THE EPICENTER OF SPECIAL P-GROUPS OF RANK 2

MARCIN MAZUR

1. INTRODUCTION

A p-group P is called special of rank k if its center is elementary abelian of rank
k and coincides with the commutator [P, P|. Special p-groups of rank 1 are called
extraspecial. A group is called capable if it is isomorphic to a quotient of another
group by its center. The epicenter of a group is the smallest subgroup of its center
quotient by which is capable. The epicenter of extraspecial p-groups is well understood:
it coincides with the center unless the group has exponenet p and order p* (see, for
example, [2]). Capable special groups of rank 2 have been recently investigated by H.
Heineken, L-C. Kappe, and R. Morse (unpublished), who obtained some partial results
towards classifying them. An old result of Heineken [4] is that such p-groups have
order p°, p®, or p’. Heineken, Kappe, and Morse were able to classify such p—groups
of order p® and stated some expectations about groups of order p® and p” supported
by computations with GAP. However, their approach has been rather ad hoc and it

has not seem to extend to settle the problem in general.

The goal of this work is to develope a more conceptual approach to the investigation
of the epicenter of special groups in general, with main focus on special p-groups of
rank 2 . In particular, we describe all capable special p-groups of rank 2 for odd primes
P.

The main tools for our approach are developed in sections 2 and 3. In particu-
lar, of key importance are Proposition 3.9 and Theorem 3.10, which reduce questions
about the epicenter to linear algebra problems. In section 4 we classify capable special
p=groups of rank 2 which are powerful. Section 5 focuses on groups of exponent p.
We show that grpoups of class 2 and exponent p are closely related to vector spaces
equipped with an alternating bilinear map. This allows us to prove the following re-

sult (Theorem 5.7): if G is a capable p-group of nilpotency class 2 with commutator
1
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elementary abelian of rank k, then the rank of G/Z(G) is at most 2k + (g) This result
has been conjectured by Heineken and Nikolova, who proved it for groups of exponent
p [5]. We show how to reduce the general case to the case of exponent p. Next we focus
on the epicenter of special p-groups of rank 2 and exponenet p. We show that most of
them are unicentral (i.e. have epicenter equal to the center) and classify those which
are cabable and those which have epicenter of order p (see Theorem 5.1). This result
is based on the very interesting work of R. Scharlau [8], who classified indecomposable
objects in the category of finite dimensional vector spaces equipped with a pair of bilin-
ear alternating forms. Even though some of our results (in particular, the description
of capapble special p-groups of rank 2 and exponenet p) could have been obtained by
a more ad-hoc methods, we believe that Scharlau’s work is the right way to approach
special p-groups of rank 2 and exponenet p (in a similarl way as the calssical theory of

alternating forms is the right tool to undrstand extraspecial p-groups).

2. THE EPICENTER

For elements a, b of a group G we write [a,b] = a~'b~ab and a® = b~ tab.

Recall that a group G is called capable if it is isomorphic to the group of inner

automorphisms of some group H, i.e. G = H/Z(H).

Definition 2.1. Let G = F'/R be a free presentation of G. The corresponding short

exact sequence

1 —— RJ[F,R] — F/[F,R] — G 1

is a central extension. The image (Z(F/[F, R])) is a central subgroup of G called the
epicenter and is denoted by Z*(G).

Note that the central extension in Definition 2.1 depends upon a choice of presenta-
tion and hence it is not unique. Nevertheless, the epicenter is a characteristic subgroup
of G independent of any choice of presentation. A link between the epicenter and

capability is established in the following result.

Theorem 2.2 ([1)). The epicenter Z*(G) is the smallest central subgroup of G whose
factor group is capable. In particular, G is capable if and only if Z*(G) = 1.
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Another characterization of the epicenter is given by

Theorem 2.3 ([6], Cor. 2.5.8). Z*(G) is the intersection of all subgroups of the form
f(Z(E)), where f : E — G is a surjective homomorphism with ker f C Z(F).

Consider now a free presentation G = F/R. Let T be the subgroup of F' such
that Z(G) = T/R. The map F/R[F,F] x T/R — (RN [F,F))/[F,R], given by
(xR[F, F],yR) — [z,y|[F, R], is a well defined bilinear map. Since G/[G, G| = F/R[F, F]
and Z(G) = T/R, we get a homomorphism A : G/|G,G]®Z(G) — (RN[F, F))/|F, R].

Remark 2.4. When G is a finite group then (R N [F, F])/[F, R] is isomorphic to the
Schur multiplier M (G). It is a result of Ganea that in this case the image A\(G/[G, G]®
Z) coincides with the kernel of the natural map M(G) — M(G/Z), for any central
subgroup Z of G.

Theorem 2.5. An element z € Z(G) belongs to the epicenter Z*(G) if and only if
G/|G,G|®z is contained in the kernel of A. The following elements of G /|G, G|® Z(G)
belong to the kernel of A:

(i) g|G,G] @ g*, for any g € G and any integer k such that g* € Z(G);
(ii) a[G,G] @b, for any a € Z(G) and b € [G,G] N Z(G);
(iii) a|G,G] ® [b, ] + b|G,G] ® [¢,a] + |G, G] @ [a,b], for any a,b,c € G such that
the elements |a, b], b, c], [c,a] are in Z(G).

Proof. Note that Z(F/[F, R]) C T/[F, R]. Forany y € T, we have y[F, R] € Z(F/|F, R])
if and only if [z,y] € [F, R] for all z € F. In other words, z € Z(G) is of the form
z = yR for some y[F, R] € Z(F/[F, R]) if and only if G/[|G,G] ® z is contained in the
kernel of A\. This proves the first part of the theorem.

If g = xR then \(g|G, G| ® ¢*) = [z, 2*][F, R] = [F, R], which proves (i).

Under the assumptions of (ii), we have a = xR and b = yR for some x € T and
y € [F,F]NT. Since [T, [F, F]] C [F, R], we have A\(a|G, G| ®b) = [z,y][F, R| = [F, R].
This proves (ii).

Finally, (iii) is a consequence of the Hall-Witt identity

Hx7 y], Zx] [[27 QZ], yz] Hyv Z]? xy] =1



4 M. MAZUR
applied to a = xR, b =yR, c = zR.
O

Corollary 2.6. Let n, m be the exponents of G/|G,G| and G/Z(G)|G, G] respectively
and let a € Z(G). Then a™ € Z*(G) and if, in addition, a € [G,G] then a™ € Z*(G).

3. p-GROUPS OF NILPOTENCY CLASS 2

We start by recalling the following property of groups of nilpotency class 2.

Lemma 3.1. Let G be a group of nilpotency class 2. Then for any a and b in G and

any integer n we have

(1) (ab)™ = a"b"[b, a](3);
(2) [a”,b] = [a,b"] = [a, b]".

|

Proposition 3.2. Let G be a p-group of nilpotency class 2. Suppose that for some
k € N the group GP" is nontrivial and cyclic, and either p is odd and exp(|G, G))

k—1

divides p*, or p = 2 and exp(|G, G]) divides p Then elements of order p in Gr*

belong to Z*(G). In particular, G is not capable.

Proof. Increasing k if necessary, we may assume that Gr" s cyclic of order p with a
generator c. Clearly c is central and we claim that it belongs to the epicenter of G.
Let g € G be any element such that gpk # 1. Then ¢" = c for some n divisible by p*.
Hence ¢g[G,G] ® ¢ € ker A by (i) of Theorem 2.5.

