the simplicial approach.

Let F : 7;105 — T be a contravariant homotopy functor from finite based spaces to
based spaces. We want to construct another functor P, F that agrees with F' on the spaces
T, with at most n points. A reasonable guess is to take a Kan extension from 7, back to
all of Tay. In fact, if we assume in addition that F' is topological (enriched over spaces) and

that we take the homotopy right Kan extension over topological functors, then we get the
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right answer.
We can give P, F more explicitly as follows. Recall that 7, C T is the subcategory of
finite based sets i, = {1,...,i}; with 0 < i < n and based maps between them. For a

fixed finite based space X, define two diagrams of unbased spaces over T, ":
Z+ ~ X = Map*(i-ﬁ-?X)

iy~ F(iy)

Then consider the space of (unbased!) maps between these two diagrams
P.F(X) = Mapyor (X7, F(i,))

Note that since F' is topological, there is a natural map from F'(X) into this space. Further-
more, this map is a homeomorphism when X =i, for 0 < ¢ < n, since then the diagram
X% is generated freely by a single point at level 3 +, corresponding to the identity map of
i,. This is good, but we have missed the mark a little bit because this construction is not
n-excisive in general.

To fix this, we take the derived or homotopically correct mapping space of diagrams
instead. We could do this by fixing a model structure on 7,;” diagrams in which the weak
equivalences are defined objectwise. Then we would replace {X*} by a cofibrant diagram
and {F(i, )} by a fibrant diagram. The space of maps between these replacements is by
definition the homotopically correct mapping space.

More concretely, we can fatten up the diagram {X'} to the diagram

i, ~ hocolim X7
3, E(TRPliy)
and leave {F'(i,)} alone. Then the above conditions are satisfied for the projective model
structure defined above in section [2.3.1 This standard thickening is sometimes called a
two-sided bar construction [May75| [Shu06|.
Equivalently, we can leave {X"'} alone and fatten up {F(i,)} to

)

i~ holim F(y
T ey
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Then the above conditions would be satisfied for the injective model structure, if it existed.

Note that the two spaces we get in either case are actually homeomorphic:

P,F(X) = Mapyor | hocolim X7 F(i,)
! T g emeriiy) i

>~ Mapyor | X7, holim F(i,)

7 [ LG
Take either of these as our definition of P, F(X). The natural map F(X) — P,F(X) can
be seen by taking the previous case and observing in addition that there are always natural
maps

hocolim — colim or lim — holim

Consider the second description

P,F(X) = Mapyor [ X7, holim F(i,)
i, € 4TP)
When X =i, and 7 < n, we may evaluate our map of diagrams at the “identity” point of

(iy)*, giving a homeomorphism

P,F(i,) — holim F(j
n (7—‘,-) i+€(j+¢ﬁp) (i_}r)

of spaces under F'(i,). But the map

F(i,) — holim F(j

)
J, €T

is an equivalence too, and this forces F'(i, ) — P,F(i ) to be an equivalence.

Next, consider the first description

P,F(X) =Mapror | hocolim X7 F(i,)
" T i el i
Remembering that X is a CW complex, the diagram on the left is a CW complex of
diagrams. It has one free cell of dimension d + m at the vertex i, for every choice of d-cell
in X7 and choice of m-tuple of composable arrows

l+:@+ ﬂJr ZﬂJr:Li-
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Therefore the techniques of section above tell us that P, F' is n-excisive. This completes
the proof that n-excisive approximations exist for topological functors from based spaces to
based spaces.

The assumption that F' is topological is not much stronger than the assumption that
F' is a homotopy functor. To see this, first define AnXd as below as the category of
nondegenerate simplices AP — X. A map from AP — X to A? — X is a factorization
A7 — AP — X, where A? — AP is a composition of inclusions of faces. The classifying
space |A%| is homeomorphic to the thin geometric realization of S.X.

Even when F' is not topological, each map Aﬁ ANY — X gives a map
AP ANF(X) = F(X) — F(AR AY)
which assemble into a zig-zag

F(X) — holim F(AZAY) <~ holim F(Y)

Alr\l/[ap* (Y, X) Alr\l/lap* (Y, X)
= Map(| ARy, (v.x) s F(Y)) == Map(Map, (Y, X), F(Y))

assuming Map, (Y, X)) has the homotopy type of a CW complex. So we don’t quite get
a map from F(X) to the far right-hand side, but we get something close enough for the

purposes of homotopy theory. In particular, setting Y =i, we get a natural zig-zag
F(X) — ... — Map(X", F(i,))

and therefore we get a natural zig-zag from F(X) to P,F(X), which gives a natural map
F — P, F in the homotopy category of functors. This map is still an equivalence when X
has at most n points, because in that case the homotopy limits become ordinary products
and we can use the same argument as above.

So much for the assumption that F' is topological. Once we have the case where F'
takes based spaces to spaces, we can also easily handle the case when F' takes based spaces
to spectra. Simply post-compose F' with fibrant replacement of spectra, and work one
level at a time. This works because every stable equivalence of fibrant spectra gives a weak
equivalence of spaces on each level. The above constructions naturally commute with taking

the based loop space €2, so they pass to a construction on spectra.
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If F is defined on unbased spaces then we make the same construction, except that we
replace 7, with the category of finite unbased sets U,. Using Prop. above, we have
finished the proof of the following:

Theorem 2.5.1. If F' : C°® — D is a homotopy functor, where C = Ug, or Tan and
D =T or Sp, then there is a universal n-excisive approximation P, F, and FF — P, F is

an equivalence on spaces with at most n points.

This result is a good first step, but we really want to know that approximations exist
for functors defined on the categories Up 5, and Rp s, of fiberwise spaces. We will do this
in section by switching to a more simplicial construction

P,F(X) = holi F(i x AP
n(X) AP X (@ )
It is worth pointing out that our “cellular” approach here can also be modified to work,

though there is a significant issue when dealing with functors
op
’R’B,ﬁn — T

from retractive spaces to spaces. Curiously, our simplicial approach also runs into a similar

problem, as discussed below in section [2.7.3]

2.5.1 Higher Brown Representability

Before we move on, we should point out that this first construction is better suited to proving
a kind of Brown Representability for homogeneous n-excisive functors. Let F' : C°P — D
be a homotopy functor as in Thm. above. Then F' is n-reduced if P, _1F =~ %, or
equivalently if F'(X) ~ % whenever X is a space with at most (n — 1) points. Note that

F,(X) := hofib (F(X) — P,_1F(X))

is always n-reduced, and F,(n) is the cross effect cross, F'(1,...,1) defined below in section
2.8

We say that F'is homogeneous n-excisive if it is n-excisive and n-reduced. So D, F(X) =
hofib (P, F(X) — P,—1F (X)) is always homogeneous n-excisive. Homogeneous 1-excisive

functors are a good notion of space-valued or spectrum-valued cohomology theories. From
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numerous sources (e.g. |[Cho07], |[CKO09], [MS06]) we expect such cohomology theories to be
represented by spaces or spectra.

Examining the construction of P, F" in this section, we see that P,F(X) — P,_1F(X)
is a Serre fibration when X is a CW complex. Therefore the ordinary fiber is equivalent to

D, F. This can be rephrased as the following:

Proposition 2.5.2. o IfF: Ugﬁ — T is an n-reduced homotopy functor then there is
a natural map
F(X) — D(X) := Map, (X" /A, F(n))>

in the homotopy category of functors on Z/lgs. If F is homogeneous n-excisive then

this map is an equivalence.

o IfF:T;® — T then the same is true for

F(X) — D(X) := Map,(X""/A, F(n, )™

o Analogous statements hold when the target of F is spectra.

We will now strengthen this to an equivalence of homotopy categories. Let G be a finite
group. Recall that the usual notion of G-equivalence of G-spaces is an equivariant map
X — Y which induces equivalences X — YH for all subgroups H < G. We will call
an equivariant map X — Y a naive G-equivalence if it is merely an equivalence when we
forget the GG action. It is well known that there are at least two cofibrantly generated model
structures on G-spaces, one which gives the G-equivalences and one which gives the naive
G-equivalences.

Examining the behavior of D(X) on the spaces i or i, for i < n, it is clear that the
homotopy type of D(X) is determined by the nonequivariant or naive homotopy type of
F(n) or F(n, ). The following is then straightforward:

Proposition 2.5.3. The above construction gives an equivalence between the homotopy
category of homogeneous n-excisive functors to spaces and the naive homotopy category of

din-spaces. A similar statement holds for functors to spectra.
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2.6 Properties of Homotopy Limits

In order to carry out our second construction of P,F', we need a small collection of facts
about homotopy limits. This section is expository except for Prop.

Let [n] denote the totally ordered set {0,1,...,n} as a category. Let A[p] denote the
standard p-simplex as a simplicial set, and let A? = |A[p]| denote its geometric realization.
Let I be any small category. Recall [BK87] that if A: T — T is a diagram of based spaces,
the homotopy limit is defined

! g:Aln]— NI

as the subset of all collections of maps that agree in the obvious way with the face and
degeneracy maps of the nerve NI. The following is perhaps the most standard result
about homotopy limits, and we have already used it several times. It is included here for

completeness.

Proposition 2.6.1. If A,B : 1 — T are two diagrams indexed by I, and A — B is a
natural transformation that on each object i € 1 gives a weak equivalence A(i) — B(i),

then it induces a weak equivalence
holIim A— holIim B

Recall that if I = J is a functor and A : J — T is a diagram of spaces, then there is
a naturally defined map

ho}]im A— holIim (Aoa)

The functor I -+ J is homotopy initial (or homotopy left cofinal) if for each object j € J

the overcategory (« | j) has contractible nerve.

Proposition 2.6.2. IfI -2 J is homotopy initial and A : J — T is a diagram of spaces,
then

ho}]im A— holIim (Aoa)
18 an equivalence.

Given a functor «, we will use these results to determine whether « is homotopy initial:
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Lemma 2.6.3. e Fach adjunction of categories induces a homotopy equivalence on the

NEerves.

o If (o] j) is related by a zig-zag of adjunctions to the one-point category *, then its

nerve is contractible and therefore o is homotopy initial.
e If (ol j) has an initial or terminal object then a is homotopy initial.
o If « is a left adjoint then it is homotopy initial.
We will frequently use this example of a homotopy initial functor:

Definition 2.6.4. e If X is a space, let AnXd denote the category of nondegenerate
simplices AP — X. A map from AP — X to A? — X is a factorization A? —

AP — X, where A? — AP is a composition of inclusions of faces. The classifying

nd

space of Al is homeomorphic to the thin geometric realization of X 2

BAR, = [sd(S.(X7))] = |S.(X)] = (8.X)] = |S.X[

e Let Ax be the category of all (possibly degenerate) simplices in X, with face and
degeneracy maps between them. Then the inclusion A}d — Ay is a left adjoint,

therefore homotopy initial.

e If X is a simplicial set, there are obvious analogues of Aan and Ax. . As before, the

inclusion Aan — Ax. is a left adjoint, therefore homotopy initial.

Next, we need a fact about iterated homotopy limits. We recall the colimit version
first. If F': I — Cat is a small diagram of small categories, the Grothendieck construction
gives a larger category I [ F', whose objects are pairs (i,z) of an object i € I and an object
x € F(i). The maps (i,x) — (j,y) are arrows 4 i>j in I, and arrows F(f)(z) — y in
F(j). Thomason’s Theorem tells us that a homotopy colimit of a diagram A: I [ F — T

is expressed as an iterated homotopy colimit:

hocolim A ~ hocolim <hocolim A)
I/F 1€l F(i)

To formulate the result for homotopy limits, we again let F' : I — Cat be a small

diagram of small categories. Then the reverse Grothendieck construction gives a larger
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category IfR F, whose objects are again pairs (i,x) of an object i € I and an object
x € F(i). The maps (i,x) — (j,y) are arrows j Ty i I, and arrows © — F(f)(y) in
F(i). Note that this is related to the original Grothendieck construction in that

1% F = (If(opoF))P

Proposition 2.6.5 (Dual of Thomason’s Theorem). For a diagram A : 1 fR F — T, there

s a natural weak equivalence

holim A — holim <holim A>
IfR rF 1€I°P F(t)

We will not give a proof of this since Schlictkrull gives an excellent one in [Sch09].
In this paper, we will come upon several homotopy limits that are indexed by forwards
Grothendieck constructions I [ F instead of reverse ones. Here we will demonstrate that

such a homotopy limit splits, but the result is more complicated.

Definition 2.6.6. If I is a small category, the twisted arrow category al has as its objects

the arrows ¢ — j of I. The morphisms from ¢ — j to k — £ are the factorizations of
i k
Jj l

Proposition 2.6.7. Given a diagram A:1 [ F — T there is a natural weak equivalence

k — £ through i — j:

-

—_—

holim A =+ holim (holim Ao F( f))

IfF (iLjyear \ F@

Remark. This proposition is motivated by a result of Dwyer and Kan on function com-
plexes [DK80]. Roughly, the left-hand side is the space of maps between two diagrams
indexed by I. The first diagram sends i to the nerve of F(i), while the other sends i to
A(7). Mapping spaces of this form, if they are “homotopically correct,” are equivalent to a
homotopy limit of mapping spaces Map(N F'(i), A(j)) over the twisted arrow category al;
this is roughly what we get on the right-hand side.

Proof. Recall that we already have a functor F' : I — Cat. Define another functor
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(aI)°? — Cat by taking i — j to F(i), and call this functor F' by abuse of notation.
Then we can build the reverse Grothendieck construction (aI)°P [ Rp.

The desired weak equivalence is the composite

holim A = holim Aoa — holim (holim Ao F(f)>
1[F (an)or [ F (iLj)ear \ FO)

The second map is a weak equivalence by the dual of Thomason’s theorem, stated above.

The first map is induced by pullback along a functor

(aI)Op/RFiﬂ/F

and it suffices to show that this functor is homotopy initial. Specifically, o does the following

to objects and morphisms:

(i—L~j x € F(i)) U, F(f)(x) € F(j))
lw éF(h)
g n Flg)a) € F(i) no F(hf)(x) € F(j)
/ ?F(g) lF(hf)so
(i >, 2 € F(¥)) (7, F(f)@) € F()

Fix an object (¢,z € F(£)) in the target category I [ F. We'll show that the overcategory
(a | (4, 2)) is contractible. A typical map between objects of this overcategory is given by

the data

i*f>j*p>€, xEF(z)mf\(ﬂ«)f\»F(pf)(x)#z
l%

9 h F(g)(z') € F(i) F(pf)e
?F(g) F(pf)

i’—/>j’—/>£, w’GF(i’)MF(p’f’)(:U’)Lz

where everything commutes. Let J be the subcategory of (a | (¢, z)) consisting of objects
for which j = ¢ and p is the identity. Then there is a projection P : (« | (¢,2)) — J which
is left adjoint to the inclusion I : J — (a | (¢, 2)). We can exhibit P and the natural
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transformation from the identity to I o P in the following diagram:
P .

— 2 f,

i) L F(pf) () 7 2

P x € F(i
?. F(pf)
id
Ly — v e F(i) L Fipf) (o) —2> 2

To check the adjunction, it suffices to check that a map from any object of (a | (¢, 2)) into
an object of J factors uniquely through this projection. Once this is checked, the next step
is to show that J has an initial subcategory K. A typical object of K is given in the first

row below.

F(f)(z) € F() ~%= F(f) () —Z> 2

¢
! F(f F(0)
?F(f) i

i

(—, z € Fi) ~~L

IS
o~

l\

The rest of the diagram justifies the claim that K is initial. Finally, K is isomorphic to
the category of objects over z in F'(£), which has terminal object z. We have completed a
zig-zag of adjunctions between (« | (¢, z)) and %, so (a | (¢, z)) is contractible. Therefore
« is homotopy initial and the equivalence is complete.
The equivalence is clearly natural in A, but it is also naturalI fin F in the following
n

sense. A map of diagrams of categories F' —— G gives a map I [ F——1]G,so a diagram
A:I[G — T can be pulled back to I [ F. Our equivalence then fits into a commuting

square:
holim (I [7)*A —— holim (hohm (X [n)* ))
LfF (zig)EaI F(i)

| |

holim A holim <holim Ao G(f ))

1/G (iij)eaG G()
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O]

Lastly, we want a result on diagrams A : J — T for which every arrow ¢ — j induces
a weak equivalence A(i) — A(j). Call such a diagram almost constant. Of course, if A is

a constant diagram sending everything to the space X, then its homotopy limit is
ho}]im A = Map(BJ, X)

where BJ = |NJ]| is the classifying space of J. If A is instead almost constant, then we get
(see [CKO09|, [Dwy96])

Proposition 2.6.8. If A:J — T is almost constant, then there is a fibration E4 — BJ

and a natural weak equivalence
ho}]irn A~ FBJ(EA)
Moreover, if I = J is a functor then there is a homotopy pullback square

Epoq —=E4y

|

BlI——BJ

Corollary 2.6.9. If A:J — T is almost constant, and I - J induces a weak equivalence

BI — BJ, then the natural map
holJim A— holIim (Aoa)

18 o weak equivalence.

2.7 Second Construction of P,F: The Higher Coassembly
Map

Here we will describe how to construct P, F'(X) as a homotopy limit

P,F(X)= holim F(i x AP)

AP xi— X
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When n = 1 and F' is reduced, this construction is essentially the same as the coassembly
map described in [CK09]. The coassembly map is formally dual to the assembly map
( [WW93]) often found in treatments of algebraic K-theory.

We will prove that our construction of P, F satisfies four properties:
1. P, F is a homotopy functor.
2. P, F takes pushout cubes whose dimension is at least n 4+ 1 to Cartesian cubes.

3. If X is a CW complex then P, F(X) — holim P,F(X') is an equivalence.
X'CX finite complex

: : op op
4. F — P, F' is an equivalence on RBm or L{B’n.

For functors on finite CW complexes, conditions (1), (2), and (4) are enough to imply
P, F is the universal n-excisive approximation of F'. Condition (3) is a bit weaker than the
standard condition that filtered homotopy colimits go to homotopy limits; it is here because
the technology we need for (2) happens to make (3) easy.

There are 8 different setups we might consider, based on whether B is a point or not,
the spaces over B are fiberwise based (retractive) or unbased, and F' goes into spaces or
spectra. We will first handle all cases where the spaces over B are unbased. Then we’ll
handle all cases where B = x and the spaces over B are based. Together this gives an
extension and a second proof of Theorem above:

Theorem 2.7.1. If F : C — D is a homotopy functor, where C = Upan or Tan and
D =T or Sp, then there is a universal n-excisive approximation P, F, and FF — P, F is

an equivalence on spaces with at most n points.

Finally, in section below we will do the case of functors from retractive spaces over

B to spectra. We do not have a method that works for retractive spaces over B to spaces.

2.7.1 P,F for Unbased Spaces over B

Let Cp,, denote a subcategory of simplicial sets over S.B consisting of objects of the form
i x Alp), p>0and 0<i<n.

Specifically, we take one such object for each choice of p and i, and each choice of map of

simplicial sets i x A[p] — S.B. We do not take the full subcategory on these objects. Each
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map
J x Algl — i x Alp]

must be a product of a single simplicial map Alg] — A[p] and a map of finite sets j — i.
Intuitively, Cp j, is a simplicial fattening of Up ;.

Now let F' be any contravariant homotopy functor from unbased spaces over B to spaces
or spectra. If F' is a functor to spectra, compose it with fibrant replacement. This gives an
equivalent functor that takes weak equivalences of spaces to level equivalences of spectra,
and we can argue one level at a time. So now without loss of generality, F' is a homotopy
functor to based spaces.

If X. is a simplicial set over S.B, define

P,F(X.)= holim F(ix AP)
(CB,nJ/X')Op

Abusing notation, define P, F on spaces as the composite
U > sSet/S.B 5 T

or more explicitly,

PaB(X) = o holim, o X A7)
The natural transformation F 2% P,F is then induced by a collection of maps F (X) —
F(i x AP) for each map i x A? — X.

When X = i, the object ¢ x A0] =, S.i is initial in (Cpy, | S.1)°P, so the homotopy
limit is obtained by evaluating at this initial object (Prop. [2.6.2). This proves property (4),
that FF — P, F is an equivalence on L{g’)n.

Next we'll tackle property (1), that P, F' is a homotopy functor. Let U, = U, , be the
category of finite unbased sets 0,...,n and all maps between them. Notice that we can
define a functor A : U,” — Cat taking i to Ay:. Each map i <— j goes to the functor
Ayi — Ay arising from the map X i — X7, whose definition is obvious once we observe
that X* = Map(i, X ). Now take the forwards Grothendieck construction U;" [ A. This is a
category whose objects are elements X;, and whose morphisms X;, — Xg are compositions

of maps X! — X7 from above and maps Xg — Xg which are compositions of face and
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degeneracy maps. Equivalently, the objects can be described as maps
Alp] xi — X.

and the morphisms are factorizations

|

Alp] x i —— X.
Alg] x j —=X.

in which the vertical map is a product of j — i and some simplicial map A[g] — Alp)].
This is clearly the same category as (C%pn J X)), so we have a new way to write our
definition of P, F(X.):

P,F(X.) = holim F(i x AP)
UP [ A

Now Prop. gives the following:

holim F(AP x i)~ holim holim F(5 x AP)
Un [ Ayi (i+—j)€aldy” Ay =

The term inside the parentheses can be rewritten

hgl}i{rin F(j x AP) ~ hglnigy F(j x AP)
: xi

and this defines a homotopy functor in X. by Prop. The homotopy limit of these is
also a homotopy functor, and using the naturality statement in Prop. [2.6.7] we conclude
that P,F(X.) is a homotopy functor. In fact, we have proven something stronger than (1),
that P, F actually takes weak equivalences of simplicial sets to weak equivalences.

Now we can prove (2). From [Goo91|, each strongly co-Cartesian cube of spaces over B
is weakly equivalent to a pushout cube formed by a cofibrant space A and an (n + 1)-tuple
of spaces Xg, ..., X, over B, each with a cofibration A — X;. Applying singular simplices

S., we get a cube of simplicial sets

TwS(UXJ

seT
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where the |J is shorthand for pushout of spaces along A. By easy induction, this cube is

equivalent to the pushout cube of simplicial sets

T ~~ U S.X,
seT

where the | is shorthand for pushout of simplicial sets along S.A. Since P, F' is a homotopy
functor on simplicial sets, applying P,F' to both cubes gives equivalent results. Therefore
it suffices to show that P, F takes a pushout cube of simplicial sets to a Cartesian cube of
spaces.

So let S by any set with cardinality strictly larger than n, let A € sSet be a simplicial
set, and for each element s € S, let X € sSet be a simplicial set containing A. Then there
is a pushout cube which assigns each subset 7' C S to the simplicial set |J,c X¢, which is
shorthand for the pushout of the X; along A. We want to show that P,F takes this to a

Cartesian cube. In other words, the natural map

holim  F(i x AP) — holim < holim  F(i x Ap)>
Alplxi—Ug X (TG8)P \Alplxi—Ur X

is an equivalence. Using dual Thomason, we rewrite the right-hand side as

holim  F(i x AP)
(T, Alp]xi—Urp Xs)

where each object of the indexing category is a proper subset T' C S, integers p > 0 and
0 <i<mn,and a map Alp] x i = |J; Xs. A map between two objects looks like

T, i x Alp] —Urp X
subsetT | T T
U, Jx Algl — Uy X

This category maps forward into Up" [ A(Us X,)i» in which a map between two objects is
given by the data
ix Alp] —=Ug Xs

]

j x Alg] —=Ug X
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This functor « forgets the data of 7' and includes | J, X! into |Jg X?. The natural map of

homotopy limits

holim  F'(i x AP) — holim F(i x AP)
Alp]xi—Ug Xs (T,Alp] xi—=Ur Xs)
is induced by a pullback of diagrams along «, so we just have to show that « is homotopy
initial. Given an object j x Alq] U ¢ X in the target category, the overcategory (a | ¢)

has as its objects the factorizations of ¢

jx Alg] — i x Alp] — | J X, — | J X,
T S

where T' C S must be a proper subset of S.

Let us give a terminal object for this overcategory. Since we are working with simplicial
sets instead of spaces, each ¢-simplex lands inside one of the sets X, in the pushout.
Therefore there is a smallest subset T C S such that j x Alg] £, Ug X lands inside
Ur X, and since j < n < |S|, this subset is proper. This gives a terminal object for the
overcategory (« | ¢), so it’s contractible, which finishes (2).

Finally we check (3). Let X be a CW complex. We want to show that the natural map

holim F(i x AP) —  holim < holim  F(i x Ap))
Alp]xi—S. X (finite X' CX)oP \ Alp]xi—S. X'

is an equivalence. Using dual Thomason, we rewrite the right-hand side as

holim F(i x AP)
(finite X’/ C X, A[p]xi—S.X")

where each object of the indexing category is a finite subcomplex X’ C X, integers p > 0

and 0 < i <mn, and a map Afp] x i — S.X’. A map between two objects looks like

X', i X Alp] —= S X’

inclusionT T T

X", jxAlg) —S.X"

This category maps forward into Uy," [ A(s.x)i» in which a map between two objects looks
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like
i x Alp] —=S.X
]

jx Alg] —= S.X

This functor « forgets the data of X’ and includes X’ into X. The natural map of homotopy
limits defined above is again induced by a pullback of diagrams along «, so we just have to
show that « is homotopy initial. Given an object j x A[q] 5 S.X in the target category,

the overcategory (a | ¢) has as its objects the factorizations of ¢

jx Alg] — ix Alp] — S X' — S X

where X’ C X must be a finite subcomplex. But of course each g-simplex lands inside a
unique smallest subcomplex; taking the union over all j gives a smallest finite subcomplex
containing the image of A? x j. This gives a terminal object for the overcategory (o | @),
so it’s contractible and we are done proving (3).

2.7.2 P,F for Based Spaces

The argument mimics the one above, so we will only point out what is different. The
category C,, becomes a subcategory of based simplicial sets consisting of objects of the
form

(ixAlpD)y, p>0and0<i<n.

with one such object for each choice of p and . Each map

(4 x Algh)+ — (@ x Alp))+

is a choice of simplicial map A[g] — A[p] and map of finite based sets j L iy Intu-

itively, C,, is a simplicial fattening of 7, = 7,. If X. is a based simplicial set, define

PuF(X) = holim F((ix A7),)

Abusing notation, define P, I on spaces as the composite

T i) sSet, RL—>F Sp
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The category U, of finite sets is replaced by the category T, of finite based sets. As before,
there is a functor A : U, = TP — Cat taking i, to Ay:, and we can rewrite P, F(X.)
as

PAF(X) = holim F((i x A?).)

To show that P, F' is homotopy invariant we rewrite it as

holim F(AP x 3) ~ holim holim F((j x AP
PR TAT = B e ( S )+)>

which proves (1). The proof of (2) and (3) is the same as in the unbased case.

2.7.3 Difficulties with Retractive Spaces over B

The above proof does not work when generalized to retractive spaces over B. We may define

Upg,, as the subcategory of spaces under B consisting of spaces of the form
iIIB, 0<i<n

So a map ¢ II B — j II B must act as the identity on B, but the points in ¢ may map into
J or anywhere into B. Then we may define U%Ifn J A, and then define P,,F as a homotopy
limit over this category. The proof of (1), (2) and (3) is then straightforward. However, our
argument for (4) does not work because there aren’t enough maps in Uy, [ A to make our
desired object initial.

Examining this shortcoming, it seems one must enrich UOBIjn and use an enriched version
of the above theorems on homotopy limits. This is not entirely straightforward, since in
order to define P, F here, one must deal with the concept of a “diagram” that is indexed
not by a simplicially enriched category but by a simplicial object in Cat.

We will avoid doing this, and instead we will handle the case of F' : R(I);ﬁn — Sp in

section [2.8.2] using splitting theorems that only hold for functors into spectra.

2.8 Spectra and Cross Effects

From here onwards we will only consider functors from retractive spaces over B to spectra.

In this section the word spectra will refer to prespectra, though the arguments will also work
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for coordinate-free orthogonal spectra that have nondegenerately based levels [MMSS01].
Let fib denote homotopy fiber and cofib denote (reduced) homotopy cofiber. For spaces,

these have the usual definition

fib(X —Y) =X xy Map,(I,Y)
cofib(X —Y)=(XAI)UxY

and for spectra these definitions are applied to each level separately.
We begin this section with some standard facts about spectra and splitting. Recall that
the natural map X VY — X xY is an equivalence when X and Y are spectra. Comparison

of cofiber and fiber sequences then gives the following;:

Proposition 2.8.1. Suppose that X, X', and Y are spectra with maps
X Ly Loy
such that p ot is an equivalence. Then there are natural equivalences of spectra
X Vfib(p) =Y 5 X x cofib (4)

which also yield an equivalence fib (p) — cofib (7).

Corollary 2.8.2. If X is a retract of Y thenY ~ X V Z where
Z ~fib(Y — X) ~cofib(X —Y)
Corollary 2.8.3. If X is a well-based space then there is a natural equivalence
YR>X,) ~E®(X v S

Corollary 2.8.4. If Rgp) N Sp is any covariant or contravariant functor then there is
a splitting of functors
F(X)~ F(B) x F(X)

where F(X) can be defined as the fiber of F(X) — F(B) or the cofiber of F(B) — F(X).
This also holds if F is only defined on finite CW complezes.

We want a slight generalization of these results to n-dimensional cubes of retracts. First
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recall the higher-order versions of homotopy fiber and homotopy cofiber from [Goo91|. If F’
is a m-cube of spectra then we can think of it as a map between two (n— 1)-cubes. The total
homotopy fiber tfib (F) is inductively defined as the homotopy fiber of the map between
the total homotopy fibers of these two (n — 1)-cubes. For a 0-cube consisting of the space
X, we define the total fiber to be X. Therefore the total fiber of a 1-cube X — Y is
fib(X —Y).

The total homotopy cofiber tcofib (F') has a similar inductive definition. Recall from
[Goo91]| that a cube is Cartesian iff its total fiber is weakly contractible, and co-Cartesian
iff its total cofiber is weakly contractible. From this it quickly follows that a cube of spectra
is Cartesian iff it is co-Cartesian.

