Quizzes for Math 222

QUIZ 1. 1. Let f(z) =2z +Inx, z € (0, 00).
a) Explain why f has an inverse function.

b) Compute (f~1)(2).

¢) Find the range of f. Explain your answer.

II. What is the inverse funstion of y = ¢*"?

Solution: I. a) Note that f'(x) = 24 1/ > 0, so f is increasing, hence also

one-to-one.

b) First we need to find f~1(2), i.e. we need to find a such that f(a) = 2a+1Ina = 2.
We do it by experimenting with some small numbers and observing that a = 1 works
(solving the equation f(a) = 3 would be much harder and no nice answer can be

given). Recall now that

¢) Since f is increasing and continuous on the interval (0, c0), the range of f is (a,b),
where a = lim, o+ f(x) and b = lim, ., f(z). Recall that lim, o+ Inx = —o0,

lim, o+ 2z =0, lim,_ Inz = 0o, and lim,_,, 22 = oco. It follows that

lim (22 + Inz) = —oo and lim (22 + Inz) = oo,

r—0t T—00

so the range of f is (—o0, 00).

IT. We need to use the equation y = e to express z in terms of y. Taking natural
logarithms of both sides we get Iny = Ine” = 23. Thus z = ¢/Iny. The inverse
function is y = vIn z.



QUIZ 2. a) Differentiate the function f(z) = log;g. 2% **".
b) Compute sin(arctan(3/4)). Explain your reasoning.

d
¢) Compute /\/5\/+—x Hint: u = \/x.

Solution: a) We use the identity log, b = Inb/Ina. Thus

In27aetan® (garctanz)In2

In10* 21n 10

21 arctanx __

f(z) = log;pe

(arctan ) ne_ (log 2) arctan .

In 10
log 2

(L+a?)

b) Let o = arctan(3/4). Then tan(a) = 3/4 and we need to compute sin«. Note

that a € (—7/2,7/2) and tana > 0. This tells us that sina > 0 (and « € (0,7/2)).

Now we are ready to differentiate: f'(z) = [(log?2) arctan z|’ =

3
We have sina/cosa = 3/4, i.e. sina = 708 By squaring both sides we get

9
sina = — cos®’ @ = — (1 — sin® ).
16 16

9 9 9
This means that (1 + 1—6) sin® a = 16 which yields sin®a = % It follows that
. 3. o i,
s o = 5 (since we have seen that it is positive).

c) As hinted, we use the substitution v = y/z. Thus du = dz/2/r and x = u*. We
get
= 2arcsinu + C' = 2arcsin vz + C.

/ dx B / 2du
Vivli—z ) V1—u?
QUIZ 3. a) Compute the following limits:

(1)  lim z(7m — arctan x) (2) lim(1 — cosx)®.

T—00 x—0

b) Compute the following integrals:
(1) /QCOSM sinh zdx (2) /:1:'262””613:'.

Solution: a) (1) Note that lim, ..,z = co and

lim (r — arctanz) = 7 — lim arctanz =7 — /2 = 7/2.

r—00 r—00
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It follows that this is not an indeterminate form and we have

lim x(7m — arctanx) = oo - 7/2 = 0.
(2) As lim, (1 — cosz) = 0, the limit is of the form 0°, hence it is of one of the

exponential indeterminate forms. So we first compute

In(1 —
lim In(1 — cosz)® = lim x In(1 — cosx) = lim w.

x—0 z—0 z—0

8] =

The last limit is of the form oo/o0o, hence we can try to use L’Hospital’s rule, so we
compute the limit of the derivatives:

sinx

. 1— .
lim —*% = lim .
=0 — z—0 cosx — 1

x?sinx

The last limit is of the form 0/0, so we try to use L’Hospital’s rule again:

. 2zsinz + x%cosx
lim .

z—0 —sinx

Again, we get a limit of the form 0/0 so we use L’Hospital’s rule one more time:

2sinx + 2z cosx + 2rcosxr = x2sinx
lim 2922+ i —0/—1=0.
z—0 —CcoSx

In the last limit the numeartor approches 0 when x tends to 0 and the denominator
approaches —1, so the limit equals 0. Going backwards and using L’Hospital’s rule,
we conclude that

lir% In(1 —cosx)® = 0.