Fix now g € G such that ¢?° # 1. If B?" = 1 then (gh)?" = ¢*" by (1). It follows

that both ¢[G,G] ® ¢ and (gh)[G, G] ® c are in ker A, and therefore so is h[G,G] ® c.
This proves that G/[G,G] ® ¢ C ker \. O

Remark 3.3. The above proof shows that Proposition 3.2 remains true for any finite
p-group G for which there is k& such that that G s cyclic of order p and (gh)pk #1
for any g, h such that gpk # 1 and " =1. In particular, this provides a new proof of
Proposition 4.3.5 on page 62 of [7].

In this work we are mainly interested in the following class of groups.
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Definition 3.4. A finite p group G of nilpotency class 2 is called special if [G, G| =
Z(G) and Z(Q) is elementary abelian. The rank of a special p-group is the rank of its

center.

In particular, special p-groups of rank one are usually called extra-special.

Lemma 3.5. Let G be a p-group of nilpotency class 2. Then the following conditions

are equivalent.
(i) G" € Z(G);
(i) [G,G] is an elementary abelian p-group;

(i) ¢(G) C Z(G), where ¢(G) is the Frattini subgroup.

Proof. Assume (i). Then [z,y]P = [2P,y] = 1 for any x,y € G, so [G, G] has exponent
p. Since [G,G] C Z(G), (ii) follows. Now assume (ii). Then for any z,y € G we have
[2P,y] = [z,y]? = 1. Hence G? C Z(G) and ¢(G) = [G,G|GP C Z(G). Finally, (i) is

trivially a consequence of (iii). O

Corollary 3.6. Let G be a special p-group of rank k and order p™. Then ¢(G) = Z(Q)

and d(G) = n — k, where d(G) is the minimal number of generators of G.

Lemma 3.7. Let G be a finite, non-cyclic p-group with a central subgroup Z such that
G/Z is elementary abelian. Then Z*(G) C Z.

Proof. Since G is not cyclic, G/Z is an elementary abelian p-group of rank at least 2,

hence it is capable. The result follows now from Theorem 2.2. O

Proposition 3.8. Let G be a finite p-group of nilpotency class 2 and such that G /|G, G|

15 elementary abelian. Then

(i) If G is capable then Z(G) is elementary abelian.
(i) If Z(G) is elementary abelian then G = H x A, where A is elementary abelian
and H is a special p-group. For any such H and A we have Z*(G) = Z*(H).

Proof. Part (i) is an immediate consequence of Corolarry 2.6. Assume now that the
center of G is elementary abelian. Then Z(G) = [G,G] x A for some group A. Let
7m: G — G/|G, G] be the quotient map. Since G/[G, G is elementary abelian, we have
G/|G,G] = H/|G,G] x w(A) for some subgroup H of G. Clearly G = HAand HNA =
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[G,G]N A = 1. This shows that G = H x A. It is clear that [H, H| = [G,G]| = Z(H),
so H is special. Both the epicenters of G and H are contained in [G, G] by Lemma 3.7.
Let a € [G,G], a ¢ Z*(H). There is a surjective homomorphism f : E — H such
that ker f C Z(F) and a &€ f(Z(E)). Then ¢ = f xid: EXA— HxA=Gisa
surjective homomorphism and ¢(Z(E x A)) = ¢(Z(E)) x A does not contain a. Thus
a ¢ Z*(G). This proves that Z*(G) C Z*(H).

Suppose now that a € [G,G], a € Z*(G). There is a surjective homomorphism ¢ :
E — H x Asuch that ker¢ C Z(E) and a € ¢(Z(E)). Let F = ¢~ (H), B = ¢ (A).
Note that [F, B] C ker ¢ C Z(E). Thus [[B, F], F] =1 = [[F, B], F']. By the Hall-Witt
identity, [[F, F], B] = 1. Since Z(F) C ¢~ (Z(H)) = ¢ '([H, H]) = ker ¢ - [F, F|, we
have [Z(F),B] = 1. Thus Z(F) C Z(FE), since E = FB. Hence a € ¢(Z(F)) and
consequently a ¢ Z*(H). This completes the proof of (ii).

U

Proposition 3.9. Let G be a p-group of nilpotency class 2 such that [G, G| is elemen-
tary abelian. Let' Y be the subgroup of G/Z(G) ® |G, G] generated by elements of the
form aZ(G) @ [b,c] + bZ(G) @ [c,a] + cZ(G) ® [a,b] with a,b,c € G. If ¢ € [G,G] is
such that G/Z(G) @ ¢ CY then c € Z*(G).

Proof. We have an exact sequence
Z(@)/|G, Gl ® G, G] —— G/[G,G]®[G,G] —— G/Z(G)®|[G,G] — 0

Let X be be the subgroup of G/|G,G| ® [G,G] generated by elements of the form
alG,G] ® [b,c] + b|G,G] @ [c,a] + ¢|G,G] ® [a,b] with a,b,c € G. Then n(X) =Y.
It follows that G/|G, G] & ¢ is contained in X + im(e). Let j : G/|G,G] ® |[G,G] —
G/|G,G] ® Z(G) be the natural map. By (ii) and (iii) of Theorem 2.5 the group
J(X +im(e)) is contained in the kernel of the map A of Theorem 2.5. It follows that
G/|G,G] @ c is contained in ker A and therefore ¢ € Z*(G) again by Theorem 2.5. O

We can prove a stronger result when G is a p-group of nilpotency class 2 such
that G/[G, G] is elementary abelian. To this end, let Ugs = G/|G,G], Wg = [G, G].
Note that Wg is elementary abelian by Lemma 3.5. Thus we consider Ug, W as
vector spaces over the field F), of order p. Let Bg : Ug x Ug — W be defined by
Bal(a,b) = [g,h], where a = g|G,G], b = h|G,G]. The identity [gk, h] = [g, h]*[k, h]
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implies that Bg is a well defined alternating bilinear map. We also define a map
fo : Ug — Wq given by fag(a) = ¢gP, where a = g|G, G]. This map is well defined and
it is linear if p > 3. For p = 2, we have fg(a +b) = fa(a) + fa(b) + Bg(a,b). Now
consider the space Ug ® W¢. Let Xp be the subspace spanned by the elements of the
form a ® B(b,c) + b ® B(c,a) + ¢ ® B(a,b). Let Xy be the subspace spanned by all
elements of the form a ® f(a). Finally, let X = Xp + X;.

Theorem 3.10. Let G be a p-group of nilpotency class 2 such that GP C [G,G].
An element ¢ € Z(G) belongs to the epicenter Z*(G) if and only if ¢ € [G, G| and
Uag®cCX.

Proof. That Z*(G) C [G, @] follows by Lemma 3.7. That the condition Ug ® ¢ C X
suffices to conclude that ¢ € Z*(G) follows by Theorem 2.5. The main part is to prove
the sufficiency of this condition. In the notation of Theorem 2.5, it suffices to prove
that X is the kernel of the map A. This has been proved by Blackburn and Evans [3]

and a detailed argument is given in [6, section 3.3]. O

Remark 3.11. As presented in [6, section 3.3], the result of Blackburn and Evans

provides a nice way to compute the Schur multiplier of groups as in Theorem 3.10.

4. CAPABLE POWERFUL SPECIAL p-GROUPS OF RANK 2

The main result of this section is the following theorem, which classifies capable
special p-groups G of rank 2 such that |G, G] = G? (which, for p odd, is equivalent to
saying that G is powerful).