If F'is a functor ch — Sp, the nth cross effect cross, F'(X1,...,X,) is defined as
in [Goo03| to be the total fiber of the cube

Scn ~ F(UXi)
€S

whose maps come from inclusions of subsets of n. Here the big union denotes pushout along
B; one can think of it as a fiberwise wedge sum. Since F' is contravariant, the initial vertex

of this cube corresponds to the full subset S = n. Note that there is a natural map

cross, F(X1,..., Xn) ~= F [ |J X

€N

Similarly, the nth co-cross effect cocross,F(Xi,...,Xy) is defined as in [McCO01] and
[Chil0] to be the total cofiber of the cube with the same vertices

Scn ~ F <U Xi)
€S
where the maps come from the opposites of inclusions of subsets of n. Each inclusion S C T

UXH— UX,-

i€S i€T

results in a collapsing map
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which becomes

P(Ux) e (Ux)

Note that the final vertex of this cube corresponds to S = n, so there is a natural map
F U X; | 2 cocross, F'(X1,...,X,)
1EN

It is known that the cross effect and co-cross effect are equivalent, when F' is a functor from

spectra to spectra ( [Chil0], Lemma 2.2). A similar argument gives the following.

Proposition 2.8.5. If RY N Sp is any contravariant functor, then the composite

cross, F'(X1,...,X,) Ny U X; | 2 cocross, F'(X1,...,Xp)

i€n

is an equivalence. Furthermore, F(|JX;) splits into a sum of cross-effects:

F U Xi| ~ H cocross|g F'(Xs : s € 5)

iEn SCn
~ l_Icross|5|F(XS :s€S)

SCn
~ \/ cross| g F(X;: s € S)

SCn

The analogous result also holds for covariant functors, and for functors defined only on

finite CW complexes.

Remark. This does not assume that F' is a homotopy functor.

Proof. The argument is by induction on n. We form the maps
\/ cross| g F'(Xs:s € 5) — F U Xi| — H cocross|g| F'(Xs : s € 5)
SCn ien S5Cn

and observe that the composite is an equivalence. Therefore the middle contains either of

the outside terms as a summand. We use the alternate definitions of tfib and tcofib found
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in [Goo91] to identify the leftover summand with cross|gF" and cocross|g F', which proves

that they are equivalent and that F' splits into a sum of cross effects. O
This generalizes the following well known result: (cf. [Bro69], [Coh80])

Corollary 2.8.6 (Binomial Theorem for Suspension Spectra). If X and Y are well-based

spaces then the obvious projection maps yield a splitting
YPX XY) 5 UP(XAY) X XPX x BV

If X1, ..., X, are well-based spaces then we get a more general splitting

ZOOﬁXZ» = Il =2 AX
i=1

0#SCn i€S

and in particular if X is well-based then

n
n .
YRX" ~ oo x A

=1

Remark. The corollary also follows easily if we start with
YR>X,) ~E®(X v S
From there the proof is suggested by the facts

(x+D(y+1)—-1 = ay+x+y

(z+1)"—1 = i(?):c

We are now in a position to prove the existence of P,F for functors from retractive

spaces into spectra. First we’ll give a result that motivates the construction.

2.8.1 An Equivalence Between [G)P, Sp|] and [M;?, Sp|

Let G, = 7T, be the category of based sets 0,, ..., n, and based maps between them.
G,, is the opposite category of Segal’s category I'. As before, let M,, be the category of
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unbased sets 0 =0, 1, ..., n and surjective maps between them. If I is a category then let
[I, Sp| denote the homotopy category of diagrams of spectra indexed by I.

The maps in G,, are generated by inclusions, collapses, rearrangements, and maps that
fold two points into one. From the last section, a diagram of spectra indexed by G, will
split into a sum of cross effects. The first two classes of maps (inclusions and collapses) will
simply include or collapse these summands. Therefore our diagram has redundancies. If we
throw out the redundancies, only the last two classes of maps (rearrangements and folds)
still carry interesting information. But these are exactly the maps that generate the smaller

category M,,. We have just given a heuristic argument for the following known result:

Proposition 2.8.7. There is an equivalence of homotopy categories
C
obtained by taking cross-effects
CF(i) = cross; F/(1,...,1,)
Its inverse is obtained by taking sums

G, Sp] <2 [M,,, Sp]

i,
. ? .
rao =V (7)o
j=o
There is also an equivalence of homotopy categories
[G7P, Sp] ~ [MP, Sp
obtained from co-cross effects and products

CF(i) = cocross; F'(1,,...,1,)

rat) =11 () eo)

j=0

Remark. The author learned a version of this result from Greg Arone. A similar result
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for diagrams of abelian groups was done by Pirashvili [Pir00]. Helmstutler [HelO§| gives
a more sophisticated treatment that handles both abelian groups and spectra in the same
uniform way. He gives a Quillen equivalence between the two categories of diagrams with the
projective model structure. This is of course stronger than just an equivalence of homotopy
categories, but we may think of the above result as a very explicit description of the derived
functors. This perspective was essential in making the correct guess for P, F' in section
above, and it motivates our proof of Thm. below.

Proof. We define diagrams that extend the above constructions on objects. The essential
ingredient is to define maps between the various cubes that show up in the definition of
total homotopy fiber and cofiber found in |[Goo91]. These maps of cubes I: — IZ are all
generalized diagonal maps coming from maps of sets i «— j. Then it is easy to define a
natural equivalence of diagrams CPG — G. On the other hand, Prop. [2.8.5 gives an
equivalence PCF (i, ) — F(i,) for each object i, € Gy, but these equivalences do not
commute with the maps of G,. Instead, we define an isomorphism PCF — F' in the
homotopy category of diagrams. To do this, we choose for each arrow i, — j n of G, a
contractible space of maps
PCF(i) — F(j,)

that agrees in a natural way with compositions, and such that on the identity arrows i, =i,
we choose only equivalences

PCF(iy) — F(iy)

Our chosen spaces of maps PCF(i, ) — F(l+) end up being products of cubes, the same
cubes that appear in the definition of total homotopy fiber above. This gives the desired
equivalence of homotopy categories.

The contravariant case is similar, but we will give one more detail here since it is needed
in the next section. Let F': GP — Sp be a diagram. For each map i, <+— 1+ in G, we

use the diagonal map I* — IZ to define

\/ IE9AF(S) — \/ IZ AP(TY)
Sci TCj

taking the summand for S C i to the summand for f~!(S) C j. This passes to a well-defined

map on the co-cross effects of F', which gives the arrows of the diagram C'F. O
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2.8.2 P,FI for Retractive Spaces over B into Spectra

Let us consider homotopy functors
op F
REfn — SP

from finite retractive spaces into spectra. Our previous construction of P, F was roughly
the same as a mapping space of diagrams indexed by U%Ijn, the spaces under B with at
most n points. When B # x, this approach calls for more technology because Up,, needs
to be enriched. However, the equivalence [GoP, Sp| ~ [M¢P Sp| suggests that we could just
eliminate the inclusion and collapse maps in Up ;. This leads to the category M,, again,
which does not need to be enriched.

So we replace our diagrams

UBm—)Sp
i1 B~ X'
ill B ~ F(i1l B)

with the diagrams of co-cross effects

M, — Sp
i~ Xm
i~ cocross; F(11I B,..., 111 B)
where A is the external smash product from Def. We are being sloppy about the

existence of maps into B*, but this gives enough intuition to suggest that we try the following

construction on retractive simplicial sets X. over S.B:

E.,F(X.) = holim holim cocross; F(APII B, ..., AP II B)
(i+—j)€aMy” \ Ay 7
~ holim  cocross; F(APII B, ... AP 11 B)
M [AL 7

As before, the equivalence comes from Prop. Here X7 is a simplicial set containing

(S.B)" as a retract, whose fiber over a simplex in (S.B)? is the smash product of the fibers
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in X.. The homotopy type of X’ is homotopy invariant in X. by the same argument as
Prop. above. As before, we extend E,F' to spaces by E,F(X) = E,F(S.X).

Each surjective map i <— j induces a cofibration X~ — X, This determines a

functor A : MJP — Cat by that sends i to the category Ay x;. The diagram
M [ B 5 s,

is then defined by

i, Alp] — X ~o cocross; F(APII B, ..., AP1I B)
7, Alg] ——= xN ~ cocross; F(AYIl B, ..., A?Il B)

The map of co-cross effects is defined in the proof of Prop. above. We can show that
E,F is n-excisive by proving properties (1), (2), and (3) from section Property (1)
follows from the above equivalences, and property (3) is straightforward. We will do (2) in
detail.

As before, we can start with a pushout cube of simplicial sets, with initial vertex A €
sSetg p. It’s indexed by a set S, so for each element s € 5, let X € sSetg g be a simplicial
set containing A (and also containing S.B as a retract). Then there is a pushout cube which
assigns each subset 7" C S to the simplicial set | J,.p X¢, which is shorthand for the pushout
of the X; along A. We want to show that E,F takes this to a Cartesian cube; in other

words, the natural map

holim  cocross; F(APII B,...,APII B)
Alpl=(Ug Xs) M

— holim ( holim  cocross; F(APII B, ..., AP 11 B)>
(TES)P \ Alp]—(Up Xs)~E

is an equivalence. Using dual Thomason, we rewrite the right-hand side as

holim  cocross; F(APII B,...,APII B)
(T’QAL’D}*)(UT XS) A Z)

where each object of the indexing category is a proper subset T' C S, integers p > 0 and
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0 <4 <mn,and amap Alp] = (Up Xs5)"*. A map between two objects looks like

T, i, Afp] — (Ur X:)
subset (UT Xs)xj
U: ja A[Q] H(UU XS)Kj

As before, this category maps forward into M¢P [ A(Us X,)~is In which a map between two

objects looks like

ZT, AT[p] — (Us Ts)“
g, Algl —= (Us Xs)

This functor a forgets the data of 7" and includes (U Xs)"? into (Ug Xs)”?. The natural
map of homotopy limits defined above is again induced by a pullback of diagrams along «,
so we just have to show that a is homotopy initial. Given an object Alg] —= (| o Xs) N

in the target category, the overcategory (a | ) has as its objects the factorizations of ¢
A[Q] - A[p] — (U Xs)xi - (U Xs)xj
T S

where T' C S must be a proper subset of S.

Let us give a terminal object for this overcategory. Either the map out of A? hits the
basepoint section, in which case we take T' = (), or it misses the basepoint section, in which
case it gives a j-tuple of simplices in |Jg X, each of which lands inside one of the sets X
in the pushout. Therefore there is a smallest subset 7' C S such that Alg] —2 (Ug Xs) "
lands inside (| Xs)”7, and since j < n < | S|, this subset is proper. This gives a terminal
object for the overcategory (« | ¢), so it’s contractible, which finishes (2).

We might now expect that F' — E, F' is an equivalence on R%Ijn. This turns out to be
false, but Corollary suggests the following fix. Define a new functor

P,F(X)=E,F(X) x F(0p)
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Note that P, F(X) is n-excisive because it is a homotopy limit of n-excisive functors.

Now let X = jII B. Then XNt (l)’ IT B. We can partition Ay, into two categories,
one in which the simplex lands in the basepoint section and another in which the simplex
misses the basepoint section. This leads to a partition of M{P [ A into three categories,
one in which there are no simplices, one in which the simplices land in B, and one in which
the simplices miss B. The homotopy limit of the first two is E,F(0p), which contains
the homotopy limit of the first F'(0p). The homotopy limit of the last category is therefore
E F( JIB). This last category contains a homotopy initial subcategory of objects A[0]xi —

J, with ¢ # 0 and i < j an order-preserving inclusion. Therefore

&

»F(7 11 B) ~ holim cocross; F(1II B,...,111 B)
= 0#i=j

But the only surjective maps between subsets of j that respect the inclusion into j are

identity maps. So this homotopy limit is an ordinary product:

E,F(juB)~ [ cocross; F(LIB,...,111B)
0#iCj

P,F(j 11 B) ~ [ ] cocross; FLII B, ..., 111 B)
iCg
Using our splitting result (Prop. [2.8.5)), this shows that F(j Il B) — P, F(j Il B) is an
equivalence. This finishes the proof that P, F exists for F' from retractive spaces over B

into spectra:

Theorem 2.8.8. If F : R%Ijﬁn — Sp is a homotopy functor, then there is a universal
n-excisive approximation P, F, and FF — P, F is an equivalence on spaces with at most n

points.



Chapter 3

Coassembly and duality in THH

In this chapter we study the topological Hochschild homology (T'HH) of ring spectra
and spectral categories that are associated to contravariant forms of algebraic K-theory
of spaces. The simplest example is THH (DX, ), where DX is the functional dual of
the unbased CW complex X. In this case we show that the known equivalence of spectra

(cf. [Cam14], [AF])
D(THH(DX,)) ~ S°LX ~ THH(ST0X)

can be extended to an equivalence of cyclotomic spectra. In the process of setting this
result up we review cyclic spaces and spectra, orthogonal G-spectra and fixed points, and
the cyclic bar construction. We also prove along the way a rigidity result for the geometric
fixed points ® X which appears to be new.

Next we demonstrate a splitting on THH (DX, ) when X is a reduced suspension, and

use this splitting to recover the stable splitting of the free loop space
o0
SPLEX ~ \/ %5} Ag, X"
n=1

found in [Coh87]. We analyze the case of DS, calculating TC and demonstrating that the

coassembly map
K(DSY) — Map(S*, K(S))

is not split surjective; however K (DS') 2 V(S!) and so this does not completely count out

68
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the possibility of a “dual” A-theory Novikov conjecture.

Finally we move to the case X = BG when G is a finite group, and study the THH
functor associated to V(BG). We demonstrate that the composite of a certain assembly
map with coassembly results in a transfer map. This has the surprising corollary that when

G is a finite p-group the coassembly map
V(BG) — F(BG4+,Y(%))

is split surjective after p-completion, as a map of coarse S'-spectra.
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3.1 Cyclic spaces and cocyclic spaces

A cyclic set is a simplicial set with extra structure, which allows the geometric realization
to carry a natural S'-action [Con83]. One may use the analogous concepts of cyclic spaces
and cyclic spectra to efficiently build some rather sophisticated spaces and spectra with
Sl-actions. In this section we will review the theory of cyclic sets, and extend the existing
theory to cocyclic spaces and (co)cyclic orthogonal spectra. This is all standard material
from [DHKS85|, [Jon87|, [BHM93|, and [Mad95| or a straightforward generalization thereof,

but we make an effort to be definite and explicit in areas where our later proofs require it.

3.1.1 The category A and the natural circle action.
To begin, recall the category A and the notion of geometric realization:

Definition 3.1.1. A is a category with one object [n] ={0,1,...,n} for each n > 0. The

morphisms A([m], [n]) are the functions f : [m] — [n] which preserve the total ordering.

The category A is generated by the coface maps
d:n—1—1n], 0<i<n

i j<i
jH+1 i >

i—1 e——— > j—1

1 ® L)

;\0 i+1
n—1 e :
\. .

Figure 3.1: The coface map d".

and codegeneracy maps
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1 '7)0 1
1+1 e :
: o n
n+1 —

Figure 3.2: The codegeneracy map s’.

Definition 3.1.2. A simplicial object of C is a contravariant functor X, : A°? — C.

We are particularly interested in the case where C is either based spaces or orthogonal
spectra. We will use the fact that any simplicial object X, is a coequalizer of representable

\/A m)); A A([m], [n])4 A X, :;\/A )4 A Xn — X,

Because of this, a left adjoint like geometric realization is determined by what it does to
the simplicial based set A[n]y = A(e,[n])+. As usual, we let A™ be the convex hull of the

standard basis vectors in R"T!, which has coordinates
A”:{teR”“:Zti:L t >0 Vi}

Then A([m],[n]) takes each function f : [m] — [n] to the unique linear map A™ — A"
given by f on the vertices. Then geometric realization is the unique left adjoint which takes

Aln]y to A%}:

Definition 3.1.3. The geometric realization of a simplicial based space X, : A°? — Top,

is the coequalizer of

]_[Am ml, [n]) x Xp :;HA”XX
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or, equivalently, the coequalizer of

\/ AT AA(m], [n) A X, =\ AL A X,
m,n n
The geometric realization of simplicial orthogonal spectra is given by the same construction

applied to each spectrum level.

Now we review Connes’ cyclic category A, which contains A as a wide subcategory
[Con83]. This means that A has the same objects, one object [n] for each natural number

n > 0. The morphisms can be described in several equivalent ways:

e A map [m] — [n] in A is an equivalence class of increasing functions f : Z — Z
satisfying
fla+m+1)=f(a)+n+1

subject to the relation f ~ f 4+ n + 1. Each map in A determines such a function f

on the subset {0, ..., m} which may then be extended in a periodic way.

e A map [m] — [n] in A is an equivalence class of increasing degree 1 maps S — S*
sending the subgroup Z/(m + 1) into the subgroup Z/(n + 1), up to any homotopy
preserving this condition. In particular, the images of the points in Z/(m + 1) cannot

move during the homotopy. This is the original definition by Connes [Con&83].

e Let [n] denote the free category on the arrows

o
.

Figure 3.3: The circle category [n].

The geometric realization of [n] is homotopy equivalent to a circle. Then A([m],[n])
consists of those functors [m] — [n] which give a degree 1 map on the geometric

realizations.
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e A is the free category on A and a cycle map 1, : [n] — [n] for each n > 0, subject to
the additional relations found in [BHMO93|:

Td =d ' 1<i<n

0 _
Tnd® = d"
Tpst = 3"*17”+1 1<:<n
7,80 = s”TgH 1<i<n
n+1 _ :
T =id

In the above definitions 7,, corresponds to f : Z — Z sending x to z — 1, or the circle

map S —s S! which multiplies by e=27/(+1) or the functor

o<——0<——0

\\

o<—O0<——0

Figure 3.4: The cycle map 7,.

e A is the free category on A and an extra degeneracy map s"*1 : [n+1] — [n] for each

n > 0, subject to the additional relations found in [DHKS85|:

stgntl = gngt
s"Hdb = dis" 1

(Sn+ld0)n+1 =id

IN
IN
S

IN
IN
S

In the above definitions s”*! corresponds to the function f : Z — Z which is the
identity on {0,...,n+ 1} and is extended periodically. It also corresponds to functor
[n+ 1] — [n] which preserves the arrow 7 — i+ 1 for all 0 < ¢ < n but sends the arrow
n+1— 0 to idg:
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0 n+1 n

1
.\T. .7.
1 0 n
1

Figure 3.5: The extra degeneracy map s"*!.
The operations s"*! and 7,, determine each other:

-1 _ n+140
T, =s""Td

Sn-l—l — SOTn_l

Definition 3.1.4. The cyclic category A is the category defined in any of the above ways.

It is clear that each morphism f € A([m], [n]) gives a well-defined map of sets Z/(m +
1) — Z/(n + 1). This rule respects composition (i.e. it defines a functor A — Set).
Conversely, each map of sets Z/(m + 1) — Z/(n + 1) comes from at most one such f,

unless this map of sets is constant, in which case there are n + 1 choices for f.

Definition 3.1.5. A cyclic based space is a functor X, : A°® — Top,. The geometric
realization | X,| is defined by restricting Xo to A°P and taking the geometric realization of

the resulting simplicial space.

The geometric realization of a cyclic space has extra structure which we now examine
following [DHKS5].

Let Aln] = A(—,[n]) denote the contravariant functor on A represented by the object
[n]. Then A[n] is a cyclic set, called the standard cyclic n-simplex. It has one k-simplex for

every point in the set A([k], [n]). Partition A([k], [n]) into two subsets
A([K]; [n]) = A([K]; [n]) U A([K], [n])°

The first subset A([k], [n]) contains all functors in the first figure below which restrict to a
functor pictured in the second figure below.

These are k-simplices in A™ in the usual sense, and they are classified as (k + 1)-tuples
of increasing integers

(405 i) 0<i;<n 1j < ijqq
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0 k
Figure 3.7: A map [k]a — [n]a.

Each face map deletes one integer from the set, and each degeneracy map duplicates one in-
teger in the set. (This is the simplicial structure so we are not allowing the extra degeneracy
here.)

Each element of the complement A([k], [n])¢ is some functor f : [k] — [n] which sends
some unique arrow j — j+ 1 with 0 < j and j+1 < k to a composition of arrows including
n — 0. These functors are classified by two ascending sets of integers in {0,...,n}, one
for the image of 0 — ... — j and one of the image of j +1 — ... — k, and the last
integer from the second set cannot be greater than the first integer of the first set. We may

rewrite this as a (k + 1)-tuple of ordered pairs

((O7i0)7 (07i1)7 ) (Oa ij)? (17ij+1)7 EEE (17’“9)) lq € {07 R n}
subject to the ordering condition

1j41 i <. S < <i1 < ... <45
As before, each face map deletes an ordered pair from this set and each degeneracy maps
duplicates one pair. It is possible for a face map to bring us back over to the first set
A([k], [n]), by deleting the last pair of the form (0, —) or the last pair of the form (1, —).
At this point it is natural start thinking about the simplicial complex P, on the totally
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ordered set
{(0,0),(0,1),...,(0,n),(1,0),(1,1),...,(1,n)}

which has a k-simplex for any (k + 1)-tuple chosen from this set and satisfying the same
ordering condition as before. Restricting to tuples of the form (0, —) gives a subcomplex
PY) isomorphic to A[n] = A(—,[n]). Restricting to tuples of the form (1, —) gives a second
subcomplex P! isomorphic to A[n]. The remaining simplices correspond with those in
A(—,[n])¢ C A(—,[n]), so if we identify P ~ P! we recover the simplicial set A[n)].

We provide below some pictures of P, to build geometric intuition.

P, A[1] x Aln]

0 (0,0) e———e (1,0) (0,0) e———o (1,0)

) ) ) * )

\f\

(1,2) (0,2)

Figure 3.8: Sketch of P, for n =0, 1, and 2.

There is an evident bijection between the vertices of P, and the vertices of the simplicial
prism [0, 1] x A™. This map of vertices extends by linear interpolation to a continuous map
of topological spaces

g:|Pu| —[0,1] x A"

The above pictures suggest that g is a homeomorphism. This is easily proven by flipping
the interval [0,1] and comparing the resulting CW complex to the product |A[1] x A[n]|.

Once this is established, we identify subcomplexes together to get a homeomorphism

Aln]| = |P/(IBY] ~ |Pal)
= [0,1] x A™/((0 x A™) ~ (1 x A™))
St x A”

12
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We define an S'-action on |A[n]| by acting on the first coordinate of S1 x A™:

9'(¢7u07"-7un):(9+¢7u07"'7un)

The maps in A give natural maps between these standard cyclic simplices which are all
S'-equivariant. The trickiest one to check is 7,,, whose action on |A[n]| = St x A™ is given

by the formula
Tn(97 UO, Ul, LU 7un—lyun) - (0 - u07 u17 'LLQ, R 7“%7“0)

which is clearly S!'-equivariant. Since geometric realization commutes with colimits, every

cyclic based space X, has geometric realization given by the coequalizer

\/ Al A A fml)s A X = \/ Al A X — X

Since the Sl-action on |A[n]| commutes with the action of A, it gives a well-defined natural

St-action on | X,|:

Theorem 3.1.6. The geometric realization |Xe| of a cyclic based space X carries a natural

based S*-action.

For the purposes of our calculation, we need a different homeomorphism
|A[n]| = S x A"

By abuse of notation let g denote our original homeomorphism. Then compose g with the
Sl-equivariant map
f:S8tx A" — St AP

Oug + 1uq + 2u9 + ...+ nu
F0,u0, ... up) = <9+ 0 ! 2 "uoun>

n+1
(n+ Dug +nuy + ...+ uy
0 — ) SUQ, -+ e ey Up
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The following diagram commutes

IA[n], ’ SLx AP ! SLx A™
lfrn \L(Guo,uhug,...,un,uo) l(e_n},-vul’uz’“"“”’uo)
IA[n]| g SUx A™ ! SUx A

1R

and so under the homeomorphism given by f o g, the cycle map 7, acts by cycling the
vertices of A™ and decreasing the circle coordinate 6 by n%rl We provide a brief sketch to

give intuition for f o g.

n P, f(Pal])
0 (0,0) e———e (1,0 (0,0) e————e (1,0)
(1,0)
\\e (1,1)
/ (1,1)
2 =¢. (1,0
4\&_\9 1.2)

Figure 3.9: Sketch of |A[n]| under different coordinate systems.

3.1.2 Skeleta and latching objects.

Recall that when X, is a simplicial space, the nth skeleton Sk, X, is obtained by restricting
X, to the subcategory of A°P on the objects 0,...,n and then taking a left Kan extension

back. This may be re-expressed as the coequalizer

\ Ao [B) 1 AA(EL D)+ AXe =\ Ao, [K]) 1 A Xi — Sk X,
kt<n k<n

and so the realization of the skeleton is the coequalizer

\/ AL AA(RL D) AXe=\) AR A X =[Sk X
kt<n k<n
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Clearly |Sky, Xe| is covered by the two spaces \/; ., 4 Ak A Xy and A" A X,,. This leads to

a standard pushout square

L,X x A" Ur, xxaan Xp X OA" ——= X, x A" (31)
Sk 1 X 1Skp X

where L, X is the nth latching object L,X C X,,, defined as the subspace consisting of all

points lying in the image of some degeneracy map
Si:Xn_1—>Xn, 0<i<n-1

The simplicial space X, is said to be Reedy cofibrant if each L, X — X, is a cofibration

in an appropriate sense. To be precise:

Definition 3.1.7. X, is Reedy gq-cofibrant if each L, X — X, is a cofibration in the
Quillen model structure on based spaces. X, is Reedy h-cofibrant if each L, X — X, is a

classical cofibration, i.e. a map satisfying the HEP in the unbased sense.

Of course every Reedy g-cofibrant space is Reedy h-cofibrant. The standard result is
then

Theorem 3.1.8. For cither notion of “cofibration,” if Xe is Reedy cofibrant then each
ISky,—1Xe| — |Sk,Xe| is a cofibration and therefore |Xo| is cofibrant. Moreover if Xo,Ys
are Reedy cofibrant then any levelwise weak equivalence Xo — Yy induces an equivalence on

all skeleta |Sk, Xe| — |Sk,,Ys| and therefore an equivalence on realizations | Xe| — |Ye!.

The proof of this theorem relies on an induction using the pushout square for each
1<k<n-1

S, (Uf;gl Si(Xn—2)) — Ul si(Xn-1)

| |

s1(Xn-1) Uf:o 5i(Xn-1)

and the usual pushout and pushout-product properties that cofibrations typically satisfy.

If one wants to use based h-cofibrations then one must also assume that all the spaces are

well-based.
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It is not hard to give a version of this theorem for orthogonal spectra. There is a
standard compactly-generated model structure which provides the g-cofibrations, and the
h-cofibrations are defined as maps having the obvious HEP with respect to the notion of

homotopy given by X A I;. Then one can show

Theorem 3.1.9. For either notion of “cofibration,” if Xe is a Reedy cofibrant simplicial
orthogonal spectrum then each |Sk,—1Xe| — |SknXe| is a cofibration and therefore | X|
is cofibrant. Moreover if Xe,Ye are Reedy cofibrant then any levelwise stable equivalence
Xoe = Y, induces an equivalence on all skeleta |Sk,, Xo| AN ISk, Ys| and therefore an

equivalence on realizations | Xe| — |Ye|.

Proof. Easy adaptation of the space-level proof for g-cofibrations. For h-cofibrations this
is a little surprising since we do not assume any of the spectra involved are well-based.
The hardest piece of the proof is the statement that if f : K — L is an h-cofibration of
unbased spaces and g : A — X is an h-cofibration of orthogonal spectra then the pushout-
product f[Jg is an h-cofibration. This follows from the formal pairing result of Schwaiizl
and Vogt quoted in ( [MS06|, Thm. 4.3.2(i)), together with the fact that h-cofibrations of
unbased spaces are “strong,” but that comes from Strgm’s result quoted in ( [MS06], Thm
4.4.4(ii)). O

By analogy with this, and following [BM11a], when X, is a cyclic space we define the nth
cyclic skeleton Sk;Y°X by restricting X,o to the subcategory of A°P on the objects 0,...,n

and then taking a left Kan extension back. This may be re-expressed as the coequalizer

\ Ao (kD)4 AA(E]L )+ A Xe = \/ Ao, [k])4 A X — SKkPCX,
k,f<n k<n

and so the realization of the skeleton is the coequalizer

VA AA(EL )+ A Xe =\ A A X [SKX|

kt<n k<n

As a matter of convention, we define the (—1)st cyclic skeleton as the equalizer of the

degeneracy and extra degeneracy maps:

Sk?fﬁ?—%)ﬁ):i)(l
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In the simplicial case above the (—1)st skeleton was simply the initial object, which is * in
the based case.
Next, define the nth cyclic latching object Lyy X C X, to be the subspace consisting of

all points lying in the image of some degeneracy map
St Xn1 — X, 0<i<n

The Oth latching object is also taken to be Sk®X C X rather than being empty. The
only difference between L, X and L;°X is that the extra degeneracy is included in LyY°X;
equivalently Ly7°X is the closure of L,, X under the action of the cycle map ¢,, of order n+1.

Now we give the analogue of the standard pushout square (3.1)):

Proposition 3.1.10. For each k > 0 there is a natural pushout square

LZyCX X Chin AF UL, X x9Ak Xk XCpyq ONF ——~ Xk XCpys AP (3.2)
|Skzy_C1X.| |SkzyCX.|

for unbased cyclic spaces Xo, and the obvious variant with smash products for based cyclic

spaces Xo.

