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On the isomorphism problem for infinite group rings*

Marcin Mazur

1 Introduction

One of the central problems in the theory of group rings is the determination
of the extent to which the group ring RH reflects the properties of the group

H. More precisely, givén a group H the followihg question is of great interest:

The Isomorphism Problem: Is it true that the existence of an R—algebra
isomorphism of the group rings RH and RH' implies the existence of a group

isomorphism of H and H'?

The answer strongly depends on the ring R. For example, when R is an
algebraically closed field the classical theory of semisimple algebras tells us
that for any finite abelian group H of order n prime to the characteristic
of R, the R—algebras RH and []i, R are isomorphic. The proper rings to
consider seem to be commutative integral domains of characteristic 0 in which
no element of (H) is invertible, where = (H) denotes the set of all primes p
such that H has an element of order p. Following K. Roggenkamp [9] and T.
Furukawa [1] we will call such rings H—adapted. Of primary importance is
the case when R is the ring of algebraic integers in a number field, especially

R = Z. In the case of integral coefficients there is a hope that the answer to the
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isomorphism problem is “yes” for any finite group H (note however that this
assertion is not commonly believed). Much progress has been made toward
this conjecture in recent years. For example, it is known to be true for finite
metabelian ([21]) and nilpotent ([10], [20]) groups (see [11] for an excellent
discussion of the isomorphism problem for finite groups). On the other hand,
in the case of infinite groups our knowledge is still marginal. For torsion free
groups a positive answer follows immediately from the following conjecture,

which however seems to be unreachable at present:

The Unit Conjecture: If H is a torsion free group then for any ‘domain R
the unit group of the ring RH consists only of trivial units, i.e. equals R* - H

where R* denotes the group of invertible clements of R.

This conjecture has been established when H is a so called w.p. group (u.p.
stands for unique product). By definition, this means that for any two nonempty
finite subsets A, B of H there exists an element h € H which can be uniquely
expressed in the form ab with ¢ € A and b € B. Left or right ordered groups
are the basic examples of u.p. groups. The question whether there exist tor-
sion free groups which are not u.p. was open for a long time. However D.
S. Promislow ([7]) has proved that the following group T, called the Passman
group, is not a u.p. group:
I'= (2, ylz7y’zs = y7?, y'a’y =277

The group I' is a metabelian torsion free group for which we do not know if the
unit conjecture holds. As far as the author knows the isomorphism problem for
this group remains unanswered too. For more details concerning u.p. groups
we refer to [3].

A positive solution to the isomorphism problem for any abelian group H
and H-—adapted rings has been obtained by May in [4]. The same answer

for matabelian groups with torsion or torsion free abelianization and R = Z

follows from Whitcomb’s proof for finite metabelian groups (see [3] p. 81 for
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details). For nilpotent groups we know that the answer is “yes” in the following

cases:

— H finitely generated, nilpotent of class 2, R = Z ( Ritter and Sehgal
[8]); |

— H a circle group of a nilpotent R—algebra A (i.e. H = A with the
multiplication o defined as @ 0 & = a + b + ab), R any integral domain of
characteristic 0 (Sandling [16], Rohl [14] and Furukawa [1]).

No other results are known to the author (except the one obtained in this
article).

Let Co, be the infinite cyclic group with generator ¢. For any group G and
any automorphism ¢ € AutG we construct the semidirect product G x,, Cs,
where t" acts as ¢™ on G. More precisely, G X, C, coincides with G' x Cy, as

a set and the multiplication is given by the formula:

(9,") - (B, 1™) = (g™ (), t™+™).

The aim of this note is to study the isomorphism problem for groups of the
type G X, Co where G is finite and ¢ € AutG. In particular 'we prove the

following theorem:

Theorem 1. Let G be a finite group, R a G—adapted ring and let W be any
group. Then the R—algebras R[G x Co] and RW are isomorphic if and only
if W = H x, Coo where:

— H C W is a finite subgroup such that the R—algebras RG and RH are
isomorphic,

— @ i3 an automorphism of H induced by a conjugation with a unit xt € RH

which normalizes H.