Theorem 4.1. Let p be an odd prime, t a quadratic non-residue modulo p, and let G
be a special p—group of rank 2 such that G? = |G, G]. Then either Z*(G) = Z(G) or G
is capable. Moreover, G is capable if and only if it is isomorphic to one of the following

groups:
(i) Groups of order p°:

Pi=<ghc:g" =h" =@ =1,[g,h] =W [g,d] = 1,[h,d = ¢* >

Py=<g hc:g" =h" = = L, [g,h] = 1,[g,c] = P, [h,c] = ¢* >

Py :<g,h,c:gp2 — P’ =c?=1,[g,h] =1,][g,] :htp,[h,c] =g° >
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(i) Groups of order p°:
Qr=<g,hci,co: 9" =" =& =& =1,
9,0 = 1,19, 1] = g%, [h,er] = W77, [g, o] = L, [h, o] = g7 >
Q2 =<g,h,c1,¢: gp2 =W = et

[gv h] = 17 [gucl] - gpa [hvcl] - h—p, [9702] - h—p’ [h702] = gp >
Q3 :<g7h7cl762:gp2:hp :cz]?:CIQJ: )

I
g
I

[ga h’] - 1a [ga Cl] = gp7 [h, Cl] = h—p’ [97 02] = h_tp7 [h, C2] = gp >

(iii) Groups of order p’:

R =< g,h,ChCQ,Cg,ngQ :hp2 201172012):

&

=1,

{gu h] = 17 [gucl] = gp’ [ha Cl] = h*p7 [9762] = 17 [h762] = gp’ [g,Cg} = hp7 [h,Cg] =1>.

In order to prove the theorem we need several preparatory steps. Let then G be a
special p-group of rank 2 such that G? = [G,G] (p an odd prime). As at the end of
Section 3, set U = G/|G,G]|, W = [G,G] = Z(G) = GP. Thus U and W are vector
spaces over IF, and W has dimension 2. Let B : U x U — W be given by B(a,b) =
lg, h], where a = g[G, G], b = h|G,G]. Then B is a non-degenerate alternating bilinear
map whose image spans W. This, in particular, implies that dimU > 3. Finally,
let f:U — W be given by f(a) = ¢*, where a = g[G,G|. Thus f is a surjective
linear map. Recall that X is the subspace of U ® W spanned by elements of the form
a® f(a), where a € U. The subspace Xp of U ® W is spanned by all elements of the
form a ® B(b,c) + b® B(c,a) + ¢ ® B(a,b), and X = Xy + Xp.

The following lemma is straightforward.

Lemma 4.2. Let x,y,z € U be linearly dependent. Then x ® B(y,z) +y® B(z,z) +
2 ® B(z,y) =0.

Since f is surjective, we may choose v, w € U such that a = f(v),b = f(w) is a basis

of W.

Lemma 4.3. The subspace Xy of U @ W has codimension 1 and it is spanned by
ker f @ W and the elements v ® a, w @b, and v @b+ w R a.
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Proof. Clearly, v®a and w®b are contained in Xs. Note that if u € ker f then (v+u)®a
and (w+u)®b are in Xy. It follows that u®a, u®b are contained in X ;. This means that
ker f@W C X;. Any element x € U can be expressed as rv+ sw +u for some r, s € F),
and u € ker f. Thus z® f(x) =r*vQa+ 2w @b+ rs(v@b+w®a) +u® f(x). This
shows that X is spanned by ker f @ W and the elements v®a, w®b, and v@b+w®a.
In particular, X; has codimension 1 in U @ W 0

Proposition 4.4. Either Z*(G) = Z(G) or G is capable. Furthermore, G is capable
if and only if the following conditions hold:

(i) B is trivial on ker f x ker f;
(i) v ® B(u,w) +w ® B(v,u) € Xy for every u € ker f.

Proof. By Lemma 4.3, there is no ¢ € W such that U ® ¢ C Xy. If Xp C X, then
X = X; and G is capable by Theorem 3.10. If Xp is not contained in X; then
X =U®W and Z*(F) = Z(F), again by Theorem 3.10. This proves the first part of
the proposition. For the second part, note that we have just proved that capability of
G is equivalent to the condition Xp C Xy,

Suppose first that X C X;. Consider z,y € ker f and let B(x,y) = ra+ sb for some
r,s € F,. Then v ® (ra+ sb) + 2 ® B(y,v) +y® B(v,z) is in Xp. Asker f@W C X;
and v ® a € Xy, we see that sv ® b € Xy. Thus s = 0 by Lemma 4.3. Similarly, we
show that r = 0. It follows that B is trivial on ker f x ker f. Since for any u € ker f
we have v ® B(u,w) +w ® B(v,u) + u ® B(w,v) € Xp and u @ W C Xy, we see that
(ii) holds.

Conversely, suppose that the conditions (i) and (ii) hold. We need to prove that
L(z1, 22, 23) = 21 ® B(22, 23) + 20 @ B(23, 21) + 23 @ B(21, 22) € X for any three elements
21, 29, 23 in U. Since L is trilinear, it suffices to prove this when each z; is from the set
{v,w}Uker f. By Lemma 4.2 we may assume that the zy, 25, z3 are distinct. If at least
two of the z; are in ker f, then L(zy, 29, z3) € X follows from the vanishing of B on
ker f and the fact that ker f ® W C X;. When only one of the z; is in ker f, the same

conclusion follows from (ii). O
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Proposition 4.5. Consider the action of GLy(F,) by conjugation of sly(F),). Lett € I,
be a non-square. The induced action of GLo(F,) on s-dimensional subspaces of sla(F))

has the following orbits:

(i) when s = 1, there are three orbits, represented by the subspaces Yy =< (§3) >,
Yo =< (1) > Ys=<({5)>.

(i) when s = 2, there are 3 orbits represented by the subspaces Y- =< (§ %), (
Vi =< (5 9),(%06)> Y5 =< (5%),(%05) >

(iii) when s = 3, there is 1 orbit.

oo

0) >

Proof. Let us start with s = 1. Note that the set of determinants of non-zero elements
in a given one dimensional subspace of sly(F,) consists either of all squares in F,, or of
all non-squares in [F),, or of 0 only. Since any two non zero 2 x 2 matrices with trace 0

and the same determinant are conjugate, part (i) follows.

For (ii), note that the function (A, B) — tr(AB) is a non-degenerate bilinear form on
sly(FF,) which is invariant under the action of GLy(F,). Taking orthogonal complements
with respect to this form gives a bijection between one dimensional subspaces and two
dimensional subspaces and takes orbits of GLy(IF,) on one dimensional subspaces onto
orbits on two dimensional subspaces. This proves (ii), since Y;* is the space orthogonal

to Y.
Finally, (iii) is clear. O

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1: The first part of the theorem has been established in Propo-
sition 4.4. Suppose now that G is capable. Choose a basis a,b of W and v,w € U
such that f(v) = a and f(w) = b. Furthermore, choose a basis uy,...,us of ker f.
We may write B(v,u;) = s;a + t;b and B(w,w;) = p;a + ¢;b for s;,t;,p;,¢; € F,. By
Proposition 4.4 (i), we have B(u;,u;) =0 for all 1 <4i,j <s. By Lemma 4.3, part (ii)
Proposition 4.4 is equivalent to the condition s; +¢; =0,71=1,2,...,s.

