MATH 304 - Linear Algebra
Inner product spaces

1. a) Find an orthonormal basis of the subspace W of R* spanned by
the vectors (1,1,1,1),(3,1,3,1),(1,1,3,—1) by applying the Gram-
Schmidt orthogonalization process. Find an orthogonal basis of the
orthogonal complement W+ to this subspace.

b) Let V be an inner product space with orthogonal basis vy, ..., vp.
Prove that for any v € V we have
<v,v > <v,v9 > < v,v, >

v = V1 v+ .. + ——mM8M8Mv,.
< v1,v1 > < v2,V2 > < Up,Up >

c) Let W be a subspace of an inner product space V. Suppose that
w1, ..., Wx 1 an orthogonal basis for W. Let v € V. Prove that the
vector

<v,wi > <v,wz > < v,wg >

m(v) = wy + Wy + o + —— "y,
< wi,w; > < wg,wg > < Wk, Wg >

is the unique vector in W such that v — 7(v) is orthogonal to W (i.e.
it is orthogonal to each vector w;). The function 7 : v — 7(v) from
V to W is called the orthogonal projection onto W. It is a linear
transformation. What is the kernel of 7? Show that 72 = 7. Among
all the vectors in W the vector 7(v) is closest to v, i.e. the length of
v — m(v) is minimal.

d) Find the orthogonal projection of v = (1,0,0,0) onto the subspace
W of R* spanned by (1,-1,—1,1),(1,1,-1,—1).

2. Consider the vector space P, of all polynomials of degree < 2 with the
inner product < f,g >= fol f(z)g(z)dz. Apply the Gram-Schmidt process
to the basis 1,z,z2 to get an orthogonal basis. Express the polynomial
f =1+ + 22 in this orthogonal basis. What is the length of f?