Thus

lim(1 — cosx)* = e’ = 1.

z—0

b) (1) We use substitution u = cosh z, so du = sinh xdz and the integral becomes

/2ud B qu +O_2(:oshac+0
YT 2 ~ In2 ’

(2) We use integration by parts: f'(x) = €%, g(x) = 22, so f(x) = €**/2, ¢'(x) = 2x

and )
e
/xze%dx = 5~ /xe%dx.




We need to sompute the integral on the right hand side, and we use integration by
parts again: f'(z) = e**, g(x) = x, so f(x) =¢e*/2, ¢'(x) = 1 and

2x 2x 2x 2x
9% e e“rdr  xe e
dr = — = —— +C.
/:L'e T 5 / 5 5 1 +

Returning to our original integratin, we get

2 2z 2x
9 9y Te ze e
dx = — —+C.
/xe T 5 2+4+

QUIZ 4. a) State the form of the partial fractions decomposition of the rational

function
)

(22 =3z 4 2)(22+x+1)%

fz) =

b) Evaluate the following integrals:

x4+ 2 dx In(x + 1)
Of et O me O/

Hint for (1): think!. Hint for (2): try z = uS.

Solution: a) Note that the first quadratic polynomial 2% — 3z + 2 in the denom-
inator has positive discriminant, hence it can be factored into a product of linear
polynomials: 2? — 3z + 2 = (z — 1)(z — 2). The other quadratic polynomial has
negative discriminant. Now we have the denominator factored appropriately and

therefore the partial fractions decomposition is of the following form:

x2 42 B A . B Cx+D EFx+ F

I = D@ rer 1P o-1 -2 @ror1 @ror P

b) (1) We use the substitution u = 2% + 4z + 5 so du = (2z 4+ 4)dx = 2(x + 2)dz.
Thus

T +2 fdu -1 -1
dr= | 25-=—+C = C.
/(x2+4$+5)2 * u? 2u * 2(x2 4+ 4x +5) *

(2) We follow the hint and use the substitution z = u®, so dz = 6u’du, /x = u?

and /z = u?. Thus
/ / 6uldu /usdu
\/_—l—\/_ w4 u? u+1




We perform the long division u® : (u+ 1) and get v* = (u* —u+1)(u+1) — 1. Thus

/zidqi :/((u2—u+i)$t1+ 1) — 1)du _

u—+1 3 2

Returning to our original integral, and noting that v = x'/6 we get

d 3 2
/(u2—u+1)du—/ " :u——u—+u—ln|u+1|+0.

U3 2

dx U
_— —_—— — —1 1 :2 - Y v _1 v 1 .
/\/5+€/§ 6(3 T \+c) VI3 YT46UT—6In( YT +1)+C

(3) We use integration by parts with f/(z) = 1/2% and g(z) = In(z + 1). Thus
f@) = 12, ¢'x) = 1/(z + 1) and

./m@+1ux:—mmwﬂ)_/x{4 dx:—mu+&)+/xﬁm

x? T r+1) T z+1)

In order to compute the last integral, we decompose 1/z(x+1) into partial fractions:

1 A+ B (A+ B)z+ A

z(z+1) = x+1  z(xz+1)

It follows that 1 = (A+ B)x+A,so A+ B=0and A=1,ie. A=1and B = —1.