Let V' be the 2 dimensional subspace of U/ker f and set © = u + ker f for any
u € U. Note that f gives an isomorphism from V to W. Let T be the space of all
linear transformations from V' to W. This is a 4 dimensional [F)-vector space. Using

bases a,b of W and v,w of V' we may represent any element of 7" as a 2 X 2 matrix
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over IF,. Note that changing a basis of W results in conjugation of the representing
matrix by the change of basis matrix. Let T} be the subspace of T' consisting of those
transformations whose matrix has trace 0 (this subspace does not depend on the choice
of basis of ). Clearly T} has dimension 3. As B vanishes on ker f x ker f, the map
B(—,u) can be considered as an element of 7" for any u € ker f. As we have noticed
above, part (ii) Proposition 4.4 implies that B(—,u) belongs to 7. The assignment
u +— B(—,u) is therefore a linear map from ker f to 77. Since B is non-degenerate,
this map is injective. This shows that s = dimker f < 3. In other words, we have
p® < G < p” (this also follows from [4]).

Let T, be the image of ker f in T7. As we have seen above, choosing a basis of W
allows to identify 75 with an s-dimensional subspace of sly(F,) (matrices of trace 0).
Note that GLy(F,) acts on sly(F,) by conjugation. A different choice of a basis results

in conjugate subspace. We will use Proposition 4.5 to choose a suitable basis of W.

case 1 s = 1, i.e. |G| = p°. By Proposition 4.5, there is a basis a,b of W and a basis
u of ker f such that B(—,u) is represented by one of the matrices (34), (93), (93).

Thus we consider the following three subcases:

(1) There is a basis a, b of W and a basis v, w, u of U such that a = f(v),b = f(w),0 =
f(u) and B(v,u) = 0, B(w,u) = a. Suppose that B(v,w) = pa + ¢b. Then B(v +
pu,w) = gb. If we had ¢ = 0, then B(v + pu,—) would vanish on U, which is not
possible as B is non-degenerate. Hence ¢ # 0. Replacing v by v + pu allows us to
assume that p = 0. Setting v = ¢ 'v,a’ = ¢ ta, w' = w, ¥’ = b, v’ = ¢ 'u, we have
ad = f(u'),b = f(w),0 = f(«), B, u') =0, Blw',u) = d, and B(v',w') = V.
Choosing g, h, c € G such that g[G, G| =, h|G, G| = v/, ¢|G,G] =/, we see that

<ghcigt =h" == 1,[g,h] = P, [g,c] = 1,[h,c] = ¢* >
is a presentation of G. Thus G is isomorphic to P;.

(2) There is a basis a, b of W and a basis v, w, u of U such that a = f(v),b = f(w),0 =
f(u) and B(v,u) = b, B(w,u) = a. Suppose that B(v,w) = pa + gb. Then B(v +
pu,w — qu) = 0. Replacing v, w by v + pu, w — qu respectively, we may assume that
B(v,w) = 0. Choosing g, h,c € G such that g[G,G| = v, h|G, G| = w, c|G,G] = u, we
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see that
<ghcigh =h == L,[g,h] = 1,[g,c] = kP, [h,c] = ¢° >
is a presentation of G. Thus G is isomorphic to Ps.

(3) There is a basis a, b of W and a basis v, w, u of U such that a = f(v),b = f(w),0 =
f(u) and B(v,u) = tb, B(w,u) = a (recall that ¢ is a fixed non-square in F,). Suppose
that B(v,w) = pa + gb. Then B(v + pu,w — t"*qu) = 0. Replacing v, w by v + pu,
w — t~'qu respectively, we may assume that B(v,w) = 0. Choosing g, h,c € G such
that g[G, G| = v, h|G, G| = w, |G, G] = u, we see that

<ghc:g” =h =& =1,[g,h] =1,[g,d = b [h,d = ¢* >

is a presentation of G. Thus G is isomorphic to Ps.

By Proposition 4.5, the groups Py, P, P5 are pairwise non-isomorphic. A straight-
forward verification, using Proposition 4.4, shows that all three groups are indeed

capable.
case 2 s =2, i.e. |G| = p®. By Proposition 4.5, we have the following three subcases:

(1) There is a basis a,b of W and a basis v, w,u;,us of U such that a = f(v),b =
f(w),0 = f(u1) = f(ug), B(v,uy) = a, B(w,uy) = —b, B(v,uz) = 0, B(w,us) = a.
Suppose that B(v,w) = pa + gb. Then B(v + qui,w — pu;) = 0. Replacing v, w by
v+qui, w—pu; respectively, we may assume that B(v, w) = 0. Choosing g, h,c1,¢0 € G
such that g[G, G] = v, h[G,G] = w, ¢1|G, G| = uy, &2|G, G| = uy we see that

< g,h,ci,co :gp2 = h’ =d =d =1,
[g7 h] = 17 [g7cl] = gp7 [h‘7cl] = h7p7 [g702] = 17 [hucQ] = gp >

is a presentation of G. Thus G is isomorphic to ;.

(2) There is a basis a,b of W and a basis v, w,uy,us of U such that a = f(v),b =
f(w),0 = f(ur) = f(ug), B(v,u1) = a, B(w,uy) = —b, B(v,uz) = —b, B(w,uy) = a.
Suppose that B(v,w) = pa + ¢b. Then B(v + qui,w — pu;) = 0. Replacing v, w by

v+quq, w—puy respectively, we may assume that B(v, w) = 0. Choosing g, h,c1,c2 € G
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such that g[G, G] = v, h[G,G] = w, 1[G, G| = uy, &[G, G| = us we see that
<g7h761702 :gpz = hp2 :czl):Cg: 17

[gv h] = 17 [ga Cl] = gp’ [h’a Cl] = hipa [97 CQ] = hipv [ha 02] = gp >

is a presentation of G. Thus G is isomorphic to )s.

(3) There is a basis a,b of W and a basis v, w,u;,us of U such that a = f(v),b =
f(w),0 = f(u) = f(ug), Blv,uy) = a, B(w,uy) = —b, B(v,us) = —tb, B(w,us) = a.
Suppose that B(v,w) = pa + ¢gb. Then B(v + qui,w — pu;) = 0. Replacing v, w by
v+quy, w—pu; respectively, we may assume that B(v, w) = 0. Choosing g, h,¢1,¢0 € G
such that ¢[G, G] = v, h|G,G] = w, 1[G, G] = w1, c2|G, G] = uy we see that

<ghcne gt =h =& =d=1,[g,hl =1,[g,c1] = ¢, [h, 1] = WP, [g,co] = ™, [h, co] = gP >

is a presentation of G. Thus G is isomorphic to Qs.

By Proposition 4.5, the groups @)1, ()2, ()3 are pairwise non-isomorphic. A straight-
forward verification, using Proposition 4.4, shows that all three groups are indeed

capable.

case 3 s = 3, i.e. |G| = p”. There is a basis a,b of W and a basis v, w, uy, us, uz of U
such that a = £(0),b = f(w),0 = f(ur) = f(ua) = f(us), B(v,u1) = a, B(w, u) = —b,
B(v,ug) = 0, B(w,us) = a, B(v,us) = b, B(w,u3) = 0. Suppose that B(v,w) =
pa+qb. Then B(v+ quy, w —puy) = 0. Replacing v, w by v+ qu;, w — pu; respectively,
we may assume that B(v,w) = 0. Choosing g, h,c;,cs € G such that g[G, G| = v,
hlG,G] = w, 1[G, G| = uy, 2|G, G] = usg, 3]G, G] = ug we see that

<g,h,C1,C2,C3:gp2 :h‘p2 :C€:C§:C§:17

[g,h] =1, [9701] =g", [h> 01] =h"", [9,02] =1, [h,02] =g", [9,03] = h?, [h,C?)] =1>

is a presentation of G. Thus G is isomorphic to R. A straightforward verification,
using Proposition 4.4, shows that R is indeed capable. This completes the proof of
Theorem 4.1. O
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5. p-GROUPS OF NILPOTENCY CLASS 2 AND EXPONENT p

The main result of this section is the following theorem.

