MATH 304 - Linear Algebra

We continue our discussion of functions associated to matrices. Recall that to an m X n matrix
A = [a; ;] we associate a function L4 : R — R™ defined by

La(u) = (r1ou, ... rpeu),
where r; stands for the i-th row of A. Functions of the form L 4 have the following very nice properties:
1. Ly(u+w) = La(u)+ La(w) for any two vectors u,w in R™.

2. La(cu) = cL4(u) for any vector u € R™ and any number ¢ € R.

Indeed, let us justify the first property using the basic properties of dot product:
Lalu+w)=(ri*(u+w),...,rm(u+w)) = (rieu+riow,...,rmu+ryw)=
= (r1oty ..., ") + (riew, .. rpmew) = La(u) + La(w)
The second property can be verified in a similar way.

Functions having the above properties will play an important role in this course so we make the following
definition:

Definition. A function L : R® — R™ is called a linear transformation if it has the following
properties:

1. L(u+ w) = L(u) + L(w) for any two vectors u,w in R™.
2. L(cu) = cL(u) for any vector u € R™ and any number ¢ € R.

Thus, the functions associated to matrices are linear transformations. We will soon see that the
converse is also true.

It is not hard to see that the defining properties of linear transformations are equivalent to the
following property, which we will often use in this course:

L is a linear transformation if and only if, for any vectors uq, ..., u; and any numbers cy, ..., ¢ in
R, we have
L(clul + coug + ...+ ckuk) = ClL(’U,l) + CQL(UQ) + ...+ ckL(uk).

It will be convenient to define now some distinguished vectors in R™. The zero vector is the vector
0= (0,0,...,0). For every i between 1 and n we define e; to be the vector whose i-th coordinate is 1
and all other coordinates are 0. Thus

0=1(0,0,...,0), e = (1,0,...,0), ea = (0,1,0,...,0), e5 = (0,0,1,0,...,0), ..., en = (0,...,0,1).

We will use over and over the following two straightforward properties of the vectors e;:
e wee; = w; for any vector w = (w,...,w,) € R" and any 1 < j < n.

o w=wie; +wsey + ...+ wye, for any vector w = (wy,...,w,) € R™.
Example. In R* take w = (1,—1,2,5). Then

wees = (1,—1,2,5)+(0,0,1,0) = 2 = the third coordinate of w
w=e; —es + 2e3 + bey = (1,0,0,0) — (0,1,0,0) +2(0,0,1,0) + 5(0,0,0,1).

Using the above properties we make the following crucial observation, which recovers the matrix A from
the linear transformation L 4:



Let A = [a;,;] be an m x n matrix. Then L4(e;) is the j-th column of A (written as a row).

Indeed, the i-th coordinate of the vector L4(e;) is, by definition, r;+e;, where r; is the i-th row of A.
Now r;+e; is the j-th coordinate of the i-th row r;, i.e. it is a; ;. Thus
La(ej) = (a1,5,a2,5,-..,0m;)
which indeed is the j-th column of A written as a row.
Corollary. If A, B are m X n matrices such that Ly = L then A = B.
Indeed, as La(e;) = Lp(ej), we see that the j-th columns of A and B coincided for every j, so A = B.
We are now ready to prove that every linear transformations corresponds to some matrix.
Theorem. Let L : R® — R™ be a linear transformation. Then L = L4 for some m x n matrix A.

In order to justify this result note first that if A exists (i.e. L = Ly4), then A must be the matrix whose
j-th column is L(e;) for every j. So let A be the matrix with columns L(e;), L(e2),...,L(e,). Then
Ls(e;) = j-th column of A= L(e;) for j =1,2,...,n. Nowlet w = (wy,...,wy) be an arbitrary vector
in R™. Recall that w = wye; +...4+wype,. Using the fact that both L and L 4 are linear transformations
we get

L(w) = L(wyey + weea + ... + wpen) = wiL(er) + weL(eg) + ... + wpL(ey) =

=wiLa(er) +wala(es) + ... +wpLla(e,) = La(wier +waea + ...+ wpey) = La(w).
Thus indeed L = L4.

We may summarize the above discussion as follows: the association A +— L4 is a bijection between the
set of all m x n matrices and the set of all linear transformations from R™ to R™.
The following corollary is a simple consequence of our discussion above:

Corollary. 1. If L;, Ly are two linear transformations from R™ to R™ and Li(e;) = La(e;) for
i=1,2,...,n then L; = Ls.