Using the fact that G x Co = G Xy Cy if and only if ¢ is inner (see Corol-
lary 1 below) we conclude that the isomorphism problem has positive solution
for G x Cu if and only if it has positive solution for G and AutrG = InnG,

where AutgG is the group of automorphisms of G’ which are induced by con- -
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jugation by some unit of RG which normalizes G. This result sheds new light
on the groups AutrG which were earlier considered in [2], [18] from a different
point of view. When G has a normal Sylow 2—subgroup the equality AutzG =
InnG has been proved by S. Jackowski and Z. Marciniak ([2]). Their result
has been extended by the author ([5], [6]) to a wider class of rings and groups.
Also in [6] it has been shown that in all known cases the equality is a conse-
quence of properties of AutG rather than group ring phenomena. Therefore
one may suspect that the equality may not hold when the structure of the
set of 2—subgroups of GG is more complicated. In fact very recently K. W.
Roggenkamp and A. Zimmermann ([12]) succeeded in constructiné a family
of groups for which AutpG # InnG for some ring of algebraic integers in a
number field. It is very likely that one can take R = Z but there is still no
proof for this. As a consequence they proved that Autz, G # InnG for any
semilocalization Z, of Z. Combining this result with Theorem 1 we get im-
mediately a counterexample to the isomorphism problem. Since as far as the

author knows no such result was known before, we state it as a theorem:

Theorem 2. There exist a ring of algebraic integers R in @ number field and

a polycyclic group G for which the isomorphism problem has negative answer.

For a more detailed discussion of this result we refer to [13], where it is also
proved, using [12] and the author’s methods.

In connection with the isomorphism problem for metabelian groups it would
be very interesting to determineif the above equality holds for finite metabelian
groups (the groups constructed in [12] are solvable of class 3). The author has
some hope that this equality may remain true for groups with an abelian Sylow

2—subgroup but it is known only when the Sylow 2—subgroup is of order 2

([61)-
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2 The isomorphism problem

Lemma 1. Let H be a finitely generated group such that the R—algebras RG
and RH are isomorphic. Then G is also finitely generated.

Proof: We can assume that RG = RH. Let hy,..., h, be generators of
H. Then h; = ¥ a;;g;; for some a;; € R and g;; € G. Let Go be the subgroup
of G generated by all g;;. Then RG = RH C RGy C RG, so RG = RGy and
G=Gp O

A group G is called an F'C'—group provided each element of G has a finite
number of conjugates. For finitely generated groups this is equivalent to each
of the following conditions:

— (' is a finite extension of its center;

— the commutator subgroup of G is finite.

In particular the first of these properties implies that a finitely generated
FC—group is polycyclic-by-finite. For more details concerning FC—groups
see [19].

Lemma 2. Let Hy be a finitely generated F'C—group such that the R—algebras
RH, and RH; are isomorphic, where R is Hy—adapted. Then H, is also
an FC—group.

Proof: ~ Since Hj is polycyclic-by-finite then by Theorem V1.2.4in [17] R is
Hj—adapted. We will use the following theorem which can be deduced from
(17], pp. 92-99.

Theorem A. Let G' be polycyclic-by-finite and let R be G—adapted. Sup-
pose that the R—algebras RG and RH are isomorphic and let ® be a function
from the set of finite normal subgroups of G to the set of finite normal sub-
groups of H defined as follows:

for NaGlet ®(N)={he H:h—1€ A(G,N)} CH

Then ® is a bijection which preserves inclusions and orders. Moreover
for all normal subgroups N of G we have A(G,N) = A(H,®(N)) and the
R—algebras R[G/N)] and R[H/®(N)] are isomorphic.
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Let N = [Hy, Hy] be the commutator subgroup of Hy. Thus N is a finite
normal subgroup of Hy. By Theorem A we get R[Hi/N] ~ R[H,/®(N)].
But R[H1/N] is commutative so [Hz, H] C ®(N) (in fact ®(N) = [H,, Hy)).
Therefore [H;, H,] is a finite group and by Lemma 1 we know that Hj is finitely
generated which implies that Hj is an FC—group. O

It would be interesting to know if the above lemma remains true for all

FC—groups (not necessary finitely generated) and a wider class of rings.

Lemma 3. Let G be a group. If the commutator subgroup of G is torsion then

the torsion elements of G form a subgroup T'(G).

Proof: Since [G, G is a torsion group, an element of G is torsion if and only if
its image in G/[G,G] is. Thus T(G) is the preimage of the torsion subgroup
of G/[G,G]. O

For any group ring RG the map

€:RG3) agr— > a,€R

is a ring homomorphism called augmentation. Any unit with augmentation 1
is called normalized. It is an easy observation that when the R—algebras RGy
and RG, are isomorphic the isomorphism can be chosen to be augmentation

preserving.

Lemma 4. Let I be a domain of characteristic 0. If there cxists an R—algebra

epimorphism from RCY onto RCT then n > m.

Proof: 1t is well known that the group of normalized units of RC? is equal to
CZ% (it is just another way of saying that the Unit Conjecture holds for cx
and this turns out to be true since it is an ordered group). We can assume
that the epimorphism preserves augmentation. Therefore the image N of cr
is a subgroup of CZ such that RN = RCT. Thus N = C™ and therefore
n>m. 0

The following lemma is due to Saksonov ([15]). We include the proof for

the convenience of the reader.
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Lemma 5. Let G be a finite group. If R is G—adapted and G, is a finite
subgroup of normalized units of RG then:

19) 164 1G]

2°) If |G1] = |G| then RG = RG,.