Theorem 5.1. Let p be an odd prime, t a quadratic non-residue modulo p.

(i) There is only one, up to isomorphism, class of special p-groups of rank 2, order

p°, and exponent p. It is capable and has presentation:

<p17p27p37QDq2|pf - Q§) - ]-7 [pZJQJ] - [QI;Q2] - [p27p3] =1 fOT 1 S 1 S 3; 1 S] S 27

[p1, 2] = @1, [p1, 03] = @2 > .

ii) There are 3 isomorphism classes of special p-groups of rank 2, order p°, and
(i) p pecial p-group p

exponent p, given by presentations:

< P1, P2, D3, Pas Q1 G2|P} = CI§~) =1, [pi; ¢5] = 01, @2] = [p1, 2] = [p3, 4] = [P1, pa] = [p2, 03] = 1

for1<i<4,1<5<2, [p1,p3] = aqu, [p2,pa] = @2 >;

< p17p27p37p47QI7q2|pf = Q§) = ]-a [puq]] = [917C]2] - [plapQ] — [p37p4] - [p27p3] =1

for1<i<4,1<735<2 [p1,ps] =aq,[p2,p4 = @1, [p1,pa] = @2 >;

< p1,P2, D3, P4, Q1 ©2|PF = ¢ = 1, [pi, 4] = (a1, @] = [p1, 2] = [p3,p4] = 1

fO’]” 1 S ? S 4; 1 S] S 25 [plap?)] = {1, [p2ap4] =, [p17p4] = (2, [p27p3] = qz >3

All three groups are capable.
(iii) There are two isomorphism classes of special p-groups of rank 2, order p’, and

exponent p, given by the presentations:

< P1,D2, 03,04, 05, Q1, 1P = ¢ = 1, [pi, ¢5] = a1, @] = [pi,pe] = 1, for 1 < <5,

1<75<2,i4+1<k<5,[p1,02) = a1, 3, pa) = @1, [P2, p3] = @2, [Pa: D5) = @2 >;
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< P1,D2, 03,04, 05, Q1 ©2|Pf = ¢ = 1, [pi, ¢5] = (a1, @2] = 1, [p1, p3] = a1, [p1, pa] = @2, [p2, ps] = @2
for 1 <i<5,1<35<2/[p;,p;j] =0 forall other 1 <i<j<5>.

The first group is capable, the second has cyclic epicenter equal to < qg >.
(iv) For every odd n = 2m + 3 with m > 2 there is unique isomorphism class of
special p-groups of rank 2, order p™, and exponent p which has cyclic epicenter.

It has presentation
<PLyee s Pms 405 G1s - - -5 Gms €1y C2|PE = @F = 1, [piy ] = [, ] = [c1, o] = 1,
for1<i,j<m,1<k<2 [p,q]=ci,([pi,¢|=c fori=1,...,m,
[pi: pi] = (@i, 4] = [pi, 5] = [q0, 451 = 1 for any 1 <i,j <m, i # j,
[pisqo] =1 for2 <i<m >

and its epicenter is generated by cs.

(v) For every even n = 2m + 2 with m > 3 there are two isomorphism classes of
special p-groups of rank 2, order p", and exponent p which have cyclic epicenter.

They are given by the following presentations:
< P1s---3sDPmsq1,5---5,4m,C1, Clef = Qf = 17 [pla Ck] = [QJ7 Ck] - [617 02] = 17

fO’f’l SZ,]Sm, 1 §k§27 [p17q1] :Clv[ph(h] = C2 fOTiZQ,...,m,

i, i) = [ai-q5] = [piq;] =1 forany 1 <i,j <m, i #j>

<Plsee s Pms Qs - - -5 Gy €1, C2|D] = @ = 1, [pi, k] = (g5, 1] = [e1, 2] = 1,
for1<i4,j<m, 1<k<2 [p,@]=c,p,ql=c fori=1,...,m,
[pi, 1] = |av, 45] = [p1,p5] = [P vs] = a6, ;] = [pi, 5] = 1 for any 2 <, j <m, i # j,
p1,q;] =1 forany 3 < j <m>

and both groups have epicenter generated by co.

All other special p-groups of rank 2 are unicentral.
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In order to prove this theorem we need to review various results related to groups of
exponent p and nilpotency class 2. To this end, consider the category EX,, of p-groups
G of class 2 and exponent p, where p is an odd prime. As in the previous sections,
to any object of EX, we associate the F,-vector spaces Us = G/[G, G|, We = [G, G|
and an alternating bilinear map Bg : U x U — W defined by Bg(a,b) = [g, h|, where
a = g|G,G], b = h|G, G]. Note that the image of B spans W. This leads us to consider
the category ALT, whose objects are alternating bilinear maps B : U x U — W such
that U, W are finite dimensional vector spaces over I, and the image of B spans .
A morphism between B; : Uy x Uy — Wi and By : Uy x Uy — Wy is a pair
(hu, hw), where hy : Uy — Uy and hy @ Wy — W, are linear maps such that
hw B1 = Bs(hy % hy). The rank of B is, by definition, the dimension of W and dim U
is the dimension of B. It is clear that the association G — Bg is a functor £ from
EX, to ALT,.

Proposition 5.2.

(i) Every object of ALT), is isomorphic to an object of the form L(G) for some
group G in EX,,.
(ii) The functor L is full.
(iii) A morphism f: H — G is an isomorphism in EX,, iff L(f) is an isomorphism
in ALT),.

Proof. Consider a group G in EX,,. Choose a basis u1,...,us of Ug and let gy,...,gs
be elements of G such that u; = g; + Wg. Consider the set of all elements of G of
the form ¢7" ... g%, where a; € F,, for i = 1,2,...,s. This is a transversal of Ug in G.
Thus every element of G is in a unique way expressible as wg{" ... g%, where w € W

and a; € F. A simple calculation yields the following equality:

(3) (wgi ... gi*)(vgy" .. g2) = (w+v + Z a;bjB(u;, uj))gi”*bl gt

i>j
To prove part (i), consider an object B : U x U — W of ALT,. Choose a basis
uy,...,us of U. It is a simple calculation to check that the function f: U x U — W
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given by f(> aju;, Y biuy) = ij a;b; B(u;, u;) is a 2-cocycle which defines a group G
in EX,, such that £(G) isomorphic to (U, W, B).

Suppose now that H, G are groups in EX, and that (hy, hw) is a morphism from
L(H) to L(G). Choose a basis of uy,...,us of Ugs such that uy,...,u; is a basis of
the image of hy : Uy — Ug. Let vy, ..., v be elements of Uy such that hy(v;) = w;
for e = 1,...,t. Complete the vectors vy,...,v; to a basis vy,...,v, of Ug by adding
a basis vi1,...,v,. of ker hyy. Finally, choose hy,...,h, in H and ¢y,...,9s € G such
that h;[H, H| = v; and ¢;|G, G| = u;. We define a function f : H — G by the formula
fwhi* ... hir) = hw(w)gi* ... g/ It is a straightforward computation, using (3), to
verify that f is a homomorphism such that £(f) = (hy, Hy). This proves part (ii).