Thus p p p
0 T T
/x(x—I—l) /m /m+1 nlzl = Infe 4 1)+ C

and consequently

1 1 —1 1
[P g - 2O a1+ €
T x

o0

QUIZ 5. a) Is the integral x convergent or divergent? Small hint:

arctan x is increasing. Hint: focus on infinity.
dx
vo—1

c¢) Compute the following limits:

2
b) Is the integral / proper? Compute this integral.
1

lim nt +nd+1 lim arctan \/n |



d) A convergent sequence (a,) satisifes the recurssive formula: a; = 2, a,41 =
V2a,, — 1 for all n. What is lim,, . a,?

Solution: a) Note that the integral is improper at both ends. Thus we need to

study convergence of the integrals

° arctan x de and ? arctan .
2 Vit —u 1 Va2 —x
We follow the hint and focus on the first integral. Intuitively, for large = the value
of arctanz is about 7/2 and the value of V22 — z is about z. Thus the quantity
arctanz/v/22 — x is approximately 7/2z. This suggests that the first integral should
behave like f;o %d:c which diverges. To get a precise argument, note that in the
interval [2,00) we have arctanx > arctan 2 and Va? —x < x. Tt follows that

arctan x S arctan 2

Vi —x z

[o.¢]
c
for all x > 2. Since / —dx diverges for any constant ¢ > 0, the integral
9 T

°° arctan x
—dx
2 V-
also diverges by comparison test. It follows that the original integral
°° arctan x

———dx
1 VaZ—zx

diverges.

Remark. It is natural to ask whether

2 arctan x

———dx
1 Vit —x

arctan x d arctan 1
Vi —ux vr—1
1
dx conveges (see b)), we expect that our
integral also converges. More precisely, in (1,2] we have arctanz < arctan2 and
Va2 —z=/zvor—1>+x—1. Thus
arctanx _ arctan?2
<

N |

6

converges or diverges. Note that are comparable when x

2
is close to 1. As the integral /
1




2 arctan

——d
1 VvVt —=x

dx converges, SO x

2
1
for z € (1,2]. We will see in b) that /
.2 A
converges by comparison test.
b) The integral is improper since the function escapes to oo when x approaches 1.

Note that

/ 1 dr =2vVz—-1+C

z—1

for z > 1. Thus

2 2
1 1

———dr = lim dr= lim (2v/2 -1 -2Vt —1) =2

/1 Vo —1 t—1+ t x—1 t~>1+( \/ \/ )

converges.
c) We have
VEFET Yrisied) ielek
n2+1  n2(l+%) 0 1+4
Thus
vnt+nd+1 \/1+%+# 1
lim Y~ — lim " ——
n—00 n?+1 n—00 1+ = 1

Note now that lim,, ., arctan /n = 7/2 and lim,, V3 =1, s0

s
arctan1/n 5 s
lim v = 2

naoo,/4+\"/§_\/4+]._2\/g

d) Let lim, .o, a, = g. Passing to the limit in the equalities a,.; = v/2a, — 1 we
get
g = lim a,+1 = lim V2a, —1=+/2g9 — 1.

Thus ¢> =29 — 1,ie. > =29+ 1= (g—1)>=0. Thus g = 1.

QUIZ 6. a) Determine whether the following series converge or diverge:

(1> iarctann (2) i 1 (3) > 1 2\ 2!
= o2n? —1 - nlnn - n ’
) L |
b) Compute Z St
n=0



arctann .

Solution: a) (1) For large n the quantity is like 4l so we should compare

2n? — n?
oo
our series to the series g —» which converges. To make this more precise, we can
n
n=1

either use limit comparison test or comparison test.

Using limit comparison: We compute

arctann 2 s
. on2—1 . n“arctann . arctann 3 Y
lim —5—=lm ————=lim ——— === —.
n n
= 1
As the limit is positive, the limit comparison test tells us the the eseries E —
n
n=1

[e.9]

arctann
E o2 1 either both converge or both diverge. Since the former series converges,
n JE—
n=1

so does the latter.