Proof: Let K be the quotient field of R, K its algebraic closure. For ¢ € KG
let tr(x) be the trace of z considered as an endomorphism of KG via left
multiplication. It is easy to see that tr(1) = |G| and tr(g) =0for 1 # ¢ € G.
In particular, if € RG then tr(z)/|G| € R. Let h € G4 be of order n. Thus

the eigenvalues of & are n—th roots of unity (y,. .. ,{jg. For any integer m we
have tr(A™) = ({* + - + (jf and therefore
qn R leg,l :
Up = ———=—— € R.
1G]

All vy, are in L = Q(¢,) where &, is a primitive n—th root of unity. Let
S be the set of all ¢(n) integers k prime to n, 1 < k < n. The norm u =
Npjo(uy) = Tlresur of uy is a rational number. But v € R and |G|*(Mu
is an integer (being the norm of the algebraic integer tr(h)) and since R is
G—adapted we get u € Z. On the other hand u is a sum of |G|*(™ roots of
unity divided by |G|*(™ and the only way it can be an integer is when all these
roots of unity are equal or u = 0. In the first case (; = ... = (i s0 b = (4
and consequently A = 1 (since the augmentation of & is 1). The second case
implies tr(h) = 0. We have thus proved that tr(h) =0 for 1 # h € Gy. In
particular, for E = |G1]™! ¥ eq, 9 we have tr(E) = |G|/|G1]. On the other
hand, since E? = E, we have tr(E) € N which proves 1°.

Suppose now that Y .cq, ay9 = 0. Thus for all & € G; we have 0 =
tr(Tgeq, 49h™') = an|G|. Therefore a, = 0 for all g € Gy so the elements of
G, are R—linearly independent. Since |G| = |G| for every h € G there exists
an a € I such that ah = 3 ¢, ay9 for some a; € R. Thus for every b € Gy
we have ahd™' = 3 4, a,9b7" and taking traces we get ahb™'(1) = ap, i.e.
al|ap. Therefore h = a™ 'Y a,9 € RGy and RG = RG;. O
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Theorem 3. Let G be a finite group and let R be any G—adapted ring. If the
R—algebras R[G X, Cw] and RW are isomorphic then there exists a finite group
H of the same order as G such that W = H x, Cy for some automorphism 7
of H.

Proof: Let v : R[G X, Cs] — RW be an augmentation preserving R—algebra
isomorphism. Since G X, C is a finitely generated F'C' —group thus (by Lem-
mas 1 and 2) so is W. In particular [W, W] is a finite group. Thus by Lemma 3
torsion elements of W form a subgroup T'(W) D [W, W]. Since T(W)/[W, W]
is finite (being a torsion subgroup of a finitely generated abelian group) it fol-
lows that T'(W) is a finite normal subgroup of W. Moreover Wy = W/T(W) is
a finitely generated, torsion free abelian group, i.e. Wy = CZ, for some integer
n. Let p: RW — RW, be the natural projection and consider the composi-
tion ¢ = pip. Since ¢ preserves augmentation and RW; has only trivial units
we get ¢(G) = {1}. Therefore ¢ induces an R—algebra epimorphism from
RC,, onto RW;. By Lemma 5 we get n = 1. Therefore we obtain an exact

sequence:

0—TW)— W —C,x—0

This sequence splits since C, is free and therefore W = T'(W) x,,C,, for some
n € AutT(W). By the subgroup correspondence described in Theorem A the
groups G and T (W) have the same order. O

The following simple lemma is an observation of Z. Marciniak. It was the

rematk which initiated our work on the present article.

Lemma 6. Let G be a finite group and ¢, € AutG be such that n = ¢p~1 €
AutrG. Then the R—algebras R[G x4 Cu] and R[G x4 Cx] are isomorphic.

Proof: Let x € RG be a unit inducing an automorphism n € AutrG. The
isomorphism is given by G x4 Coo 3 ht™ +— h(xt)" %{G X C%. a

Remark. It is tempting to replace Co, by the cyclic group C,, of order n, where
n is the order of ¢, in order to get an isomorphism R[G x C,] & R[G x4C,]. A
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moment’s reflection tells us however that there is no hope for doing that. The
reason is that the unit z inducing the automorphism ¢ has to be of infinite
order (this can be easily derived from Lemma 5). Also, as pointed out by
the referee, it is known that for finite groups G, G2 with isomorphic integral
group rings, if Gy decomposes into direct product of two groups of orders m

and n say, then so does Gs.

Lemma 7. Let G be a group which admits no epimorphisms onto the infinite
cyclic group. Then the groups G x4 Co and G xy Co are isomorphic if and
only if ¢ and ¢ are conjugate in OutGG, where e =1 or e = —1.

