Homework 4
due on Wednesday, October 20

Problem 1. Compute the determinant of

-0 O

1 1 0
12 3 _13 _41 f j -1 1 1
a)[4 5 6 b) ¢l 0 -1 1
2 -5 -3 8
7 89 9 6 -4 1 0O 0 -1
0 0 0
Problem 2. Let a,b,p1,...,pn € K. Consider the matrix
P a a a a a
b po a a a a
b b p3 a a a
A=]1b b b p a a
b b b b .. pp1 a
b b b b .. b p,
Set f(z) = (p1 — z)(p2 — 2)...(Pn — 2) and fi(z) = f(z)/(pi — 2).
b — b
a) Show that, if a # b, then det A = w
b) Show that, if a = b, then det A = a ) ;- fi(a) + pnfn(a).
c¢) Evaluate the determinant of the matrix
b a a a a a
a b a a a a
a a b a a a
a a a b a a
a a a b a
a a a a b
Problem 3. Show that
1 1 1 1
a1 as asg Qp,
det a’% CL% CL% a’% = H1§i<j§n(a]~ - ai).
a?_l a;’_l agl_l an1
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Problem 4. Show that if a # b then

a+b ab 0 0 0
1 a+b ab 0 0
0 1 a+b 0 0 gntl — pntl
det . . . =
: : : : a—>b
0 0 0 .. a+b ab
0 0 0 1 a+b

(this is n x n matrix). What if a = b7

Problem 5. Show that if A is an n X n matrix with entries 1 and —1 then det A is divisible
by 27 L.

Problem 6. Let A, B,C,D € M,(R). Define a 2n X 2n matrix G by
A B
¢-(¢ 1)
a) Suppose that G has rank n. Prove that

det A detB
det (det C det D) =0

Moreover, show that if A is invertible, then D = CA™!B.

b) Show that if A is invertible then det G = det Adet(D — CA™1B).

c) Show that if AC = CA then det G = det(AD — CB). Is this true without the assumption
that A and C commute?

Problem 7. a) Show that if A and B are n x n matrices with integral entries and a; ; — b; ;

is even for all 7, j then det(A) — det(B) is even.

b) Show that the determinant of the n x n matrix whose diagonal entries are 0 and off diagonal
entries are all 1 equals (—1)" 1(n — 1).

c) Use a) and b) to show that if n is even and an n x n matrix A has even diagonal entries
and odd off diagonal entries then det(A4) # 0.

d) Prove that for n odd any matrix A as in ¢) has rank at least n — 1.

e) Any 2000 coins from a collection of 2001 coins can be divided into 2 groups of 1000 coins
such that each group is worth the same. Prove that all coins have the same value.

f) Any 1999 coins from a collection of 2000 coins can be divided into 2 groups such that each
group is worth the same. Prove that all coins are worthless.

Hint: For e) and f) you can either use the previous parts or be clever and first solve the
problems assuming that the value of each coin is an integer.



