Solutions to Exam III

Problem 1. a) Let f be a function which has derivatives of all orders. The n—th Taylor

polynomial of f centered at a is

Topnf(z) =

k=0

The Taylor series of f centered at a is defined as
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The n—th remainder R,(z) is the difference f(z) — T, ,f(z). Taylor’s inequality asserts
that
|Rn(2)| < M(z — a)**'/(n +1)!

where M is any number such that |f("*1)(¢)| < M for all ¢ between z and a.

b) The derivatives of f(z) = sinz are f(O(z) = sinz, fM(z) = cosz, f@(z) = —sinz,

f®(z) = —cosz, f#(x) =sinz, ... . Thus fO(r/2) =1, fN(x/2) =0, f@(x/2) = —1,

fO®(r/2) =0, f@(x/2) =1, ... . Consequently, the Taylor series of sinz at a = m/2 is

Trjof(z) = 1—(z—7/2)% )2+ (z—7/2)* /41— (z—7/2)° /6] +... = 2(—1)k(x—7r/2)2k/(2k)!
k=0

Since the (n + 1)—st derivative of f is either +sinz or 4 cos z, we see that | f(**1(¢)| < 1
for all ¢ so we may take M = 1 in Taylor’s inequality, i.e. |R,(z)| < (z—m/2)""/(n+ 1)L
Since lim,, o, b™/n! = 0 for every b, we see that lim,,_,. |R,(z)| = 0 for every z, i.e the

Taylor series converges to f(z) for all z.

c) Recall that the Taylor series expansion centered at 0 for In(1—z) is — Y, , 2*/k. It fol-
lows that the Taylor series expansion centered at 0 for In(1—z?) is — Y 7>, 22* /k and there-
fore the Taylor series expansion centered at 0 for f(z) = zln(1 — 2?) is — Y oo 2% /k.

The coefficient at z° of this power series equals —1/4. On the other hand, it equals
£©(0)/9!, so f(0) = —9!/4.

Problem 2. a) Ratio test. Suppose that a, # 0 and lim,, ,, |a,11/a,| = X exists. If
A < 1 then the series ) , a, converges absolutely and if A > 1 then this series diverges.
Root test. Suppose that lim, ,o, {/|a,| = A exists. If A < 1 then the series Y~  a,

converges absolutely and if A > 1 then this series diverges.



b) For the series Y, (2& we use the root test (the ratio test works here too, but it
( 3)1+3n
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Since lim,_,o v/3 = 1 and lim,,_, ?’n—7 = 0, we see that lim, ,, {/|a,| = 0, so the series

converges absolutely.

is a little more complicated). We have a,, =

. ! . 1
For the series ) »° ) & use the ratio test. We have |ap41/an| = (:::1—1)

=n+1/e, so

en

lim,, ;o |@ny1/an| = 400 > 1 and consequently the series diverges.

Problem 3. a) Integral test. If a, = f(n), where f is a continuous decreasing and
positive function on [N +00) (for some N) then the series Y - | a, converges if and only
if the integral [y f(t)dt converges.

Alternating series test. If a, is a decreasing sequence such that lim, ,,a, = 0

then the series > 2, (—1)"*a, converges.

b) Let f(z) = 1/xzlnz. Clearly f is a positive decreasing continuous function on [2, 00)
(since both z and In z are increasing). Since [ dz/zInz = [du/u = Inu+C = In(Inz)+C
(here u = Inz), we see that [, dz/zrlnz = lim; e (In(Int) — In(In2)) = oo so the series
Yo ,1l/nlnn diverges by the integral test. On the other hand, since 1/nlnn decreases to
0, the series >_°°
converges conditionally.

For the series Y7 | -5 we use the integral test. Let f(z) = z/(2? +1). We see that
fl(z) = (1 —2%)/(z®2 +1)2 < 0 for z > 1. It follows that f is a decreasing function on

converges by the alternating series test. Thus the series > 7 (L)

n=2 nlnn n=2 nlnn

[1,00) and clearly it is continuous and positive. The integral [ zdz/(z?+1) = [ du/2u =
(Inw)/2 = (In(z?+1))/2. Thus [° zdz/(x*+1) = lim;_,o(In(t* +1))/2 — (In2)/2) = o0
so the series Y ° |~

Alternatively, note that n/(n*+1) > n/(n*+n) = 1/(n+1). Since the series Y 0° ) -5

diverges.

diverges, the series Y - diverges by the comparison test (you may also use limit

=0 2+1
comparison test here).

Problem 4.

a) lim (1 — 2)™* — Tim [(1 4 %2)“]3(1 - %) P 1= e

n— 00 n n—00

Alternatively, you could use L’Hospital’s rule.
b) We use the squeeze theorem. We have 3" < 2"+3" < 2-3" 50 3 < /2" + 3" < 37/2.

Since lim,_, ¥/2 = 1, we see that both the most left and most right sequences tend to

3, so lim,,_,o v/2" + 3" = 3.

2" +1 2/3)"+1/3"
c) lim + = lim n(2/3)" +1/
n—oo 3" 4+ 2 n—00 1+2/3”

Since lim,, o 1/3™ = 0 and lim,_, n(2/3)" = 0 we see that lim, ’;,2::21 = 0. We use

here the fact that for any a such that |a| < 1 the sequence na™ tends to 0. It can be



proved by using L’Hospital’s rule or by observing that the series >, na™ converges by

the ratio test, so lim,,_,, na™ = 0 by the divergence test.

Problem 5. A curve C is given by parametric equations x = sint, y = cos®*¢t, t € [0, 27].

a) We have dy/dx = (dy/dt)/(dz/dt) = 3cos’t(—sint)/cost = —3sint cost and d?y/dz? =
(d(dy/dz)/dt)/(dz/dt) = —3(cos®t — sin’t)/ cost = —3 cos 2t/ cost.

b) The tangent to the curve C' is horizontal iff dy/dx = 0, i.e. iff —3sintcost =0 . Thus
t = 0,7/2,7,3m/2and2m are the only parameters in [0,27] for which the tangent to the

curve C is horizontal.

c) Note that the part of C' corresponding to 0 < ¢ < 7/2 is a graph of a function and
the area under it is 1/4 of the area of the region bounded by the curve C. Thus the area
in question equals 4 [7/* cos® z cos zdz = 4 [7'% cos* zdz. We have cos*z = (cos?z)? =

[(1+ cos2z)/2]> = (1 + 2cos 2z + cos®2x) /4 = (1 + 2cos 2z + (1 + cos4x)/2)/4. Thus

w/2 /2
4/ cos4xdx:/ (14 2cos2z + (1 + cosdz)/2)dx = 3r/4
0 0



