MATH 304 - Linear Algebra

We continue the discussion of systems of linear equations. Consider a system of m linear equations
with n unknowns:
1121 + a1222 + -+ a1 pTy = by
a21%1 + a22%2 + -+ a2 Ty = b2

Gm, 121 + A, 2T2 + -+ Um,nTn = bm

We call such a system homogeneous if by = ... = b, = 0. In other words, a system is homogeneous
if the last column of the augmented matrix of the system is a zero column. Thus, to each system of
linear equations there is associated a unique homogeneous system which has the same coefficient matrix.

We will see that there is a nice relation between solutions of a consistent system of linear equations
and solutions to the associated homogeneous system. In order to speak efficiently about solutions we
will use the following terminology: we say that an n-tuple of numbers (u1,us,...,u,) is a solution to
a system of equations in the unknowns z1,...,z, if setting 1 = uy,x2 = us,...,x, = u, yields a
solution to the system.

Remark. Homogeneous systems are always consistent: (0,...,0) is a solution to any such system.

Our goal is to find a relation between solutions to a consistent system of linear equations (on the left)
and the associated homogeneous system (on the right):

1,171 + a12%2 + -+ a1pTy = by a1,171 + a1,2T2 + -+ a1,pTy, =0

a21T1 + A22%2 + -+ A2 Ty = b 2171 + a2 + -+ ag Ty, =0

Am,121 + Qm2T2 + - - + Ay nTp = b Am,121 + Am2T2 + - - + QG nTp = 0
Chose a solution (si,...,s,) to our system. This means that

a1,181 + 1,282 + -+ a1pSy = by
(2,151 + 2282 + -+ a2.pnSn, = ba

am,151 + m,252 + -+ Um,nSn = bm

Consider now another solution (¢1,...,t,) to our system, so
a1ty + aipte + -4 a1 ptn = by
az1t1 + agaty + -+ agpt, = bo
a?n,ltl + am,2t2 + -+ am,ntn = bm

Subtracting i-th equations of each system yields:

a11(t1 —s1) + a12(t2 —s2) + -+ a1.p(tn —sn) =0
as1(t1 —s1) + ag2(ta —s2) + -+ agp(tn —sn) =0

am,l(tl - 51) + am,Q(t2 - 52) + -+ am,n(tn - Sn) =0

This means that (t; — s1,t2 — s2,...,t, — Sp) is a solution to the associated homogeneous system. This
observation allows us to define a function T from the set of solutions to our system to the set of solutions
to the associated homogeneous system as follows: T takes a solution (1, ...,t,) of our system and sends
it to the solution (¢ — s1,t2 — Sa,...,t, — Sp) to the associated homogeneous system. In other words,

T(tl,...,tn) = (tl —817t2—82,...,tn—8n).

It is clear that the function is one-to-one: if T'(¢1,...,t,) =T (h1,..., hy), 1.e. (t1 — s1,t2 — So, ... by —
Sn) = (h1 — s1,ha — $2,..., hy — Sy), then clearly ¢; = h; for each i.



Suppose now that (ui,un,...,u,) is a solution to the associated homogeneous system. Then, for
i=1,2,...,m, we have

aiyl(ul + 81) —+ (17;’2(’&2 —+ 82) + ...+ aiyn(un + Sn) =

= (a;1u1 + aious + ...+ ainty) + (a;181 + @282+ ...+ a;nSn) =04+ b; = b;.

We see that (u1 + s1,u2 + S2,...,u, + Sp) is a solution to our system and T'(uj + $1,...,Un + Sp) =
(u1,u2,...,uy,). This shows that T is onto. Being both one-to-one and onto, T is a bijection. The
inverse function T~! takes a solution (uy,un, ..., u,) to the associated homogeneous system and sends
it to (ug + S1,Us + S2,. .., Up + Sp), e T H(ug, Un, ..., uy) = (U + 81,U2 + 82, ..., Up + 5p).

We summarize the above discussion in the following theorem.

Theorem. If a system of linear equations is consistent and (sq, ..., ) is a solution to this system then
the assignment
(U1, Un,y -y Up) > (U1 + S1,U2 + S2,. ., Uy + Sp)

defines a bijection between the solutions to the associated homogeneous system and solutions to the
given system. In particular, the number of solutions of a consistent system is the same as the number
of solutions to the associated homogeneous system.

Let us apply the above discussion to the case when the given system is already homogeneous. We
see that given any two solutions (s1,...,8,) and (t1,...,¢,) to the homogeneous system, the n-tuple
(s14+u1,...,8, +uy,) is also a solution. Furthermore, it is straightforward to see that for any number ¢,
the n-tuple (cs1,...,cs,) is again a solution. It is this property which makes homogeneous systems of
special interest to us, as the goal of the course is to study structures which are closed by addition and
multiplication by numbers (whatever it means).

The discussion below is optional. It outlines a reason why two consistent systems of
equations in the same unknowns have row equivalent augmented matrices.

Consider two consistent systems of linear equations in the unknowns z1, ..., x, and assume that they
are equivalent (i.e. have the same sets of solutions). Adding equations of the form 0-2140-zo+...40-2,, =
0 if necessary, we may assume that each system has the same number of equations. The relation
between solutions to a system and to the associated homogeneous system established above shows that
the associated homogeneous systems are also equivalent. Let A;, As be the coefficient matrices of the
systems and let By, Bs be the augmented matrices.

In the second set of notes we established the following result: if D;, Do are matrices in reduced
row-echelon form and if the homogeneous systems of equations with coefficient matrices Dy and Dy are
equivalent, then D = Dy (we have seen how to recover D; from the set of solutions).

Let us apply this to the case when D; is row equivalent to A;. As the four homogeneous systems
with coefficient matrices Dy, A1, Aa, Do all have the same solutions, we conclude that Dy = Dy. Thus
Aj and A, are row equivalent. Consider the sequence of elementary row operations which transforms A
to As. Applying these operations to B; we obtain a matrix B all of whose columns except possibly the
last one coincide with the corresponding columns of By. Now the systems of equations with augmented
matrices B, By, and By are all equivalent. Since the coefficient parts of B and Bs coincide and since
the systems with augmented matrices B and Bs have a common solution, we see that the last columns
of B and By must also be the same. In other words, B = B, and consequently B; and B, are row
equivalent.