Proof: Let @ : G x4 Coo — G Xy Co be any isomorphism. Composing P
with the natural projection p : G xy Cou — C we conclude that &(G) C
kerp = GG. The same argument gives ®~1(G) C G so ¥(GF) = G, i.e. Bl €
AutG. Let ®(t) = (g,t¢). Thus € = %1 since ® is an isomorphism. Also,
B((0,)(h,0)) = B((0, )8((h,0)) = (5, 1)(B(k), 0) = (g3* 0 &(h), &). On the
other hand, (0,t)(h,0) = (#(h),t) and ®((¢(h),t)) = (® o #(h)g,t°). Thus we
get gy o ®(h) = @ o ¢(h)g for all A € G and therefore @1 o0 @ = ¢ in
Outd.

Conversely, if ¢ and ¢ are conjugate in OutG then ¢(h) = ¢® o 9o
®(h)g* for some ¢ € G, ® € AutG and all h € G. It is easy to verify that
the map (k,t™) — (®(hq),1") gives an isomorphism between G x4 Coo and
G %y Coo. O

Corollary 1. If G is a finite group then the groups G X Cyo and G Xy Cs are

isomorphic if and only if ¥ is inner.

Remark. The condition that G has no epimorphisms onto C,, is rather in-
dispensable. Let G = C), X Cooy, W = AutC,. Thus W is an abelian group of
order ¢(n). The group AutG can be described as the set of triples (e, a, @),
where ¢ = +1, a € C,, and o € W, with multiplication given by:

(€1, @1, a1)(€2, a2, 2) = (€163, a2 1 (a2), 1002).
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The triple (¢,a,a) corresponds to the automorphism @ such that ®|g, = o
and ®(t) = at®. Let n = (1,1,a) for some @ € W of order m say, and
let H = G X, (t1), where (t;) is the infinite cyclic group with generator ¢,
acting on G as 7. For any integers k, I, s such that ks — Im = +1 the
subgroup Gy = Cp X (t*1") of H is isomorphic to G and H = G}, x (t3)
where 8 = (1,1, ") € AutGy. In particular, for any s prime to m the groups
G Xy Coo and G Xys Coo are isomorphic. Notice that if the automorphisms
(€1,a1,01) and (€3, a3, a2) are conjugate in OutG = AutG then oy = az. In

particular, if s # 1 mod m then 5 and 5® are not conjugate.

3 Proof of Theorem lé

Let ¥ : R[G x Cy]) — RW be the augmentation preserving R—algebra, iso-
morphism. As in the proof of Theorem 3 we get W = T(W) x, Cy for
some 7 € AutT(W) where the groups G and T(W) have the same order.
Thus if p=1(T(W)) = H then by Lemma 4 we get R[Co]G = R[C..]H. Di-
viding by the ideal generated by 1 — C,, we get RG = RH. Moreover if
t1 € W = T(W) x,, Cx is a generator of Co, and t = p~*(¢;) then the image
of ¢ in RH is a unit inducing on H the automorphism o = "5y (by conju-
gation). Since W is isomorphic to HX, < t > this proves one implication of
Theorem 1.

Conversely, if + € RH is a unit inducing an automorphism 5 on H and
RG ~ RH then R|G x Cy) = R[H x Cy] = R[H X, Cs] where the last
isomorphism holds by Lemma 6. This completes the proof. [J

Corollary 2. If G is a finite group and R is a G—adapted ring then the iso-
morphism problem for R[G x Cy] has a positive answer if and only if it has
a positive answer for G and AutrG = InnG. In particular the isomorphism
problem has positive solution for R = Z and groups G x Cy, such that:

1) G has a nilpotent commutator subgroup

2) the Sylow 2—subgroup of G is either normal or of order 2.
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Proof: The first statement is an easy consequence of Theorem 1 and Corol-
lary 1. If G satisfies 1) then the isomorphism problem for G and R = Z has a
positive solution by [11] Theorem XII.1.6 (it would be interesting to see if this
theorem holds for all G—adapted rings). 2) then implies that AutgrG = InnG
for R the ring of integers in a CN number field (i.e. a field such that complex

conjugation is in the center of the Galois group of its normal closure) by [5].
|

4 Final remarks

It would be very interesting to answer the following questions:

1. Is it possible to obtain similar results for groups of the form G x CZ
with G finite 7

2. Is it true that in the notation of Theorem 3 the group rings RG and RH
are isomorphic as R—algebras?

3. Isit true that the R—algebras R[Gx4Cs] and R[G' % 4C] are isomorphic
if and only if ¢ and ¢ are conjugate in AutG/AutrG ? )

4. Is it true that every finite subgroup of normalized units of R[G X Cy)] is

conjugate to some subgroup of RG ?
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