Using comparison test: Note that arctann < /2 and 2n?—1 = n?+(n*—1) > n?

for all positive integers n. It follows that

oo o0
L , _ /2 , arctann
for all positive integers n. Since the series g —- converges, the series E 521
n n? —
n=1 n=1

also converges by the comparison test.
1
(2) Let f(z) = Py Since zlnz is an increasing function of x for x > 1, the
rlnx
function f(x) is decreasing. Alternatively, compute the derivative

—Inzx —1
(rlnx)?

f'(x) =

<0 forx>1,

which is negative, so f(z) is decreasing. Clearly f is continuous and positive for

x > 1. Thus we may apply the integral test to the series Z f(n). Using substitution
n=2
u=1Inzx, du = dz/z, we evaluate the integral

1
/ dx:/@:1n|u|—|—C:1nlnx+C’
u

zlnx

for z > 1. It follows that the integral

<1
/ dr = lim (Inlnt —Inln2) = oo
2

zlnx t—00



diverges. By the integral test, the series Z f(n) diverges as well.

n=2
(3) Recall that
. TN\™
lim (1 + —) =e"
n—oo n

for every real number x. Note that

(-3 =D T

. . 2
Since lim <1 — —> =1 we get
n

n—oo

9 2n+1 9 9 nA 2
lim (1 - —) = lim <1 — —) lim Kl + —) } =1-[e?P=ec"
n—00 n n—oo n n—00 n

Thus our series diverges by the divergence test.

b) Recall the formula for the sum of a geometric series:

> 1
Za”zl for -1 <a< 1.

—a
n=0
Note that
n—1 2"—1 1/2\" 1/1\"
32n+1 3-9n  3\9 3\9
Now
i(?)” 1 9
I ;==
—~\9 1-2 7
and
i(l)” 1 9
S ==
=~ \9 1-1 8
Thus
iﬁ_lm 2"_1§: .3 3_3
L il 3L\ 9 34=~\9) 7 8 56

QUIZ 7. Determine whether the following series converge conditionally, converge

absolutely, or diverge.

= anl = e'n! = 5 o \n (arctann)®
0l @ G @ Dt @ Ler s

9



Solution: (1) Note that the series is alternating. Thus it is natural to start with
the alternating series test with a,, = tan(1/n). Clearly lim, .., a, = 0 as tanx is
continuous at O:

. 1 .1
lim tan — = tan( lim —) = tan0 = 0.
n—oo n n—oo 1,

1

We now show that a,, is decreasing. In fact, we have n < —, and since tanz is
n n

increasing in the interval (—m/2,7/2), we have a,,1 = tan(1/(n+1)) < tan(1/n) =

a,. By the alternating series test, we conclude that the series (1) converges.

In order to determine whether it converges absolutely, we need to study con-
anx

1
vergence of the series Ztan —. Recall that l1m = 1 (this can be seen, for

n -0 T
example, by L’ Hospltal’s rule and it means that for small  the numbers tan z and

x are about the same). It follows that

tan L

lim 1":1.

n—oo

n

o o
1 1
By the limit comparison test, the series g tan — and g — either both converge or
n n

n=1 n=1
both diverge. As the latter series diverges (harmonic series), we conclude that the
former series also diverges. Thus (1) does not converge absolutely, but it converges,

hence it converges conditionally.

(2) We apply the ratio test. Thus we compute the following limit:

entl(n41)!

" n+l Dl (2n)! 1
lim 0Dy, (n+ DV @2n) e(n+1) — lim -
n—00 (62:)‘! n—oo " n! (2n + 2)! n—00 (2n + 1)(2n + 2) n—oo 4n + 2

As the limit exist and is less than 1, the series converges absolutely.

(3) Note that 0 <

or every n. As the series 5 7 converges (it is

a geometric series), the series (3) converges as well by the comparison test. As this

is a series with positive terms, it converges absolutely.