Proof. The square is clearly defined and natural, and the top horizontal map is the inclusion

of a subspace. We treat the case k = 0 separately, where the square becomes

(LG°X x SHTT) —— X, x S1

| |

LY°X ISKY X, |

which is easily checked to be a pushout. For k& > 1, it suffices to check that it is pushout
when X, = A(e, [n]) is the standard cyclic n-simplex, because then we can take a colimit of

such things to get general cyclic spaces Xo. Now when X, = A(e,[n]) and k > 1 the square
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may be rewritten

LzyCA[n] X Cli1 AFTT (Ag[n] — LZYCA[TL]) X Cli1 N —— Aln] x¢y 4, A

| |

Sk, Aln]| Sk Aln]|

The top map is a disjoint union of some isomorphisms and some nontrivial inclusions, so

we can strike out the isomorphisms without changing whether the square is pushout:

(Ag[n] — LYAln]) xc ONF —— (Ag[n] — LY A[n)]) X Chia AF

| |

Sk, Aln]] Sk An]]

The complement of the latching object L;Y“A[n] consists of maps in A([k], [n]) for which
the k + 1 points 0,...,k go to distinct points in 0,...,n. The Ciyi-action on these maps
is free and each orbit has a unique representative that comes from A([k], [n]), so we can

again simplify the square to

(Ag[n] = LyAn]) x OA¥ —— (Ag[n] — LyA[n]) x AF

| |

Sk Aln]| Sk “An]|

Now one may identify this square as the standard simplicial pushout square for A[n|, mul-
tiplied by the identity map on S'. Alternatively, one can enumerate the cells of [Sk”“A[n]|
missing from [Sk;”%, A[n]| and check that the above map precisely attaches those cells. So

the square a pushout and the proof is complete. O

From here we could discuss different notions of being Reedy cofibrant in a cyclic setting,
but we choose to avoid setting up a general theory that we will not use. In practice, it
suffices to use subdivision as in the next section to control the homotopy type of | X,]|.
However we will be interested in dualizing |Xe| and so we wish to give conditions which
guarantee that | X,| is a cofibrant S!-space.

To be definite about the meaning of “cofibrant” we use the following model structure

on G-spaces.
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Theorem 3.1.11. If G is a compact Lie group, there is a fine or genuine model structure

on the category of based G-spaces and based equivariant maps in which
e the cofibrations are the retracts of the relative G-cell complezes

o the weak equivalences are the maps X — Y for which each X — YH is a weak

equivalence
o the fibrations are the maps X — Y for which each X — Y is a Serre fibration

This model structure is topological, proper, and monoidal. It is compactly

generated [MMSSO01] by the sets of cofibrations and acyclic cofibrations

I={(G/H x 8" ), < (G/Hx D", :n>0,H <G}
J={(G/H x D", — (G/Hx D" x I); :n>0,H < G}

We prove the following result as a warm-up to a spectrum-level result needed for our

dualization theory:

Proposition 3.1.12. If X, is a cyclic space and each cyclic latching map Ly X — X,

is a cofibration of Cyy1-spaces then |X4| is a cofibrant S'-space.

Proof. 1t suffices to show that each map of cyclic skeleta
SKYE, X[ — S X
is an S'-cofibration. The (—1)-skeleton
LY°X = Sk¥ X

is already assumed to be cofibrant, and it has trivial S'-action, so it is also S'-cofibrant.

For the induction we use the square from Prop. [3.1.10] above

cyc
Lny X XCn+1 A?’L ULnanA" Xn ch+1 8An HX’II ch+1 An

| |

Sk, X Sk Xl
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It suffices to prove that the C)yi-orbits of the pushout-product of the latching map
LY°X —» X and the inclusion OA" — A™ is an Sl-cofibration. We know that the
latching map is a Cjqq-cofibration and the inclusion of cyclic simplices is a free
Sl-cofibration. Since the pushout-product and orbits both commute with all colimits, it

suffices to show that the simpler pushout-product
[(Cpi1/Cr x SF71 — Cry1/Cr x DFYLO(ST x S8 — S x DY){]e, s
is an S'-cofibration. By associativity of the pushout-product one may rewrite this as

[(Cn+1/cr X Sl)+ A\ (S’H_E_l — Dk+€)+]c

n+1

which simplifies to
(Sl/Cr)+ A (Sk‘+f*1 SN Dk+£)+

and this is one of the generating S'-cofibrations. O

3.1.3 Fixed points and subdivision.

Now we analyze fixed points | X" under the cyclic subgroup of order r, C, < S'. Of
course, these fixed points will always have an S!/C;-action, which we often regard as an

Sl-action by pulling back along the obvious isomorphism of groups
pr: SY =5 SY/C,

The previous section suggests that when X, is appropriately cofibrant the C-fixed
points are built only by the cells coming from simplicial level (rk — 1) for £k > 1. In fact,
this is true without any cofibrancy assumptions. As a motivating special case, the reader

is invited to prove

Proposition 3.1.13. Ifr {n then |A[n—1]|+Ac, Xn—1 has trivial C,-fized points. Otherwise

n = rk and there is a homeomorphism

Al =11+ Ac, (Xn-1)% = (|Aln = 1]]5 Ag, Xn1)®
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which in g-coordinates is given by the formula

1 1 1 1
(0,ug,...,ug—1;2) — (0, —ug, ..., —Ug—1, —UQy ..., —Uk—1,...;T)
r r r r

The above suggests that the fixed points of | X,| should be the realization of some other
cyclic space, and we spend the rest of the section making that precise. Following [BHM93|

we define an “edgewise” subdivision functor that interacts well with the cyclic structure:

Definition 3.1.14. The r-fold edgewise subdivision functor a map of categories A s A
which takes [k — 1] to [rk — 1]. Each order-preserving map [m — 1] — [n — 1] is repeated
r times to give a map [rm — 1] — [rn — 1]. Given a simplicial space X, we let the r-fold

edgewise subdivision sd,.X denote the simplicial space obtained by composing with sd,..

Proposition 3.1.15 ( [BHM93|, Lem 1.1). There is a natural diagonal map D, of geometric
realizations
Isd, X 25 X,

which sends each (k — 1)-simplex in X,x_1 to the corresponding (rk — 1)-simplezx in X, 1

by the diagonal

1 1 1 1
(Ugy .« vy Uk—1) > | —UQy - ey — U1y —UQy v ey — U1, - - -
r r r r

Moreover, D, is always a homeomorphism.
Now the subdivision of a cyclic space is no longer cyclic, but it has an action by some
new category Ay’:

Definition 3.1.16. The r-cyclic category A, is the subcategory of A on the objects of the
form [rk — 1], k > 1, generated by all maps in the image of sd, : A — A in addition to
the cycle maps (cf. [BHM93| Def 1.5). When working in A, we relabel the object [rk — 1]
as [k —1].

The r-cyclic category A, contains A as a subcategory in an obvious way, so any r-cyclic

object is a simplicial object with extra structure. We have now defined a commuting square

Lol

r

of injective functors
sd,

—_

sd,

—_—
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Corollary 3.1.17. If X, is a cyclic object then its r-fold subdivision is naturally an r-cyclic
object.

The r-cyclic category A, has a simpler equivalent description: A, ([k — 1], [n — 1]) con-
sists of all increasing functions f : Z — Z such that f(x + k) = f(z) + n, up to the
equivalence relation f ~ f + rn. Repeating the above analysis, the standard n-simplex
A, (—, [n]) has realization given by r copies of our P, glued end-to-end in a circular fashion
so as to make a space homeomorphic to S' x A™ (cf. [Jon87]). This allows us to define
a S' = R/Z action on each standard n-simplex. This circle action respects the structure
maps of A, just as before; the coface and codegeneracy maps are easy and the cycle map

is now given by formula
Trn—1(0, w0, w1, . .., up—1) = (0 — U0, U1, Ua; - - s Un—1, U0)

We easily get a natural S'-action on the realization of any r-cyclic space Y.
By the above formula, the action of C,. < S* on A,[n — 1] is generated by 77, _;. When

we pass to the geometric realization, applying 7,%,_; Aid to Ay[n — 1]+ A'Y,—1 has the same

effect as applying id A ¢, _; to A;[n — 1]+ AY,_1, but this map makes sense even if we only
remember the simplicial structure on Y,. Therefore the C, action on |Ys| comes from the
simplicial map
n .
rn—1

Ynfl — Ynfl
In summary:

Theorem 3.1.18. The realization of any r-cyclic space Y, carries a natural S'-action for

which the action of C, < S' is the realization of a simplicial map.
It is also straightforward but tedious to check that

Proposition 3.1.19. For any cyclic space X,o, we regard sd, Xe as r-cyclic and define a

circle action on its realization as above. Then the diagonal homeomorphism
DET
|sd, Xo| = | X

is S1-equivariant.

Now that we know how to subdivide any cyclic space without changing the realization

or St action at all, we are free to analyze the fixed points. It’s not hard to check that 77,
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commutes with all maps in A,., so the levelwise C,-fixed points of a AyP-space Y, is another
APP-space Y. The cycle maps t,,—1 at level n — 1 of Y now have order n, so the action

of each map of A, factors through the quotient functor
Bri Ar([m = 1], [n = 1]) — A([m — 1], [n — 1])

which takes a function f : Z — Z up to f ~ f + rn and mods out by the stronger

equivalence relation f ~ f + n.
Corollary 3.1.20. IfY, is an r-cyclic space then YE™ is a cyclic space in a canonical way.

The quotient functor P, does nothing to the subcategory A:
A A
A A

,
So if X, is a cyclic space, there is a canonical isomorphism between the underlying simplicial

P
_—

spaces of X, and P.X, := X, o P.. However upon realizations, this isomorphism is not

equivariant. Instead, we have

Lemma 3.1.21. If X, is a cyclic space, then on |P.X,| the subgroup C, < S acts trivially.
The canonical isomorphism

| Xo| = [P X
becomes equivariant if we pull back one of the S'-actions along the isomorphism of groups
pr St =5 SY/C,:
| Xl = pr| P X

Corollary 3.1.22. IfY, is an r-cyclic space then when YC is regarded as an r-cyclic space

there is a canonical S*-equivariant homeomorphism
Cr| ~ Chr
Yo = |V,

and when YC is regarded as a cyclic space there is a canonical S'-equivariant homeomor-
phism
Cr| ~v % Cr
|Yo = pr|Y'|
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Assembling a few of these results gives a useful result for describing C.-fixed points of

| Xo| as the realization of another cyclic space:

Corollary 3.1.23. If X, is a cyclic space then sd, XS may be regarded as a cyclic space,

and the homeomorphisms

DEr

Isdr X371 22 7 P (sde X7)| 22 (I Xa|77) = p(1Xa| )

are all S -equivariant.

Finally we remark that subdivision can be iterated, giving a commuting triangle of

S1-equivariant homeomorphisms

|Sdron‘

D
iDr TS

Ds
[sds Xo| —— | X

The homeomorphisms of the above proposition do nothing to the simplicial structure, other

than the final application of the diagonal map, so it follows quickly that

Proposition 3.1.24. The homeomorphisms of the above proposition make this triangle

commute:

|(SdrsX0)CTS ’

2

Prl(sd s Xa) 5[ O = 7 [ X |
3.1.4 Cocyclic spaces.
The previous section dualizes easily to cocyclic spaces. We recall the basic definitions first.
Definition 3.1.25. A cosimplicial object of C is a covariant functor X°®: A — C.

Any cosimplicial space X, is canonically expressed as an equalizer

X* — HMap(Af,X") = H Map (A7 x A(m,n), X™)

m,n



CHAPTER 3. COASSEMBLY AND DUALITY IN THH 89

So a right adjoint out of cocyclic spaces is determined by what it does to the cosimplicial
space Map(AY7, X™). The totalization is the unique right adjoint which takes Map(A7, A)
to Map(A”™, A):

Definition 3.1.26. The totalization Tot(X*®) of a cosimplicial based space is the equalizer
of
HMap A" X" = HMap x A(m,n), X™)

m,n

The totalization of a cosimplicial orthogonal spectrum is given by the same construction

applied to each spectrum level.

If X* is not just cosimplicial, but cocyclic, then it may be expressed as an equalizer in

cocyclic spaces

X* = [[Map(Alnle, X™) = H Map(A[m]e x A(m,n), X™)

and therefore the totalization is an equalizer

Tot(X —>HMap A[n]|, X™) = [ Map(JA[m]| x A(m,n),X™)

m,n

The mapping spaces Map(|A[n]|, X™) all have a natural S'-action in which 6 € S! sends f
to fo6~!. The maps of the above equalizer are duals of maps that we already know to be

Sl-equivariant, so they are equivariant as well, proving

Theorem 3.1.27. If X* is a cocyclic space then Tot(X*®) has a natural S*-action. If
X*® = Map(E,, X) for a cyclic space Eo and space X then the canonical homeomorphism

Tot(X*®) = Map(|E,|, X)

is St -equivariant.

A useful example to keep in mind is Fe = S!. Then X*® = Map(S?, X) is usual cosimpli-
cial model for the free loop space LX, but in fact this is a cocyclic space and its totalization
gives the usual circle action on LX.

Now we move on to subdivision. A cosimplicial or cocyclic space X*® may be composed

with sd, to give a cosimplicial or r-cocyclic space sd, X*®. The dual diagonal is a natural
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map defined the totalization of each cosimplicial space as a map of equalizer systems

D,

Tot(X*) Tot(sd, X*)
szlMaP(Ak_lan_l) Hk21Map(Ak_1,er_l)

) |

[Tx. o1 Map(AF 1 x A(k =1, —1), X71) — T[> Map(A* P X A(k—1,0—1), X"

The horizontal map takes the function A™"~1 — X7#=1 at level 7k — 1 and composes
with the diagonal A¥~1 — A™*~! that we defined in the section on cyclic spaces. When
X*® = Map(A[n]e, X) this cosimplicial diagonal map is easily seen to be Map(—, X) applied
to the simplicial diagonal map on A[n]s, which we already know is a homeomorphism, but

X* is an equalizer of such things and so

Proposition 3.1.28. When X*® is a comsimplicial space there is a natural dual diagonal
map D, of totalizations
Tot(X*®) L, Tot(sd, X*)

which is a homeomorphism.

As before, if X*® is a cocyclic object then its r-fold subdivision sd, X*® is naturally an r-
cocyclic object. If Y'® is any r-cocyclic object then it is an equalizer of duals of the standard

r-cyclic simplices

Y* — [[Map(A,[n]s, Y™) = [ [ Map(Ar[m]s x Ar(m,n),Y™)

m,n

and therefore its totalization is an equalizer

Tot(Y*) — [[Map(|A,[n]], Y™) = [ [ Map(|Ar[m]| x Ay (m,n),Y™)

m,n

So the natural S'-action we defined on |A,[n]| passes to a natural S'-action on Tot(Y'®).
As before, t7 _; at level n — 1 defines a cosimplicial endomorphism of ¥Y'* which on each

standard piece Map(A,[k]s, Y*) is the action of the generator of C, < S'. In summary:

Theorem 3.1.29. The realization of any r-cocyclic space Y* carries a natural S'-action
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for which the action of C, < S' is the realization of a cosimplicial map.

Now the dual of the diagonal map is the dual of an equivariant map on each standard
space Map(A,[k]s, Y*), so

Proposition 3.1.30. For any cocyclic space X*®, the diagonal homeomorphism
Tot(X*) 22 Tot(sd, X*)

is S'-equivariant.
The remaining results go through with almost no modification to the proof:

Corollary 3.1.31. IfY* is an r-cocyclic space then (Y*)C" is a cocyclic space in a canonical

way.

Lemma 3.1.32. If X*® is a cocyclic space, then on Tot(P.X®) the subgroup C, < S acts

trivially. The canonical isomorphism
Tot(X*®) = Tot(P.X*)

becomes equivariant if we pull back one of the S'-actions along the isomorphism of groups
pr 2 St =, St/C,.:
Tot(X*®) = prTot(P.X*)

Corollary 3.1.33. IfY'® is an r-cocyclic space then when (Y*)°" is regarded as an r-cocyclic

space there is a canonical S*-equivariant homeomorphism
Tot((Y*)“) = Tot(Y*)°"

and when (Y*)°" is regarded as a cocyclic space there is a canonical S*-equivariant homeo-
morphism

Tot((Y*)%") = piTot(Y*)Cr

Corollary 3.1.34. If X* is a cocyclic space then (sd,X*)" may be regarded as a cocyclic

space, and the homeomorphisms
Cr
Tot((sd, X*)") = p*Tot(sd, X*)° 2 prTot(X*)C"

are all S'-equivariant.
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So, as before, the C,-fixed points of the totalization of X*® are themselves the totalization

of some other cocyclic space (sd, X*)¢".
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3.2 Orthogonal G-spectra and equivariant smash powers

We will need equivariant spectra for two purposes in this work: first, to understand the
cyclotomic structure on T'H H itself, and second, to understand the equivariant structures
related to V(BG). In this section we review enough of the theory to handle cyclic and
cocyclic spectra. We also review equivariant smash powers, and give a new rigidity result
for the functors that relate smash powers and geometric fixed points. In the next section
we will use this result to give a satisfactory account of how cyclic and cocyclic orthogonal
spectra behave, and later on it will be essential for checking some of the technical lemmas
for our construction of D(THH(R)).

3.2.1 Basic definitions, model structures, and fixed points.

Recall from [MMO02] and [HHRO09] the most fundamental definitions:

Definition 3.2.1. If G is a fixed compact Lie group, an orthogonal G-spectrum is a sequence

of based spaces {X,,}22, equipped with
e A continuous action of G x O(n) on X, for each n
e A G-equivariant structure map %X,, — X, 11 for each n

such that the composite
SP A Xn e A 4 Sl A X(p—1)+n — Xp+n

is O(p) x O(n)-equivariant.

Definition 3.2.2. Let U be a complete G-universe. The category Jg has objects the finite-
dimensional G-representations V' C U, and the mapping spaces Jg(V, W) are the Thom
spaces O(V, W)W~V consisting of linear isometric inclusions V' — W with choices of point
in the orthogonal complement W — V. The group G acts on O(V, W)W~V by conjugating
the map and acting on the point in W — V.

Definition 3.2.3. A Jg-space is an equivariant functor Jg into based G-spaces and
nonequivariant maps. That is, each V' goes to a based space X (V') and for each pair V, W
the map

Ja(V.W) — Map, (X(V), X(W))
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is equivariant.

Proposition 3.2.4. Every Jg-space gives an orthogonal G-spectrum by restricting to V =
R™; denote this functor I(I%w. Conversely, given an orthogonal G-spectrum X one may

define a Jg-space by the rule
X(V) =Xy Ao OR™,V)y, n=dimV

Denote this functor II(R{OO. Then Ilgoc and I[]%oo are inverse equivalences of categories.

Definition 3.2.5. Given a G-representation V' and based G-space A, the free spectrum
Iy A is the Jg-space
(B A)(W) i= Ia(V, W) A A

For fixed V, the functor A — Fy A is the left adjoint to the functor that evaluates a Jg-space
at V.

Proposition 3.2.6. There is a standard stable model structure on the category of orthogonal

G-spectra in which

e The cofibrations are the retracts of the cell complex spectra built out of the cells

{Fy((G/H x S¥ 1) = Fy((G/H x D*)): k> 0,H <G,V Cc U}

o The weak equivalences are the maps inducing isomorphisms on the stable homotopy

groups

colim 7, (Map (SV, X(V))), k>0
. gl mlMap! (57, X(V)
colim mo(Map? (V=B X(V))), k<ORFCV

e The fibrations the maps for which each level fived point map X (V) — Y (V)H is a

Serre fibration and each square

X — QX (V +W)H

| |

YV —— QY (V + W)
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is a homotopy pullback square.

This model structure is topological, proper, and monoidal. It is compactly
generated [MMSSO01] by the maps

I={F/(G/HxS" 1))~ F(G/HxD"):k>0H<G,VCU}
J={F/((G/H x D¥),) — Fy((G/HxDF xI),):k>0,H <G,V CU}
U{(Fv((G/H x S*1)4) = Fy((G/H x D*)1))0(Fw (S") — Cyl(FwSY — FySY)))}

where [ denotes the pushout-product.

Now we move on to different notions of fixed points. Recall that if X is a G-space and
H < G is a subgroup, then the fixed point subspace X has a natural action by only the
normalizer NH < G. Of course H acts trivially and so we are left with a natural action by
the Weyl group
WH = NH/H = Autg(G/H)

When X is a G-spectrum there are two natural notions of H-fixed points, each of which

gives a W H-spectrum:

Definition 3.2.7. For a Jg-space X and a subgroup H < G, the categorical fized points
XH are the Jy y-space which on each H-fixed G-representation V' C U C U is just the
fixed points X (V). More simply, if X is an orthogonal G-spectrum then X is obtained
by taking H-fixed points levelwise.

Proposition 3.2.8. The categorical fixed points are a Quillen right adjoint from G-spectra
to W H -spectra. Their right-derived functor is called the genuine fixed points.

Definition 3.2.9. If X is a Jg-space and H < G then the geometric fized points ®H X are

defined as the coequalizer

\ FunS® AJEWV,W)AXW)T = \/ Fyu SO A X (V)T — ol X
V,W 1%

These are naturally Jyy g-spaces on the complete W H-universe U .

Theorem 3.2.10. The geometric fized points ® satisfy the following technical properties:
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1. There is a natural isomorphism of W H -spectra

"y A= Fyn AT

2. ®H commutes with all coproducts, pushouts along a levelwise closed inclusion, and

filtered colimits along levelwise closed inclusions.

3. ® preserves all cofibrations, acyclic cofibrations, and weak equivalences between cofi-

brant objects.
4. If H< K <G then ®" commutes with the change-of-groups from G down to K.

5. There is a canonical commutation map
PEXAY) -5 oYX A 0CY

which is an isomorphism when X orY is cofibrant (cf. (BM135]).

Though it does not seem to appear in the literature, the iterated fixed points map

of [BM13] easily generalizes:

Proposition 3.2.11. If H < K < NH < G then there is a natural iterated fixed points
map
oF x 1 /Mt x

which is an isomorphism when X = Fy A, and therefore an isomorphism on all cofibrant

spectra. When H and K are normal this is a map of G /K -spectra.

3.2.2 The Hill-Hopkins-Ravenel norm isomorphism.

When X is an orthogonal spectrum, the smash product X\ has an action of C,, & Z/n
which rotates the factors. This makes X" into an orthogonal C,,-spectrum. It is natural
to guess that the geometric fixed points of this Cj-action should be X itself, and in fact
there is nautral diagonal map

X 25 O x/n

When X is cofibrant, this map is an isomorphism.
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More generally, if G is a finite group, H < G, and X is an orthogonal H-spectrum, we

can define a smash product of copies of X indexed by G

|G/H]

NiX:= N (gH)yApX= )\ X
giHEG/H

This construction is the multiplicative norm defined by Hill, Hopkins, and Ravenel. This
can be given a reasonably obvious G-action, but on closer inspection the action is dependent
on some fixed choice of representatives g; H for each left coset of H ( [Bohl4], [HHRO09)).
Unfortunately, changing our choice of representatives changes this action, but up to nat-
ural isomorphism it turns out to be the same. We therefore implicitly assume that such
representatives have been chosen. The general form of the above observation about X”\" is

then

Theorem 3.2.12 (Hill, Hopkins, Ravenel). There is a natural diagonal of W H -spectra
o x 25 9ONGX

When X is cofibrant, A is an isomorphism.

This appears in [ABG™14], Thm 2.33 and earlier in the proof of [HHR09], Prop B.96.

We will reproduce the proof here since it is surprisingly short.

Proof. Tt is conceptually useful to start by checking that on the space level, the indexed
smash product of A over G//H has fixed points AH:

The map from left to right is the diagonal:
ac A% (a,...,a)

Now for the spectrum-level argument. We start by taking the coequalizer presentation
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of the orthogonal H-spectrum X

\V FwS*ANIu(V,IW)AX (V) =\ FySPAX(V) — X
VW 14

and taking ‘DGNE of everything in sight. Since @GNg commutes with wedges and smashes

up to isomorphism, this gives

\/ @CNEFwS® A (NFIu(V,IW)E A (NFX(V))E =\ ONFF SO A (NFX (V)
V,W 1%

— ®UNGX
which simplifies to
\/ ®NGFw S AIG(V, W) AX (V)T =\ @ONFF SO A X (V) — @9NFX
V.W \%4

As a diagram, this is no longer guaranteed to be a coequalizer system, but it still commutes.

We can simplify using the string of isomorphisms

‘I’GNEFVA = q’GFIndgv(NgA)
= F(Indgv)G(NgA)G
FvHAH

I

for any based H-space A and H-represenation V. This gives

\ Fuu SO AIZWV W) AXWVE =2\ PO A X (V)T — ONGX
V,W 14

and the coequalizer of the first two terms is exactly ®¥ X . The universal property of the

coequalizer then gives us a map
X — dCNGX

and we take this as the definition of the diagonal map.
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Now consider the special case when X = Iy A. The inclusion of the term
F VH SO AH

into the above coequalizer system maps forward isomorphically to ®7 X, and so we can
evaluate the diagonal map by just examining this term. But back at the top of our proof,
the inclusion of the term

PONFF,S° A (NFA)©

also maps forward isomorphically to @GNEX . Therefore up to isomorphism, the diagonal
map becomes the string of maps we used to connect Fy,z S° A A to @GNgFVSO/\ (NgA)G,
but these maps were all isomorphisms. Therefore the diagonal is an isomorphism when
X = FyA. Since both sides preserve coproducts, pushouts along closed inclusions, and
sequential colimits along closed inclusions, we get by induction that the diagonal is an

isomorphism for all cofibrant X. ]

Remark. In [ABG™14], Def 2.17. the diagonal map is extended to a more general setting,

which includes that if H < K < G are normal subgroups a natural map
NC/EgHx 2, oK NG x

We will use this more general diagonal map when we check compatibility between our

cyclotomic maps below.

3.2.3 A rigidity theorem for geometric fixed points

In this section, we give a result which helps simplify our work on the cyclic bar construction
and its dual. It should be of independent interest because it assures us that all of the
natural transformations that we know relating geometric fixed points and smash powers of
orthogonal G-spectra are canonical in a very strong sense. To be clear, though, this is a
point-set statement about orthogonal spectra and not a statement about any derived space
of natural transformations.

To state it, let GSp® denote the category of orthogonal G-spectra, and let Free be the

full subcategory on the free spectra Fy A, for all G-representations V' and based G-spaces
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A. Let
k

<I>Go/\:HFree—>SpO

denote the composite of k-fold smash product followed by geometric fixed points, with
k>1.

Proposition 3.2.13. The only natural endomorphisms of ®% oA are zero and the identity.

Proof. Consider a natural transformation T : ®“oA — ®%oA. On (FS°, FpS?, ..., F,S0),
T gives a map of spectra
Fy S — FpS°

which is determined by at level 0 a choice of point in SY. So there are only two such maps,
the identity and zero.

Assume that T is the identity on this object. Then consider T on
(F,S° F,S°,... Fy, SY):

0 0
FV1G+V2G+...+VI€GS — FV1G+V2G+_._+V]€GS

Let m; := dim VZ-G and fix an isomorphism between R™ and VL»G. Then this map is deter-

mined by what it does at level m1 + ... 4+ my:
O(m1++mk)+ —>O(m1++mk)+

which in turn is determined by the image of the identity point, which is some element
P € O(my+...+myg)+. Now for any point (t1,...,t;) € S™ A ... A S™k we can choose
maps of spectra Fy;SY — FyS° which at level V; send the nontrivial point of S° to the
point ¢; € S™ = (SVi)¥. Since T is a natural transformation, this square commutes for all

choices of (t1,...,tx):

O(m1+...+mk)+i>0(m1+...+mk)+

\Levul,m’tk) ieV(tl ,,,,, ty)

Sm1+...+mk id Sm1+...+mk

Therefore P = id and T acts as the identity on (Fy; S, Fy,S°, ... ,FVkSO).
Finally let Ay,..., Ay be a sequence of G-spaces and consider T" on (Fy, A1, ..., Fy, Ag).

Each collection of choices of point a; € AZ-G gives a sequence of maps Fy,S? — Fy. A;, and
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applying T to this sequence of maps gives a commuting square

0 0o _id 0 0
Fvlc_i_m_i_VkGS A...NS 4>FV1G+...+V,€GS A...NS

J/Fm(al,m,ak) \LF...(al,m,ak)

G G_ 7 G G

From inspection of level m1 + ...+ my, the bottom map must be the identity on the point
id A (a1, ...,a). But this is true for all (ay,...,ax) and so the bottom map is the identity.
Therefore T is the identity on (Fy, A,..., Fy, Ag), so it is the identity on every object in
[1" Free.

For the second case, we assume T is zero on (FpSY, ..., FyS?) and follow the same
steps as before, concluding that T is zero on (Fy; S, ... ,FVkSO) and then it is zero on
(B, Aq, .. By Ay). O

To derive corollaries, we say that a functor ¢ : Hk GSp® — Sp? is rigid if restricting
to the subcategory Hk Free gives an injective map on natural transformations out of ¢.
In other words, a natural transformation out of ¢ is determined by its behavior on the

subcategory Free. The above implies

Corollary 3.2.14. If ¢1 and ¢o are functors Hk GSp® — Sp? which when restricted to
the subcategory Hk Free are separately isomorphic to ®F o A, and ¢y is rigid, then there is

at most one nonzero natural transformation ¢1 —> ¢Ps.
We next check
Proposition 3.2.15. Ao (®, ... ®%) is a rigid functor.

Proof. We will show that (X,Y) ~ ®¢X A ®CY is a rigid functor. ®¢X A ®EY is a smash

product of a double coequalizer and so may be written as a coequalizer of two maps into

\ FveS® A FyeS® AX (V) AY (W)Y
v,w

Therefore a map P“X A ®CY — Z is determined by the image of each of these terms for
each V and W. For a fixed choice of V and W, we can replace X by Fy X (V) and Y by
FwY (W). Then on the (V, W) summand above, this replacement map is

FyaSO A Fypa SO A (O(V)L AX(V)EA(OW) LAY (W)Y
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— FyaSO A Fe SO A X(V)E AY (W)Y

This is a surjective map of spaces and so the map into Z is determined by the composites
PE(Fy X (V) ADC (FyY (W) — X ADCY — Z

for all V and W. Therefore ®¢ X A®CY is rigid; the general case of a k-fold smash product is

an easy generalization of this argument. In particular X ~» ®%X is also a rigid functor. [

Remark. The author does not know at the moment whether ®“ o A is a rigid functor in
general. It is not trivally true because fixed points do not commute with coequalizers. The
issue is whether the fixed points of (X AY) (V') are covered by the fixed points of Fy,» X (V)
and Fy Y (W) for varying V' and W.

The above results give new rigidity statements for the maps relating geometric fixed

points and smash powers:

Theorem 3.2.16. Let X and Y denote arbitrary G-spectra. Then the commutation map
PEX ADY L dC(X AY)
is the only nonzero natural transformation from ®“X A ®CFY to (X AY).

