Math 222 Calculus 2 Spring 2000 Practice Exam 1 Feingold

INSTRUCTIONS: Show all necessary work for each problem. Partial credit is possible if
work shows some understanding. Numerical answers should be expressed as exact mathe-

matical expressions rather than decimal approximations.

(1) (15 Points)

! ¢ dz
(a) Find / 53772 dg (b) Find / ——
0 e z(ln z)3
(c) If e 2)* = 4 then find z.
(2) (15 Points) Let y = f(z) = 2® + 2% + 2z — 1.
(a) Show that the inverse function x = f~1(y) exists for all real numbers .
(b) Using the fact that f(1) = 3, find (f~1)'(3).

4 n
(c) Find lim <”+ )

n— 00 n

(3) (15 Points)

(a) Find/%j% (b) Find /1 23628+ g
(c) If f(z) = In(In(z? + 3)) then find f'(z).

(4) (15 Points)
(a) If f(x) = arcsin(5z?) find f'(z).
( ) If f(z) = 10g3 tan( 2 +1)) then find f'(z).

) Find / T

(5) (10 Points) Evaluate the following limits.

. cos(z) — cos(2x) : z+1\"
@ I ® Jm (513)

(6) (30 Points, 5 Points each) Evaluate the following integrals.

(a) / tan(3z) sec®(3z) dz (b) / cos®(3z) da
(©) / sin(4z) dz (d) \/"%

—z% + 822 — 11z + 2
() / (z — 1)2(z2 + 1) dz (f) /W dx
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(1) (15 Points)

1
Using u = 3z + 2 t | 5%12d =/ 5Y— = = :
(a) Using u = 3z + 2 we ge /0 x i 3 “3ms5|,_," 3m5

(b) Use the substitution u = In @, so du = 1dz. The limits change to 1 < u < 2 and

/62 dx /2 _a w2]? 3
we get ——— = v Cdu=—| =-.
e z(ln z)3 1 -2, 8

(¢) (In(z))? = In(4) so In(z) = /In(4) and then z = eV1n®),
(2) (15 Points)

(a) We have f/(z) = 5z* + 322 +2 > 0 for all real z, so f(x) is strictly increasing
on all of R, which means it is one-to-one and has an inverse defined on its range.

du 5 }“‘5 55 — 52

But as a fifth degree polynomial, f(z) is continuous and f(z) — oo as z — oo
and f(z) - —oo as ¢ — —oo. So Range(f) is all real numbers. Therefore,
Domain(f~!) is all real numbers.

(b) (F1Y(3) = gy = -
(c) Since (n+4)/n =1+ 4/n, using m =n/4 — oo as n — 0o, we get

n n 4m m~ 4
4 4 1 1
lim <”+ ) = lim <1+—> — lim <1+—> :( lim <1+—> ) — ¢t
n—00 n n—o00 n m—oo m m—oo m

(3) (15 Points)
(a) f 2:1:2+3 - %f

and with u = v/22/+/3 this equals

1 V2x
f/uZ—{—l %arctan(%

(b) Using the substitution v = 2z* + 7, so du = 8z3dz, and the limits change to

1 9 u uu=9 9 7
4 e e e’ —e
7<u<9, we get / 22e?® dx = —du = —:| .
0

. 8 8
iy 2z
(c) fi(z) = In(z2 + 3) (22 +3)
(4) (15 Points)

a’rctan( )+ C = )+ C.

u="7 8

I ) — sec?(z? +1) 2z

(c) Use integration by parts, get [ 2?e*dz = z?e® — [e®2zdr = z?e® — 2 [ ze®dx =
z?e® — 2(ze® — [e®dz) = z?e® — 2ze” + 2¢® + C = (2 — 2z + 2)e” + C.



(5) (10 Points)
cos(z) — cos(2x) lim = sin(z) + 2sin(2z) lim = cos(z) + 4 cos(2x)

R = % = 2 =
— 2+ =3 each step by L’Hospital’s Rule for a % indeterminate form.
1 (w_+1>
(b) Let y = (m—H>m so In(y) = zln <ﬂ> Then lim In(y) = lim GE)) is a
z+2 z+2 J* —00 T—00 r—1
2 1
type g indeterminate form. L’Hospital’s Rule gives a:lg%o EZ i 1; EFTE (—z?) =
2
lim ¢ =—-1lsoy=e L

a0 (¢ + 1)( + 2)
(6) (30 Points)
(a) Write the integral as [ sec?(3z) tan(3z)sec(3z)dz and substitute u = sec(3z) so du =

3
3tan(3x) sec(3x)dzx, get /u2d?u _ YL o5t (3z) L.

(b) [cos®(3z)dz = [(cos?(3z))? cos(3z)dxr = [(1 — sin®(3z))? cos(3z)dz. Use u = sin(3z)
so du = 3 cos(3z)dz, get

d 1
/(1 —u2)2?u = g/(1 —2u® 4+ u*)du

Ne)
Ne)

1 2u3  ud 1/, 2sin®(3z)  sin®(3x)
_§<U_T+E>+C_§(Sm(3x)_ 3 + 5 >+C.
(c)
.92 1 T 1
/sm (4z)dz = 2 /(1 — cos(8z)dx = ) /cos(Sw)dw
z  1sin(8z) _ = sin(8x)
272 8 0973 T

x 1
d) Break up the integral into the sum of the integrals /7da: + /7dm.
(d) p 8 g ] ]
In the first one substitute v = 9 — 2? so du = —2zdz to get [ ﬁi—’; = —/u +
C = —v9—22 + C. In the second one substitute x = 3sin(f) so dz = 3cos(#)db

3 cos(6)df
to get /;227(8(?9) = /d9 = 60+ D = sin"!(z/3) + D. The final answer is then

—V/9 — 22 +sin"!(z/3) + E.



(e) Using partial fractions we can write

—:v3—|—8a:2—11w—|—2_ A n B +C:v+D
(z—1)2(=22+1) -1 (z—-1)2 22+1°

Then

—2® + 822 — 11z +2=A(xz — 1)(z* +1) + B(z* +1) + (Cz + D)(z — 1)*
=(A+C)2*+ (-A+B—-2C+D)2>+ (A+C —2D)z + (—A+ B + D)

which gives the equations A+C =-1, - A+ B-2C+D =8, A+C —2D = —11, and
—A+B+D=2s0A=2,B=-1,C=-3,D=5. So

—23 + 822 — 11z + 2 2 -1 —3z 5
de= | =4 Ty T g 2y
/ - 122 +1) /w—1m+/(w—1)2x+/w2+1m+/m‘2+1x
1

3
=2Injz—1|+ i §1n|3:2+1|—|—5tan_1(a:)+0.
1:_

(f) This integral can be solved by the rationalizing substitution z = u5, so dz = 6u5du and

we get

1 6ud ud 1
— —de=| —— du=6 du =6 2 _u+1- du =
/\/EJH% v /u3+u2 U /u+1 U /(u ut u+1> U
2u —3u? +6u—6lnju+1|+C =2/ —3¥z+6Yc—6In|Yz+1|+C