Remark. This problem can be also solved using limit comparison test, or the root
test (note that lim /3" + 7" = 7), or the ratio test.
n—oo

10



(4) We try to apply the root test, so we compute the following limit:

(arctanmn)??
(1+2)"

As the limit exists and is less than 1, the series converges absolutely.

n

_ (arctann)® (%)2 _ <1)2 1

llm - nLIEO (1 + %)n - 62 26

n—oo

(=1)"

QUIZ 8. a) Determine the radius of convergence and the interval of convergence

of the following power series:

inm—i—l

n—

—_

b) Determine the radius of convergence of the power series

PR

=0

2 2n+1

3

x
c) Express 5 &S apower series centered at 0.
x

Solution: a) Note that the center of the power series is at —1. To find the radius of

convergence we apply the root test to the series, so we compute the following limit:

n(z+ 1)"
4qn

— tim Inlx + 1| _ \x+1\_

lim {
n—oo

By the root test, the series converges if 1 > |z + 1|/4, i.e. |x + 1| < 4, and the series
diverges if 1 < |z + 1|/4, i.e. |z + 1| > 4. Thus the radius of convergence is 4 and
the ends of the interval of convergence are at —1 +4 =3 and —1 — 4 = —5.

We now need to test convergence at the ends of the interval of convergence. For

x = 3 we get the series
> n
n=1
which diverges by the divergence test. Similarly, for x = —5, we get the series
D (=
n=1

which diverges by the divergence test. Thus the interval of convergence is the open

interval (=5, 3).

11



Remark. For the first part of the problem, the ratio test works as well.

b) We apply the ratio test to the series (assuming x # 0), so we compute

((n+1)!)2x2(n+1)+1
Q(nt+1))! — lim ((n + 1)!)2 (2n)!
2 p2ntl -

( )(271)! n! (

lim

n—oo

o = tim DT
2n + 2)! n—oo (2n + 1)(2n + 2)

n—oo

n+1l, o, |x?
im |z|* = —.
n—oo 4n + 2 4

By the ratio test, the series converges when 1 > |x|?/4, i.e. || < 2, and it diverges

when 1 < |z|?/4, i.e. |x| > 2. Thus the radius of convergence is 2.

Remark. Testing convergence at the ends of the interval (—2, 2) is a harder problem.

It turns out that the series diverges at both ends. To see that note that

M N O

k=0

It follows that

(n!)2<i2)2n+1 4n(n|)2
2
(2n)! (2n)!
for every n, so the series
io: i2)2n+1
n=0

diverges by the divergence test.

c¢) Note that

Recall now that

1
1+

bﬂg

=1—a4a? -2 +2!

n=0

and the interval of convergence is (—1,1). It follows that

1i§:1‘g+(§)2_(§)3+-“:Z(‘U”@YZZ(Q?

n=0 n=0

and it converges iff z/2 € (—1, 1), ie. x € (—2,2). Thus

L Z 2n :Z(2n+)1 x +1222—nx

n=0 n=0 n=1

er—t

T+



and the interval of convergence is (—2,2).

QUIZ 9. a) State Newton’s binomial formula.

b) Express the function f(x) = V1 — 222 as a power series centered at 0 and state

the radius of convergence. Use the power series to compute f®)(0).

c¢) Compute the third Taylor polynomial T5(x) of the function y/x centered at a = 4
(i.e. find Ty(z) = T3(\/z,4)(x)). Use Taylor’s inequality to show that |v/5—T5(5)| <
5/2'1,

Solution: a) Newton’s binomial formula states that for any exponent o we have

(1+2)*= i (i) z",

n=0

where (a) are the binomial coefficients defined as follows:
n

—1...(a—=(n—-1
((3) =1 and <a> = ala—1) ('Oé (n=1)) for every positive integer n.
n n!

The formula holds for all z in the interval of convergence of the power series on the

right. This interval of convergence is as follows:
o (—1,1)ifa < —1;
o (—1,1]if —1<a<0
e [—1,1] if @ > 0 and « is not an integer.
e (—00,00) if «v is a non-negative integer (i.e. « =0,1,2,...).