Suppose now that £(f) = (hy, hw) is an isomorphism. Since hy is an isomorphism,
we have ker f C [H, H| and G = [G,G]f(H). Since hy is an isomorphism, we conclude
that ker f = 1 and [G,G]| = [f(H),h(H)|] C f(H). It follows that f is both injective

and surjective, i.e. is an isomorphism. This proves part (iii). O

Remark 5.3. It is ecasy to see that the group G in EX,, corresponding to an object
B:U xU — W of ALT), can be given by the following presentation. Choose a basis
Uy, ..., U, of U and a basis wy,...,w, of B. Then B = Byw; + ...+ B,w,, where

By, ..., B, are alternating bilinear forms on U. Set a; ;x = Bx(u;, u;). We have

G:<p17me7QI77qn|p§):q§):]-7[(b7q1€] = [prJ] =1 for any 1 Slgmand

1 <j,k<n, [pip] = qui‘j‘k forany 1 <i<j<m>
k=1
Remark 5.4. It follows from Proposition 5.2 that the problem of classifying groups
G in EX,, of rank k (i.e. such that dim[G,G] = p*) is equivalent to classification of
isomorphism types of objects of rank £ in ALT,. For k =1 it is a classical question of
classifying bilinear alternating forms (and translates into classification of extra-special
p-groups). The case of k = 2 can be handled with the help of a very nice work by R.
Scharlau [8]. Note that, according to (ii) of Proposition 3.8, any group G in EX,, can
be factored as G; x Z, where Z is elementary abelian and G is special of exponent
p. Special groups in EX,, correspond to non-degenerate objects in ALT, i.e objects for
which the map u — B(u,—) is an injective homomorphism from U to the space of

linear maps U — W.



18 M. MAZUR
To an object B : UxU — W of ALT,, we associate a subspace Xp of U®W spanned
by all elements of the form a ® B(b,c) + b ® B(c,a) + ¢ ® B(a,b) with a,b,c € U.

As a special case of Theorem 3.10 we have the following result.

Theorem 5.5. Let G be a finite p-group of nilpotency class 2 and exponent p. An
element w belongs to the epicenter Z*(G) if and only if w € W and Ug @ w C Xp,,.

This result motivates the following definition.

Definition 5.6. Let B : U x U — W be an object of ALT,. We define Z*(B) as the
subspace consisting of all w € W such U @ w C Xp.

The problem of determining the epicenter of G is therefore reduced to a linear algebra
problem of finding Z*(Bg).

As a first application of the ideas discussed in this section we get the following result,

conjectured by Heineken and Nikolova.

Theorem 5.7. Let G be a capable p group of nilpotency class 2 with commutator
elementary abelian of rank k. Then the rank of G/Z(G) is at most 2k + (g)

Proof. Let U = G/Z(G), W = |[G,G]. Then B : U x U — W, defined by

B(¢|G,G], h|G,G]) = [g, h], is an element of ALT,,. Since G is capable, Proposition 3.9
implies that there is no non-trivial element w € W such that U ® w C Xpg. By
Proposition 5.2, there is a group P in EX,, such that £(P) = B. The group P is
capable by Theorem 5.5. Now P = P; x A with A central and P; special. Note that
Z(P) =[P, P| = |G, G| has rank k and G/Z(G) = P,/[Py, P1]. The result follows now

from Theorem 1 in [5], which proves the bound for special p-groups of exponent p. [

The following straightforward observation is often useful.

Lemma 5.8. Let B: U x U — W be an object of ALT, and let S be a basis of U.
Then Xp is spanned by elements of the form a ® B(b,¢)+b® B(c,a) +c® B(a,b) with
a,b,c e S. O

We say that an object B : U x U — W of ALT, is decomposable if U can be
decomposed into a non-trivial direct sum U = U; + U, such that B(uy,us) = 0 for any

uy € Uy and uy € Us. Note that we do not require that the image B(U; x U;) spans W.
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Lemma 5.9. Let U = U; 4+ Uy be a decomposition of an object B : U x U — W of
ALT, and let W; be the subspace of W spanned by B(U; x U;). Then Xp = Xp, +
Xp, + Uy @ Wy + Uy @ Wy, where B; : U; x Uy — W; is the restriction of B to Uj.

Proof. The inclusion Xp, + Xp, + U1 ® Wy + Uy ® Wy C Xp is a straightforward
consequence of the definition of Xz. The opposite inclusion follows from Lemma 5.8

applied to a basis S which is a union of a basis of U; and a basis of Us. 0

As a straightforward corollary we get the following lemma.

Lemma 5.10. Let B : U x U — W be an object of ALT, of rank 1. Then B has
decomposition U = Uy + Uy such that Wi = 0 and By is non-degenerate. If Us has
dimension 2 then Xp = U; @ W. Otherwise, Xp =U Q W. O

Proposition 5.11. Let B: U x U — W be a decomposable non-degenerate object of
rank 2 of ALT,. Then dimU > 6 and Z*(B) = W unless B is isomorphic to one of
the following objects.

(i) U has a basis uy, vy, us, vy and W has a basis wy, wy such that B(uy,vy) = wy,
B(ug,v2) = we and B(uy,us) = B(vi,vy) = B(uy,v2) = B(ug,v1) = 0. We
have Z*(B) = {0}.

(ii) U has a basis uy, us, . .. Uy, V1, V2, . .., Uy for some m > 3 and W has a basis wy,
wy such that B(uy,v1) = w1, B(u;,v;) = we fori=2,...,m, and B(u;,u;) =
B(vi,v;) = B(u;,vj) =0 for any 1 <i,j < m, i # j. The subspace Z*(B) is
spanned by ws.

(iii) U has a basis uy, s, . . . Up, Vo, V1, Vo, -« - ., Uy, for some m > 2 and W has a basis
wy, wy such that B(uy,vo) = wy, B(u;,v;) = wy fori=1,...,m, B(u;,u;) =
B(vi,vj) = B(ui,vj) = B(vg,vj) = 0 for any 1 < i,j < m, i # j, and
B(ui,vg) =0 for 2 <i <m. The subspace Z*(B) is spanned by ws.

(iv) U has a basis ug, Uy, . . . Uy, Vo, V1, V2, - . . , U, for some m > 2 and W has a basis
wy, wy such that B(ug,vy) = wy, B(u;,v;) = we fori=0,...,m, B(u;,vy) =
B(vo, v;) = B(uo, uj) = B(u;,u;) = B(vi,v;) = B(ui,v;) =0 forany 1l <i,j <
m, i # j, and B(ug,v;) =0 for 2 < j <m. The subspace Z*(B) is spanned by

wsy.
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Proof. Consider a decomposition U = Uy + U of B : U x U — W. Let W; be the
subspace of W spanned by B(U; x U;) and let B; : U; x U; — W, be the restriction of
B to Uz

Suppose first that there is such a decomposition of B with W; = Wy = W. Then
X =U®W by Lemma 5.9. Furthermore dimU; > 3 for ¢ = 1,2, so dimU > 6.

Suppose now that B has a decomposition with both W; and W5 of dimension 1.
Choose bases w; of W7 and wq of W5. Then, for i = 1,2, we have B; = byw; with
b; an alternating bilinear form on U;. Since B is non-degenerate, both b; and b, are
non-degenerate as well. It follows that each b; decomposes into an orthogonal sum of

two dimensional non-degenerate alternating forms.

If both U; and U, have dimension at least 4, then we can decompose b; and by into
orthogonal direct sums Uy = Uyy + Uys and Uy = Uyy + Uss. Then U = (Uyy + Usgy) +
(Uyg + Usg) is another decomposition of B, for which the corresponding subspaces W;
and W5 are both equal to W. As we have shown above, this implies that Xg = U W
and dim U > 6.