Remark. If X and Y are G-spectra and H < G then there is more than one natural map
dx pnofly — of(X AY)

because we could for instance post-compose ay with Iﬂgoo g, g € Z(G). However ay is the
only natural transformation that respects the forgetful functor to H-spectra; in other words
it is the one that is natural with respect to all the H-equivariant maps of spectra and not
just the G-equivariant ones. Similar considerations apply to the iterated fixed points map

below.

Theorem 3.2.17. Let X denote an arbitrary H-spectrum with H < G. Then the Hill-
Hopkins-Ravenel diagonal map

o x 25 9ONGX

is the only such map that is both natural and nonzero.



CHAPTER 3. COASSEMBLY AND DUALITY IN THH 103

Theorem 3.2.18. If X is a G-spectrum and N < G is a normal subgroup, then the iterated
fized points map
oCx Y pCG/NN X

is characterized by the property that it is natural in X and nonzero.

We end with five more corollaries that will be particularly useful for the present work;

they served as the motivation for the above results.

Proposition 3.2.19. If X and Y are a G-spectra and N < G is a normal subgroup, then

the following square commutes:

PEX A BCY s PE(X AY)

lit/\it \Lit

G/
BENGN X A DONGNY 2N gG/N (N X A pNy) 20N, GG/NGN (X A Y)

Proposition 3.2.20. If X is an ordinary spectrum and m,n > 0 then the following square

commutes:
Acyn

X (I)Cm" X/\mn

lAcm |

PCm xAM e (A) (I)Cmn/Cn(I)Cnx/\mn

Here A, is the generalized HHR diagonal
NCmn/Cnx B2y §Cn NOrmn

found in [ABG™ 1})], Def 2.17.

Proposition 3.2.21. If X is an ordinary spectrum and m,n > 0 then the square of non-

equivariant spectra

X/\m A (I)Cn X/\mn
X/\m An (anX/\mn

commutes when = is any natural isomorphism; for example one may pick an isomorphism
of Cy,-sets
Con = Cpy, x Oy
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and apply " to the resulting map
NCmnx =5 NCOmxCn x

Proposition 3.2.22. If X is an G-spectrum and g € Z(G), then multiplication by g on the
trivial representation levels passes to a map of Jg-spaces

Tl g

X X

which on fized points

1s the identity map.

Proposition 3.2.23. If X and Y are orthogonal spectra, then the self-map of orthogonal
C\.-spectra
fiNO(XAY)ZXNMAYN — XN AYY

which rotates only the Y factors but not the X factors fits into a commuting triangle (cf.
[ABG™ 14] Prop. 2.20)
(I)CT (X/\r A Y/\r)
/
XANY PO TV f
\

(DCT (X/\r A Y/\T)
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3.3 Cyeclic spectra, cocyclic spectra, and the cyclic bar con-

struction

Cyclic and cocyclic orthogonal spectra work by applying the space-level constructions to
each level separately. This gives orthogonal spectra with S'-actions whose naive fixed points
behave exactly as in the space case. However this by itself is not very helpful, because we
want to build the cyclic bar construction for spectra, and the naive fixed points of an
equivariant smash power are not well-behaved.

From the previous section we know that the geometric fixed points of a smash product
are relatively simple. Therefore we will focus our energy on the relationship between cyclic
and cocyclic structures, subdivision, and the geometric fixed points. This gives us the
results we need to define the cyclic bar construction for ring spectra and spectrally-enriched
categories. Finally we give sufficient conditions for the cyclic bar construction to produce

a cofibrant S'-spectrum, so that we may dualize it in the next section.

3.3.1 Cyclic spectra.

Let X, be a cyclic orthogonal spectrum. Then sd,X, is an r-cyclic orthogonal spectrum.

At each simplicial level, (sd, X),—1 is an orthogonal spectrum with C,-action generated by

the nth power of the cycle map ¢, ;. This commutes with all the face, degeneracy, and
cycle maps, making sd,. X, an r-cyclic object in orthogonal C,.-spectra. Now induce up to a

Jc,-space and define the geometric fixed points of each simplicial level:

V Fwe SOAIG (VW) A (sde X (V)T =3\ Frrer SOA (s, X (V)57 — @9 (5d, X )1
VW 14

Since geometric fixed points is a functor, we conclude that ®“rsd, X, is naturally an r-cyclic
orthogonal spectrum. By Prop above, the nth power of the cycle map ¢, _; acts
trivially on these geometric fixed points, establishing that ®¢"sd, X, is a cyclic spectrum.
Using P,®%"sd, X, to denote ®“7sd, X, as an r-cyclic spectrum, we have the equivariant

isomorphisms

1B sd, Xo| 2 pf | P07 sd, Xo| = prdr|sd, Xo| = prdC | X,
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where the middle map is the canonical commutation of ®°* with geometric realization.
These are all just the maps of Cor applied to the term Fic,S% A X(V) in the
coequalizer system for ¢ X .

For that commutation to work it is necessary to think of our object as r-cyclic, because

without the ®¢" the cycle map certainly does not act trivially. In summary:

Proposition 3.3.1. If X, is a cyclic spectrum then ®“7sd, X4 is naturally a cyclic spectrum,

and there is a natural S'-equivariant isomorphism
[©C7sd, Xa| 22 pr0C[ X, |

It’s worth pointing out that Prop [3.2.22]is not obviously true here because when V' is a

nontrivial representation, the nth power of the cycle map acts on the fixed points of level
v

(5, X)n-1 (V)] 2 [(5d X)n-1(R™) Aoy OR™, V) 4]

by acting only on the left-hand term (sd,X),—1(R™). But this is not the C,-action, which

n

acts on both terms, and one can see that ¢, _;

does not in fact act trivially on the C,-fixed
points at this level. So the fact that it acts trivially on the coequalizer ®°* is indeed special.

To round out our ability to do homotopy theory, we will apply Thm to check
when a map of cyclic spectra gives a nonequivariant equivalence on the realizations, and

use subdivision to check the fixed points. However we need to do a bit more work to make
Prop work on the spectrum level:

Proposition 3.3.2. If X, is a cyclic spectrum and each cyclic latching map Ly, X — X,

is a cofibration of Cyy1-spectra then | X4| is a cofibrant S'-spectrum.

Proof. 1t suffices to show that each map of cyclic skeleta
|Ski¥, X | — [SKYCX]|
is an S'-cofibration. The (—1)-skeleton
LY°X = Sk¥f X

is already assumed to be cofibrant, and it has trivial S'-action, so it is also S'-cofibrant.
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For the induction we use the square from Prop. [3.1.10

LY°X Xc,y A" UL, xxoan Xn Xc,p ON —= X, x¢,,, A”
Sk, X Sk X

It suffices to prove that the C),4i-orbits of the pushout-product of the latching map
LY°X — X and the inclusion OA™ — A™ is an Sl-cofibration. We know that the
latching map is a C),1-cofibration of spectra and the inclusion of cyclic simplices is a free
Sl-cofibration of spaces. Since the pushout-product and orbits both commute with all

colimits, it suffices to show that the simpler pushout-product

[(Fy(Cpy1/Cp x S¥ 1)y — Fy(Chy1/Cr x DFY)O(S! x 871 — ST x DY) ]c

n+1

is an S'-cofibration of spectra when V is any C,-representation. By associativity of the

pushout-product one may rewrite this as

[FV(CH—FI/CT X Sl)+ A (Sk+€_1 s Dk+€)+]c

n+1

which simplifies to
[Fv(Crs1/Cr) g Ay SEIA (SPH1— DM,

It suffices to show the left-hand term is cofibrant as an S'-spectrum, but it is obtained by
applying the left Quillen functor — A¢, Si to the C,1-cofibrant object Fy (Cpt1/Cr)+,

S0 it is cofibrant and the result is proved. O

3.3.2 Cocyclic spectra.

Let X*® be a cocyclic orthogonal spectrum. Then sd,.X*® is an r-cocyclic orthogonal spec-
trum, and by the same argument as above, ®“sd, X* is naturally a cocyclic orthogonal

spectrum. As before, we get the string of equivariant maps

Tot(® sd, X*) = p*Tot( P& sd, X*) «— prdTot(sd, X*) = pr®C Tot(X*)
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The middle map is the canonical commutation of ®¢* with totalization, but as one might
expect it is not an isomorphism.

To be specific:

Proposition 3.3.3. There is an interchange map
dCTot(Z°*) — Tot(®° Z°)

which defines a natural transformation between functors on cosimplicial spectra with C,.-

actions.

Proof. The interchange map is given canonically by universal properties, as seen by a long

diagram-chase on the shorthand diagram

Tot 1, @ [Tx @<

7

I1 Vv [0 Vv

— e

Vy Tot Vv Ik Vy sz,é

I Vvw

7

Vy.w Tot Vv Ik

If Z° — Z% is a map of cosimplicial spectra with a Cj-action, one checks these squares
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commute

\Vy S7V A Tot(Z°)(V)Cr V87V A Tot(Z°)(V)Cr
Vy S7V AT F(AE, Z5) (V) —— )y, SV AT, F(AY, ZF) (V)

[, F(A% Ny 87V A ZE(V)E) —= T, F(AR, )y S7V A Z5(V)©r)

[1, F(A:, &% ZF) [1, F(A:, & ZF)

and then applies the above large diagram to see that the interchange is indeed a natural

transformation. O
In summary we get a weaker form of the result from the previous section:

Proposition 3.3.4. If X* is a cocyclic spectrum then ®rsd, X*® is naturally a cocyclic

spectrum, and there is a natural S*-equivariant map
* 1Cr ° Cr °
pr®~"Tot(X*®) — Tot(P*sd, X*)

The following result is closely related to ( [CJ02], Thm 10), and we can use it to produce

a large list of examples of cocyclic spectra:

Proposition 3.3.5. If X*® is a cosimplicial based space and E is an orthogonal spectrum

(or prespectrum, or based space), then the canonical interchange map

EA HMap*(Aﬁ,Xk) — HE/\Map*(Aﬁ,Xk) — HMap*(Aﬁ,E/\Xk)
k k k

mduces a closed inclusion

E ATot(X*) < Tot(E A X*)

If X* satisfies the condition that for all k, the unique map vy, : X* — X° has v~ (%) = {*},
then the above map is a homeomorphism. In particular if X® is an unbased cosimplicial

space then the analogous map is a homeomorphism.
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Proof. It suffices to check this on each spectrum level so assume F is a based space. Smash-

ing commutes with equalizers ( [Str09], 5.3 ) and so we have a map of equalizer systems

E A Tot(X*) Tot(E A X*)

| |

E/\HkMap*(A’j-an) HkMap*(Aﬁ-’E/\Xk)

| !

ENToag Map, (AL, XY ——TT, o age Map. (A%, E A XY)

We check that the composite from the top-left going down and then right is a closed inclu-

sion. It lands in the image of Tot(E A X*®) and so lifts to a closed inclusion
E AN Tot(X®) — Tot(E A X*®)

Now we check that if X*® satisfies our condition then this map is surjective. Each point in
the totalization gives maps Map(Aﬁ, E A XF), and the only morphism in A(k,0) gives the
commuting square

AF — s EAXF

A

AV — > EAXO

Now if our map A® — E'A X0 hits the basepoint, then by our condition all the A¥ must go
to the basepoint. Otherwise the map A? — EA X0 picks out some unique point e € E, and
every point in every A* must hit something of the form (e, —). Therefore each of our maps
factors through the closed inclusion S° = {e,*} < E, giving a system of continuous maps

that agree with cofaces and codegeneracies; this is our desired preimage in EATot(X*®). O

This implies that the interchange gives an isomorphism of spectra
BPLX = Tot(EPX*H)

Note that this cosimplicial spectrum is not Reedy fibrant, though when X is finite and
simply-connected, a connectivity argument implies that X3°LX will be equivalent to the

derived totalization too.
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3.3.3 The cyclic bar construction.

Let R be an orthogonal ring spectrum. The cyclic bar construction on R is the cyclic
spectrum N¢”°R with

N,‘ich — R/\(n+1) — R/\n /\E

We underline the last copy of R since in the simplicial structure it plays a special role. The
action of A is best visualized by taking the category [n]| and labelling the arrows with copies
of R:

A/

Figure 3.10: The cyclic bar construction.

Each map [k] — [n] induces a map RN"D — RAK+D a5 follows. For each arrow
i — i+ 1, its image in [n] is some composition j — ... — j + ¢, which corresponds to
¢ copies of R in RMN"t1) | which we smash together and multiply using the product on R,

(k+1) " If there are no arrows then we simply insert

giving the single copy of R in slot i in R"
a copy of S along the identity map of R.
More generally, if C is a spectral category, which for us means a category enriched in

orthogonal spectra, then the cyclic nerve on C is defined as

NYC = \/ C(ep,c1) ANC(er,c2) Ao ANCl(ep—1,¢n) A Clep, o)

cQ,...,cn€0b C

One may think of these objects loosely as “functors” from [k] into C, where ordinary
products have been substituted by smash products, and this suggests the correct face,

degeneracy, and cycle maps. The face maps mutiply adjacent copies of C(c;, ¢it1):

di: NJ9°C — NY9C, 0<i<n
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do : Clco,c1) A...ANC(cn,c0) — ... ANC(cp, 1)
d; : .../\C(CZ‘,CZ'+1)/\C(01‘+1,CZ‘+2)/\... — .../\C(Ci,ci+2)/\...
dy .. NC(ep—1,n) NC(ep,c0) — ... ANC(ep-1,00)

The degeneracy maps and the extra degeneracy map both insert copes of S and include into

some C(¢;, ¢;) along the identity map of spectra S — C(¢;, ¢;):

siszlyCC—>N§}flc, 0<:<n+1

S0 : SAC(co,c1)N... — ...C(co,c0) AN C(cg,c1) A...
sit  ..ASAC(c,cit1)N... — ...ANCl(c,c) NClei,cip1) A ..
Sp - .. ANSAC(cp,c9) — ... ANCl(en,cn) A C(en, o)

Sp41 . NC(en,c0) NS — ... ANC(cp, o) N C(co, o)

These are enough to determine the action of the cycle map ¢, = (dps,+1) '
tn : C(co,c1) A ... A Clep, co) — Clep, o) A Clco,c1) Ao AClep—1,¢n)

Since the cyclic nerve N%°C is a cyclic spectrum, its geometric realization is an S'-
spectrum. In this paper we will call this geometric realization the topological Hochschild
homology of C and denote it TH H(C) for short.

Using relatively recent work on the norm functor, we can say a surprising amount about

the geometric fixed points of this construction:

Proposition 3.3.6. If C is a spectral category then there are natural maps of S*-spectra
forr >0
Y : THH(C) — pi®“"THH(C)

which are compatible in the following sense:

Ymn % '
T Pran @ T
Ym lit
i @O — LI e O e O
m m n

If every C(c;, cj) is a cofibrant orthogonal spectrum then every 7, is an isomorphism.
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Proof. This is a straightforward extension of the result in [ABG™'14] for ring spectra, but
we will take care to spell out the steps more explicitly. We use from the previous section

the isomorphism of S'-spectra

(a5

|8 sd, NYCC| — prdCr|[NYC]

The r-cyclic spectrum sd, NY°C is at level (n — 1) the wedge of smash products with rn

terms

\/ C(CQ,Cl)/\.../\C(CTn_l,Co)

€0y sCrn—1€0b C

n
rn—17

and the Cy-action is by ¢ which rotates this rn-fold smash product by n slots.

Let V be a C, representation. Restricting to spectrum level V' of simplicial level (n—1),
we now have a big wedge indexed by rn-tuples of objects of C. The Cj-action on the
summands is complicated, but on the indices of those summands it is simple: the rn-tuple
of objects gets cycled by n slots. Therefore any C-fixed point must lie in a wedge summand

indexed by some collections of objects of the form
cp,C1y.+-,Cnp—-1,€0,C1y.+--,Cn—-1,€C05C1y...,Cn—1

that is, only n objects that are repeated r times. The inclusion of these summands into
the rest induces an isomorphism on ®¢7, because it induces a homeomorphism on the fixed
points of each spectrum level separately.

Once we have restricted to these summands, the C,-action preserves the summands, so

we calculate ¢ of each summand separately. Now we are calculating
" (C(co, 1) A ... AC(en_1,c0))™
and so we use the Hill-Hopkins-Ravenel norm diagonal
Clco,c1) A ... A Clen_1,c0) =23 3 (C(co,c1) A - .. A Clen_t,co))"

We want to show that these diagonal maps for each n > 1 assemble into a map of cyclic

spectra
NYeC 25 $rsd, N¥°C
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(cf. [ABG™14], Thm 5.3) We need to check commutativity with the face, degeneracy, and
cycle maps. Most of the face and degeneracy maps easily follow because the diagonal is
natural. However we run into issues with dy and #,,—1. The r-fold smash (dp)"\" of dy from
the cyclic structure is not the same map as dy in the r-cyclic structure. However, they differ

by one or two applications of the map
f:(Cleo,c1) Ao AC(en1,c0)) — (Clco,c1) A ... AC(cno1,¢0)"

which simply takes the factors C(¢,—1, cp) and cycles them while leaving all the other terms
fixed. (Similarly for ¢,,—1.) We have defined f on the trivial universe and it commutes with
the Cy-action so it passes to a well-defined map Iﬂgfw f on a complete universe. It suffices to
show that f commutes with A, but we did that in Prop [3.2.23] above.

This proves that the diagonal norm map is a map of cyclic spectra, and we define 7, to

be its geometric realization:
Ay o~
INoveg) 2 19 sq, N 5 p2aCr |NYeC|

These are all S'-equivariant by Prop above. When all the C(¢;, ¢;4+1) are cofibrant, -,
is a realization of isomorphisms at each level, so -, is an isomorphism.
Now we check compatibility, and for simplicity we forget the S!'-equivariance. The

compatibility square may be expanded and subdivided

Amn D

|Neve(| |@Cmnsd,,, NVeC| GCmn| NoYeQ|

N - :

¢ Din

1R

|®Cmsd,, NYeC| _ A, |§Crmn/CndpCngd,,, NYeC| i PCmn/Cn HCn| NYe(C|
=| 0. =| 0.
Cm
§Cm|NeveQ| — 280 L §Cn|@Crsd, NVCC| Do HCrmn/CnCn| NeYeC|

The right-hand squares commute easily. Prop [3.2.20] tells us that the top-left square com-
mutes. For the bottom-left we pull of the ® and forget the C,,-actions, leaving us with

the commuting square from Prop [3.2.21 O

Blumberg and Mandell remark in ( [BMOS8|, Sec 3) that this kind of cyclic bar con-

struction is often insufficient to give an S'-spectrum with the kind of cyclotomic structure
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described in the previous proposition. We advertise that the existence of this structure is
an exciting and newly-discovered feature of the cyclic bar construction in the category of
orthogonal spectra, and our treatment here is little more than an elaboration of the work
in [ABG™14].

Finally, in order to do homotopy theory, we need to know what sorts of maps of categories
C — D will be sent to weak equivalences under this functor, and we need conditions
guaranteeing that |[N°C| will be cofibrant. For both of these purposes we need to describe
the latching maps and cyclic latching maps. Let S denote the initial spectrally-enriched
category on the objects of C:

S Ci = Cj

S(Ci,Cj) —
* ¢ FCj

Then the latching maps can be described concisely in terms of the canonical functor S —

C:

Proposition 3.3.7. For every n > 0 the latching map L,N“°C — NY°C is the wedge
of pushout-products

\/ (S(ep,c1) — Clco, 1)) ..O(S(en-1,cn) — C(en-1,cn))d(x — C(cp, o))

€p,...,cn€0b C

and the cyclic latching map Ly NY°C — NY°C is the wedge of pushout-products

\/ (S(co,c1) — C(co,c1))T...0O(S(cn, o) — Clen, o))

€p,-..,cn€0b C

Proof. We induct using the usual pushout squares. Or, using the fact that the latching map

is a closed inclusion, we identify it as the correct subspace on each spectrum level. ]

Definition 3.3.8. C is cofibrant if every map S(cj,¢;) — C(c;,¢j) is a cofibration of

orthogonal spectra.

This is weaker than the notion of “cofibrant” one would need for a model structure; in
particular when C has one object it is just the condition that the inclusion of the unit is a

cofibration. Now we can give our homotopical results:
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Proposition 3.3.9. If C, D are cofibrant and C — D is a pointwise weak equivalence

which is the identity on objects, then it induces an F-equivalence of S'-spectra [NY°C| —
INY°D].

Proof. A map of S'-spectra X — Y is an F-equivalence iff it induces equivalences on the
genuine fixed points (fX)» — (fY) for all n > 0. By the usual isotropy separation
argument this is equivalent to X — Y inducing equivalences on the geometric fixed points
P (cX) — (YY) for all n > 0. By the above, the geometric fixed points are naturally
equivalent to the original spectrum. The proposition below assures us that these geometric
fixed points are derived. Therefore it suffices to show that |[N¥°C| — |N“°D]| is an
ordinary stable equivalence of spectra.

On each simplicial level N¥°C is a wedge of smashes of cofibrant spectra and so the
smash products are derived, so NY°C — N°D is a levelwise weak equivalence. Therefore
we only need the simpicial objects to be “proper,” meaning the inclusion of the latching
object is an h-cofibration. But by Prop and the fact that the pushout-product preserves
cofibrations, every latching map is a cofibration of orthogonal spectra, so it is certainly an
h-cofibration. O

For the next section we will need more control over when the resulting S'-spectrum

INYCC]| is cofibrant, which we’ll provide here:

Proposition 3.3.10. If C is cofibrant then |[N<°C| is a cofibrant S'-spectrum. Moreover

the inclusion of each cyclic skeleton into the next is a cofibration of S*-spectra.

Proof. By Prop [3.3.2]it suffices to show that the cyclic latching map from Prop [3.3.7]

\/ (S(CQ, Cl) — C(Co,cl))D . D(S(Cn_l, Co) — C(Cn_l, C()))

cQ,...,Cn—1€0b C

is a Cy-cofibration of spectra, and this is proven along the same lines as the argument that

iterated pushout-products of cells of orthogonal spectra yield cells of orthogonal G-spectra:

(Fn&kfl — FnDﬁ—)DG = (FupeS(kpa)+ — Fnpg D(kpc)+)
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3.4 Mapping and dualizing cyclotomic spectra

In this section we use the technology developed thus far to prove that cyclotomic structures

can be dualized, and show that the equivalence of ordinary spectra
D(THH(D(Xy))) ~THH(XTOQX) ~ XPLX

is actually an equivariant equivalence of cyclotomic spectra (when X is a finite simply-
connected CW complex).
3.4.1 A general framework for dualizing cyclotomic structures.

Recall that a cyclotomic spectrum is an orthogonal S'-spectrum T with compatible maps
of Sl-spectra for all n > 1
Cn PO T — T

for which the composite map
pLLOOT — ST — T

is an F-equivalence of S'-spectra. To be more specific about the compatibility, we require

that for all m,n > 1 the square

P ®Cmn X Cmn X
lit cm
* H5Cm * FHC p;‘n@Can * 5C,
P @ P @ X P @7 X

commutes. The left vertical is the canonical iterated fixed points map described in [BM13],
Prop 2.4, and it is an isomorphism when X is cofibrant as an S'-spectrum.

A pre-cyclotomic spectrum has all the same structure except that the derived ¢, need
not be an equivalence.

In contrast to this, we give a more restrictive definition:
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Definition 3.4.1. A tight cyclotomic spectrum is a cofibrant S'-spectrum with isomor-

phisms v, : T = pE®CnT of S'-spectra for all n > 0 compatible in the following way:

T Ymn p;knn(I)Cm”T

glwm glit

P T ot o

1%

p:n':bcm Tn

Here “cofibrant” means in the usual stable model structure on orthogonal S'-spectra.
This includes the cofibrant spectra in the F-model structure too. In particular since T is
cofibrant, prCDC"T is already derived. So a tight cyclotomic spectrum may be regarded as
a cyclotomic spectrum, by taking ¢, = 7, ' and then forgetting that it is an isomorphism.

The previous section tells us

Proposition 3.4.2. If R is an orthogonal ring spectrum and S — R is a cofibration of
orthogonal spectra then TH H(R) is naturally a tight cyclotomic spectrum. If C is a spectral
category, each C(c;,¢j) is a cofibrant orthogonal spectrum, and each unit S — C(c,c) is a

cofibration of orthogonal spectra, then THH(C) is a tight cyclotomic spectrum.

The point of these definitions is to discuss dualization of cyclotomic structures. Our

first result is

Proposition 3.4.3. If T is a tight cyclotomic spectrum and T' is pre-cyclotomic then the

function spectrum F(T,T") has a natural pre-cyclotomic structure.

Corollary 3.4.4. IfT is a tight cyclotomic spectrum then the functional dual DT = F(T,S)

is pre-cyclotomic.

Proof. We define the structure map ¢, as the composite
pr®C F(T, T') %5 F(prdC T, pr oS’y Y05 pr, 77y
where @ is the “restriction” map adjoint to
pr®C F(T, T A pr @S T -2 pr @ (F(T, T') ANT) — pr @ T

and « is the usual commutation of ®“* with smash products. By the usual rules for

equivariant adjunctions, ¢, is automatically S!'-equivariant.
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We verify that these maps are compatible. Clearly they are natural in 7" and 7", so in
the diagram

F(id,it)
_—

Prun @O P(T, T') —L— (g}, 80T, pi, SO 1) F(ply@Cm T, i, 60 51,80 T7)

lit =~ | F(it,id)

pjﬂ@crn p;*l@cn ‘F'(CZ_'7 TI) N p%@crnF(p:@Cn CZ_'7 p;kl@cn T’) - 5 F(p;‘n(bc'm p”rkL¢On 177 p;‘)@@O”L p;kLQCn T/)

lg -

pfnq)CmF(T’ pzq)CnT/) F(p;«nq)CmT7 p;knq)Cm,O;‘Lq)C”T')

|

PO F(T, T') F(p, ®nT, pr, 05T

F(T, pt,®“nT")

F(T, T

the two small squares automatically commute. The left-most and right-most paths compose
to give the two maps we are trying to compare (the wrong-way map along the right edge is
an isomorphism because the iterated fixed points map is an isomorphism on the cofibrant
spectrum T'). So, we just need to show that the big rectangle at the top commutes. It is

adjoint to

P ®@Cmn F(T, T') A plyn @ T = Pl @ (B (T, T') AT) P @Cmn T

l itAit iit iit

Pn®Cm pr O (T, T') A O p BT 2% 2 BCm g 6Cn (F(T, T) A T) ——= piy ®Cm g 6T

The right square is by naturality of the iterated fixed points map, and the left square is by
Prop [3.2.19 O

Remark. The technical lemmas we have checked here are enough to ensure that the smash
product of two op-pre-cyclotomic spectra is op-pre-cyclotomic, and that there is a pairing
adjunction between op-pre-cyclotomic spectra and pre-cyclotomic spectra, but we will not
spell that out here.

Our main example of interest will be when T' = [N%°C]| is the cyclic nerve of a ring or
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category. In this case F(T,T") is clearly the totalization of the cocyclic S!-spectrum
Yk = F(NP°C,T)

The S! acts only on the 77, and A acts by composing the map into 7" with the action
of A°P on the cyclic bar construction. Therefore the totalization carries two commuting
Sl-actions, so we restrict to the diagonal action to get the S'-action which extends to the
pre-cyclotomic structure defined above. The following result allows us to re-express that

pre-cyclotomic structure purely in terms of constructions on the totalization of Y°.

Proposition 3.4.5. The structure map on Tot(Y®) = F(IN%°C|,T") is equal to the com-

posite of S'-equivariant maps

pr0C Tot (F(NSC,T)) 25 prd% Tot(F(sd, N&¥°C,T'))
—  pITot(®Y F(sd, NY°C,T"))
s prTot(F(P.9Csd, N&¥eC, #° 1))
=5 Tot(F(®%sd, N&¥°C, p:d°rT"))
FAC) ot (F(NYeC, T'))

Proof. We compare to the structure map we defined above:

IR

pL0Cr (NS C|, T')

N

F(pi0C |NSCl, p; @0 ) pr9C F(jsd, N&°C|, T')

PEBCTot(F(NJC, T"))

D,

%

PO Tot(F (sd, N&¥°C, T"))

S

[

14

F(pr®Cr|sd, N¥°CJ, pr @ T") pETot(®C F(sd, N&¥°C, T"))

F(p¥|P,®% sd, NJ°C|, pi®rT") — ptTot(F(P,®% sd, N&Y°C, ®¢T"))

o~ [}

F(|9Csd, N&¥°C|, prdCrT") — == Tot(F(Csd, NO°C, prdCrT"))

F(Acer) F(Acer)

F(IN&°C|,T") = Tot(F(N&CC, 9 T"))
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All maps here have been carefully checked to be S'-equivariant. The p*’s have to re-
main out front on the right-hand side for a while longer because ®¢* F(sd, Ns*°C, T") and
F(®%sd, NJY°C, " T") are not cyclic but are merely r-cyclic (though their realizations
still do have trivial C,-action). Most of these squares commute easily, but the nontrivial
one in the middle can be simplified to the following: if X, is a simplicial C,-spectrum and

T is a Cp-spectrum then

o

¢ F(|X,|,T) ®Cr Tot(F(X,,T))

i |

F(®%"|X,|,®T) Tot(®¢ F(X,,T))

i~ l

F(|9C X, |, 8C"T) — Tot(F(®°" X,, " T))

commutes. O

Now we know that F'(T,T") has a pre-cyclotomic structure, but this will not be too useful
in practice unless we can make F(T,7T"’) derived so that it carries homotopical meaning.
Unfortunately, this is quite difficult to do directly without weakening the structure maps of
F(T,T") to mere zig-zags. However the model structure on cyclotomic and pre-cyclotomic
spectra defined in [BM13] allows us to avoid that. It has following attractive property that

allows our constructions to be derived:

Lemma 3.4.6. IfT is cofibrant or fibrant in the model* category on (pre)cyclotomic spectra,
then it is also cofibrant or fibrant, respectively, as an orthogonal S*-spectrum in the F-model

structure.

Proof. The fibrant part is true by definition. For the cofibrant part it suffices to check that
the monad
CX =\/ ;@ X

n>1
preserves cofibrant objects in the F-model structure. This is true because wedge sums,

geometric fixed points, and change of groups all preserve cofibrations. O

In light of this fact, we can replace T” with a fibrant cyclotomic spectrum f7”, result-

ing in the pre-cyclotomic spectrum F(T, fT') whose underlying S!-equivariant spectrum
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is derived. Specializing to 7" = S gives a pre-cyclotomic structure on the derived dual
F(T, fS).