In any case, the radius of convergence is 1 except that it is co when « is a non-

negative integer.

b) By Newton’s binomial formula, we have

flx) = V1 =222 = (1+ (-22%))"* = i (%> (—222)" = i (%

n n

) (_Z)nx2n
n=0 n=0

which is the required power series expansion. This series converges if | — 2% < 1,
i.e. || < 1/v/2 and diverges when | — 222 > 1, i.e. |z| > 1/v/2. Tt follows that the

radius of convergence is 1/ V2.

13



In particular, the series on the right is the Taylor series of f centered at 0

(Maclaurin series). This means that f*)(0)/k! is the coefficient at x* for every k
When k = 4, we look at the coefficient at z* (so n = 2) and get

f(j!(O) _ @)(_2)2 _aG=h) -1

2! 2

so fW(0) = —12.
c) Let f(x) = /x. Then

Ty(z) = T5(f, 4)(x) = f(4) + f (4)(z —4) + £ (4) (x —4)? L (z — 4)3.

ot W
We have
¢ fl@) =gt = g Sl = 1
o f(z) %71:1:_3/2 = 4;1_3 so f(4) = ;—21
¢ /@) =g e e ) = g
RRCRES & S
Thus Ts(z) =2 + a ; LG g44)2 + (3;5_124)3

Taylor’s inequality (which we will review below) implies that

5—4* M
—T. < M -
VB —T5)| < ME- = o

where M is an upper bound for | f® ()| on the inteval [4, 5], i.e. M satisfies | f®(t)| <

M for all t € [4,5]. We need to find M. Recall that |f¥(t)| =

, which is
16/t
clearly a decreasing functlon of t. Thus [fW(t)] < |f@(4)] for all t € [4,5], so we
can take M = [fW(4)| =

—. Using this value of M we get

M 5
5—Ty(5)] < — = —
|\/_ 3( ) = 929 2147
as required.
A simple computation yields T5(5) = 2425 = 2.236328125 and 5/2'* = 0.00030517578125.

Hence we proved that |v/5—2.236328125| < 0.00031. In fact, v/5 = 2.2360679774997896964091736687313

14



Remark. Let us review Taylor’s inequality. Let f be a function which has deriva-
tives of all orders in a neighborhood of a. The k—th Taylor polynomial of f centered

at a is

kL )y
(o)) = S LW .

n:

The Taylor series of f centered at a is defined as

o £mn)(g
7(f.a)w) = 3 Dy

The k—th remainder Ry (z) is the difference f(x) — Ty(f,a)(x). To prove that the
Taylor series at © converges to f(z) is equivalent to proving that limy_.., Rx(x) = 0.
This can be done if we can understand Ry (x), which can often be achieved by using

the following theorem:

Taylor’s Formula. Under the above assumptions we have

FLf) (g v N
f(m)—ZfT!()(x—a)"sz(g;):/a f(k+1)(t)< k!t)

(a proof consists of performing integration by parts several times).
Using Taylor’s formula, we can get very useful estimate for Ry(x), called Taylor’s
inequality:

Taylor’s Inequality.
(ZL' _ a)kJrl

(k+1)!
where M is any number such that |f™+D(¢)| < M for all ¢ between z and a. In

|Ri(z)| < M

other words, M is an upper bound for |1 (¢)| on the interval between a and z.

A key step in using Taylor’s inequality is to find M.
QUIZ 10. a) Express [ cos(y/z) dz as a power series centered at 0. What is the
radius of convergence?

b) Consider a curve given by the parametric equation z = t?+2t+2, y = 4t3+3t?+2.
Find all points at which the tangent to this curve is vertical or horizontal. Find the

tangent lines at the points corresponding to t = —1 and ¢t = 1.