2. For arbitrary vectors wy, ..., w, in R" there exists unique linear transformation L : R — R™ such
that L(e1) = wy, L(ea) = wa, ..., L(e,) = wy.

Example. Is there a linear transformation L : R® — R? such that L(ey) = (1,2) and L(e3) = (—1,3)?

Solution. We know that any linear transformation L : R® — R? is of the form L4 for some 2 x 3
matrix A. We also know that the i-th column of A is L 4(e;). Thus, A must be a matrix of the form

11 s —1
A= {2 t 3]
for some numbers s, t. Conversely, any choice of s, ¢ will yield a matrix A for which L 4 has the required
properties.

Example. The constant function from R™ to R™ which sends every vector of R™ to the zero vector in
R™ is clearly a linear transformation. We will call it the zero transformation. It corresponds to the
m X n matrix whose all entries are zero. We call it the zero matrix and denote by 0.

Example. The identity function I : R — R™, I(u) = u for all u, is clearly a linear transformation.
The n x n matrix corresponding to I has i-th column equal to I(e;) =e¢; for i = 1,2,...,n. We denote
this matrix by I, (or just I if there is no need to indicate the size n) and call it the identity matrix.

Recall that in calculus, which studies functions form R to R we produce new functions form the ones
we already have by various procedure, for example by adding or composing them. We can do similar



constructions with functions from R™ to R™. Let F, G be two such functions. We define F' 4+ G to be
the function which sends any v € R™ to F(u) + G(u):

(F+G)(u) = F(u) + G(u).
For any number ¢ € R we define a function cF as follows:
(cF)(u) = ¢+ F(u) for any u € R".

Thus we can add functions and multiply functions by numbers (as we do with vectors). Of course, we
can also compose functions, provided the codomain of the first function is equal to the domain of the
second. Our next goal is to see how these operations behave on linear transformations. The answer is
given by the following, rather simple, result.

Theorem. Let F,G : R®” — R™ and S,T : R™ — R* be linear transformations. Then
1. F + G is a linear transformation.
2. cF is a linear transformation for any ¢ € R.
S o F is a linear transformation from R™ to R¥.
if n =m and F is a bijection then F~! is a linear transformation.
(S4+T)oF=S0F+ToF and (¢S)o F =¢(SoF) for any ¢ € R.
So(F+G)=So0F+So0Gand So(cF)=c(SoF) for any c € R.
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The first 4 properties state that certain function is a linear transformation. In order to justify this
we need to verify that this function has the two properties in the definition of linear transformation.
We will verify the first property. The second property can be verified in a similar way which we leave
to the reader as an exercise.

For 1. we have

(F+G)(u+w)=Flu+w)+Gu+w)=F(u) + Flw) + Gu) + Gw) =
= F(u) + G(u) + F(w) + G(w) = (F + G)(u) + (F + G)(w).
For 2. we have
(cF)u+w)=c-Flut+w)=c-(F(u)+ F(w)) =c- F(u) +c¢- F(w) = (c¢F)(u) + (cF)(w).
For 3. we have
(SoF)(u+w) = S(F(utw)) =S(F(u) + F(w)) = S(F(u) + S(F(w)) = (S o F)(u) + (S o F)(w).

For 4. we want to show that F~!(u+w) = F~!(u) + F~!(w). Since F is one-to-one, it suffices to show
that when we apply F' to each side of the last equation, we get equal results:

F(F Y u)+ F Y (w)=FF (u)+ F(F'(w) =u+w=F(F (u+w))

(we use the fact that F(F~!(z)) = z for any ).
The last two properties establish equality of certain functions. We justify the first equality of 5., the
remaining equalities are handled in a similar way. To prove that two functions are equal one needs to

show that they have the same value at every element of the domain. Let u € R™ be an arbitrary vector.
Then

(S+T)oF)(u)=(S+T)(F(u) =S(F(u)+T(F(u) =(SoF)(u)+(ToF)(u) = (SoF+ToF)(u).

We proved that every linear transformation is of the form L4 for some matrix A. Suppose that
F = Lp for an m xn matrix B and S = L4 for an k xm matrix A. Since SoF is a linear transformation,
we have L4 o L = L¢ for some k x n matrix C. How can we compute C' knowing A and B? Similarly,
if G = Lp then, since F' + G is a linear transformation, we must have Lo + Lp = Lk for some m x n
matrix K. How can K be obtained from A and D7 We will answer these questions in the next note.
The answers will lead to us to a way of adding and multiplying matrices.