Now if the underlying S'-spectrum of 7' is a retract of a finite S'-cell spectrum, or
equivalently is dualizable, then by ( [LMSMS86], I111.1.9) the cyclotomic structure maps of
F(T, fT") are all weak equivalences. Therefore F(T, fT") is actually cyclotomic, and not
just pre-cyclotomic, when T is finite.

In general F/(T, fT") is not cyclotomic: a counterexample is 7' = XPRP* and 7" = S.
However we will see an example in the next section where T is infinite and F (7T, f1") is still

cyclotomic.

3.4.2 The cyclotomic dual of THH(DX) is XPLX.

Let X be a finite based CW complex and let D(X;) = F(X,,S) denote its Spanier-
Whitehead dual. Though S is not fibrant, X is compact, and so this spectrum has the
correct homotopy type. Unfortunately, though DX, is finite, it is not compact. Even
worse, a big realization of a simplicial spectrum built out of such things is not compact.
So when we dualize it again we will need to map into a fibrant sphere, which slightly
complicates the proof below.

DX, is a commutative ring, with multiplication given by the dual of the diagonal map
Xy — (X x X))y
Now the levelwise fiber sequence of spectra
F(X,S) — F(X.,S) —S

preserves the multiplications coming from the diagonal maps on both X and X, so we can

conclude that the most obvious map
SvDX = DX,

is an equivalence of ring spectra, where on the left the S is the unit and the multiplication
on F(X,S) is the dual of the diagonal

X—XANX
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Let ¢DX denote cofibrant replacement of DX as a unitless ring, so that
cDX,:=SveDX —SVDX

is a particularly nice cofibrant replacement of ring spectra. We’ll take as our example of a
tight cyclotomic spectrum
T=THH(cDX})

This is equivalent to the derived T'"H H of the derived dual of X . Our starting point is the
result

Theorem 3.4.7 (Cohen,Campbell). [Cam14] When X is a finite simply-connected CW

complex there is an equivalence of ordinary spectra
D(THH(D(Xy))) ~THH(XTOQX) ~ XPLX

when everything is derived and LX = Map(S', X) is the free loop space.

Remark. When M is a manifold DM, ~ M~TM is a Thom spectrum, but the analysis
of [BCS08| does not apply because the multiplication on M ="M does not arise from the
normal bundle M — BO being a loop map.

We will spend the rest of this section proving a more highly-structured version of that

result:

Theorem 3.4.8. Let fS be a fibrant replacement of S as a cyclotomic spectrum. Then for

every unbased space X there is a natural map of pre-cyclotomic spectra
YYLX — F(THH(cDX.), fS)

The left-hand side is always cyclotomic. When X is a finite simply-connected CW-complex

the right-hand side is cyclotomic and the map is an F-equivalence.

Corollary 3.4.9. When X is a finite simply-connected CW-complex, the equivalence be-
tween THH (X5°QX) and the functional dual of THH (DX ) is an equivalence of cyclotomic

spectra.

Proof. As above, let Y'* denote the cocyclic S'-spectrum

Y* = F(NY“eDX 4, fS) = F((cDX, ) \k+V | fs)
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Then the totalization of Y is isomorphic to F(|N“°cDX |, fS), and Prop gives us a
recipe for the pre-cyclotomic structure.

Define a second cosimplicial spectrum Z*® by
ZF = S Map(A([k], [0]), X) = 2 XM

with A action given by applying X5 to the usual A°P action on the A([k], [0]) term. By the
same reasoning above, the totalization of Z* would be homeomorphic to Map(|A[0]]|, X) =
LX if not for the ¥5°. But by Prop the usual interchange still gives an isomorphism
of spectra

SPLX = Tot(Z2°)

Note that Z® is not Reedy fibrant, though when X is finite and simply-connected, Y*
will turn out to be its fibrant replacement and so ¥3°LX will be equivalent to the derived
totalization too.

Now we construct a cosimplicial map Z®* — Y®*. The evaluation map composed with

the product in S and fibrant replacement
(Zﬁ?X)MkH) A (DX )NEFD (EfX)A(kH) A (DX ) N+
— (M) s 5 fS
is adjoint to a map
ZF = 22Xk 5 P((eDX 4 )N fS) = vF

It clearly commutes with the S'-action on each level coming from fS. We check that it

commutes with the cocyclic structure: for each v € A([k], [¢]) we have the square

Map(A[0]g, X) & XA —— F((cDX )", fS)

) )

Map(A[0]¢, X) & X! ——~ F((eDX )"+, f5)
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which commutes if this one commutes:

xk+1 A (CDX+)Z+1 L"i) XéJrl A (CDX+)€+1

S

Xk—l—l A (CDX+)/€+1 S

Both branches have the same description: « gives a map from a necklace with k + 1 beads
and every segment labelled by X to a necklace with ¢+ 1 beads and every segment labelled
by DX. Each copy of X is sent by v to a string of a copies of DX; we apply the diagonal
to X4 EN (TT* X)+ and pair with those a copies of DX.

Therefore we have a map of cocyclic S'-spectra Z®* — Y®, with S! acting trivially on
each cosimplicial level of Z®. This gives an equivariant map Tot(Z®) — Tot(Y*), and our

next task is to check that it respects the pre-cyclotomic structures that we already have on
EPLX and Tot(Y'*):

PO LRLX —= > pr®CrTot(Z°*) —— pr®C Tot (V) (3.3)
>~ | D, >~ Dy

pi®C Tot(sd, Z°*) — p:®C Tot(sd, Y'*)

1R

Tot(®7sd, Z*) — pTot (P sd, Y*)

~ 1A F(Acr)oa

SPLX

Tot(Z*®)

Tot(Y'®)

We start with the left-hand rectangle of (3.3]), where everything is a suspension spectrum
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and so all maps are completely determined by what they do at spectrum level 0:

LXC —= - Tot(Z*)C
Tot(sd, Z*)"
: Tot((sd, Z*)¢)
LX —= Tot(Z')

Now the horizontal homeomorphisms may be computed by observing that A[0]; = A([£], [0])
has (k+1) points fo, ..., fx, where f; : Z — Z sends 0 through i —1 to 0 and i through k to
1 (or if ¢ = 0 it sends 0 through & to 0). Using our choice of homeomorphism |A[0]| = R/Z
from the previous section, the k-simplex given by f; maps down to the circle R/Z by the

formula

(to,...,tk) — (ti+---+tk) ~ (1—(t0—|—...—|—t2‘_1))
Negating the circle and reparametrizing A* C R¥ as points (z1, . .., xy) for which 0 < z1 <
x9 < ... <z <1 according to the rule x; =ty + ...+ t;—1, we arrive at the simple rule
(fis®1y...,Tk) — x4, z9:=0
So now the homeomorphism LX = Tot(X**!) can be expressed by the formula

ARl Lx — X

(1,5 me—1,7) = (¥(0),v(r1), - -+, ¥ (Tk—1))

which is the formula in [CJ02].

Under this change of coordinates, we calculate the map along each branch to be

1 1 1 1

(=) — (e mee1) = (00), (), v (D) Y (k1) 7(0), (S )

and so the square commutes.
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Returning to (3.3]), the top and middle squares of the right-hand row automatically com-
mute by the naturality of the cosimplicial diagonal and the interchange map with geometric

fixed points. The final square is then

Tot(®rsd, Z*) — p:Tot(®sd,Y'®)
NTA lF(A,cr)oa
Tot(Z*®) Tot(Y'*)

The map A is the cocyclic map

o

LT X +— v Xk

given by the Hill-Hopkins-Ravenel diagonal; this is almost tautologically cosimplicial. The
map F(A,¢,)o@ is also cocyclic, so to check that this square commutes it suffices to check

level k£ — 1. This boils down to this rectangle:

PO X TR A GO (cD X )\F 2> O (SR X TR A (eD X, )NF) — BOS

TMA / =

SPXFEA (eDX )N S

The top triangle commutes because the norm diagonal commutes with smash products.
The trapezoid commutes because the inverse of the right-hand isomorphism is the norm
diagonal on S (in fact there is only one isomorphism S — §), and the norm diagonal is
natural. We have finished the proof that Tot(Z®) — Tot(Y®) is a map of pre-cyclotomic
spectra.

In total we now have a map of pre-cyclotomic spectra X°LX — Tot(Y*®). Next we
check that for each r the structure map of Tot(Y®) = F(|Ne*cDX (|, fS) is nonequivari-
antly an equivalence when ®¢r is derived. To be precise, we forget every circle action and

just remember the cosimplicial Cj-action on sd,Y*, making it a cosimplicial C).-spectrum.
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Then our structure maps respect the restriction to the k-skeleton for each k£ > 0:

OO F(|sd, No¥cDX 1|, fS) — F(® |sd, N¥cDX |, @ fS) — F(INJ°cDX |, fS)

i i |

O F(|Skysd, No¥cDX 1|, fS) — F(®°"|Skysd, N eDX |, " fS) — F(|Skp N cDX |, fS)

(3.4)
We prove that the bottom horizontal composite is an equivalence when the left-hand ®¢r
is derived, by induction on k. Since ®° preserves fiber sequences, to power the induction
it suffices to show that on the fiber of the map from the k-skeleton into the (k — 1)-skeleton

this structure map is an equivalence. On the right-hand term this is the dual of

ISk NY°eDX 4 |/|Skp_ 1 N&eDX | = Ak JoAR A eDX A eDX
because the cofiber of the latching map

(S — DX )FO(x — eDXY)
is the smash product of the cofibers
eDX™ A eDX |

To compute the left-hand terms we use the C,-equivariant cofiber sequence

S — (DX )" —\/ <’£> cDX v\/ (;) cDX"2V ...V eDXN
to show that the cofiber of the latching map

(S — (eDX)"FO(x — (eDX )

is isomorphic to

<\/ (:)CDX v/ (;)cDX/\Q V... \/CDXN‘)M A (DX )N
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Therefore the left-hand fiber is the dual of

ISky,sd, N&¥eDX 4 | /|Skp_15d, NeD X |

Nk
~ Ak k r r A2 AT AT
~ AF /oA /\<\/(1>CDX\/\/(2>CDX V...VeDX > A(eDXy)

When i < r the term \/ () (¢cDX)"* has Cy-action that acts transitively on the indexing
set of the wedge, so the geometric fixed points ¢ are trivial. On the last term i = r the
norm isomorphism tells us that the geometric fixed points are cDX. Since " commutes
with wedge sums and smash products, we conclude that the diagonal map induces an

isomorphism
eDX™ A DX, 25 307 |Skysd, NYcDX | /|Skp_15d, N&¥eD X, |
Abbreviating |Skgsd, Ne*“cDX (| as T, the fiber of maps between levels becomes

e F(AFJOAR AT ) Th—1, fS) — F(AFJOAF A OO T/ Th_q, 7 fS))
= F(AF/oAF A eDXM A DXy, " £S))
— F(AF/0AF A eDX™ A eDX4, fS))

It is not quite obvious that this composite is an equivalence, because ® fS is not a fibrant
orthogonal spectrum. However since we are not using the ring structure on ¢DX here,
we may replace the reduced ring cDX by a spectrum with finitely many cells, and apply
the above maps. Then the replaced composite is an equivalence. But the replacement is
equivalent to the above composite on the first and last terms, and so the above composite
must be an equivalence too. This powers the desired induction, and we conclude that the
bottom row of is an equivalence for all k£ > 0.

We shorten (3.4)) to

&0 F(|sd, N&¥eDX |, £S) F(IN&cDX4|, fS)

| |

®C F(|Skgsd, No¥cDX |, fS) — F(|Skp N&¥eDX |, fS)
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The bottom horizontal map is an equivalence for all & > 0, but ®“ does not commute
with homotopy inverse limits, so we cannot immediately conclude that the top horizontal
is an equivalence. However the right vertical is an isomorphism on m<; because the fibers
of maps between higher levels are all at least (k + 1)-connected. (Since X is 1-connected
XMk s (2k — 1)-connected, so QF "Xk is k-connected.) Similarly, X% can be given a
Cr-equivariant cell structure in which the lowest-dimensional cells are the diagonal ones, of
dimension at least 2k. Then ®¢ X" still has dimension at least 2k and so is (2k — 1)-
connected. Therefore QF~1®C X% is k-connected and by the same reasoning as before
the left vertical is an isomorphism on 7m<j. So we conclude that the top horizontal map is
an isomorphism on m<j. But this is true for all £ > 0 so the top map is an equivalence,
proving that Tot(Y®) = F(|N¥cDX |, fS) is cyclotomic.

Finally, Tot(Z®) — Tot(Y®) known to be a weak equivalence nonequivariantly. One
could check it by noting that Y* is Reedy fibrant, so it suffices to show that the derived
totalization of Z°® converges to the ordinary totalization. In fact this rearranges to the
observation that the “Taylor tower” of the functor F/(X) = ¥°LX converges to F', which
is proven for instance in ( [Goo91], 4.4). At any rate, any map of cyclotomic spectra which
is a weak equivalence on the underlying spectra is automatically an F-equivalence of S*

spectra and so we are done. ]
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3.5 A stable splitting of THH (DX X)

3.5.1 Proof of the splitting

We continue to assume that X is a finite based CW complex. Now the levelwise fiber

sequence
F(X,S) — F(X.,S) — S

preserves the multiplications coming from the diagonal maps on both X and X, so we can

conclude that there is an equivalence of ring spectra
SV F(X,S) — F(X4,S)

where on the left the S is the unit and the multiplication on F'(X,S) is the dual of the
diagonal
X —XANX

Let ¢DX denote cofibrant replacement of F(X,S) as a unitless ring, so that SV ¢DX is a
ring spectrum for which the unit map is a cofibration. Therefore there is an equivalence of
ring spectra

SVeD(ZX) = D(ZX)4

The ring spectrum on the left is the free ring spectrum on the unitless ring £ = ¢D(2X),

which has multiplication given by the diagonal map
XX — XX AYX

We wish to show that this is equivalent by a zig-zag of unitless rings to the same ring £
but with 0 as the multiplication map. First, we construct an A., operad whose nth space
is

(Rxo)™

The point (t1,...,t,—1) maps E"" —s E by dualizing the map

SIAX — S7 A XA\

(s,z)— (s+t1,s+ta,...,8+tp-1,8T,2,...,2)
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Here we think of S™ as R” modulo the complement of the open set (0,1)". The composition
comes from adding the ¢; together. This operad contains within it the associative operad
(all ¢; equal to 0), giving the original multiplication on E. It also contains a large Ao
suboperad (all ¢; > 1) giving only the 0 multiplication. Using the monadic bar construction
and these changes of operad, we can build a zig-zag equivalence of ring spectra SVE ~ SV E
between the multiplication we started with and the 0 multiplication.

Now that we’ve made the multiplication zero, we calculate THH (S V ¢D(XX)). After

we mod out the degeneracies, all that is left at simplicial level k is
(eD(EXNNEFD v (S A (eD(ZX))F)

The second term is in the image of the extra degeneracy map, so it lies in the S'-orbit of

the first term from one level down. Therefore we get
THH(SVcD(XX) XSV \/ |A[n — 1]|/0|A[n — 1]| Ac, (cD(XX))"
n=1

Using the homeomorphism |[A[n — 1]| = S* x A"~! for which the Cj-action rotates the

vertices and decreases the S'-coordinate by 1/n, we get

THH(SV cD(EX) =SV §7 (A" /oA"Y A SY) A, (eD(EX))M"
n=1

=SV \/ (SPen ASY) Ag, (eD(SX))™

n=1
where p ~ denotes the reduced regular representation. We can further simplify using the
equivariant equivalence
D(XX)M A SPen =5 D(S(XM))

which then gives

THH(D,XX)~Svx! (\/ D(X\™) Ag,, Si)

n=1

When written in this last form, the S action is the obvious one.
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3.5.2 Dualization and examples

Now we dualize:

D(THH(D,YX)) =~

Now assume that X is finite CW and

12

12

1

12

12

D(THH(D,;YX)) ~

12

1

12

D(XN) ASLS))

SVE (H FO(SL,D
n=1

(D (XA")))>

SVE (]O_O[ FO (8L, D(D(XA")))>

n=1

Svy (H FO (S, X

n=1

)

SVE (H nT9S Ac, XA”>

n=1

o
sv \/ 5%S} Ag, XM

n=1
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connected (but not necessarily simply-connected):

Using the previous section we recover the splitting of the free loop space of a suspension

found in [Coh8&7].

NP(LEX) ~

o

\/ =5}

n=1

Ny, X/n
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We end with a few specific choices of X for added concreteness. The simplest is X

which gives
THH(D(S})) ~Sv~'\/ 57(5'/Cn)
n=1
The reader may find it illuminating to rewrite the nth term in this sum as

s7lst e, = T g e,

because this is the dual in the S'-equivariant stable category of £°S!/C,.
When X = 5% we get

THH(D(S3)) ~SV (QST2ASL) Vv (QS™ A, STV (S0 Ac, S1) Vv
Nonequivariantly, this may be rewritten

SV(SPASHV(SPAS)V(STTASH) V... =SV \/[ (ST ASE)
k=1

and when ¥ X = S" with n odd we get
THH(D(ST)) ~SV (ST ASL)V (ST ASL) v (ST 2 A SL) v
v §7 (S—hnrk=l A 51
The dual of this is therefore an infinite ;Vedge of spheres. Indeed this agrees with
LPLS™ ~ XFES" v EFQS"

using Snaith splitting for 3*°QS5™!

For even spheres XX = 52" we instead get

134

= SO’

THH(D(S?)) =SV (S™2" ASL) V(ST ARPL) v (S~ T2 A SLY v (ST T2 ARP2 ) v

NS\/\/ S (4k 2)n+2(k 1 /\51 \/\/ S 4kn+2k I)AR]PQ)
k=1 k=1
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3.5.3 Multiplicative structure

The above splitting for THH (D(XX)4) implies

Theorem 3.5.1. The Bokstedt spectral sequence for THH(D(XX)4) collapses, resulting
in the E*-page

EX = E) = HHy(Co(D(SX)1))degq = HHy(C* (LX) deg(—q)

This is useful for computing the multiplicative structure on TH H(D (XX )y ), which is

guaranteed to be a commutative ring spectrum. It gives for instance
m(THH(D1S")) 2= m.(S)[a, 8]/ (5% = 0)

with commutativity in both the ordinary and graded senses, because |a;| = 0 and |5| = —1.

If n is even,

T (THH(D+S"*)) = 7m.(S)[a, 8]/(58* = 0)

where |a;| = —in and |B| = —n — 1.
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3.6 The calculation of TC(DS!) and its linear approximation

3.6.1 TC(DS)

Now we move on to TC, which is a homotopy limit of genuine fixed point spectra
THH™

over the restriction and Frobenius maps. We will start with the specific example where the

ring spectrum is D, S! and try to see how to generalize from there. From the last section,

oo
THH(D{S') ~SVvQ (\/ Efsén>
n=1
and we want the homotopy limit over F' and R. The first sphere factor splits off as a
cyclotomic spectrum, giving T'C(S), which has already been calculated. So we ignore it.
We may also ignore the €2 because it commutes with F'; R, and holims. So our next move

is to calculate the genuine Cjm-fixed points of the nth summand using tom Dieck splitting:

(s =52 [ ] ECm-i xc,,_, (S5,)%

0<i<m

Keeping in mind that Sé,n is homeomorphic to S' with the S! action that rotates around

n times, some of the terms disappear and we get

Poing IT ECn-ixc, .S,

0<i<m,piln

Let k be the largest integer such that p* | n. Then the ith summand changes form depending
on k:
k<i 0
k=i S
p’VVL*'Ln
1 <k<m BCpkfiXSév .
P n
k Z m BCpm—i X Sén

These calculations were done using the following
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Lemma 3.6.1. Let G be a finite group, and let X be an unbased G-CW complex. Let
H < G be the largest subgroup that fizes all of X, necessarily normal. If G/H acts freely

on X then
Xpo = BH x XG/H

Proof.
Xng = (EG X X)G
= ((EG)/H x X)g/u
~ (BE(G/H)x BH x X)q/u

12

BH x Xg/n
O

Now we have a complete description of (XS Em - Our next task is to compute the
Frobenius maps
(5810 — (55"
and the inverse limit over all of them. Since m is going to infinity, we would like to simplify
our analysis by always assuming that ¢ and k are smaller than m. Unfortunately, this
involves pruning stuff off from infinitely many terms in the holim system, which is not

allowed. Still, most instances of the Frobenius map fall into that case:

Lemma 3.6.2. On a typical summand the Frobenius map

0o ) 1 0o ) 1
E+ Bcpk—@ X Scpm—kn — Z+ Bcpk—t X Scp(m—l)—kn

s simply the transfer

oo ¢l oo ¢l
E‘f’ SCpm—kn E+ Scp(mfl)fkn

on the right-hand factor smashed with the identity on the left-hand factor.

Proof. If G is abelian and K < H < (G then consider the square

7K (SR E(G/K) x XK) 25 7G(50X)

lres lres

K (2 B(G/K) x XK) 25 rH(x20X)
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The maps labeled tD are components in the tom Dieck splitting, defined in Schwede’s notes.
This square commutes, essentially because the definition of ¢D involves only restriction and
maps of spectra, and the restriction maps are clearly natural. The last thing to check is
that our way of identifying the left-hand side with homotopy groups of E(G/K) xq,x X K

agrees with the transfer:

N SR E(G/K) x gy X5) L nd K (52 E(G/K) x XK)

ltr l

N EPE(G/K) x i XE) s 2K (52 B(G/K) x XK)

WLOG the subgroup K is trivial:

N EPEG xg X) —> 7G(SXEG x X)

|i l

N EPEG x gy X) L 7H (5P EG x X)
This follows from [Mad95|, equation (4.1.6). O

There is one more interesting case:

Lemma 3.6.3. On the summands where m = ¢ the Frobenius map
oo ¢l oo ¢l
X7 Scpm — 2T Scpm

is an equivalence to the summand (m — 1,4 —1).

Proof. Anytime the cyclotomic spectrum 7' is a suspension spectrum X5°X, the Frobenius

map on the geometric fixed points summand of THH®»™ is always
BPX ~ P (X%) — BFX

In the classical case X3°LX this resulted in a p-fold power map, but here the map is simply
an equivalence to another summand! This isn’t totally crazy since the S/ Cp-action is still

shifted into an S'-action that winds around p times too fast. O

On the next page we give a table in which the entries are arranged so that the Frobenius
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maps (not drawn) go vertically up the columns. Entries in grey have k > m. They would
be irrelevant to TC, if not for the fact that there are infinitely many and they go infinitely
far down. On just about every summand m > ¢ and the Frobenius map goes up and is a
transfer. However, when m = i we get a different Frobenius map which is an equivalence
onto the summand with m and ¢ each decreased by one. One may use the given indices to
check this table against
k<i 0
k=i Se
pm—in

. ] 1
1<k<m BCpk—z X Scpm%

n

k>m  BCymix Sk



summand 1 2 . p—1 p L. p?

k=0 k=0 k=0 k=1 k=2

i=0 i=0 i=0 i=1 i=0 L i=2 i=1 i=0
m=0 nest SPSE, || EPSE, =YSE, o - - 28,
m=1 SESE, | BTSE, || BRSE, ., | BTSE, VOBTBCy <SG, | - - 28, V. BPBC, xSE
m=2 zgfsgpz zfslczpz Zfslc(%mﬂ Efsépz vV EPBC, x Slcp2 Efsépz vV EPBC) x Slcp2 vV EPBC,2 x sgpz
m=3 || DPSe | DESH, | | RS o | EFSE, VOEFBCOy xSy | [ EFSE, VOEFBC xSy Vo TFBC: x Sg
m=oco || E®Tyx | D®NLBCy | ... | E®¥SyBCpy | B®E x V. XN®X,BC, |...| Z®X;x vV E®X,BC, VvV  X%®X,BCp

Table 3.1: The splitting of THH (D, S")".

HH.L NI ALI'TVANd ANV ATdWNASSVOD '€ HHLdVHO

!
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It looks like we’ll soon encounter inverse limits of C)-transfer maps, so we recall [Mad95|,
Lemma 4.4.9 (an extension of [BHM93|, Lemma 5.15):

Lemma 3.6.4. For any S'-spectrum T, the S'-transfer induces a p-adic equivalence
EThsl — h?l‘lm Thcpn

Now we will discuss in detail two approaches to this calculation. The first one follows
[BHM93]. When we look at the holim system for TC of ¥ LX,

LXC» LXpe,

Ap tr \

LXC? (LXCP) e LXnc,,

N \ N

LXC (LX), (LX)ne LXpc

it becomes natural to separate out the behavior in the first column from the rest. This is
easiest to do if we calculate TR (the inverse limit in the vertical direction). Observe that
R splits, so

o0

TR(DyS") ~ [[THH(D+S")nc

i=0
That was easy! Next we need the homotopy fiber of F' —id. Using the above lemmas, we
know these maps as well. F' shifts from level ¢ in the product to ¢ — 1, but it sends the Oth

factor to itself. To correct this weirdness, we separate out the Oth factor:

Voo, 558%, —— T[22 STHH(D. e, — 1122 STHH(D,S e

lFid iF—id lF—id

\/20:1 ZTS(IJn - H?io ZTHH(D+Sl)thi - Hfil ETHH(DJrSl)hC
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In the left column, F' takes summand n to summand pn by an equivalence. The fiber of the
middle column is the suspension of the desired T'C. The fiber of the right-hand column is
the homotopy limit of

L STHH(D. 8 e, " STHH(D. S e, STHA(D. e,

which by the above lemma is
Y2THH (D, SY)s

Using
Shs1

(Sé«n)hsl ~ BCn

~ %

and the fact that orbits commute with wedges, we get a pullback square after p-completion

TC(DyS')y —— X®°5, CP> x \/;2, ¥ BC,

L

Sx ETINPL BPSE, ———=Sx X7\ BPSE
Now, since C), acts freely on the 1-sphere, its cohomology is 2-periodic:
H*(BC,)= Z 0 Z/n 0 Z/n 0 Z/n
When p* is the largest power of p dividing n, use the covering map
BC,, — BCpk

and its stable transfer to form a p-adic equivalence (X5°BCy,);, ~ (¥ BC),,. This leads

to the simplification

TC(D4S")) ———— S8, CP™ x \/°°, S BC,

| |

Ap—id
Sx T\, EfSépk ———=Sx X\, Zfsgpk

where our convention is that p* is the highest power of p dividing n. The square splits into
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an infinite wedge of squares. The easiest is

SV ECP>®, —= £%°%, CP®

i l

S— 9% »8§

The rest may be divided according to the equivalence class of n, where two positive integers
are equivalent if they differ by a factor of p*. Each equivalence class gives the same pullback
square

X

V2, 2 BC

|

Ap—id
—1y\/o© oo Ql P —1\ /o oo Ql
by \/kzl Z+ SCpk )Y \/nzl E-‘r SCpk

Remember that the “power map” A, actually takes the kth summand to the £ 4 1st sum-
mand by an equivalence. This allows us to simplify the pullback square. To do this, start

by observing that if G is an abelian group, then there is a short exact sequence

OH;éGﬂ;éG&GHO
=1 =1

where f is the map that shifts everything one slot to the right:

flg1,92,-..) = (0,91,...)

Therefore we can add to the above pullback square

X

X STBC,

Ap—id l

DRV Eofs(llpk ——37V EfSépk

l

* yixest

and conclude

X ~hofib{ \/ ¥ BC,. — £7'575"}
k=1
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Finally,
TC(D.SY)) NSVZCF”V\/X

We will proceed to repeat this calculation by a second method, which starts with T'F
instead of T'R. The motivation for this is that the above method will not generalize well to
TC(D4+S™), but the below method (hopefully) will. It’s a bit trickier though, so it helps to
start on D, S' to ensure we get the same answer as in the above method.

To begin, we define a fiber sequence of cyclotomic spectra whose fiber is

xSt PSE, XS,
N S L e
* EOOSé * Y¥Se, *
R /
* * * Z‘fSé ) * *
* * * * * *

(we'll just draw the 1, p, and p? summands), whose total space is

xest 5YSE, Efsgp2
F
TSk 2YSE, BYBC, x SE, szséPQ Y BC), x Sép2
F x TF W TF F
228G ZESE S¥BCy x S¢ ES’SSéPQ S¥BCy x S¢ S¥BCy x 8¢,
x T W T
F F F F

2Pt 2rSt S¥BC, x 5t 2Pt S¥BC, x 5t S BCy x St
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and whose base is

oo ¢l
XES5¢, *

N

145

Now TF of the base is a product of inverse limit systems, each of which consists of all

columns that start at a specified horizontal level. Therefore the inverse limit is a product

of the inverse limits:

rr =T 2%, BC.x
IV )

k=0n>1,pk|n

Then R on this limit shifts the factors down by 1. To get the homotopy groups of the

hofiber of R — id, note that if GG is an abelian group, we have the short exact sequence

o0 o0
0—>GA>HG’3>‘HG—>0
k=1 k=1

where f is the map that shifts everything one slot to the left:

f(g1,92,--.) = (92,93, ---)

Therefore the homotopy fiber of R — id is equivalent to

TC = \/ £, BCp

n>1

where here k is the largest power of p dividing n. So much for the base; now we look at

the fiber T'C. Letting G take the place of homotopy groups of ESFOSl, the inverse system of
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homotopy groups is
o o o0
. —Pec—gc—fa
where the maps include summands. The inverse limit of this is zero, but it does not satisfy

the Mittag-Leffler condition, so we have a lim'. To calculate lim* we do

0 0 D, G—112)G—lim

0—=P2, 6 —P2,G—GadG 0

0— @, G— D, G G 0

0—=B°,G—B,G 0 0
0 0 0

This gives the homotopy groups of T'F":

[e.9]

TF ~ Z‘_lcoﬁb(\/ yrst — H st

The £~ is the grading shift from lim®, not the ¥~! from THH that we are ignoring. The
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next step is to take the fiber of R —id. We use the square

R—id

to see that TC ~ E_ISL. Of course, we add in the extra ¥ ~!s at the end to get the fiber
sequence

s7lvs™ L TO(DLSY)/TOS) — \/ S¥BC,
n>1

which agrees with the previous answer we got from “T'R first.”

