1 Sample problems.

L Let v; = (1,1,2,2,5), vo = (—1,1,-2,0,—1), v3 = (0,0,1,0,1), v4 = (0,1,0,1,2), vs = (1,1,5,2,8).
Set S = {v1,V2,V3,V4,V5}. Among the vectors in S find a basis of span(S) which contains v; and vy.
Express the vectors in S as linear combinations of vectors in the basis found.

Solution: We arrange the vectors from S as columns of a matrix M such that v; and v, are the first
columns of M:

10 -1 01
11 1 01
M=]|2 0 -2 1 5
21 0 0 2
5 2 -1 1 8

Next we find the reduced row-echelon form N of M:

10 -1 01
01 2 00
N=|0 0 0 1 3
00 0 0O
00 0 0O

The columns of M corresponding to pivot columns of NV form a required basis, i.e. vi, v4, v3 is a basis
of span(.S). To express Vs as a linear combination of vy, v4, vs we look at the third column of N (which
corresponds to va). It tells us that

Vo = —V1 + 2v4.

Similarly, from the fifth column of N we read that

Vs = Vi + 3V3.

I1. Solve the following system of linear equations:

T1+T2 +r3+xs +x5+T6 +T7 =1

T +z3 + 4 +3z5 + 226+3T7 = 2
3x1 + 2x9+3x3 + 2x4+3x5 + 2x6+3T7 = 2
2x1 — 9 +2x3 — T4 +2x5 — x5 +227 = —1

Solution: The augmented matrix of this system is

1 11 11 11;1
1 01 13 23; 2
3 23 23 23 2
2-12-12-12:i-1
The reduced row-echelon form of this matrix is
1010 1 0 1;0
0100-2-1-2-2
0001 2 2 22
0000 O O O0:0

The last column is not a pivot column so the system is consistent. The free variables are x3, x5, g and
7 and the system takes form:



Tl = —T3 —Ts —&7

To = 25 + 16 +2x7 — 1
T3 = I3

T4 = —21?5 - 2.’126—2.’127 -2
Is = Is

g — Zg

T = 7

We see that a basis of solutions to the associated homogeneous system is u; = (—1,0,1,0,0,0,0),
Uz = (_]-a 2’ 0’ _2a ]-’ 0’ 0)’ uz = (0’ ]-a Oa _2) Oa ]-a 0)’ uy = (_]-a 2’ 0’ _2a 0’ 0’ ]-)

A particular solution to the non-homogeneous system is obtained by setting 3 = x5 = 26 = 7 = 0.
We get (0,-1,0,2,0,0,0).

The general solution to the system can be written as:

(.’L‘l,il,‘g,:lt3, x4,Ts5, :1:6,.'1,'7) = (0, —1, 0, 2, 0, 0, 0) + aju; + azug + azuz + aquy
where a1, a2, a3,a4 are independent parameters.

IIL Let wy = (0,1,1,0,1,1,0), wo = (1,1,1,0,—1,—1,0), w3 = (2,3,3,0, —1, —1, ~2), wa = (2,1,2,0,0, 1,2),
ws = (1,2,2,0,0,0,1). Find a basis of span(S)+, where S = {w1, wa, W3, Wy, Ws5}.

Solution: This problem simply asks for a basis of solutions to the homogeneous system of equations
whose coefficient matrix

0110 1 1 0
1110 -1 -1 0
233 0 -1 -1 -2
2120 0 -1 2
12 2 0 0 0 1

has rows equal to vectors in S. The reduced row echelon form of this matrix is

1000 -2 -2 0
01 00 -2 —-10
0 01 0 3 2 0
00 0 0 O 0 1
0 0 0 0 O 0 0
We see that x4, x5 and zg are free variables and

r1 = 2.’135 + 2.’1)6

Ty = 2x5 + x6

Ir3 = —3.’B5 — 2376

Ty= 4

T5 = T5

Te = Te

Ty = 0

A basis of solutions is (0, 0,0, 1,0,0,0), (2,2, -3,0,1,0,0), (2,1,-2,0,0,1,0). This is a basis of span(S)*.

IV.Let vy = (1,1,1,1,1,1,1), vo = (1,0,1,1,3,2,3), v3 = (3,2,3,2,3,2,3), va = (2, -1,2,-1,2, —1,2).
Set T'= {v1, va, v3,v4}. Find a system of homogeneous equations whose solution space is span(T).