15



Solution: a) Recall the Taylor series centered at 0 (the Maclaurin series) for cos x:

0 2n
N T
cosT = E (—1) )’
n=0

which holds for all z (so the radius of convergence is co). It follows that

cos(vE) = S (D Sy

o @2n)! & (2n)!’

which again holds for all z. Integrating term by term we get

/cos(\/E)da: =C+ 2:;(_1)”@—5711—;(1271)!’

(C' an arbitrary constant) which is valid for all = (so the radius of convergence is

00).

b) Let us recall the following facts about parametric curves. Let x = z(t), y = y(t),

t € [a,b] be a parametric curve. The derivative of y as a function of x at a point

/
t
y/Eti (provided z'(t) # 0). In particular,
x

the tangent line to the curve at a point corresponding to a parameter ¢ has slope

corresponding to a parameter ¢ is equal to

/
y’g;’ provided z'(t) # 0. If 2/(t) = 0 and y/(t) # 0 then the tangent is vertical.
x
The equation of the tangent line at the point (x(t),y(t)) is given by
y'(t)
—y(t) = — 2t
v= o) = L0 e - )

if 2/(t) # 0, and by x = z(t) if 2/(t) = 0 and ¥/'(t) # 0.

Now we solve part b). We have z/(t) = 2t + 2 and y/(t) = 12¢* + 6¢. The tangent is
horizontal if y/(t) = 0 and 2/(t) # 0. Solving y/(t) = 12t — 6t = 0 yields y = 0 or
y = —1/2, and in both cases we have 2/(t) # 0. Thus the tangent is horizontal at
the point (2,2) (corrsponding to ¢t = 0) and (5/4,9/4) (corresponding to t = —1/2).

The tangent is vetical if /() = 0 and y/(t) # 0. Solving 2/(t) = 2t +2 = 0 yields
t = —1, and y'(—1) # 0. Thus tangent is vertical at the point (1, 1) corresponding
tot=—1.

As we have observed above, the tangent at the point (1,1) corresponding to

t = —1 is vertical, hence has equation x = 1. The point corresponding to ¢t = 1 is
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(5,9) and the slope of the tangent at this point is ¢/(1)/2'(1) = 18/4 = 9/2. Thus
9 27

9
the tangent line at the point (5,9) has equation y — 9 = é(x —5),le y= Sy

2 Inzx

QUIZ 11. a) The graph of the function y = VR, 1 <z < 2isrevolved about

the y-axis. Compute the area of the resulting surface.
b) Compute the length of the parametric curve x = 3t> + 1, y = 23+ 1, t € [0, 1].

c) compute the area enclosed by the loop of the curve z = t?, y = t3 — 3t, when the

parameter varies in [—/3, v/3].

Solution: Let us recall some basic facts about parametric curves. Let x = x(t),

y =1y(t), t € [a,b] be a parametric curve.

1. the length of the curve between points corresponding to t = a and t = b is

/ V' (t)? 4+ y'(t)dt

(assuming that there are no overlaps; in general the integral expresses the

distance traveled along the curve). The quantity \/a/(t)? + ¢/(t)? should be
considered as the speed. The speed is the length of the vector [2'(t),y/(t)], the

velocity.

2. the area of the surface obtained by revolving the curve about the x-axis is

b
27r/ y(t)\/2/(t)? + y'(t)%dt

(assuming that y(t) > 0 for ¢ € [a, b]; otherwise use |y(t)|).

3. the area of the surface obtained by revolving the curve about the y-axis is

o / N ONCIOETIOE.,

(assuming that z(t) > 0 for ¢t € [a, b], otherwise use |z(t)]).

4. the graph of a function y = f(z),x € [a, b] can be considered as a special case
t

of a parametric curve with z(t) =t, y(t) = f(¢), t € [a,].

17



5. if z(t) is increasing and y(¢) > 0 on [a, b] then the curve is a graph of a function

and the area under the graph is equal to
b
/ y(t)2'(t) dt

6. if the parametrization describes a simple (no self intersections) closed curve
which is traveled around clockwise once when ¢ varies from a to b then the

area enclosed by the curve is equal to

b
/ y(t)x'(t) dt
(if the parametrization goes counteclokwise, we get minus the area).