Now that we’ve finished both calculations of

TC(DySY))y ~SVvECP™S Vv V™ X
X ~hofib{\/;2; E¥BC,. — 71851}

take p > 7 and examine the rational homotopy groups of the p-completion of our spectra.

spectrum 7192 7791 71'9 7r(1@ FéQ ﬂg 7'('? 71’9 77?
K(S)) 0 0 Q o 0 0 0 @ 0
(D48 A K(S)); 0 Q@ O 0 0 0 Q@ @ 0
TC(S)) o Q@ Q@ Q@ 0 Q@ 0 Q o
(D+SYATCS)h | Q@ 2 Q¢ Qo @ @ Q@ Q@
b% Q 0 ®Q ? o0 ? 0 7 0
TCD:SY)) | D Q D QY 0 QE? 0 Q87 0

Table 3.2: Rational homotopy groups of TC(D4S') and related spectra.

The question marks refer to the extra non-torsion that emerges in 7. (7'C(D4S 1);,\) as
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a result in the infinite torsion in odd degrees in the homology of the infinite wedge

§7 £¥BC,
k=1

and the assumption p > 5 ensures that, in this range, the homotopy of our spectra with I,
coefficients agrees with homology with F, coefficients. Now from [BHM93| the Q, summand
in degree 4 in D+ S* A K(S) maps to the corresponding Q, summand in DS A TC(S).
However, there is nothing in TC(D.S') to hit this homotopy class. From this it is easy to
deduce that

K(DyS') — D, S' AK(S)

cannot be surjective on rational homotopy. So the dual K-theoretic Novikov conjecture is
false for S1.

3.6.2 Comparison with 7C(X°QS")

Recall from [BHM93| that we have a homotopy pullback square

TC(EPZ)) —= X%, (LS")ps

I

SPLS ———=uFLS?

Under the equivalence LS ~ S! x Z, the S'-action that rotates the loop (domain) coordi-

nate acts on the component

St x {n}

by rotating the circle n times. Therefore
(LSY g1 ~ .. .IT BCy I+ 11 (S* x CP®) 1T 11 BCo 11 BC3 11 . ...
and the pullback square becomes

TC(STL)) —= S8 (S' x CP®) V V/,,o B84 BC,

i i

ool Ap,—id 1
XS X Z XS X Z
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Again, this splits into squares based on the equivalence class of n modulo multiplication by

p. The simplest summand is n = 0, which is

SLATC(S)) — 51 AE®LCP>

| |

SIns—2 -~ SLAS

The others are all equivalent, and we simply name the pullback Y:

Y

V52, £%%, BO,,

o oo Ap—id | oo ioo
Vi, 228 —— Vi el

|

* Z‘fSl

As above, the map A, forms an equivalence between each summand and the next, which

justifies the lower half of the pullback square. We conclude
o
TC(E2QS)) ~ SLA(SVICPS) v /Y
The similarity to TC(D, S') is striking. We put them side by side for comparison:

X —— V2, XPBC, Y —— /32, 55, BCp

R |

* ———= N Inesl $ —————= 1051
Since both maps are transfers, it is easy to show that
Y ~¥X
Now our comparison reads

TC(EPQSN)) ~ SLA(SVICP) v \/ ¥V
z\{0}
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TC(D.SY), ~SvICP> v \/ X
N
There are curious parallels. Extending our previous table,
spectrum 7792 7@1 7['%2 77? 779 ﬂ'g 7ri§2 77? 7['?
TC(S)) 0 @& 0 O Q% 0 Q
X Qp 0 b Q, ? 0 ? 0 ? 0
Y 0 Qp 0 b Q, 0 ? 0 ?
SLATC(S)) 0 QXQ @ @ Qo Q@ Q@ Q@
TC (2SN 0 60 Q@ &Q o7 Q Q7 Q Q@7
TC(D4SYy | OQ Q@ ©Q Q@? 0 Qe? 0 Q@? 0
(DyStaTCS))y | @ Q@ Q@ Q@ Q@ Q@ Q@ Q @

Table 3.3: Comparison to the rational homotopy groups of T'C(X5°€2S b,

We conclude that the reduced T'C' of the ring X025 i the suspension of T'C' of the
Koszul dual D, S*.

3.6.3 Coassembly on THH(D,XX) and TC(D;XX)

To determine the coassembly map for the functor X — T'HH (D(X)), we compare to the

assembly map for the dual
YPX — YTPLX

Inclusion of constant loops is an obvious choice, and since it defines a map from a linear
functor into F that is an equivalence when X = %, it must be the assembly map. This gives
a hint for what coassembly should do to homology, but we must be careful because there
are many maps between spheres which give the same thing on homology (i.e. 0 for most of
the summands) but which are nontrivial.

Fortunately it is possible to be very explicit. Each point in XX gives an evaluation map

SV D(EX) —= D4 (EX) —25 S
¥//

idVvev

which is a map of ring spectra on both the left and middle terms. (The multiplication on the
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left-hand spectrum is the one given by the diagonal, not zero.) This passes to a map from
the above simplicial spectrum to a simpler one for S’. Assembling these together yields a
map into the simplicial spectrum which at every level is D4 (XX), with constant face and
degeneracy maps:

[(Dy£X)"}, — {(DyEX) AS™,

This coassembly map is, at each level, just the dual of the diagonal map on XX. The
simplices and A[n — 1]s turn out to be irrelevant; the coassembly map squashes them down

to a point. In total, the coassembly map

oo

Svet (\/ D(X"") Ag, si> — SVYT'DX ~ Dy (3X)
n=1

is the unit on the first summand, and on all the others squashes the circle and maps the

rest in by the dual of the diagonal.

But it doesn’t stop there! This is a map of cyclotomic spectra, so it extends to a map on
TR and TC. In the case ¥X = S', TR is a product, and we can write the map explicitly
on the factors (where for simplicity we are only taking the wedge summands n = p* from
THH):

TR(D,S"Y) D, SYATR(S)
THH SVETIVRL(SE D+ Sv xS
P

THHyc, | TEBC,V I Vilo(BCy x Sg )+ Y BC, vV ETIE®BC,

LD

THHyc,, | 5 BCp VE VL (BCy x St )¢ SPBC, V ETIEPBC,

The maps respect the wedge sum of two things. The left wedge summand gets mapped by
the identity to the left wedge summand. The right wedge summand gets mapped by the

obvious “extremely surjective” map
oo
\/ (¢ ,) o)+ ()4

times the identity on BC,x. Now we want to take the hofiber of F' —id to get TC. As
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above, we separate out what happens on the first row:

_ F—id _ VRid
SV, sl sy sy Y pegt
-~
i\/oocollapse l\/‘x’coll/apse/ lnot surjective!
~
0 L
SO SO SO v St

The dotted arrow forms two commuting triangles. Using this fact we see that this map is
not surjective on the third term, which is a bad sign because applying ¥~! once more gives
the coassembly map on the hofiber of F' — id.

Now we turn our attention to the rest of the system and take the hofiber of F' —id. We
get the inverse limit of the hCpx orbits under the transfer, which is the hS L orbits:

Y (9)pst V \/ ((Sépk)h51)+ — Y ()nst V(%) ps1)+
k=0

24 CPV \/ (BCpp)y — T4 CP> v CPY
k=0

The first summands are connected by the identity map, so we remove them from consider-

ation. The rest is, on Z/p homology,

H, (V2o ZF BCpr: Z/p) H.(S°CP>®;Z/p)
0 B>, 7/p (1,1,1,...) Z/p
1 @20:0 Z[p 0
9 B> Z/p (1,1,1,..) Z/p
3 EBZO:O Z[p 0
4 (1,1,1,...)

Zozo Z[p Z[p

Combine this with the above calculation

H.(S7'vSY%Z/p) H.(S71vS®Z/p)
-1 Z/p - Z/p
0 Z[p - Z/p

and take homotopy fibers. The homotopy fibers of the sources give a spectrum we call X,
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to be consistent with previous sections. We calculate its Z/p homology as follows:

H.(X;Z/p) Ho (Vo EXBCw:; Z/p) H.(27'22SY Z/p)

-2 Z]p 0 0
-1 0 0 Z]p

. . (1,0,0,...)
0 @k:1 Z/p @k:o Z/p Z/P

) id %S
1 @k:o Z/p . @kzo Z[p 0
2 EBI?;O Z/p ld @Z‘;o Z/p 0

153

The (1,0,0,...) is a transfer map. We calculated it by looking at the row y = 1 in the

E?-page of the Serre SS for

the fiber bundle

st — Sépk x ES' — BCy

Moving on, the homotopy fibers of the targets give

»7ITC(S) = 27H(S v RCP)

Using all of this, we deduce that coassembly on X on Z/p homology is

H.(X;Z/p) H.(27(SV XCPX,); Z/p)
—2 Z[p : Z[p
-1 0 Z]p
0 @Zil Z/p (1,1,1,...) Z/p
1 o Z/p 0
2 k0 Z/P S Z/p
3

@ZO:O Z[p 0

The TC of DyS', once we remove TC(S) is actually an infinite wedge sum of spectra
equivalent to X, but the map on each one is the same. So coassembly is not surjective
on Z/p-homology. Passing to connective covers does not help, since the missing Z/p in

dimension —1 simply becomes a missing Z/p in a higher dimension.
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On rational homology /homotopy we also do not get a surjective map:

H.(X;Q) H. (V352 BC; Q) H(27'525%:Q)
-1 0 0 Qp
o0 [ele] (Lp)pg"“)
0 @k:l QP @k:o QP QP
1 0 0 0
2 0 0 0
3 0 0 0
4 0 0 0
H.(X;Q) H(Z7H(SV ECPX,); Q)
-2 Q - Q
-1 0 Qp
. (1,1,1,...)
0 Dz @ Q
1 0 0
2 0 Qp
3 0 0
4 0

Qp

Here passing to connective covers does indeed help with degree —1, but the map is still not
surjective in any even degree. One should also be careful because H(—; Q) changes after we
p-complete. However in the above coassembly table, the groups on the right do not change,
and the groups on the left only change in odd positive degrees (when the degree is less than

about 2p). So the map is still not surjective (except perhaps for a few small values of p).
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3.7 THH of finite spectra with a G-action

Here we prove the following statements, which are reminiscient of the K-theory Novikov

conjecture:

Theorem 3.7.1. If G is a finite p-group, then the assembly and coassembly maps

BG, ANTHH(x) — THH(BG)
THH(P'(£XG)) — F(BGy, THH (%))

are split injective and split surjective maps of spectra, respectively, after p-completion.
Theorem 3.7.2. The composite of assembly, inclusion, and coassembly
BG4+ AN A(x) — A(BG) — V(BG) — F(BG4, A(%))

is up to homotopy the transfer BG. — F(BG4,S) smashed with the identity on A(x).
These both follow quickly from our main technical result:

Theorem 3.7.3. The composite of assembly, inclusion, and coassembly
BGL NTHH(x) — THH(BG) — THH(P'(33°G)) — F(BGy+, THH (x))

is up to homotopy the transfer BGy — F(BG4,S) along the bundle over BG x BG with
fiber G and monodromy given by left and right multiplication of G on itself. There is a

stmailar composite
BWH{  NTHH(x) — THH(BWH) — THH(P’(EfSG)) — F(BG4+, THH (%))

which is up to homotopy the transfer BW H, — F(BG+,S) along the bundle over BG x
BW H with fiber G/H and monodromy given by the left action of G and the right action of
WH = Autg(G/H)°P.

In this first section, we will prove the special case of G = Z/2, BG = RP*. We prove

the more general case in the next section. We will sometimes adopt the notation

THH(XYZ/2,fin) = THH(P'(X3°Z/2))
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We link assembly and coassembly together in the following way:

RPX A THH(S) — > THH(SPZ/2) S OTHH (P (57°2,)2)) —©~ F(RPE, THH(S))

Here ¢ is simply an inclusion of Waldhausen categories: those modules over ¥3°Z/2 which
are finite and Z/2-free are contained inside those modules which are finite. We wish to

prove that the composite, when summed with the map
THH(x) — THH(RP*>;fin) = F(RPY, THH(x))

gives an equivalence.

Before we dive into the T'H H result, we should begin by characterizing which maps
SV EFRP>* — D(RPY)

are 2-adic equivalences. We know one such map in particular: it is the composite of the tom

Dieck splitting and the usual inclusion of genuine fixed points into homotopy fixed points:

SV EPRP® — S92 —; §"C2 = D(RPY)
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We can describe this composite fairly explicitly (here o is the sign representation of Cs):

R]Pﬂ}r—l (QnJSno’)Cg
RPY (colim Qg )C2
N n
\
N
N
AN (colim QnHno gntno)Cs
N n

N\

Map, (Séo\o) +,colim Qntno Sn+n0)02
n
N

AN
AN
\

Map, (S(c0)4, colim Q™5™)C2

Map, (RPS°, 2°°5°°)

~

The dotted line lift-up-to-homotopy is formed by picking a Z/2-equivariant homotopy be-

tween the two maps

RPE A S(o0)r A S® A 5% — S A 85X
(z, Y, z, w) = (z, w— )

(z, Y, z, w)  — (7, w)

Here 7 is whichever lift of x to S(00) is closer to w; as long as € < 1 such a lift exists or it is
irrelevant because the map goes to the basepoint. The Z/2-action is negation on y and w,
as well as the second slot of the output. All other coordinates are fixed. To fill in the (7)
and pick a homotopy, we first pick a Z/2 x Z/2-equivariant map g : S x S — S, where
the Z/2 x Z/2-action on the right is trivial on the diagonal Z/2 and the usual action on the
quotient by that diagonal. Not only does such a map g exist, but the space of all possible
choices for g is weakly contractible. (This is because the source is a free Z/2 x Z/2-CW

complex and the target is contractible.) Now we take our homotopy to be

(z,y,z,w,t) — (z — (sint)g(Z,y), w — (cost)x)
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Here again the map is well-defined because, though there may be two values of (cost)z that
are within e of w, in that case only one of those values of Z gives a value of (sint)g(Z,y)
that is within € of z. It is also straightforward to check it is equivariant. The end of the

homotopy is

(m,y,z,w) — (Z —g(i’,y),w)

and then we can restrict to Map, (RP°, 2°°S>) by forgetting the w coordinate:

(.%‘,y, Z) =z _g(ivy)

Therefore the composite is given in the following proposition. The map g is the obvious
map between the quotients
RP>® x RP® -5 RP>

which is in fact uniquely characterized by the property that on m; it sends the generator

from each factor on the left to the generator on the right.

Proposition 3.7.4. The Segal conjecture 2-adic equivalence
SV EFRP>* — D(RPY)

is the obuvious collapse or unit map on the first S. On the second term, it is adjoint to the

composite
SP(RP® x RP®) L5 SPRP™ "2 g

Furthermore this map is an equivalence of rings, with multiplication on the left given by

transfer and on the right by the dual of the diagonal.

As a sanity check, we may also check that this map satisfies the condition given by
Adams, that the functional Sq* is nonzero. In fact, all functional Sq's are nonzero. To see

this, we first prove the same fact for the transfer
LPRP* — S

using that its cofiber is RP>, the Thom spectrum of the “real vector bundle” whose Stiefel-
Whitney class is
(I+a)t=1+a+a*+a+...
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Tracing through the definition of functional Sq’, we see that the nonvanishing of the co-
efficient of a’ above is equivalent to the fact that functional Sq’ is nonzero for this map.

Returning to the composite
S°(RP® x RP®) —L5 noRp= 25 g

we prove the functional Sq’ is nonzero by an elementary diagram chase, using the rela-
tionships between the cofibers of the above two maps and the cofiber of their composition.
(The only needed property of g is that it is injective on mod 2 cohomology. Which is a
bit disturbing, since the collapse of one copy of RP* is also injective, but cannot give the
Segal conjecture equivalence.) So the map we described above definitely gives the desired
equivalence SV E°RP™ 5 D(RPY).

Now we will prove our splitting results on T'H H by building models for the assembly and
coassembly maps, and comparing them to the above characterization of the Segal conjecture
isomorphism. Consider the diagram

RP® ATHH(S) > THH(SYZ)2) 2T HH (P (572,/2)) <~ F(RPS, THH(S))

The assembly map on the left is simply inclusion of constant loops
RP® AS = SPLRP® ~ S°RP™ [ RP™

which is an equivalence onto the first term in the disjoint union RP* IT RP*°. This hits the
component of THH (X5°Z/2) composed of those simplices for which the product of all the
elements of Z/2 is the identity.

Coassembly is trickier. We need to compare modules over S[G]| with parametrized

spectra over BG. The comparison is straightforward:

e If X is a module over S[G], i.e. a naive G-spectrum, we form a parametrized spectrum
X//G over BG = B(x, G, ) whose nth space is B(x, G, Xp,).

e If £ is a parametrized spectrum over BG then we take the fiber to recover our original

spectrum with a G-action.

e The homotopy orbits X}, are the quotient of X//G — BG by the basepoint section.
The homotopy fixed points X"“ are the sections I'pg(X//G). These are both easily



CHAPTER 3. COASSEMBLY AND DUALITY IN THH 160

proven by comparing adjoints of the “trivial G-action” and “constant bundle” functors

from ordinary spectra.

So if Sprpe denotes the category of parametrized spectra over RIP* with derived map-

ping spectra, then the above diagram of T'H Hs can be rewritten

RP® ATHH(S) — THH (Endspgpe. (E5Rp<S™))

Tlﬂb) THH(SPRPOO , ﬁn) ﬂ} F(RP?, THH(S))

Here we have recognized that the S[Z/2]-module
S|Z/2) = XPZ/2=SVS~S xS

becomes X Tppe 5™ as a parametrized spectrum over RP*. The endomorphisms of this

module are

2 2 2 2
(TTTIS)% = Maxa(s)® = (] \/ 9)

There are a priori lots of ways to interpret the Cy-fixed points, but they all give equivalent
results because the Cs-action is homotopically free. Specifically, we can take the genuine
fixed points, the homotopy orbits (via the transfer), the homotopy fixed points, and even
the naive fixed points (because the product is there and so they are nontriviall). This
was actually fortunate because the definition is technically the naive fixed points. Anyway,
to prove our claim that everyone is right, we use Wirthmuller to rewrite our genuine C5-

spectrum as
2 2
\YAVEED (e i)
and then the geometric fixed points vanish, whence all the other constructions give the same
answer. This answer is equivalent to

¥7Z/2 = S[x)/(2* - 1)

where the identity S corresponds to maps SV S — SV S that preserve the summands and
are identical on the two summands, while the S(z) corresponds to maps which switch the

two summands but which otherwise also do the same thing to both summands.
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As we said above, this module becomes the parametrized spectrum
E=(SVS) x¢, S — RP*

or more simply

00 00
E—i—]R]P’"O

We showed above that its endomorphism ring
FR[{DOO (EndR]poo (5))

is equivalent to S[z]/(z? — 1), the Cy-homotopy fixed points of SV S. Note that the fibers
of this parametrized spectrum are all SV S, so their endomorphisms are Ms(S) ~ SV4. Tt
is not, however, a trivial bundle: the monodromy of the fiber swaps the diagonal elements

and swaps the off-diagonal elements of Ms(S). The equivalence of ring spectra
Slz]/(a* — 1) = T'rp (Endrp= (£))

sends the first factor to the obvious fiberwise endomorphism that preserves summands, and
the second factor to the obvious fiberwise endomorphism that swaps the summands.
Now to describe coassembly, we have to choose a contravariant functor on spaces over

RP* to approximate by an excisive functor. Given X — RP*°, define
F(X)=THH(I'x (Endgp=(£)))
Technically this is not the same functor as
F'(X)=THH (Sgp=|x,fin) ~ THH(EFQX, fin)

but we have a map F' — F’, and we will describe the composite of this map with coassembly

on F’, which is the same as coassembly on F':

F F’

L

P F—=PF
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When X = RP*, F(X) gives me the THH of the endomorphisms of S V'S, which is

what we want. When X = % this gives
THH(Ms(S)) — THH(S) ~ S
where the equivalence is the trace map, defined more precisely by the zig-zag
THHL(M(S))| < |THH.(My(S))]| <= |[THH,(Wa(S))|| > |THHL(S)]

= |THH.(S)|

where Wo(S) is like matrices but the product has been replaced by a sum.
This trace equivalence motivates us to find a “fiberwise trace map” on the entire functor

F which gives the above equivalence on F'(x). This can be defined in many equivalent ways:

|Crpes (M (S)) |
~ interchange ~ A n+1
ITgpe (Ma(S))""H || === |[Tgpee (Ma(S)5>"") |
~ interchange ~ A n+1 interchange ~ A n+1
Tpoe (W (S)) | > |Tre= (Wa(S)=>"")]| % Trp= ([|Wa(S)==""|))
trace trace Nltraee
I'rpee (||Sre=||) Irpe (||Sree<||) Irpe~ (||Sre=|)
['rpee (Srp>) F(RP%,S)

Only the trace maps really need any explanation, but they are quite simple. Each point in
W5 (S) corresponds to a 2 X 2 matrix that has at most one nonzero entry, and an (n+1)-tuple
of such matrices has product either 0, or has one nonzero entry. We define the trace on
this point to be zero if the product of the matrices is 0 or off the main diagonal; otherwise
we map into S by smashing together the spheres in each of our (n 4+ 1) matrices. Now we
know that the above diagram is easily extended to a diagram of functors, and every single
map gives an equivalence on the linear approximations. The bottom functors are actually

linear. Therefore coassembly on F(RP™) is given by any route in the above diagram from
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top to bottom. The top is equivalent to
LRP® ~ RP* II RP*

and our task is now to trace the first copy of RIP*° through the coassembly map, and compare

it with the Segal conjecture equivalence:

| %4 ANZ/2)| ——— [Trpee (Ma(S))"" |

~ ~

1 AN(Z/2)7 || ——— |[Treee (M2(S)"" ||

A n+1

14 A(Z/2)} || ——— [[Tre (Ma(S)=" )|
T A n+1

1(Bns1)4 A AZ/2)1 ]| — [[Trpoe (Wa(S)=>" )]

trace

|Srpe=||)

~

Trpeo (

F(RPY,S)

This diagram commutes up to homotopy. The * is set to be one of the two elements of
Z/2 so that the total product is always the identity. (In these complexes we will call the
identity element “1” and the non-identity element “z.”) So the things on the left are all

equivalent to RP*°. The space E, is defined to be a space of fiberwise embeddings:
E, := Embpp= (5™ x S x ... x S R* x RP®) ~ x

RP*° RP>° RP>°

Now we explain the horizontal maps in the above commuting diagram. The first sends
1 to the section which at each fiber is the diagonal matrix, and = goes to the off-diagonal

matrix. This also explains the second and third horizontal maps. The final horizontal map
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is a Pontryagin-Thom collapse. At simplicial level n it is
~ A n+l
(En1)+ A% (2275 — Tree(Wa(S)="")

~ o0 o.¢] oo Xoon+1

For each of our (n + 1) slots on the right, we look at whether I have a 1 or an z in the
corresponding slot in x4 A (Z/2)"}. From this, we pick either ST° or S3°. Once the selection
is made, we now have a fiberwise product of (n + 1) copies of S on the right; we use the
chosen embedding from F, 1 and I Pontryagin-Thom collapse onto a small neighborhood
of this embedding. This describes the desired section on the right. (To be precise, we must
make the suspension spectrum an e-suspension spectrum and take the fibrant replacement
via colim ;QF X, before taking the section.)

It is now fairly clear that we can define the face maps on E, ;1 on the left (depending
on the string of 1s and xs) so that this is a map of semi-simplicial complexes. Specifically,
the kth face on the right pairs the kth and (k + 1)st copy (with wrap-around for the last
face) of (S7° 11 S2°) by

(STPILS0) 4 A (STPITSP)y — (SPIIS) 4
(p1,p1) ~— p1 when p; € 5%°
(=p1,p1) =
(ps,pz) +> * when p, € S
(=pzypz) = P
(Pr,pz) =
(=p1,Pz) = Dz
(Pzsp1) = Da
(=Pe,p1) = %

(These rules come directly from matrix multiplication in W5(S):

P1 —Pzx
Pz —D1
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Only 1 entry in each matrix is nonzero. This gives 16 possible matrix multiplications, but
by Z/2-equivariance they are determined by the above 8.) Therefore the kth face on the
left must restrict the embedding along a diagonal S — S x S°° that sends p to (p, p) if
the (k+ 1)st slot is 1 and (—p, p) if the (k+ 1)st slot is z. (Again, this is with wrap-around
if k=n.)

Tracing through the trace, we get a map
|(Buta)s A st A (Z/2)%) ARPSE — Q8

which for each pair of points on the left Pontryagin-Thom collapses onto a pair of points in

R*. So it is indeed a composite
|(Eng1)+ Axpe A(Z)2)T ]| ANRP — RP> — Qs

where the second map is a Becker-Gottlieb transfer. To show it is the Segal conjecture
isomorphism, it now suffices to calculate this first map on m;. The second generator goes
to the generator, since as we rove over the base RP* the choice of which point in S is
the privileged one gets switched. Similarly, we may build a closed loop in ||(Ep+1)+ A %4 A
(Z/2)% || which projects down to the generator in | A% A(Z/2)" |, by picking some fiberwise
embedding

S x §° — R*® x RP*®
RP>

and a homotopy to its antipode. This gives a path through simplicial level 1. Taking the
geometric realization and the diagonal, we get a path whose two endpoints coincide (the
above multiplication rules tell us to restrict along p — (—p,p) at one end and p — (p, —p)
at the other end). Projecting down to | A x1 A (Z/2)"|, we obviously get a generator. But
this path also switches the choice of privileged point as we rove around it. Therefore it goes

to the generator of RP* and the proof is complete.

3.7.1 The general case of finite p-groups

We begin by recalling a result from [LMMBS82]:

Proposition 3.7.5. The composite of tom Dieck splitting and the Segal conjecture p-adic
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equivalence
\/ BWH; = 8% = 5"
(H)<G
is on each summand a map
BWH, — Map(BG,S)

adjoint to

(BG x BWH), — Q®8>

which is a tranfer along the bundle over BGx BW H whose fiber is G/H and whose GxW H -
monodromy is given by G multiplying on the left and W H multiplying on the right (turned

into a left action by inverting).

When G is abelian, this simplifies to
(B(G/H) x BG)y — B(G/H); — Q8>

where the first map sends (g1 + H, g2) — (g1 — g2) and the second map is the G/H-transfer.
For completeness we re-prove the result from the more standard formulations of the Segal

conjecture.

Proof. The tom Dieck map
BWH, — 8%

is a transfer along the G/H-bundle

Gxyg EWH — BWH

followed by a collapse of the total space to a point. To define the transfer, we pick a G-
representation V' containing G/H, we embed the bundle into BWH x V¥ and we pick
an € > 0 sucht that the e-balls about the various points of G/H — V¥ in each fiber are

disjoint.
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Now the above composite is given by

BWH(!L) (Qf(n)VSGf(”)V)G

(colim Qf(n)VSEf(n)V)G

N (colim QnJrf(n)VSgl-‘rf(n)V)G

N
Map, (EG.; , colim Qn+f(mV gnt/ (Ve
AN n

AN
\
AN
\

Map, (EG., colim Q"S™)¢

Map*(BG-‘ra QOOSSO)

~

where f(n) is any sufficiently large increasing function of n. The dotted line lift-up-to-

homotopy is formed by picking a G-equivariant homotopy between the two maps

BWH, AN EGy N 8° A §®V — 8§x A SV
(z, Y, z, w) = (z, w— )

(, Y, z, w) = (7, w)

Here & is whichever lift of x to G x g EW H is closer to w; as long as € < 1 such a lift
exists or it is irrelevant because the map goes to the basepoint. The group G acts normally
on y and w, as well as the second slot of the output. All other coordinates are fixed. To fill

in the (?) and pick a homotopy, we first pick a fiberwise embedding

(G x EWH) x EG| /G — R* x BWH x BG
NH
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Not only does such a map exist, but the space of all possible choices for g is weakly con-

tractible. Then take g to be the composite

(G x EWH)x EG — |(G x EWH) x EG| /G < R® x BWH x BG =% R*®
NH NH

and take our homotopy to be
(2,y,2z,w,t) = (z — (sint)g(Z,y), w — (cos t)T)

Here again the map is well-defined because, though there may be multiple values of (cost)z
that are within € of w, in that case only one of those values of & gives a value of (sint)g(Z,y)
that is within € of z. It is also straightforward to check it is equivariant. The end of the

homotopy is

(x7y7sz) = (Z - g(i'7y)7w)
and then we can restrict to Map, (BG4, Q°°S5°°) by forgetting the w coordinate:
(LU, Y, Z) =z - g(i‘7y)
Therefore the composite is as above. O

Now we need to describe how to pair assembly and coassembly together for A-theory

and THH. This involves a few more steps than before:

\/ BWH AK(S) — KT
(H)<G e
K x*
K (S°W H, fin)
(H)<G
K (trivial gction) K(SYNH, fin)
K(Gx i) K(XYG, fin)
N F(BG4+,K(S))
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Put another way, for each conjugacy class of H < G we follow the diagram

K(u)

A(BG) V(BG) —“= F(BG4,v(x))

TXNHG TXNHG
K(4)

A(BNH)—"-V(BNH)

T pullback
K (1)

BWH, N A(x) —= A(BWH) —>V(BWH)
There is no obvious map A(BWH) — A(BN H) making this commute; pullback doesn’t
work because BN H — BW H has fiber BH, which is not finite. In both of these diagrams,
we may replace K-theory with THH.

Next, we’ll model the above maps of Waldhausen categories by using parametrized
spectra. They all come about by simple pullback f* and pushforward fi functors. We
use the two-sided bar construction to construct the following maps of covering spaces over
BWH, BNH, and BG underlying these functors:

W H = WH = WH G/H

B(*’ Wf’ WH) pullback B(* NT WH) pullback (* G\L G/H) pushforward (*’ Glj G/H)
(x, WH, %) B(x, NH, %) = B(x,G,G/NH) (%, G, %)
BWH BNH BNH'

By abuse of notation, we will refer to the bundle of fiberwise stable endomorphisms of
the first three bundles by MWH(S), and for the last bundle Mg /i (S). These have clear
analogs WWH(S) and WG /H(S), defined by replacing the products with sums. There is a
homomorphism from W H into every one of these fiberwise endomorphism spectra, simply
because all of our covering spaces above have a right W H-action which commutes with all

the maps. Finally, as before we have

FBWH(MWH) ~ My g (S)"WH ~ S°WH
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coming from the W H-action we discussed above.