Solution: First we find a basis of span(T)* using III. We get (—1,0,1,0,0,0,0), (—1,2,0,-2,0,1,0),
(0,1,0,-2,0,1,0), (—1,2,0,—2,0,0,1). (Note that we did the computations in II.) Thus the system of
equations for span(7)" is:



—I1 +.'E3 = 0

—x1 + 2x9 — 2x4tx5 =0
T2 — 214 + Tg =0
—x1 + 2o — 214 +x7 =0

V. Let S and T be the sets from IIT and IV respectively. Set V = span(T) and W = span(S). Find a
basis of V + W and VN W.

Solution: Since V + W = span(T' U S) we find a basis of V + W by applying I. Thus we start with a
matrix whose columns are the vectors from 7°U S:

113 20 1 2 21
102-11 1 3 12
113 21 1 3 22
112-10 0 0 00
133 21 -1-1 00
122-111-1-1-10
133 20 0-2 21
Its reduced row-echelon form is
100-700-2 0 1
010 000-2 2 1
001 3,00 2-1-1
000 0;10 1 0 1
000 001 0 3 2
000 000 0 0 O
000 000 O O O

The pivot columns of this matrix tell us that vi,va, vy, Wi, Wo is a basis for V + W.
In order to find a basis of V N W we may use one of the following methods.

Method 1. Find equations for V and W using IV. We see that the equations for V are

- +ax3 =0
—x1 + 215 — 2x4+x5 =0

T2 — 2124 + zg =0
—x1 + 2x9 — 2x4 +x7 =0

(we found them in IV).
In III we found a basis for span(W)l. Thus W is a solution space to the system

X4 =0
2x1 + 2x5—3x3 +x5 =0
2x1 + x2 —2x3 +x¢ =0

Thus V N W is the solution space to the combined system

—1 +x3 =
—x1 + 229 — 2x4+x5 =0
To — 2xy4 + zg =0
—x1 + 2o — 214 +x7 =0
T4 =0
221 + 2x9—3x3 +x5 =0
2x1 + 22 —2x3 + zg =



To get a basis of V N'W we just need to find a basis of solutions to this system. The coefficient matrix
of this system is

-1 0 1 0 0 0O
-1 2 0 -2 1 0 0
0 1 0 -2 010
-12 0 -2 0 01
0 0 O 1 0 00
2 2 -3 0 1 00
2 1 -2 0 010
The reduced row-echelon form of this matrix is
10100 2 -1
01 0001 O
001 00 2 -1
0 001 O0O0 O
000 01 0 -1
0 00O O0O0O O
0 00O O0O0O O

Using the method of IT we see that a basis of solutions is (—2,-1,-2,0,0,1,0), (1,0,1,0,1,0,1). This
is a basis for VN W.

Method 2. This method works best if S and T are linearly independent. We could first apply I to find
a basis of V and W. But it is more efficient to do everything at once. We start with a matrix whose
columns are the vectors from 7" followed by the vectors from S:

113 2:0 1 2 21
102-111 1 3 12
113 251 1 3 22
112-10 0 0 00
133 2i{1-1-1 00
122-11-1-1-10
133 20 0-2 21
The reduced row-echelon form of this matrix is
100-700-2 0 1
010 000-2 2 1
001 3,00 2-1-1
A=1000 010 1 0 1
000 001 0 3 2
000 000 0 0 O
000 000 O O O

In the left part we remove all the non-pivot columns (they are combinations of pivot columns and are
not needed; it corresponds to the fact that vi,va,vs is a basis of V). The right part is not in the
reduced row-echelon form. Its reduced row echelon form is

1000 3/2
0100 2
0010 —1/2
0001 0
0000 0
0000 0
0000 0

This tells us that wy, wo, ws, wy form a basis of W and we can remove the last (non-pivot) column of



the right hand side of A. Thus we get a matrix

100i00-2 0
01000 -2 2
00100 2-1
00010 1 0
00001 0 3
00000 0 0
00000 0 0

The homogeneous system with this matrix as coefficient matrix has the following basis of solutions:
(-2,-2,2,1,0,1,0), (0,2,-1,0,3,0,1), This implies that —2v; —2vy+2v3 = (2,2,2,0,—2,—2,—2) and
2vy — vy =(—1,-2,-1,0,3,2,3) form a basis of VN W.

General Remark. In order to know the pivot columns of a matrix we do not need to get reduced
row-echelon form. Any row-echelon form (not necessarily reduced) will work.