If both Uy, Uy have dimension 2, then there is a basis uq, v, of Uy and uq, v9 of Us
such that by(uj,v1) = 1 = by(ug,v9). Thus B is isomorphic to the object (i). By
Lemma 5.9, we have Xp = U; @ Wy + Uy ® Wy and Z*(B) = {0}.

Finally, if exactly one of Uy, U has dimension 2, then we may assume that dim U; = 2
and then choose bases uy, vy of Uy and ug, . .., U, Vo, . . . , Uy, of Uy such that by (uq,v1) =
1 = ba(ui,v;) for i = 2,...,m and by(u;,vj) = ba(wi,u;) = bo(vs,v;) = 0 for any
2 <i,j <m,i# j. This shows that B isomorphic to the object (ii). Lemmas 5.9 and
5.10 imply that Xp = U @ Wy + Us @ Wy and Z*(B) = Wh.

It remains to consider the case when in any decomposition of B exactly one of W7y,
W5 has dimension 2. Choose a decomposition in which W; = W has dimension 2 and
U; has smallest dimension possible. Let wy be a basis of W5. Choose w; € W such that
wi, wy is a basis of W and let V' be the subspace of W spanned by w;. Then B; can be
written as bw; 4+ dws, where b and d are alternating bilinear forms on U;. Set El = bw;.
Then, by Lemma 5.9, Xp = Xp, YU1@Wo+Us@W = X +URWo+U;®V. We may
decompose U; into a direct sum K + L, where K is the subspace of all u € U; such that
b(u, —) = 0 and b restricted to L is non-degenerate. If dim L > 2 then X3 =U; @V
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by Lemma 5.10, so Xp = U®W and dim U > 6. Thus we may assume that dim L = 2.
Again by Lemma 5.10, we have X3 = K@V and Xp = U@ Wy + (U, + K)® V.
It follows that Z*(B) = W5 Let p,q is a basis of L such that b(p,q) = 1. If there
are g,h € K such that d(g,h) # 0 then Uy = H + A where H is spanned by g, h
and A is the orthogonal complement to H with respect to d. It follows then that
U = A+ (H + U,) is another decomposition of B, in which either both W; W5 have
dimension 1 or W; = W and W5 has dimension 1. The former case is not possible as B
has no decomposition with both Wj, W5 one dimensional. The latter case is also not
possible, as dim A < dim U; and U; was chosen of least possible dimension. It follows
that the restriction of d to K is trivial. If dim K > 3, then both d(w;, —), d(ws, —)
would vanish on a non-zero z € K, and this would mean that B(—, z) = 0 contradicting

the non-degeneracy of B. Thus 1 < dim K < 2.

Suppose that K has dimension 1 and let k£ be a basis of K. Then at least one of the
values d(p, k), d(q, k) is not 0. We may adjust our choices of p, ¢, k so that d(p, k) = 1.
Set u1 = p, vo = q+ d(q,p)k + d(k,q)p, vi = k and let ug, ..., Uy, vs,...,uy be a
basis of Uy such that Ba(u;,v;) = wy for i = 2,...,m and By(u;,vj) = Ba(u;,u;) =
By (v;,v;) =0 for any 2 <i,j <m, i # j. It follows that B is isomorphic to the object
(i)

Suppose now that K has dimension 2. Suppose that d is degenerate. Then the
subspace M of all u € U; such that d(u,—) = 0 has dimension 2. Any element u
of M N K satisfies By(u,—) = 0, hence v = 0. Thus M N K = {0} and therefore
M + K = U;. This however implies that d is trivial on Uj, a contradiction. Thus d
is non-degenerate. Let g, h be a basis of K. The kernel of d(h,—) has dimension 3
and contains g and h. Thus there is g; not in K such that d(h,g;) = 0. As d is non-
degenerate, we have d(g, g1) # 0. We may choose g; so that d(g, g;) = 1. The subspace
of U; of vectors d-orthogonal to both ¢ and ¢; is two dimensional and it contains h,
so it has a basis h, hy for some hy € U;. Clearly d(h,h;) # 0 and we may choose h;
so that d(h,hy) = 1. It is clear that g, h, g1, h; are linearly independent, hence they
form a basis of U;. It follows that r := b(gy, h1) # 0. Set ug = —hy, uy = rg, vo = h,
vy = r1g;. Let ug, ..., Upm, Vs, ..., Uy be a basis of Us such that By(us,v;) = wy for
i=2,...,m and By(u;,v;) = Ba(u;,u;) = Ba(v;,v5) = 0 for any 2 < i,j < m, i # j.
It follows that B is isomorphic to the object (iv). O
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It remains to compute Z*(B) for indecomposable objects of rank 2 in ALT,. This
will be based on a beautiful result of Scharlau [8]. To state Schralu’s result, we con-
sider the category ALT(K'), whose objects are triples (V, By, By), where V is a finite
dimensional vector space over the field K and B, By are alternating bilinear forms on
V. We will call objects of ALT(K) bialternating modules. A morphism between two
bialternating modules (V, By, By), (V', B}, Bj) is a linear map f from V to V' which
satisfies B;(v,w) = B.(f(v), f(w)) for i = 1,2. An orthogonal sum of (V, By, By),
(V', Bi, B}) is the object (V & V', B; L B, By L Bj). An object is called indecom-
posable if it is not isomorphic to an orthogonal sum of two object of lower dimension.
Scharlau proved that every bilaternating module is isomorphic to an orthogonal sum of
indecomposable bialternating modules and any two such decompositions consist of the
same isomorphism types of indecomposable modules (Krull-Schmidt type theorem). In
addition, the indecomposable objects in ALT(K) are, up to isomorphism, classified by
the following list:

type 1: Ay = (K?", By, By), where n > 1, f(z) = 2" — a,2™ ' — ... — a; is a power
of an irreducible polynomial over K, By (e;, e;) = 0 for all i < j except By(e;, €i4n) =1
fori=1,2,...,n, By(e;,e;) =0 for all i < j except By(e;, €14i4n) =1 when 1 <i<n
and Bsy(ey,,en1) = a; fori=1,... n.

type 2: E, = (K?", By, By), where n > 1, Bi(e;,e;) = 0 for all i < j except
Bi(e;, e14i4n) = 1 when 1 < i < n, By(e;,e;) =0 for all i < j except Ba(e;, €i4n) = 1
fori=1,...,n.

type 3: F, = (K*"™' By, By), where n > 0, Bi(e;,e;) = 0 for all i < j except
B(e;,eir1) = 1 for any odd i between 1 and n, Bs(e;,e;) = 0 for all i < j except
B(ej, ei11) = 1 for any even ¢ between 1 and n.

Consider now an alternating bilinear map B : U x U — W of rank 2 in ALT,. Any
choice of ordered basis wy,ws of W allows us to write B = Byw; + Bswsy, where By,
By are alternating bilinear forms on U. Thus, any choice of a basis of W allows us to
represent B as a bialternating module (U, By, By). It is clear that B is indecomposable

if and only if the corresponding bialternating module is decomposable.

Proposition 5.12. Let B : U x U — W be an indecomposable object of rank 2 in
ALT,. If dimU > 6 then Z*(B) = W.
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Proof. Choose a basis wy,ws of W and consider the irreducible bialternating module
(U, By, By), where B = Byw; + Bows.