We build the following maps of Waldhausen categories:
Exgn(BWH) — Ea(BWH) L €5 BNH) <~ £2™(BNH') 25 £25(BG)

These maps are all enhanced exact functors of enhanced Waldhausen categories, so they
induce maps on K-theory and T'H H that commute with the cyclotomic trace. The arrows
denoted ~ have the approximation property, so they induce an equivalence on K-theory

and THH.

The T'H H of these categories is defined in two stages: first we form a spectral enrichment
Cs(x7 y) = {C(LU, Zn?/)}zozo

These are naturally orthogonal spectra; by neglect of structure they are symmetric spectra.
Then we form THH by the Hochschild-Mitchell cyclic nerve. We don’t care about the
cyclotomic structure here, so we will simply take the ordinary cyclic nerve and just make
sure the terms are cofibrant spectra. This has a natural weak equivalence into the Hochchild-
Mitchell nerve.

Now the covering spaces we defined above become objects in these Waldhausen categories

which agree under the given maps:
Exgn(BWH) — Ea(BWH) L5 €25 BNH) <~ £2"(BNH') 2> £2°°(BG)

Our spaces over these bases are all covering spaces, therefore h-fibrant. They become f-
cofibrant when a disjoint basepoint section is added. This gives a privileged choice of object
in each of the above Waldhausen categories, which are taken to each other by the chosen
maps.

In the following diagram, the right-hand column is obtained by applying the cyclic

nerve to the above maps of Waldhausen categories. The middle column is what we get by
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restricting the cyclic nerve to the endomorphisms of our one privileged object.

| Ba (i, W H )| #2802 [N gy gy (Mg 1 (S) )| NS Eap(BWH)S|
| By (3, W H, )| X200 | Novep o (M 1 (S))] N gL (BW H)S|
pullback pullback
| Ba (5, W H, %) | Y2800 NoYep oo (Myy 11 (S))| INYE2fin (BN H)S|
~ | pullback ~ | pullback
| Be(, W H, )] Witaction \N.CYCFBNH'(MWH(S))\ INJExfin(BNH')S|
pushforward pushforward
| Bo(x, WH, )| 20 NP g (M 1(S))| INYeExi(BG)S|
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Notice that our parametrized spectra are not made fibrant before taking sections! Spectrum

level n is literally the sections of the n-fold fiberwise reduced supension of a space.

We claim that the top composite is equivalent to the assembly map of the functor

X = |[NYExgn(X)S] = |NEYR fn (X))

on spaces X — BWH, evaluated at X = BWH. To see that the above map is indeed

assembly, we use
T hW H 0o

to rewrite the map as the composite
|BJW H| < [NSCSEWH| 5 [NST gyt (Myy 1(S))]
where the first map of bar complexes
X = |BJWH|, LX ~|NJWH|

is at level n

(91, 9n) = (g0 9791, gn)

and it is a standard fact that this models the inclusion of constant loops X — LX, which
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is visibly the assembly map for the functor FI(X) = X°LX.
Now we turn to coassembly. The bottom map of the above diagram extends to a natural

transformation of homotopy functors
F(X) = [N x (M a(S))| — INSE™(X)S| = G(X)
for CW-complexes X — BG up to homotopy equivalence. When X = * we get
F(x) = [N Mg u(S)| = |NS°Ea™ ()3 (G/ Hy, G/ Hy )| —> INS°E2™(5)5] = G(3)

We will now show that

e This map F(x) — G(x) is an equivalence, so the natural transformation F' — G

gives an equivalence of linear approximations P F — P;G.

e We can build a zig-zag of homotopy functors F «— F' — F" < ... — F() which

all induce equivalences on linear approximations Py F(®.

e The last functor F(" in our zig-zag is linear, therefore the composite
BWHAS — F(BG) — G(BG) — P,G(BG)
is isomorphic in the homotopy category to the composite

BWH AS — F(BG) <~ F'(BG) — ... — F™(BG)

For the first bullet point, we use the Morita-invariance statement from the Blumberg
Mandell paper. For the second bullet point, we realize that the equivalence we just discussed

is the top map in a homotopy-commuting square

[N Mg (S)] [NS¥eE2 ()]
[N Weyn (S)] [NSYCELM () (4, )|

IR

Nltraee I

INS°S| = S




CHAPTER 3. COASSEMBLY AND DUALITY IN THH

To define F' and F” we build maps of parametrized spectra that
Mg i (S) «— We/u(S) — S on each fiber:

W H-action cyc AT
| B (o, W H, %)| =% NPT g (M (S))]
W H-action cyc r
1B (s, W H, )| =522 | N3¥T g (Mg (S)) |
interchange
TG (N May/u(S))|l
T'(R)

IT B (RNS My u(S))|

~ | small spheres

| Bo (%, W H, %) | V28 1 5 (RN My 1 (S)) |
|Es x Ba(x, WH, *)|| — |Tpc (RN We,u(S')||

trace

ITBa (RS —— F(BGy, kY

173

do

We will explain the extra notation and the commutativity of the lowermost square, but

before we do that, notice that this fulfills both the second and third bullet point of our

above list. The right-hand column gives our zig-zag of homotopy functors (replace I'pg

with I'x) over G, which

Now for the new notation. First, R denotes the fibrant replacement of (fiberwise)

ordinary spectra given by

RE, = colim i

In general we only want to do this when the levels of our spectra are already fibrations over

B.
Next, we define F,, to be the space of fiberwise embeddings

E, C Embga(B(+,G,G/H)5¢" " R® x BG) x Map(BG, (0,1])"!
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consisting of only those embeddings e and choices of positive reals (eg,...,€,) with the
following properties. On each fiber F' — B(x,G,G/H) — BG, the embedding e must
extend to a map

R(F)®"+! — R

which is a composite of scaling by a positive real number 7; in each of the R(F)-coordinates,
followed by an orthogonal map. Here we include F*"+! < R(F)®"*l by sums of basis
vectors,

(Toy ..y Tn) — [T0] D ... D [z

Put another way, it is the (n + 1)-fold Cartesian product of the map F' — R(F’) that takes
each point to its corresponding basis vector. Notice that R(F') is a W H-representation
under the usual action on the basis vectors. Finally, the reals (e, ..., €,) must be chosen
so that the (n + 1)-fold product of discs with these radii gives a polydisc about each point
of F"1 in R(F)®"*! and all these polydiscs are disjoint.

Notice that E,, is contractible. We will use these spaces to thicken || Be(*, W H, )|, with
the aim of building a map which strictly commutes with faces. This is the same technique
used by Cohen in [Coh04] to build strictly associative multiplications on Thom spectra.

Next we use S’ to denote the “small spheres” spectrum which at level n is
Sp = R" x (0,1]/{(z,€) : ||=]| > €}

The multiplication on S’ is by concatenation of coordinates, and taking the minimum of the
two values of e. Under this convention, the collapse map S — §' sending = — (z, 1) is a map
of strictly associative unital ring spectra. Even better, the smash S’ A S’ is homeomorphic
to

S" =8P " =R" x (0,1] x (0,1]/{(x, €1, €2) : |lz]| > min(e, e2)}

and so on for higher smash powers. In the above diagram, we do this construction in the
obvious fiberwise way. It is worth pointing out that when we build WG /a(S") we think of

our matrix entries as maps S — S/, so that the fibers are homeomorphic to

(G/H)?
Wen(S)= \/ ¢



CHAPTER 3. COASSEMBLY AND DUALITY IN THH 175

and similarly the fibers of W /(S )B/\GnJrl are

(G/Hy2m+D)

Next we define a map ® of semi-simplicial spectra which on level n is the composite
(n+1] X n+1
(En)+ AN*p N(WH)} — I'pg (R (SBG B/\G (WH x B(x,G, G/H))_P;%G >>

- A n+1
. Tpa (ng/H(S')BG )

The first map is easy: a point in the left-hand side gives us (n + 1) elements of W H of the
form

-1
n

1

(wy, " ... wy wfl),wl,wg,...,wn

and we use them to select the (n + 1) elements of W H on the right; then the remaining
map is a Pontryagin-Thom collapse onto the discrete set of points given by the embedding
in B,:

v (v —e(Xoy ...y Tp), T0y- -y Tn)

The R outside the N gives us the sphere coordinates needed to make this collapse map
canonically and explicitly; the ¢;s give us the coordinates in S, though only their mini-
mum matters when giving the sphere coordinate. In total, the first map of our composite
is

(e,eo,...,en,wgl...wfl,wl,...,wn)

— [(v,x) — (v —e(zo,...,Tn), (w;l...wfl,xo),...,(wn,xn))]

The second map is also straightforward: it comes from the map of fiberwise spectra
Y%a(WH x B(x,G,G/H)) — Y4 <B(>|<, G,G/H) BXGB(*,G, G/H)) = Weq/u(S)
(w,x) = (w ' ZL‘,ZL‘)

where w - ;= zw~! is the right action of WH on B(x,G,G/H) turned into a left action
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by inversion. The total composite ® is now

(e,eo,...,en,wrjl...wl_l,wl,...,wn)
— [(v,a:) > (U—e(xo,...,mn),(wgl...wfl-mo,xo),...,(wn-xn,xn))]
where  (zg,...,x,) is the unique point in  the fiber such  that
v—e(zo,...,zn) < min(ep,...,€p).

Next we describe the kth face map

dk : <En)+ VAN *yq A (WH)i — (En_1)+ VAN *p VAN (WH):Z__I
(e,eo,...,en,wrjl...wl_l,wl,...,wn) >

1 1

(€0 Akwyyyr €05 - MIN(ERy €L 1), v vy €ny Wy oo W5 W, e oy WeWhp 1 - - - > W)

Apw : B(x, G, G/H)BXGn L B(AG, G/H)BxGnJrl

(o Th1, Ty Thot 1y - ) > (oo X1, W - Ty Ty Thog 15 - - -)

It’s straightforward to check these face maps are associative and so define a semi-simplicial
space. We carefully constructed F,, above so that the properties we required of the embed-
ding would be preserved under restricting to a diagonal in this way. (A, is a composition
of a scaling in one of the n coordinates and an orthogonal map. The new scaling factor
7. is derived from the old ones by 1/7“,% + rz +1.) We did not simply take the space of all
embeddings, because the orthogonality assumptions are needed below to make the square
above ® commute up to explicit homotopy.

Finally, our definition of ® respects the face maps because of how matrices in W¢,;(S)

multiply: the multiplication is on each fiber just a map of wedges of spheres

\/s—\/s

which either preserves each sphere or collapses it to 0, based on whether our two adjacent
matrices (with one nonzero entry each) can multiply to give something nonzero. Post-
composing a transfer with such a collapse map gives another transfer, in which we have
struck out some of the points from our embedded (G/H)""!, leaving behind an embedded
(G/H)™. The points that remain are those whose kth and (k + 1)st coordinates are of the
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form
(s wpgr -z, ) e (e (WwE - @ Wit - ), (Wk1 - 2, @), )

n+1
€ X5q(B(+ G.G/H) x B(xG.G/H))%""
B

But this is exactly the image of Ay ., ., so our map of semi-simplicial spectra does indeed
commute with faces.
Now we will show that the square above ® commutes up to homotopy. The main idea,

and the motivation behind the above definition of @, is that the fiberwise pretransfer

G
Spa — STpeEG = \/S

lifts the diagonal map S — HG S up to homotopy. The homotopy collapses our embedding
down to the origin, since in the product, the neighborhoods of the various points are allowed
to overlap.
Now let’s make this idea precise in our setting. Consider the square from the master
diagram
| Ba (e, W H, #) || 52 |0 g (RNS M (S))) |

1Ee x Ba(, WH, %)|| —2> | T pe (RN W, () |
Observe that the composite along the bottom is given by
X n+1
2, e (R sk g, v < GG o)) )

A n+1

— Taa (R (S5 p Mapsc (B, G, G/1), B 6.6/ )™ ) )
B/\Gn+1
— FBG R MapBG (B(*,C‘r\'7 G/H), IBG B/\GB(*,G, G/H)+BG)
Our map of bundles is, on each fiber, an (n + 1)-fold smash of

S’ A (WH X G/H)+ — S'A Map*(G/H+,G/H+) — Map*(G/H+,S’ A G/H+)

(v,e,w,g) — [g+— (v,e,w-g), all others — x|
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In other words, each pair (w, g) goes to the partially-defined map G/H — G/H defined
only on g by (g — w - g).

In total, the composite is

1

(e, (€i)ieg, w,, ...wfl,wl,...,wn)

[(v,2) = (v—e(zo,...,2n), (€)=, (To —> wytwt xe), e (T e wy, zn))]

s
= [(v,2) = (pg, V) A (o — (vo — eo(xo), €0, wo - o)) A . ..]

Here p, € O(N), N >> |G/H|""!, is any orthogonal map taking the first |G//H|"*!
coordinates of RY to the image of R(F)®"*1 under ¢|,. Pulling back v € R* along p,, we get
coordinates (vg,v1,...,vn,0). Though p, is not unique, its behavior on the first |G/H|"*!
coordinates is unique and so are vy through v,. (It may also be chosen in a way that varies

continuously with x.) The non-uniqueness changes the leftovers v, though this gives the

same point in the smash product of orthogonal spectra. As before, (xg,...,z,) is a point
in the fiber over z; it is for now the unique point in the fiber such that v — e(zg,...,z,) <
min(eg, ..., €,), but it will soon be non-unique and the above partially-defined maps will

become fully-defined maps. Define the homotopy ®; to take the above input to
[(v,2) = (p, V) A (0 — (vo — teo(xo), (1 —t) + teg, wo - o)) A .. .]
When ¢t = 1 this gives the same as before. When ¢t = 0 it simplifies to
[(v,2) — (p, V) A (2o — (vo, 1, wo - xg)) A...]
which is the same in the smash product of orthogonal spectra as
[(v,2) = (id,v) A (o = (%, 1,wp - x0)) A .. ]

which is exactly the top route of our square, the W H-action. Of course, this is a homotopy
on each simplicial level; it agrees with the face maps and so passes to a homotopy on the
thick geometric realization.

This finishes commutativity of the master diagram. Every map either

e is an equivalence
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e comes from one of our original maps of Waldhausen categories (i.e. the pullback and

pushforward maps)

e gives an equivalence on linear approximations for the functor that replaces the “BG”

with X (i.e. the interchange and fiberwise trace maps)

Therefore our maps of Waldhausen categories, when paired with assembly and coassembly,

result in the composite

~

|Ee % Bao(, WH, )| =5 |Tpa(RNE* W m(S))|| 225 [T pa(RS)| = F(BG4, RS')
We’re almost there! This is adjoint to a transfer
|Ee X Be(x, WH, %)|| x BG — QS

and we just need to check that the G/H-bundle we are transferring along has the correct

G x W H-monodromy. The bundle is built by taking

B(+,G,G/H))se" "

A" x E, X By (x,WH,x) x BG

and restricting to those points of the form

(Wi ... Wy Ty, Wy Wy, - Ty Wy, - T, T) (z € B(x,G,G/H)) — (x € BG)

|

(t,e e, Wi,y ..., wy,x)

This gives a set of size |G/H| over every point of the base, respecting the face maps that
glue simplices together, so that they glue together to a G/H-bundle. To calculate the mon-
odromy under G, we restrict to simplicial level 0. The closed loop in 71 (BG) corresponding
to g € G reshuffles the fiber of B(x,G,G/H) by the G-action, as expected. To calculate

the monodromy under W H, we look at simplicial level 1. Let e be a fiberwise embedding

B(x,G,G/H))s¢ — R® x BG
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and let e; be a homotopy from e to eo(w-—) for some fixed w € W H. Ignoring the choice of
€ because it is irrelevant, we pick a closed loop through || Ee X Be (%, W H, x)|| which traverses
simplicial level 1 by

(er,e,w™, w,* € BG)

The Oth face is

(60 o AO,UH €, 17 *)

and the 1st face is

(10 Ay 41,6 1,%)

These agree because

eo(Aow(y)) = e(w-y,y)
e1(Ar -1 (y) = e(w-(y,w™"-y))
= e(w-y,y)

So we get a closed loop. It is clear that we can define the monodromy along this loop using
the homotopy e;. This gives the expected action of W H on the fiber, and the proof is

complete.

3.7.2 Lifting the theorem to TC

We would like to also prove that the composite along this top row is an equivalence:

TC(1)

RP® A TC () —%— TC(RP™) TC(P(S°7)2)) —2— F(RPY, TC(x))

| b g |

RPP A THH(S) —*> THH(S°Z/2) —= THH(P'(SZ/2)) —*~ F(RPY, THH(S))

Although the left-hand map on the top row is easily checked to be split, we cannot verify

and indeed suspect it is not the case that the right-hand map is split after p-completion.



CHAPTER 3. COASSEMBLY AND DUALITY IN THH 181

This arises from the fact that F(RP°, THH(S)) is not a cyclotomic spectrum:

F(RPX, THH(S))® = F(RPY, THH(S)®)
~ F(RPL,SV ICRP®)
~ F(RPY,S)V F(RPY, SFRP®)

which by work of May et al. on stable maps between classifying spaces cannot fit into a
cofiber sequence with F(RP°, THH(S))nc, and F(RPS, THH(S)).

One may define a notion of universal approximation of the pre-cyclotomic spectrum
F(RPY, THH(S)) by a cyclotomic spectrum T', essentially because homotopy colimits com-
mute with geometric fixed points and the change-of-group isomorphism. We conjecture that

the resulting map
THH(P'(2XZ/2)) — T

is split surjective as a map of cyclotomic spectra, which implies that it gives a split surjection
on TC.



Appendix A

A treatment of twisted Poincaré

duality

This appendix represents work done in 2011 on giving a geometrically flavored write-up of
twisted Poincaré duality. We prove Poincaré duality for a noncompact manifold M with
boundary, with coefficients given by a parametrized spectrum over M. The equivalence is
given by a scanning map and the method of proof is by “local to global,” both ideas that are
known around this time but difficult to find explicitly in the literature. In the process, we
carefully define the notion of cohomology of M with compact supports when the coefficients
are taken in spectra. We remark on some pathologies that can arise if one is too careless

with the way this space is defined.

182
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A.1 Definitions and statement of the theorem

We begin with definitions and notation. By “spaces” we always mean k-spaces.

Definition A.1.1. o We will usually take the n-sphere S™ to be the one-point compact-

ification of R™. The suspension X" X is defined to be S™ A X. Fix a homeomorphism

(0,1) — R; we will sometimes use this homeomorphism to identify (0,1)” with R",
and by extension [™/JI" with S™.

o We say that F is a retractive space or ex-space over B if there are two maps B —s

E-% B giving B as a retract of E. Equivalently, we think of E as a space over B

with a chosen section. This is a parametrized notion of a based space, since every

fiber £, = p~1(b) has a basepoint given by s(b). We need a few related concepts:

Write E/B as shorthand for E/s(B). This is simply a based space, no longer
parametrized over B. In the notation of [MSO06] this space is denoted rE.

Let I'g(F) be the space of sections of the map p, with basepoint s. Again, this is
no longer parametrized over B. In the notation of [MS06] this space is denoted
ro.

Given a section B -7+ FE, we say o vanishes at b € B if o(b) = s(b). The support
of o is then defined to be the closure of the complement of the vanishing set.
If B is locally compact Hausdorff, then let I';(E) be the set of sections with
compact support in B, topologized as a subspace of ' (E Ugp) K ), where K is

any compactification of B.

For any two ex-spaces X and Y over B, there is a notion of fiberwise product
X xpY and fiberwise smash X Ag Y. The definitions are straightforward as

long as we describe what happens on each fiber:

(XXBY)ngbXYb
(X/\BY)ngb/\YE,

The fiberwise suspension X% E is defined to be the fiberwise smash product (S™ x
B) Ap E. We will also write it as X" E' if no confusion will arise. If { — B is

a vector bundle, its one-point compactification is denoted B¢, and its fiberwise
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one-point compactification is denoted S¢. The twisted suspension of E — B

by £ is
YSE =SSAg E

o A parametrized prespectrum E — B is a sequence of ex-spaces E,, — B, together

with maps XpF, — FE,11 from the fiberwise suspension of each space into the next.

e Our theorem below will not be true if we do not assume some sort of uniform behavior
in E£. We therefore say that a parametrized prespectrum E — B is nice if each
projection E,, — B is a Hurewicz fibration, and in addition each XpF,, — F,41 is
a cofibration in the fiberwise sense. That is, there is a fiberwise retract of E,+1 X I
onto XpE, x I UE,11 x {0}. This implies that every level E,, is an ez-fibration as

defined in the next section.

e Given a parametrized prespectrum E — B, we have four ways to create ordinary

prespectra:

— Take the fibers Ej.
— Take the quotient F/B.

— Take the space of sections I'g(E), or compactly supported sections I'};(E).

Just apply one of these constructions to each of the levels E,. This gives a sequence
of based spaces {X,,}. Then the fiberwise structure maps XpFE,, — E, 41 give non-

fiberwise structure maps >X,, — X,41.

e Following [CK09], we define homology prespectrum of B with coefficients in E to be
H,(B;FE)=E/B

This can be naturally extended to homology of parametrized spaces or spectra over

B. Similarly, define cohomology and cohomology with compact supports as
H*(B; E) =T'p(E)  HZ(B;E) =T'p(E)

Remark. The prespectrum He(B; E) contains more information than the usual homology
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groups H,.(B). In particular, if we take E = HZ x B to be a trivial fibered Eilenberg-

Maclane spectrum, then
Tq(He(B; E)) = mg(By AN HZ) = Hy(B; Z)
Similarly for cohomology:
7 o(H*(B; E)) = m_y(Map, (B, HZ)) = [B,, K(Z,¢)] = HI(B; Z)

Each bundle of groups with fiber Z gives a twisted Eilenberg-Maclane spectrum E. The
homotopy groups of He(B; E) and H*(B; E) give the usual notion of twisted homology and
cohomology, because they satisfy the same axioms. Philosophically, these prespectra are
an intermediary between B and H,(B), so they play the same role that the chains C,(B)
play in singular homology. This framework is strictly more powerful than the more classical
framework for twisted homology and cohomology, since the classical framework only allows

flat bundles, whereas ours has no such restriction.

Definition A.1.2. e Let M be a closed m-manifold. Let e : M < R™ be an embedding
with normal bundle v,,. Define the parametrized prespectrum S~ — M as follows.
When p < n, Sp_TM = M, which in each fiber is just a single point. When p = n,
Sy TM is the fiberwise one-point compactification of the normal bundle v,. When

p > n, embed R" into R? as the last n coordinates, then take S, TM t6 be the fiberwise

one-point compactification of the normal bundle v, = RP™" @ v,,. The structure maps

EmS, ™ _, Sl;TlM come from the canonical map R @ v, = Vp+1. The notation

S—TM guggests that each fiber is a sphere; if we quotient out by the basepoint section,

we get the usual Thom prespectrum X ~"X>° M"Y,

e For each sufficiently small ¢ € (0,1), let S-7M be the e-disc bundle of the normal
bundle of M, quotiented out fiberwise by its boundary. There is an obvious map
S—TM 5 §=TM and on each fiber this map is a level homotopy equivalence of pre-
spectra. We can also use the exponential map to identify S TM with the e-tubular
neighborhood of M, quotiented out by its boundary. To deal with noncompact mani-
folds, we also allow continuous functions e : M — (0, 1), and construct S- 7™ in the

obvious way.

o If M has a choice of metric we let S(T'M) denote the unit sphere bundle of the tangent
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bundle of M.

Since Ho(M) and H*®(M) capture more information than the usual homology and coho-
mology of M, it is natural to ask whether they have a relationship that generalizes Poincaré

duality. This is our main theorem:

Theorem A.1.3 (Twisted Poincaré Duality). Let M be any (smooth, second-countable)
manifold with no boundary. If E is a parametrized prespectrum over M which is nice in the

sense outlined above, then there is a (weak) stable homotopy equivalence of prespectra

Hy (M;%"T™E) ~ H(M; E)
(S™TM Ay EY/M ~T5,(E)

The equivalence is a zig-zag of my-isomorphisms, so it corresponds to an actual map in the

stable homotopy category of prespectra as described in [(MMSS01).

Remark. This result is not new; it appears in [CK09| and is proven in ( [MS06], Ch. 18).
Our proof here is relatively self-contained and follows the notation of [CK09]. It appears that
this proof is significantly different in at least two ways. First, we work with cohomology
with compact supports, which allows us to closely follow the classical proof of Poincaré
duality, and easily extends the known result to noncompact manifolds. Second, we use an
explicit formula for the Alexander map M"Y A My — S™, which is well-suited for proving
multiplicative versions of Poincaré duality relating intersection products in homology to cup
products in cohomology.

Remark. The theorem does not assume that M is oriented or even orientable; this comes
at the cost of the ©~TM on the left-hand side. To get rid of that term, we must choose an
“orientation” of M with respect to E. The theorem does not assume that M is compact,
though if it is then the right-hand side is equal to H*(M; E).

Corollary A.1.4 (Atiyah Duality). If M is compact then the Alexander map gives a stable
homotopy equivalence of prespectra X~"M"" ~ F(M4,S).

Proof. Take E =S x M in main theorem. Tracing the map through, it is given by
MY N M+ — S;.L

(z,y) = (exp(2) — e(y), €)
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when |z|| < ¢, and is constant for ||z|| > e. This is the Alexander map as described
in [Coh04). O

Remark. Since M, and MV are finite CW complexes, the two spectra X*°M_ and M~TM
are strongly dualizable. So the simple form of Atiyah duality given above implies that
YoM, ~ F(M~T™S). It also implies that if h is any prespectrum, then M~TM A b ~
F(M4,h). This also follows from the main theorem by taking £ = M X h.

Definition A.1.5. e Each prespectrum h defines a (reduced) homology and cohomol-

ogy theory on based spaces:

ha(X) = my(X A D)
R9(X) = 7y (Map, (X, b)) = [X, h],

We get unreduced homology theories adding a disjoint basepoint to an unbased space,

and using the above definition.

e An F-orientation of an n-dimensional real vector bundle & — M is a choice of

isomorphism of parametrized spectra Y¢E — S"E.
e An h-orientation is an E-orientation where £ = h x M.

We leave it to the reader that each HZ-orientation of the normal bundle v corresponds

to an orientation of the manifold M.

Corollary A.1.6 (Oriented Poincaré Duality). An h-orientation of the normal bundle of
M yields an isomorphism

han—q(M) — h9(M)

Corollary A.1.7 (Classical Poincaré Duality). If M is oriented,
Hypo—o(M;Z) =5 HY(M;Z)
If M not necessarily oriented,

Hypoo(M;7/2) —» HY(M;Z/2)
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A.2 Excision lemmas for parametrized spaces

In this section we dig a bit deeper into the point-set topology of the spectra E/B, I'g(FE),
and I';(E) and prove that they have the correct excisive behavior, so that we can prove
Poincaré duality by an inductive argument along the open subsets of M. In particular, we
have to be careful with our choice of how to topologize the sections with compact supports
I';(E). The obvious subspace topology I';(E) C I'g(E) has pathological behavior when
B is not compact, because one may “push” nontrivial sections of F off the boundary of B
and make them disappear in a continuous way.

We also adopt some additional definitions for parametrized spaces following [MS06],
Def. 8.1.1:

Definition A.2.1. o F is well-sectioned if it satisfies the parametrized homotopy ex-
tension property over B: A map E — X over B and a homotopy over B of that
map on s(B) extends to a homotopy over B of the map on E. Equivalently, there is
a retraction of E x I onto the mapping cylinder of s, E Up (B x I), that agrees with
the map into B.

o F is well-fibered if it satisfies the parametrized homotopy lifting property over B: Any
family of paths K — B! equipped with a family of lifts of the starting point K — E
extends to a family of lifts K — E!, subject to the additional constraint that a lift
starting in s(B) must extend to the canonical lift that stays in s(B). Equivalently,
there is a path-lifting function E x g Bl — E' over B and under B'.

e F is an ex-fibration if it is well-sectioned and well-fibered.

From [MSO06] section 8.3, every space is h-equivalent to an ex-fibration. (An
h-equivalence is a non-fiberwise homotopy equivalence, i.e. a map £ — X over B with
reverse X — E not over B whose compositions are homotopic to the identity.)

Next we elaborate a bit on our definition of “cohomology with compact supports” from
the previous section. If B is locally compact Hausdorff, let I';(E) be the set of sections
over B with compact support. As usual, the support is the closure of the complement of
the vanishing set. To topologize I';(E), we let K be any compact Hausdorff space equipped
with an open inclusion ¢ : B < K. (Note that the usual one-point compactification is one
valid choice for K, since B is Hausdorff and so its compact subsets are closed.) Let EUp K

be the pushout of B -+ E along i. Then every section of E over B with compact support
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extends by zero to a section of F Ug K over K. This extended section is continuous on
K because it is continuous on B and the complement of its support in B, both of which
are open sets that cover K. Moreover, the support of this new section in K is equal to its
original support in B. Going the other way, any section over K whose support is contained
in B comes from a section over B with compact support. So give I'x (FUp K) the compact-
open topology, and identify I';(FE) with the subset of all sections whose support in K is
actually contained in B; give it the compactly-generated subspace topology. (Note that
we take the subspace topology, then apply k. Since the subspace is not open or closed, if
we applied k first and then took the subspace topology, we would need to apply k again;
however this gratuitous use of k£ would still result in the same topology.)

Finally, if B is locally compact Hausdorff and A is a closed subspace then define
Ig, A)(E) to be the subspace of I';(E) consisting of (compactly supported) sections that

vanish on A.
Lemma A.2.2. The topology defined on I';(E) does not depend on the choice of K.