Now we can solve our problem.

t*  Int
a) The graph has parametrization z = ¢, y = i HT, t € [1,2]. We have 2/(t) =1
t 1
and y/(t) = 3 % The surface area is then given by
/ t)v ' (t)? + 2dt =2 / th 2 /2t\/1+t2 1—1— ldt
= T _— — = i _—— = _— =
4 ) 42 e
t 1 B t\ 12 10x
7T/ \/ 2t 8 ( +2t) 7T<6+2)1 3
b) Note that 2/(t) = 6t, y/(t) = 6t2. The lenght of the curve is computed using 1:

length :/1«/(675)2—%(6152)2 dt:/lx/(Gt)Q(thLl) dt:/1 617/ 1 dt.

Using the substitution v = 2 + 1, du = 2tdt, we get

2
length = / 3Wudu = 2(2°% — 1) = 4v/2 — 2.
1

c) When ¢ varies between —/3 and \/g, the loop is traveled once counterclockwise.

The area enclosed by the loop is then given by

V3 V3 V3
area = —/ y(t)a'(t) dt = —/ (3 — 3t)2t dt = —2/ (t' — 3t dt =
-3 —/3 -3

18
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QUIZ 12. a) Consider the polar curve r = 1+ 2sinf, 6 € [0,27]. When 6 varies
through [0, 27], the curve passes through the origin twice. What are the values of 6

for which the curve passes through the origin?

b) Find the area enclosed by the loop made between the first and second pass

through the origin (inner loop on the picture).
¢) Find the equation of the two tangent lines to the curve at the origin.
d) Find the length of the polar curve r = sin + cos 6, 6 € [0, 7].

Solution: a) The origin is the point for which » = 0. Thus we need to find all 6
such that 1+ 2sinf = 0. This means that sinf = —1/2, so § = 77/6 or § = 117/6.

b) The area of a polar region 0 < r < f(6), 6 € [a,b] is given by the formula
1 b
3 f(6)* df. In our case, a = 7 /6, b = 117/6, f(#) = 1 + 2sind, so the area of

the inner loop is

1 117/6 1 117/6
—/ (14 2sinf)? d@z—/ (1+4sinf + 4sin0) df =
2 /6 /6

(—4cosf + 36 — sin(260)) =

117/6 3
B
/6 2

1 117‘(’/6
:—/ (4sinf+3 —2cos(20)) df =
2 Tm/6

DN | —

We used above the identity 2sin? 6 = 1 — cos(26).
¢) The parametric equation of the polar curve r = f(0) is

x = f(0)cosh, y= f(0)sind.
Thus our curve has parametric equation

x=(14+2sinf)cos, y=(1+2sinh)sind.
It follows that
¥ = —sinf — 2sin® 0 + 2cos’H, 3 = cosh + 4sinf cos¥.

The slope of the tangent line at a point corresponding to 6 is equal to y/(0)/x'(0).
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When 6 = 77 /6 we get the slope euqal to V3 /3 so the tangent line has equation

V3

y=357 When 6 = 117/6 we get the slope euqal to —v/3/3 so the tangent line
—V3
3

has equation y = x

b
d) The length of the polar curve r = f(0), 6 € [a, ] is given by/ V (0)2+ f(0)%db
(assuming the curve has no ”backtracking”; in general we get the length ”traveled”
along the curve). In our case, a =0, b =7, f(f) = sinf+cosf, f'(0) = cos§ —sin b,

so the length of our curve is

/\/(cosﬁ—sin9)2+(sin@—i—cos&)?dﬁ—/ V2 df = 2.
0 0

Remark. It is not hard to see that our curve is a circle with center at (1/2,1/2)
and radius v2 /2.
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