Suppose first that (U, By, Bz) is of type 1. Then there is a basis u1, ..., Up, v, ..., Uy
of U such that B(u;,u;) = B(v;,v;) =0 for 1 <i,j <n, B(u;,v;) = wy, B(up,v;) =
a;wy for i =1,... ,n—1, B(u,,v,) = wy + a,wy, B(uj,vip1) =wg fori=1,...,n—1
and B(u;,v;) = 0 in all other cases. For simplicity, we will write < a,b,c > for
a® B(b,c)+b® B(c,a)+c® B(a,b). Then < vy, uy, v >= vy @w; and < v, uy, vy >=
v @wq for k > 2. Also, < v1, U, Uy >= v1Qw1, < VU1, Uz, V3 >= V1 QWag, < Vg, Uy, V3 >=
Vg ® Wy — V3 ® Wy, < Vg, Up, V] >= Uy ® w1 — v1 @ wy. It follows that Xp contains all
tensors of the form v; @ wj, ¢ = 1,...,n, 7 = 1,2. Now < u,ui,v; >= up ® wy,
k=2,....,n—1. Also < uy,us,v3 >= u1 Qwy and < Uy, U, v1 >= U, QW — a1u; @ Wa,
< Uy, Uy, Uy >= Uy @ (w1 + apws). This shows that u; ® wy, € Xp fori = 1,...,n.
Now < up, Up_1,V >= U @ Wy — Up_1 ®wy for k=2,...,n—1, so u; ® wy € Xp for
1=1,...,n—1. Finally, < u,, u, vy >= 1, @ wy — asu; ® ws, SO u, @ws € Xg. Thus
we have Xp =U @ W and Z*(B) = W.

Suppose now that (U, By, Bs) is of type 2. Using the basis ws, w; we associate to B
the module (U, By, By), which is of type 1 with f(x) = a™. Thus Z*(B) = W by the
previous case.

Finally, suppose that (U, By, Bs) is of type 3. Then dimU = n > 7 is odd and
there is a basis uy, ..., u, of U such that B(u;,u;y1) = wy for i odd, B(u;, uiy1) = ws
for i even and B(u;,u;) = 0 if [i — j| > 1. We have < ug, uy,uy >= u @ wy for
k=4,...,n,<ugus, g >= up@w; for k < 4, < ug, us, u3 >= up@wy fork =5,...,n,

< Up, Ug, Uy >= up @wy for k < 5. This proves that Xp = U®W and Z*(B) =W. O

Lemma 5.13. Let B : U x U — W be a non-degenerate object of ALT, of rank
2 and dimension 3. Then there is a basis uy,us,us of U and wy,wy of W such that
B(uy,ug) = wy, B(uy, ug) = way, B(ug,usz) = 0. Moreover, Z*(B) = {0}.

Proof. We have B = Byjw; + Bows It is clear that (U, By, Bs) is indecomposable, hence

must isomorphic to F3.

Alternatively, without referring to Scharlau’s classification, one easily finds a basis

v1, Vg, v3 of U such that wy = B(vy,vs), wy = B(vy,v3) is a basis of W. Then B(vq, v3) =
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aw; + bwy for some a,b € F,. Now set u; = vy, uy = v9 — avy, ug = vs + bvy. By

Lemma 5.8, the space Xp has basis us ® we — uz ® wy, hence Z*(B) = {0}. O

Lemma 5.14. Let t be a quadratic non-residue modulo p. There are three isomor-
phisms classes of object B : U x U — W of ALT, which are non-degenerate of rank

2 and dimension 4, given by the following list:

(i) U has a basis uy, us, v1,v2 and W has a basis wy, wy such that B(uy,v1) = wy,
B(ug,v9) = we and B(uy,us) = B(vy,vy) = B(uy,vs) = B(ug,v) = 0.

(ii) U has a basis uy,us, vi,ve and W has a basis wy, we such that B(uj,vy) =
B(ug,v9) = wy, B(uy,ve) = we, B(ug,v1) = B(uy,us) = B(vy,ve) = 0.

(iii) U has a basis uy,us,v1,v2 and W has a basis wy, wy such that B(uy,v) =

B(Ug,?]g) = Wy, B(U'l?,UQ) = W2, B(UQ,Ul) - tw?; B(u17u2) == B<U1a1}2) — O

In each case we have Z*(B) = {0}.

Proof. 1f B is decomposable, then B satisfies (i) and Z*(B) = {0} by Proposition 5.11.

Suppose that B is indecomposable. Choose a basis 71,1 of W and consider the
bialternating module (U, By, Bs)), where B = Bin; + Bans. The bialternating module
is either of type 1 or 2.

If (U, By, Bs) is of type 2 then, considering the basis 1,71 of W we get the bial-
ternating module (U, By, By)) which is of type 1 with f(z) = z?. Thus we may
assume that (U, By, Bs)) is of type 1. Let f be the associated polynomial. Then
f(z) = (z + «)? — 8, where a,d € F, and either § = 0 of § is not a square in F,,.
Note that a; = § — o? and ay = —2a. Let e;,e9,e3,e4 be a basis of U such that
B(e1,e3) = B(es,eq) = 0, Bley,e3) = m, Blea,eq) = m1 + azne, Bles,e3) = aing,
B(ey,eq) = 1m9. Choose s € F, — {0} and let uy; = ey, us = s(aey + e3), v1 = e3 — ey,
vy = s tey, wy = M — any, wy = s ny. Then uy, us, vy, vy is a basis of U, wy, wy
is a basis of W, and B(uj,us) = B(vi,v2) = 0, B(uj,v1) = wy, B(ug,v3) = wy,
B(ug,v1) = s?0wy, B(u1,v9) = wy. When § = 0, we see that B satisfies (ii). When &
is a non-square, we may choose s so that s2§ =t and therefore B satisfies (iii).

The fact that in each case we have Z x (B) = {0} is a simple computation using

Lemma 5.8.
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It remains to see that the three types are pairwise non-isomorphic. It is clear that
BN can not satisfy (i) and either of (ii), (iii) as then it would be both decomposable
and indecomposable. To see that B can not satisfy both (ii) and (iii), note that if it
satisfies (ii) then the alternating bilinear form B, (corresponding to the basis wq, ws)
is degenerate. On the other hand, if B satisfies (iii) then in every basis 7y, 72 of W the

corresponding alternating bilinear forms B;, By are both non-degenerate. O

Lemma 5.15. There are two isomorphisms classes of object B : U x U — W of

ALT), which are non-degenerate of rank 2 and dimension 5, given by the following list:

(i) U has a basis uy,us, vy, v1,v2 and W has a basis wy, wy such that B(uy,vy) =
wy, B(u;,v;) = wy fori = 1,2, B(uy,uz) = B(v1,v2) = B(ug,vo)B(u;,vj) =
B(vg,v;) =0 for any 1 <i,5 <2, 1% j. The subspace Z*(B) is spanned by
ws.

(ii) U has a basis uy, us, us, ug, us and W has a basis wy, wy such that B(uy,us) =
B(us,us) = w1, Blug,us) = B(uy, us) = wa, B(u;,u;) =0 for all i,j such that
j—1>2. We have Z*(B) = {0}.

Proof. If B is decomposable then it satisfies (i) by Proposition 5.11. If B is indecom-
posable, then choosing a basis w1, wy of W, the corresponding bialternating module is
of type 3, i.e. isomorphic to F;. This means that it satisfies (ii). The fact that in this

case Z*(B) = {0} is a simple computation based on Lemma 5.8. O

Proof of Theorem 5.1: By Proposition 5.2, Theorem 5.5, and Remark 5.3 the theorem
is just a translation to groups of the above results obtained for non-degenerate objects
of rank 2 in ALT,,.
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