Proof. 1t suffices to show the subspace topology coming from I'x (EUp K') does not depend
on K, before we apply k. So let K1 and K9 be two Hausdorff compactifications of B. In

the topology coming from K7, a basic open set has the form
W(K,U)NTR(E)

where K C K7 is compact and U C E Upg K is open. This is equal to the basic open set
coming from Ky
W(KNB,UNE)NT'G(E)

where the closure of K N B is taken in Ks. (Note that this closure contains no points in B
other than K N B. Note also that we need the maps B — K; and B — K5 to be open
inclusions to conclude that U N E is open.) An element either set is a section B — F with
compact support contained in B, sending K N B into U N E. By symmetry, every basic
open set coming from K> is equal to a basic open set coming from K7, so the two topologies

coincide. 0

Proposition A.2.3. Each open inclusion f : A — B (of locally compact Hausdorff spaces)

induces a continuous “extension by zero” map I'4G(f*E) — I'G(E).
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Proof. Let B — K be an open inclusion of B into a compact Hausdorff space; by the last
lemma, we can compose this with A — B to get an open inclusion A — K giving the
right topology on I'Y (f*E). Note that f*E — E is an open inclusion. Before applying &,
a basic open set in I';(F) is

W(C,U)NTH(E)

where C' C K is compact and U C E Upg K is open. Therefore U N E and U N K are open.
Then U N f*FE is an open subset of f*E, so (UN f*E) U (U N K) is an open subset of
f*E Ua K. So the preimage of this basic open set in I'G (f*E) is the basic open set

W(C,(UN f*E)U (UNK))NT4(f*E)

and the constructed map is continuous. O

Proposition A.2.4. If B is compact Hausdorff, E is well-fibered, and A — B is a closed
subspace with a mapping cylinder neighborhood, then I'y_,(E|p-a) — T'pa(E) is a

homotopy equivalence.

Proof. Note that the map is the above “extension by zero” map I';_ 4 (E|p-a) — I'G(E),
which happens to land in the subspace FEB’ A)(E). We know that B contains a mapping
cylinder neighborhood N = C x [0,1), where C' x 0 is collapsed to A. Take the rescaling
map

C x[0,1] — C x [1/2,1] € C x [0,1]

This is clearly homotopic to the identity. Over this homotopy, we can define a (basepoint-
section-preserving) homotopy H; : El|cxjo1] — Elcx(o)- So Ho is the identity, and H;
sends a point over (¢, t) to a point over (¢, (1+41t)/2). Now given a section g : B — FE that
vanishes at A, create a new section g that agrees with g outside N = C x [0,1), and on

C x [0,1] it is given by

s(e,t) t<1/2
Hi(g9(c,2t —1)) t>1/2

g(c,t) —

This is clearly continuous and homotopic to g in a natural way. Moreover, it has compact

support away from A, the set where ¢ = 0. This gives the desired homotopy equivalence. [J

Proposition A.2.5. If E is well-sectioned, then E,, E/B, and I'4(E) are all well-based
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(nondegenerate basepoints). If B is compact then T'g(FE) is well-based as well.

Proof. The retract E x I — E U (B x I) restricts to a retract Ep x I — E, U (x x I),
which is the condition that Ej, be well-based. It also descends to a retract (E/B) x [ —
(E/B)U (B/B x I), which is the condition that E/B be well-based.

For I'g(F) the argument is more involved. Let ¢ be the composite
Ex]I— (Ex0)U(BxI)—1I
and let 5 be the composite
Ex]I— (Ex0)U(BxI)—FE

Then define the self-map
I'p(E)xI —Tp(E)xI
(f,8) = [5(f, 1), mini(£(b), £)]
Note that j(f,t) is a section of E — B because j is a map over B. Also, note that
the second coordinate is not in general continuous or even well-defined; we alleviate this
problem by assuming that B is compact, or by restricting to sections with compact support.
When minge g i(f(b), t) is positive, the j(f, t) is a constant section; therefore this map factors

through the subspace (I'g(F) x 0) U (% x I). This gives the desired retraction
I'p(E)x I —Tp(E)U (xx1I)

so I'p(E) has a nondegenerate basepoint when B is compact.
If B is locally compact Hausdorff and K is a compactification of B, then ¢ and j extend

continuously to £ Up K, giving a retraction
FK(EUB K) x I —>PK(EUB K)U(* X I)

Note that if f vanishes at b, then j(f,t) also vanishes at b. So if f has compact support,
then j(f,t) has support that is closed and contained in the support of f, therefore compact

as well. So the above retraction restricts to a retraction

T%(E) x I — T%(E) U (+ x 1)
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so I';(E) has a nondegenerate basepoint for all (locally-compact Hausdorff) B. O

Proposition A.2.6. If E is well-sectioned, and Uy C Us C ... is a sequence of inclusions
of open sets in B with union U C B, then (E|y)/B is a homotopy colimit of (E|y,)/B. If
in addition B is locally compact Hausdorff then I't;(E) is a homotopy colimit of I't; (E).

Proof. Clearly the colimit of a sequence of open inclusions of ordinary spaces gives a homo-

topy colimit, as compactness of S* forces
7(U) = colim ,,mx, (Uy,)

For the parametrized version, (E|y,)/B is not quite an open subspace of (E|y)/B. To fix

this, let ¢ be the composite
ExI— (Ex0)U(BxI)—1

Then V =i71((0,1])N(E x 1) C E is an open subspace of E, containing B, with a fiberwise

deformation retraction onto B provided by j:
Ex]I— (Ex0)U(BxI)—FE

Clearly then (E|y, UV')/B is a sequence of open subspaces of E//B with union (E|yUV)/B,
so (E|yUV)/B is a homotopy colimit of (E|y, UV)/B. To get back to our original sequence

of spaces, use the retract on E x I to establish a homotopy inverse to the inclusion maps
(Elv, UV)/B <= j(Ely, x 1)/ B = (E|v,)/B

Therefore these inclusions are homotopy equivalences, so (E|y,)/B — (E|y, UV)/B is a
weak equivalence. Therefore (E|7)/B is a homotopy colimit of (E|y,)/B.

For the sections, as usual, we pick a compactification K of B. Define fCUZ(E) to be
the sections of F Up K over K which have compact “support” in U;, where a section
“vanishes” if it lands in the open subspace V Up K. Clearly there is an inclusion map
L't (E) C 1:;3]1(]5’)7 and the above techniques show that this map is a weak equivalence. So
it suffices to check that I';;(E) is a homotopy colimit of ', (E). This will follow if we can
show that fCUZ(E) C fCU(E) is an open subspace.

Take a point in this subspace; that’s a section of £ Up K which lands in V Up K outside
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of a compact set C' C U;. Since B is locally compact Hausdorff, standard point-set topology
tells us that we can find an open set O C U; containing C such that O C U;. Then consider
W(K—0,VUgK), the basic open subset of fCU(E) of all sections that send the complement
of O into V. This open subset contains our original point because C' C O, and is contained
in the subspace f‘f]l (E) because any section that vanishes outside O has compact support

in O C U;. Therefore fi,l (E) C f‘f](E) is an open subspace and we are done. O

Proposition A.2.7. Let X be a metric space containing two open sets U and V', and let

E be an ex-space over X. Then this square is based co-Cartesian

(Blo)/X —— (Elouv)/X

T T

(Elunv)/X ——(Elv)/X

and this square is Cartesian:

Iy (E) <——Tyuv(E)

| |

Lyav(E) <——Tv(E)

If X is locally compact Hausdorff and E is well-sectioned, this square is also Cartesian:

TG (E) —— T (B)

| |

Loy (B) —— Ty (E)

Proof. Construct a continuous function ¢ : U UV — [0,1] that is 0 on U — V and 1 on
V —U. For example, we can define ¢ on UNV by ¢(x) = gg ‘8, rescaled from (0, c0) to
(0,1).

For the first square, the based homotopy pushout is the the reduced double mapping
cylinder (E|y V (Elunv A I+) V Ely)/X, which maps into the final space (E|puv)/X by
forgetting the cylinder coordinate and using an inclusion map. We map (E|yuy)/X back
into the mapping cylinder, using ¢ as the cylinder coordinate. This is a homotopy equiva-

lence because the composition of these two maps in one direction is equal to the identity,
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and in the other direction we can easily give a explicit homotopy to the identity. So the
first square is based homotopy co-Cartesian.

For the second square, the homotopy pullback consists of sections over U and V' that
agree on U NV up to a chosen homotopy. Given a section over U UV, we restrict to U and
to V, and use the constant homotopy. Going backwards, we can take two sections over U
and V and patch them together over U NV using ¢ and the given homotopy between the
sections on U NV, yielding a continuous section on U U V. Again, these are clear based
homotopy inverses, so the second square is homotopy Cartesian.

For the third square, the homotopy pullback consists of compactly-supported sections
over U and V and a chosen homotopy between them over U U V. Given a section over
U NV, we push forward to U and V and use the constant homotopy. Going backwards,
suppose we have a homotopy of sections h(t,z) : I x U UV — E such that

e For each time ¢, x — h(t,x) has compact support in U UV
e (0, x) has support contained in V'
e h(1,z) has support contained in U
Since E is well-sectioned, we can use ¢ and j from a previous lemma:
i:ExI—FUBxXxI)—1T
j:ExI—FEU(BXxI)—FE
Then we create this section over U NV
s(z) o(x) <1/4

f@) =1 jh2(6() - 1/4),2).1) 1/4 < ¢(x) < 3/4
s(z) élz) > 3/4

It’s easy to create explicit homotopies making this an inverse homotopy equivalence:

s(x) ¢(x) <u/4
Hi(z,u) = 9 G(h(((4 = 2u) /4)d(x) — u/4, ), u) w/4 < (z) < (4—u)/4

s(z) o(z) = (4—u)/4
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s(z) ¢(x) <wu/4
Hy((z,1),u) = 5(h(2u(p(x) — 1/4) + (1 —u)t,z),u) u/4 < d(x) < (4 —u)/4
s(z) ¢(x) > (4—u)/4

so long as we can guarantee that any section of the form

g(x) = j(h(c19(x) + c2, ), c3), c3>0

actually has compact support contained in UUV. To prove that g has compact support, first
note that I'; i, (E) is topologized so that h(t,z) must extend by 0 continuously to I x K,
where K is a compact Hausdorff space including U U V. If we consider ¢ and j as functions
on E x {c3}, then i is zero whenever j is nonvanishing, hence i(h(...), c3) is zero whenever
g = j(h(...),c3) is nonvanishing. Now i extends continuously to (£ X {c3}) Upx{c;} K by
c3 # 0,80 i(h(...), c3) is a continuous function K — [0, 1] that is constant and nonzero on
K —(UUV), and 0 anywhere g vanishes. Therefore the support of g in K is contained in the
inverse image of 0, which is entirely in UUV'. Therefore the support of g in UUV is compact.

So our homotopy equivalence is well-defined, and the third square is Cartesian. 0

A.3 Proof of the theorem

Before we dive into the proof, here is an outline of the main argument. Motivated by |[Coh04],
we use the explicit formula for the Alexander map
a:R"/(R™ — tube.(M)) AN My — R"™/(R™ — ball(0))
oz, y) = o — e(y)

which we expect to give a m,-isomorphism of prespectra

Y°R"/(R™ — tube (M)) — Map, (M, X°R"/(R"™ — ball.(0)))

We use the exponential map to relate the spectrum on the left to S~7M

, and we use a
homotopy equivalence to relate the spectrum on the right to Map, (M4,S). The bundle of

prespectra E comes along for the ride, and we arrive at a well-defined map

a: (STTM Ay E)/M ~ Ty (E)
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We prove that « is a m.-isomorphism in three steps.

First, we define a restriction a|y for each open subset U C M. This requires taking
sections over U with compact support, denoted I'f;(E). We must change o by a homotopy
for the map to still be defined in this case. Second, we prove «y is a my-isomorphism when

U is just a ball. In this case, the map becomes
YSTMSANE, — Q"E™M(ETMS A Ey)

We might expect that this map is the unit of the adjunction between X" and Q™; this is
very nearly the case, and it is enough to demonstrate that the map is a m,-isomorphism.
Third, we use the excision lemmas from the last section to “glue together” the isomorphisms
from the second step, and show that « is a m,-isomorphism on all of M. This parallels the

use of the Mayer-Vietoris sequence in the usual proof of Poincaré duality:

(1771)

——=HNUNV) HEU) @ HF(V) HYUUV) —— ...

| |

o——H, ,(UNV)—H, +(U)®H,_ (V) —=H, x(UUV) —— ...

Proof. Throughout we will use ordinary prespectra and handicrafted smash products; see
§7,8,9,11 of [MMSSO01] for some useful basic properties of these objects. Define the “small

spheres spectrum” S’ to be
S = (R" x (0,1))/{(z,¢€) : [|z]| = €}

The map S' A'S, — S/, is just the quotient of the usual map R x R" x (0,1) =
R™F! x (0,1) that concatenates coordinates. The multiplication maps are also defined by
concatenating coordinates in R, while the value of € in the product is the minimum of the
es in the two factors. This defines an orthogonal commutative ring spectrum S'. For each
e € (0,1), there is a map of orthogonal ring spectra S — S’ by x + (z,¢€). This map is a

level homotopy equivalence. It follows that
FM(S AM E) — FM(SI AM E)

is also a level homotopy equivalence. (A homotopy inverse S|, — S,, induces a homotopy
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inverse of the above map at level n.) It’s also straightforward to show that

is a stable homotopy equivalence. (Here we are taking handicrafted smash products of
prespectra, so the map is not automatically an isomorphism. We prove that it’s a stable
homotopy equivalence using the same argument that when X is a prespectrum, SAX — X
is a stable homotopy equivalence. We simply compare the colimit systems that define the
homotopy groups on each side.)

Therefore it suffices to construct a m.-isomorphism
a: (STTM Ay E)/M =5 Ty (S Ay E)
for then the final map is the zig-zag
(S™TM Ay E)/M =5 T (S Ay E) < T (SAy E) =5 Ty (E)

Choose a proper embedding e : M < R™. Choose a continuous function € : M — (0, 1)
such that a closed e-neighborhood of e(M) C R™ is a tubular neighborhood, every 2e-ball
in M is geodesically convex (using the metric induced by e : M < R™). Let ¥ be a local

connection on E, by which we mean any lift in the square

E xp S(TM) x {0}

|

E xar S(TM) x [0,2¢) —=20_ ap

Such a ¢ exists, by inductively showing that a lift exists in this square

ZMEn—l XM S(TM) X [0,26) UEn XM S(TM) X {0} ﬁE

]

t—exp(t)

E, xp S(TM) % [0, 2¢) M

This lift exists because the right-hand vertical is a Hurewicz fibration and the left-hand
vertical is a DR-pair. This fact and the excision lemmas above are the two places where we

really use the assumption that £ — B is nice as defined in the first section.
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Given an open proper subset U C M and a point z € U, let B be the open ball of radius
2d(x, M —U). Let 6y (z) to be the distance in R™ from e(M — B) to the slice of the tubular
neighborhood over z. (If U = M then set dps(x) = 4+00.) Then dy(x) is just a little bit
less than %d(z, M —U), but could be much less at a point where the embedding of M turns

sharply. Still, it is continuous:

Lemma A.3.1. Given an open proper subset U C M with compact closure and a point
x €U, let By C M be the open ball of radius %d(x, M —U). Let D, be the slice of the closed
€ tubular neighborhood over . Let dy(x) to be the distance in R™ from e(M — By) to D,.

Then 6y (x) is a continuous positive function for x € U.

Proof. Since U is compact, there is an upper bound on the second derivative of every unit-

speed geodesic through U. Given ¢ > 0, use this bound to fix § > 0 such that d(z,y) < &
1
3
If d(x,y) is smaller than %e’ , then B, and B, have radii differing by less than %e’ . So if we

implies that the furthest two points of the slice over x and the slice over ¥ is less than z¢'.

take a point w € M — By and v € Dy such that ||w — v|| = 6y (y), then w is within 2¢ of a
point w’ € M — By, and v is within %e/ of a point in D, so dy(z) < dy(y) + €. Similarly,
u(y) < du(z) + €. Therefore ||6y(z) — 6u(y)| < € when d(z,y) < min(3€,5). Therefore

Oy is continuous. O

Now given an open subset U C M (possibly all of M), define the Alexander map

apglv = (S Amr Eq) /M|y — TG (S, Am Ey)

{y = ((exp(22) — e(y), min(dv (2), €)), Yay(wa))} 2]l <€

zero section |zz]| > €

azg, wy) =

Here the notation v,_,, suggests that we choose the unique geodesic connecting x to y
within the ball of radius 2¢(x) about z, and use the direction specified by that geodesic
and 1 to map the fiber of E, over = to the fiber of E, over y. Note that if y is at least
3d(z, M — U) away from z, and ||z;| < €, then ||exp(z;) — e(y)| will be at least dy (),
and so y will be sent to the basepoint. So the image of (z;,w,) under a, 4|y is a section
supported in a closed ball about of radius %d(w, M — U) about z € U. This justifies the
claim that the image of ay, 4|r is sections with compact support in U. Similarly, if y is at

least 2¢(z) away from z then the map goes to the basepoint, so it is unnecessary to define
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z—y(wz). Note that when U = M the map becomes

Qpg* (SVP AM Eq)/M — FM(SIP AM Eq)

{y = ((exp(2z) — e(y), € Yusy(wz))} 2z <€

zero section |zz]| > €

a2y, wy) =

It’s easy to check that the suspension Yoy, 4|7 agrees with both api1 4l and oy g41]u-

Therefore the oy 4| determine a map of external smash products
(S™T™ @y EY /M|y — T4(S' @ E)
and therefore they give a map a|y between the smash products of parametrized prespectra
aly : (STT™™M Ay B) /M|y — TGS’ Am E)

so long as we pick the same sequence of values of (p, ¢) to construct the handicrafted smash
product on the left side and on the right side.

Our goal is to prove that a|y is a m.-isomorphism for every open subset U C M, in
particular the subset U = M. We start with |y where U C M is homeomorphic to an
open ball B™. Form a isotopy of e to a map that sends U to the unit ball B™ C R™ C
(RP=™@R™). Make € sufficiently small that at every point in the isotopy, the e-neighborhood
of the image of M is a tubular neighborhood. This yields a homotopic map «; 4|7, whose

definition simplifies to
(((BE=™ JOBP™™) x B™) Agm E,)/B™ — T (S, x B™) Apm E)

(Z,.%,’LU;,;) = {y = ((z,x - y)vmin(éU(l‘)ae)v@bx%y(wx))}

The bundle E,; is homotopically trivial over U = B™; using the connection 1 to identify

the fibers to the fiber F, over 0 € B™ we get the homotopy equivalent map
(((BE=™/0BP™™) x B™) Apm (Fy; x B™))/B™ — Map(B™/0, S;, N Fy)

((BP=™/0BP~"™ A Fy) x B™)/B™ — Map(B™/0,S), A F)
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(vavx) = {y = ((Z’x - y)7min(5U(x)’6)7w)}

These homotopy equivalences agree with suspension of the p or ¢ factors, so «a|y is a T,-
isomorphism if this map is as well.
These maps involve spheres of the form B/0B for some ball B. Consider instead the

much simpler map involving ordinary spheres (one-point compactifications of R™)
a: SPTTANE, — QTSP A FY)

(Z’w) = {y = ((Z7 _y)vw)}

We claim that the following commutes up to homotopy, and the vertical maps are homotopy

equivalences agreeing with suspension of the p and ¢ factors up to homotopy.

SP=m A F, a Q™(SP A Fy)

linto the fiber over 0 lprecompose with p

((BY™™ /B A F,) x B™)/B™ "> Map(B™ /9,5, A F,)
where p is a homeomorphism of the open ball into R™ that preserves orientation. In fact,

the image of (z,w) under the two branches is

{y = ((27_y)’min(1/276)7w)} {y’_> ((Zv —p(y)),l/Q,w)} (y € Bm)

and these maps are clearly homotopic through maps that send 0B™ to the basepoint.
Therefore we just need to show that the greatly simplified map « is a m.-isomorphism.

It looks very much like the unit of the adjunction:
pm e SPTMAF, — QTET(SPTT A E)

(z,w) = {y = (v, (z,w))}

In fact, the induced maps on =, differ by multiplication by (—1)™. Since the unit of the
adjunction is a m,-isomorphism ( [MMSSO01] 7.4(i’)), our map « is a m.-isomorphism as well.
Therefore |y is a m,-isomorphism for U = B™.

Now that we have done the case of a small ball in M, we need to glue these results

together to get the same result for larger sets. By Prop every pair of open sets
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U,V C M, gives two Cartesian squares (homotopy pullback squares) of prespectra

(S™TM Ay B) /M|y — (S™T™ Ay E) /M yuy

T T

(SiTM AM E)/M’UOV  — (SiTM AM E)/M’V

T6(8' At B) ——= T, (S Ay B)

T !

I'éy (S Ay E) ——T5,(S' Am E)

The four maps a|yny, o|v, |y, and a|puy give a map between these two Cartesian squares.

There is however a small technicality: the maps «| . commute except for the e coordinate.
Clearly the space of choices for this coordinate is contractible. Therefore we can replace
either of these two squares with a weakly equivalent square, and « will define a strictly
commuting map of squares. Specifically, we could replace each space in the first square
with the homotopy colimit of everything over that vertex. Or, we could replace each space
in the second square with the homotopy limit of everything under that vertex.

Once « defines a strictly commuting map between Cartesian squares, we conclude that
if three of the maps a|yny, o|u, alv, and a|yuy are equivalences, so is the fourth. This
will give us the power to prove the theorem for compact manifolds. For the noncompact
case we also need Prop which guarantees that if Uy C Uy C U3 C ... C Ul U, =U
is a sequence of inclusions of open sets with colimit U, and oy, is an isomorphism for all 7,

then we get a commuting diagram in the stable homotopy category

H2(Uy; E) H2 (U E) . H(U; E)

Tawl Tamz TOCU

Hy(U;; X" "™ME) —— Hy(Up; 2" T™™ME) — .. H,(U; S TME)

The spectra at the right are equivalent to the homotopy colimit of the spectra on the left.
Therefore o induces isomorphisms on the homotopy groups.

Now we can finish the proof using a standard argument. Call an open subset U C M
“good” if ay is a me-isomorphism of prespectra. The above tells us that if U, V, and UNV

are good, then U UV is good. Also, if U is a union of an increasing sequence Uy C Uy C ...
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and each U; is good, then U is good.

Our first goal is to show that each coordinate chart U — R™ is a good open subset
of M. Fix one such chart; then we can cover its image by countably many open balls
Bi, B, .... From before, each of these balls is good, and in fact each convex open subset of
U is good. For each pair of convex open subsets, their intersection is convex open, so their
union is good too. Inductively, if every (n — 1)-fold union of convex subsets is good, and
we are given m open convex subsets U;,, ..., U;, , then the union of the first (n — 1) sets is

good, U;, is good, and the intersection is

n—1 n—1
U Ui, | NU;, = U (Ui; NU,)
=1 j=1

a union of (n — 1) open convex subsets. So the union of these n subsets is good. Therefore
any finite union of convex subsets of U is good.

Now define V,, = U?Zl B;. Clearly V; is good. Inductively, if V,_1 is good, then
B, NV,_1 is a union of (n — 1) convex open subsets, which is good by the above induction,
so V,, is good. Taking a sequential colimit, we get that U = colim,V,, is good. So every
coordinate chart of M is good. Finally, we cover M by countably many coordinate charts.
Every nonempty intersection of coordinate charts is a coordinate chart, so again we can
use the same technique to show that any finite union of coordinate charts is good. Taking
the sequential colimit again, M is good. Therefore aps gives a stable homotopy equivalence
Hy(M;~"™FE) ~ HS(M; E). O

A.4 Functoriality

Here are two naturality statements for the isomorphism we just proved. The above proof

easily yields this:

Corollary A.4.1 (Functoriality of Poincaré Duality, I). If N C M is an open submanifold,

the Poincaré duality equivalence for M and N fit into a commuting diagram

Hy(M;~"™FE) =~ H*(M; E)

|

Hy(N; 2N E) —= > H2 (N} E)
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in the stable homotopy category of prespectra.

Now consider a sequence of proper embeddings of manifolds N <i> M < R™. Pick a
continuous function € : M — (0, 1) such that the e-neighborhood of M in R" is a tubular
neighborhood, and the €|y-neighborhood of N in M is a tubular neighborhood. (If N and

M are compact, we can take € to be constant.) Define

[T HY(M; E) — HX(N; f*E)
Iy (E) — I'y(f*E)

by pulling back each section a : M — FE; to ao f : N — E,, which gives a section
aof: N — f*E,. Here it is essential that f is proper; otherwise the pullback will not

have compact support in general. On the homology side, define the zig-zag map

[ Ho(M;2"TME) — Hy(N; 27TV f*E)
(S, ™™ App Eq) /M — (STTM Ay Eg)/M
— (S;pTN AN f*Ey)/N +— (Sp—TN AN f*Ey)/N

Using the exponential map, we identify S, pT M with the e-tubular neighborhood of M 08¢

RP~™ @ R™, and SngN with the e-tubular neighborhood of N Ly g 9% gen @ R™. Let

7 : tubec(f(N)) — N be the projection from each point in the e-tubular neighborhood of
f(N) to the closest point in N. Then the middle map is given by the formula

(Sct™ Aap Bg) /M — (STIN AN f*Eg) /N
(va wx) — (%r(a:)a"bx—ﬂr(w) (ww))
reM zz € RP wy € By

when z is within e(m(x)) of f(IN). The other points are sent to the basepoint.

Theorem A.4.2 (Functoriality of Poincaré Duality, II). If f : N < M is a proper em-

bedding of manifolds, the Poincaré duality equivalence for M and N fit into a commuting
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diagram

~

Ho(M; =™ E) H2(M; E)

E -

H (N;x TN f*E) —= H?(N; f*E)

in the stable homotopy category of prespectra.

Proof. We need to show that f* commutes with each of these components of the Poincaré

duality isomorphism:
(S™IM Ay EY/M =5 (S7TM Ay EY/M 25 T5,(S' Ay E) < T5,(S Ay E) = T5,(E)

But f* commutes with the first map by definition, and it is easy to see that f* commutes
with the last two maps. For the second map, we just need to show that the following square
commutes:

(S IM Ay By /M e T5,(S, An Ey)

5 |

(SoTN AN [*EQ)/N 2% T5,(S, Ay [*Ey)

In formulas, the bottom branch is

(Z;m wx) — (Zﬂ(:r)7 wxaﬂ’(x)wx) - {y = ((Z - e(?J)? 6(1‘), wx%ﬂ(a:)%y(wx))}

which is homotopic to the top branch

(22, wz) —> {y = ((z — e(y), €(@), Yoy(wa))}
using the fact that any two choices of ¢ (defined only on tube.(f(/N))) are homotopic:

V1,2
) —=

(Eq xp S(TM) x [0,1] x {0,1}) U (Eq xp S(TM) x {0} x [0, 1/ —=E
i /////’Hom/ot/op; l
E, xar S(TM) x [0,1] x [0,1] =P M

O]

Remark. The map f* on the homology side is an “umkehr map” in the sense of [CK09).



APPENDIX A. A TREATMENT OF TWISTED POINCARE DUALITY 205

If M and N are compact and oriented, and if we take E = M x HZ and take the homotopy

groups of both sides, we get the classical commuting diagram

Haim(rr)—q(M) —— HI(M)

F )

Hgign(N)—q(N) —— HI(N)
The shriek map fi takes a chain represented by an oriented manifold transverse to N and
intersects it with V. If we take f to be the diagonal map A : M — M x M, we get
an ingredient in the proof that classical Poincaré duality takes the intersection product on

homology to the cup product on cohomology:

Hpyp(M) @ Hyyo(M) — HP(M) @ H(M)

ook

Hopy—p—g(M x M) — HPY(M x M)
lA! lA*
Hyppg(M) - HP+a(M)
A.5 The relative version
Definition A.5.1. e Given a vector bundle v — M and a subspace A C M we define

the relative Thom space (M, A)” to be the quotient of the usual Thom space M" by

the subspace of all points lying in some fiber over A.

e For any subspace B C M we define I3/, g)(E) to be the subspace of I'y/(E) consisting

of sections which vanish on B, and similarly for the sections with compact support
FEM B) (E).

e Let F be a nice parametrized prespectrum over M and let A be a subspace of M.
In the spirit of [CK09] we define the relative homology prespectrum of (M, A) with
coefficients in E to be

Ho(M,A;E)=E/(MUE|4)
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Similarly, given a subspace B define relative cohomology and relative cohomology with

compact supports as
H*(M,B;E) =Ty p)(E)  HZ(M,B;E) =T( p(E)

Now suppose M is a possibly noncompact manifold with boundary M. Let e :
(M,0M) — (Rgo,Rn_l) be an embedding with normal bundle v,; then we can define

S—TM 45 in the first section.

Theorem A.5.2 (Twisted Lefschetz Duality). If E — M is a nice parametrized prespec-

trum then there is a stable homotopy equivalence of prespectra
Ho(M,0M;>"T™E) ~ H*(M; E)

(S™TM Ay EY /(M U (S™T™ App E)|oar) ~ TS, (E)

The equivalence is a zig-zag of my-isomorphisms, so it corresponds to an actual map in the

stable homotopy category.

Proof. This is almost the same as the absolute case, except that our map «|y needs to
be further modified so as to vanish on the boundary M. We assume our embedding
e: (M,0M) — (R%y,R"") sends a collar of IM to dM x [0,1], and define a self-homotopy
of this collar neighborhood from the identity to the map that stretches [0,1] to [—1,1].
Then in the definition of a|y we apply this stretched map to exp(z,) before subtracting
e(y). This new map «|y is clearly homotopic to the original one, so it has all the same
properties, but in addition it now vanishes when x € OM and so descends to a map on the

quotient
(S™TM Ay B) /(M U (S™™ Ay E)owr)

Now the induction runs as before, only there is one more base case to check. If U is an
open half-ball intersecting the boundary of M, we check that a|y is a map defined between
two contractible spectra, so it is trivially a stable equivalence. The same inductive argument

finishes the proof. O

Corollary A.5.3 (Twisted Relative Poincaré Duality). If M is a compact n-manifold whose

boundary OM is expressed as a union of two (n—1)-manifolds A and B along their common
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boundary AN B, there is a stable homotopy equivalence
Ho(M,A;>"T™FE) ~ H*(M, B; E)

Proof. Simply apply the previous theorem to the noncompact manifold M — B and apply
Prop to conclude that

H*(M — B;E) ~ H*(M, B; E)
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